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Let ψ be a uniformly continuous function on the locally compact,
non-compact, abelian group G. Denote the dual of G by Γ. Then φ
is ergodic on E C Γ if ψγ has a unique (translation-invariant) mean
value for e; ch γ G E. Theorem: \ϊE is closed and scattered, then
there is a sequence {pn} of trigonometric polynomials and a se-
quence {gn } C V (G) with supp gnΠ E = Φ such that gΛ*φ + pn

—* φ uniformly. Now suppose E « Γ \ {γ} and let {pβ } be any net
of almost periodic functions on G with bounded Lι (G) norm.
Theorem: All cluster points to {My)pβ( -y)φ(y))}β in the topo-
logy of uniform convergence on compact subsets of G are ergodic.
Here M is any invariant mean on G. A compact set E C Γ is
ergodic if each φ G Φ(£), the Z,°°(G)-weak* closure of span E, is
(equal a.e. to) a function ergodic on Γ.Theorem: If E is ergodic
and Sis compact scattered, thenE U Sis ergodic. For Ps which
are Helson sets this implies that the elements of Φ(E U S) de-
compose into μ + if where μ G MC(E) and u is almost periodic.

Let IM(G) be the set of all positive, translation-invariant, linear forms
on the space C(G) of uniformly continuous, complex-valued, bounded
functions on G. We say a function φ G C{G) is ergodic on E C Γ if the mean
value M(φy) is independent of M G /M(C?) for each γ G £; if £ = Γ, φ is
simply called ergodic. A compact set £ C Γ is ergodic if each φ G Φ(£) is
ergodic, where Φ(£) is the weak* closure of the span of E in U°{G) (each
φ G Φ(£) is equal a.e. to an element of C(G) since E is compact).

The class S (G) of ergodic functions on G properly contains the
weakly almost periodic (WAP) functions which were introduced by Eber-
lein in [3], and it is equivalent to the class of Ryll-Nardzewski functions in
C(G) for G = /?, as studied by Kahane in [6]. Our work here is heavily
influenced by Eberlein's study. Because of this we consider ergodic func-
tions as generalized WAP functions. But the analogy is distant. For in [6] it
is proved that any φ G C(R) is the product of two ergodic functions! In
spite of this, ergodic functions share some strong approximation properties
with WAP functions. For example our Theorems 8 and 9 (ii) yield:

THEOREM. Suppose φ is ergodic on the closed scattered set S. Then
there exist trigonometric polynomials pn with spectra in S and Lλ{G) func-
tions gn with closed spectra disjoint from S such that gn* φ + pn—* Φ
uniformly on G.
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THEOREM. Fix γ E Γ, let c > 0, and suppose φ is ergodic onT \ {γ}.
Then there is a neighborhood U ofγ such that for anyf E I) (G) with suppf
C U and for any trigonometric polynomial Y τaηη with aΊ = 0 owe

11/ * (^^(Λ)lloo < € II Σ^ M ^II~ ll/lli

for any M EL IM{G).

These theorems indicate the wholly ergodic nature of the result of
Loomis in [9] and are actually extensions of the key lemmas in that article.
They might also suggest two questions which we comment on now. First, it
is not difficult to construct functions ergodic on Γ \ {γ} and not ergodic on
{γ}. Thus the hypothesis in the latter theorem is not superfluous. Second,
there are ergodic φ's for which the function &~ (ψ)(y) = Λf(φγ) is not the
Bohr-Fourier transform of any uniformly almost periodic or even any
Weyl-almost periodic function on R. For a discussion of this see [14] and
compare with [4].

Ergodic sets were introduced in [13] as a class of thin sets in the Fourier
analytic sense. There it is shown that Φ(E) Π C0(G) = {0} is necessary for
E to be ergodic (i.e., ergodic sets are weak uniqueness sets) and that ergodic
sets cannot contain perfect symmetric sets. Compact scattered sets are
ergodic by the Loomis result [9] and, of course, Helson sets are ergodic.
However there do exist perfect ergodic sets which contain arbitrarily large
arithmetic progressions. Such an example is constructed by Katznelson and
McGehee in [7]. Otherwise little is known about this class. For example: Is
the union of two ergodic sets again ergodic? What is the relationship
between ergodic sets and the classical thin sets? Also, we need more ne-
cessary properties of ergodic sets. Here we prove the seemingly elementary
result that the union of an ergodic set with a compact scattered set is again
ergodic (Theorem 12). Its proof depends heavily on the two theorems
mentioned previously, and it has the following corollary: ifE is Helson and
S is compact scattered, then each φ E Φ(E U S) decomposes into φ = μ + u
where μ E M(E) and u is uniformly almost periodic.

Fundamental to our work is the characterization of the mean values of
any φ E C(G) in terms of a class of convolution kernels which we call
averaging kernels. In general these kernels give rise to most of the classical
averaging techniques including those found in [1]. But the averaging ker-
nels we find most useful are nets consisting of elementary positive definite
functions whose spectra form a neighborhood base for 0 E Γ. These
kernels are discussed in §2 while §§3 and 4 deal with ergodic functions and
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ergodic sets, respectively. The first section is reserved for preliminaries and
notation.

We wish to thank Professor C. Robert Warner for many stimulating
discussions concerning this material.

Preliminaries. By the translate of a function φ on G, we mean the
function φx(y) = Φ(y — x) for some x G G. The set of all translates of φ is
Tr(φ), and R{φ) is the range of φ. Denote the convex hull, interior,
complement and closure of a set A by co{A), A°,AC, and A, respectively.

The space C{G) is endowed with the supremum norm, || - ||oo- The
operations and partial ordering are defined pointwise in the usual manner.
A trigonometric polynomial on G is any finite complex linear combination
of elements of Γ. The set of all such polynomials is denoted by P(G). Its
closure in C(G) is AP(G), the algebra of (uniformly) almost periodic func-
tions.

The space of finite, regular, Borel measures on G is denoted by Λf(G).
Its norm, || | |, is the total variation norm. L1 (G) and L°°(G) are the usual
spaces of Haar-measurable functions. Fix a Haar measure on G and its dual
Haar measure on Γ. Unless otherwise stated all integrals are taken with
respect to these fixed measures. The Haar measure of a set A is \A\. The
support of a function or measure u is denoted by supp u. Recall that M(G)
and Lι(G) are Banach algebras under the convolution product *. We
denote the Fourier (-Stieltjes) transform o f a w G L 1 (G) (M(G)) by ft.

The spectrum of a φ G L°°(G) is the intersection of Γ with the weak*
closure of the span of Tr(φ). It is denoted by σ(φ). Equivalently, σ(φ) is the
zero set of the ideal / consisting of all/ G LX(G) such that/* φ s 0. That is

σ(φ) = {γ G T\βy) = 0 for a l l / e /}.

For/ G Lι(G) its closed spectrum is supp/ Given a subset E C Γ, we
define Φ(£) to be the weak* closure of the span of E in L°°(G). If E is
precompact, then each φ G Φ(E) is equal a.e. to an element of C(G), so we
assume φ G C(G). In particular for precompact £*s, Φ(E) is the closure of
span E in the relative L°°(G)-weak* topology on C{G) (see [5, Preliminar-
ies]). We say E C Γ is a spectral set if σ(φ) C E implies φ G Φ(E). Finite sets
are spectral sets; hence if £ is finite, Φ(E) s { ^Γ^γ : αγ G C}.

An (translation-) invariant mean M on C(G) is a positive linear form
on C(G) satisfying (i) M(l) = 1 and (ii) M(ψ) = M(φ) for all ψ G 7V(φ). We
denote by /Λί(G) the set of all invariant means on G. Note that M G IM(G)
implies M is continuous with operator norm | \M\ \ = 1. The number M(φ) is
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called a mean value of φ. We denote the set of all mean values of φ by
MV(φ).

There are two basic facts concerning invariant means which we list
now. Because of their importance, we also give an outline of their proofs.
The first will hereafter be referred to as the Fundamental Characterization
Theorem. It can be found in [5, Theorem 2.1].

(1) Suppose φ G C(G). Then

MV(φ) = Π{5δ(Λ(ψ))|ψ G co(Tr(φ))

(2) Suppose M EIM(G), φ G C(G), and uGLι(G) (or M(G)). Then

To begin the proof of (1), we show LHS C RHS. Suppose c £ cό(Tr(ψ))
for some ψ G Tr(φ). Since a compact convex set is the intersection of all
half spaces ontaining it, it is also the intersection of all discs containing it.
Thus there is a disc D with center b such that c £ D and R(ψ) C D.
Therefore |M(φ) - b\ < Λfflψ - b\) < ||ψ - b\\^ < \c - b\. Conversely,
suppose c G RHS of (1). Then define the linear map L on the linear space
{a + bφ I a, b G C } by L(a + bφ) = a + bc. This map is dominated by the
function T(φ) ** inf ||X||oo over all X G co(Tr(φ)). Moreover one can
verify that Γis sublinear (Γ(ψ + φ) < Γ(ψ) + Γ(φ) and Γ(αψ) = |α|Γ(ψ))
and that Γ(ψ - ψ*) = 0 for any JC G (? on C(G). In particular, L extends via
the Hahn-Banach Theorem to a continuous linear functional M on C(G)
which is dominated by T; hence M G 7M(G) and M(φ) = c. Statement (2)
is a consequence of the elementary fact that u*φ is the uniform limit of
functions of the form

where { Vt} is a measurable partition of supp w and xt G F,, whenever φ G

As general references we suggest [11], for the Fourier analysis; [5], for
invariant means; and [1] or [2], for almost periodic functions. Our notation
is taken from [11] whenever possible

Averaging kernels. We will need a systematic method for describing
the mean values of a function. The literature abounds with general sum-
mability methods. But here the method must be useful, simple, and parti-
cularly suitable for the investigation of the local spectrum of a function.



INVARIENT MEANS AND ERGODIC SETS 285

The one we will use is essentially a "system of almost invariant integrals" as
defined by Eberlein in [3, Definition 2.1]. It is closely related to the sum-
mability method of Lorentz in [10, Theorem 7].

DEFINITION 1. An averaging kernel on G is a net {ka } in Lx (G) which
satisfies

(i) Urn \\ka||, = Urn ka(0) = 1 and

(ii) lim \\ka - (ka)x \U = 0 for all x G G.
ct

The following construction gives rise to an important class of aver-
aging kernels. Let { Ua } be a neighborhood base for 0 G Γ consisting of
compact symmetric sets which is partially ordered by a < β if and only if
UaD Uβ. Denote by Xα the characteristic function of Ua. Now, using [11,

Theorem 1.6.3], set

Since fa is positive definite with/, (0) = 1, we conclude that | |/α ||i = 1. That
lim \\fa - (fa)x\\ι = 0 for each x G G follows from the fact that points are
spectral sets. Indeed, fix c > 0 and x GG and choose g G L (G) so that g »
1 on a neighborhood of 0 G Γ. Then there is an h G l) (G) with h = 0 on
some neighborhood of 0 G Γ such that ||g — gx — h\\x < c. Thus for a
sufficiently large

IIΛ-σ.Ui = lite-&)•/.Hi

Therefore {fa} is an averaging kernel on G. Observe that if {Ua} were
partially ordered by a < β if and only if UaC Uβ and if G = U a > βUa for
every choice of /?, then the same construction would lead to a Fejέr kernel.
Because of this we call {fa } a Fejέr averaging kernel on (?. More generally,
{ka} is a JFς/έr averaging kernel if {A:α } is an averaging kernel which
satisfies (1) \\ka \\λ = £α(0) = 1 and (2) {supp ka } is a neighborhood base
for 0 G Γ. Evidently {fcα } must consist of non-negative functions.

Let Dr denote the closed disc of radius r with center at the origin in the
complex plane. We then describe the relationship between mean values
and averaging kernels as follows:
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THEOREM 2. Let φ G C(G) and suppose that {ka } is an averaging
kernel on G. Then for each € > 0 there is an <x€ such that

MV(φ) C co(R(ka*φ)) + D€ C MV(φ) + Deforce > a£.

Furthermore if{ka } is a Fejer averaging kernel, then

MV(φ) C cδ(R(ka * φ)) for all a.

Proof The second statement is a consequence of the Fundamental
Characterization Theorem and the fact that j * φ G co(Tr(φ)) whenever g
ELι(G) satisfies \\g\\x = g(0) = I.

To prove the first statement, we begin with a Fejέr averaging kernel
{ka }. In this case the first inclusion has just been verified and one need
only prove the second. Clearly, it is sufficient to show that co(R(ka * φ) C
MV(φ) + D€ for all a sufficiently large (depending on c > 0). To this end,
the Fundamental Characterization Theorem together with a compactness
argument implies the existence of ψi, ...,ψn E co(Tr(φ)) such that
ΠjCθ(R(φj)) C MV{φ) + Dr, where r ~ €/2. Since

for any ψ G co(Tr(φ)) by Definition 1 (ii), it follows that co{R{ka * φ)) C
MV(φ) + Dr + Dr = MV{φ) + D, for all a sufficiently large. For the
general averaging kernel [ka } it is enough to note that Definition 1 (i)
implies that the imaginary and negative real parts of ka limit to zero in
ZΛnorm as a —* oo.

Theorem 2 has an important corollary which several authors have
observed in various forms (see [3, Theorem 3.1], [8, §6] and [10, Theorem 1]).
We state it as follows:

COROLLARY 3. Let {ka} be an averaging kernel on G. Suppose φ G
C(G) and fix γ G Γ. The following statements are equivalent

( i ) φγ has a unique mean value.
(ii) {ka * (φγ)} is uniformly Cauchγ.
(iii) {(A:αγ) * φ} converges uniformly to M(φy)y9 for any invariant

mean M on C(G).

Proof According to Theorem 2, (i) is equivalent to (ii); (ii) implies
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(iii) by this equivalence and the identity (kay) * φ = [ka * (φγ)]γ. Now (iii)
implies (i) is immediate.

Ergodic functions. In [3] Eberlein uses his system of almost invariant
integrals to investigate "ergodic points" in certain Banach spaces. We will
use averaging kernels to investigate "ergodic functions" in C(G). However,
our definition of ergodic function is considerably more restrictive than that
of ergodic point. Indeed an ergodic point in C(G) becomes in our
terminology a function ergodic at zero. Since we are primarily interested in
functions which are ergodic on infinite sets, it is not surprising that the
analogy between our methods and those of Eberlein stop at Corollary 3.

DEFINITION 4. A φ G C(G) is ergodic at γ G Γ if φγ has a unique
mean value. The function φ is ergodic on E C Γ if φ is ergodic at each γ G
E; if E = Γ, then φ is called ergodic.

It is immediate that the class of functions ergodic at a fixed γ G Γ is a
uniformly closed translation-invariant subspace of C(G); hence so must be
S> (G), the class of ergodic functions. Moreover & (G) is closed under
complex conjugation and under composition with the map JC —> —x
Observe also that β (G) contains the algebra of Weyl almost periodic
functions in C{G) (see [1]) and, in particular, the algebras of WAP and AP
functions on G. For more comments on g (G) see the introduction.

We also remark that our concept of ergodicity can be extended to
functions in L°°(G). When this is done, Theorem 2 is valid with some
modifications.

In this section we obtain the two approximation results mentioned in
the introduction. The first, Theorem 8, is concerned with the "local" ap-
proximation of an ergodic function by almost periodic functions. Precisely
what this means is defined next. The more technical aspects of its proof are
given in Lemmas 6 and 7. The second, Theorem 9, we comment on later.

DEFINITION 5. Let E C T. Aφ G C(G) is E-approximable if there
exist sequences {pn } C P{G) and {gn} C L1 (G) such that

( i ) o(pn)CE,
(ϋ) supp gnΠ E = 0, and
(iii) {gn * φ + pn} converges uniformly to φ.

Any pair {gn}, {ρn} which satisfies these conditions will be called a (φ,
E)'pair.

The set of ί'-approximable functions is evidently a translation-invar-
iant subset of C(G). Moreover it is closed under convolution with l) (G)
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and, in fact, with M(G). Furthermore since invariant means are continuous
functionals on C(G) and since P(G) C & (G), every is-approximable
function φ is ergodic on E; iΐE° Φ Φ then φ must be locally almost periodic
on E°. In this sense, E approximation extends the concept of local almost
periodicity as defined in [9].

LEMMA 6. Fix y G Γ and suppose φ is ergodic at y. Then φ is {y}-aρ-
proximable.

Proof. Let {ka} be a Fejέr averaging kernel on G and choose a
bounded approximate identity {hβ } for L1 (G) which satisfies hβ (0) = 1 for
all β. Then for each positive integer n there is a βn such that

and, by Corollary 3 (iii), an ctn such that

Here M is any invariant mean. Since points are spectral sets and since (hβn γ
— Kny) ~ (ϊ) = ®> there exists a gn G l) (G) with gn = 0 on a neighbor-
hood of γ such that

IKΛfcϊ) - ( ^ γ ) - g*lli < "-'(llΦlloo + I)" 1 .

We conclude

\\gn*φ

\\φ - (A

It is now easy to verify that {gn }, {Λf(φγ)γ} is a (φ, {γ})-pair.

LEMMA 7. Lef E CTbe compact and fix ζG E. Assume that φ G C(G)
is ergodic on E. If for each y EL E except ξ there is a neighborhood Vofy such
that φis V (Ί E-approximable, then φ is E-approximable.

Proof We will exhibit an arbitrary element of a (φ, £)-ρair. Fix a
positive integer n. According to Lemma 6, there exist functions/,,,/?,, which
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belong to a (φ, {ξ})-ρair such that \\fn * Φ + pn — Φ\\oo < n~\ Let Vλ be a

compact neighborhood of ξ which satisfies V\ Π s u p p ^ = Φ. If our

hypothesis is valid the compactness of E implies that there is a collection

Vi,..., Vm of compact subsets of Γ satisfying

m

E c U V* and
/=i

φ is Vj Π JE-approximable for 2 <j < m.

Using a standard argument [11, proof of Lemma 6.26], one can choose the

sets V\9..., Vm so that there exist functions g\, ...9gm E /^(G) which

satisfy

(1) g, > 0 for 1 < / < m,

(2) gi = 0 on Vf for 1 < i < m,

m

(3) Σ 1/ Ξ 1 o n a neighborhood of E.
/i

(One can even show that \\gx \\x < 2 [ll,Theorem 2.6.3].) Now let [fk

(ί)],

{p^ } be a (φ, K, Π £)-pair for 2 < / < m, which exists by hypothesis. It

then follows that {/*(ί)}, {& * /7Λ

(0 } is a (g, * φ, K, n £)-ρair. In particular,

{Λ(0 * gi<* Φ + Si * Pk{i)} converges uniformly to gt * φ. Therefore there is a

subscript fcΛ, which we call n for simplicity, such that

m in nt

(4) IISiY,** + Σ S*fn

(i)*φ + gχ*Pn + Σ S*Pn

U) - I f,->IL < 3 B - 1 .
/=2 /=2 ι=l

Finally, choose hn E L1 (G) so that hn = 1 on a neighborhood of £ and so

that ||ΛΛ * φ - ΦHOO < n- 1 . Set

n = 8ι*fn + Σ S/*/*(/) + Λrt - Σ 8, and
/=2 /=1

We claim that kn9 qn represent a general element of a (φ, £)-pair. To

this end, (2) and (3) together with the properties of/Λ,/n

(0 and hn yield
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m

(supρ£w n E) c [(suppgj n supp/J U (suppg,- n
7 = 2

m

c [(Fj n Fj ) u \Vι n (F ; n E) ) u ZΓJ π £

while (3) and (4) imply

The connection between ergodicity and ^-approximation may now be

described.

THEOREM 8. Suppose φ G C(G) is ergodic on the closed scattered set S.

Then φ is S-approximable.

Proof. Assume for now that σ(φ) is compact and set E = σ(φ) Π S.
Define

Q - {γ G E I φ is not F Π l?-aρproximable

for any neighborhood Fof γ } .

We claim that Q = Φ. For otherwise <2, being a subset of £, contains an
isolated point £. Thus, there is a neighborhood F o f £ such that V Π Q =

{£}. Choose g G Lλ (G) so that £ = 1 on a neighborhood of £ and so that
supp g C F. Set fc = h - & where h G Lι (G) with Λ β 1 on a neighbor-

hood of σ(φ). Since £ £ σ(fc * φ), there is some neighborhood U of £ such

that k * φ is ί/ Π £-aρproximable. Furthermore, g * φ satisfies the hy-

pothesis of Lemma 7 by our choice of g and £. Thus φ = k*φ + g*φ is t/

Π £"-aρproximable for some neighborhood ί/of £. We conclude that £ ^

β which is a contradiction.

Since Q = Φ, Lemma 7 implies that φ is £-aρρroximable. It remains to

show that φ is S-approximable. Let {gn}, {/?„} be a (φ, £)-pair. Then
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(supp gn n σ(φ)) Π S = 0. Therefore there exist/Λ G L1 (G) with suρρ/~ Π
S = Φ suchthat/rt *£„ * φ = #„ * φforeach/ί. Thus {/„ *&,}, {/;„} isa(φ,
S)-pair.

Finally, the assumption that σ(φ) be compact can be removed by
observing that any φ G C(G) is the uniform limit of [ka * φ} where {ka } is
a bounded approximate identity for L1 (G) with supp £α compact.

We remark that Theorem 8 is best possible in the following sense: if S
is a perfect closed set and if φ is the Fourier-Stieltjes transform of a nonzero
continuous measure μ G M(Γ) with support in S9 then φ is ergodic on S but
not S-approximable. We also point out that under the hypothesis of
Theorem 8 one can choose the (φ, 5)-pair {gn},{pn} so that

σ(pn) C {y G 5 | M(φγ) Φ OforM G IM(G)}.

This follows from the construction carried out in Lemma 7.
We now turn out attention from ^-approximation to the behavior of

trigonometric polynomials which are "naturally" related to a given φ G
C(G) via an invariant mean. This will give rise to our second approximation
result, Theorem 9. This theorem is somewhat reminiscent of the results in
[9], and in fact is the key to our generalization of those results (see the
comment following Theorem 12).

The nature of the remaining material gives rise to some technical
difficulties if we restrict ourselves to elements in C{G). To avoid this, we will
consider functions on the Bohr compactification G of G as well as functions
on G. Working on both groups does, however, produce some notational
problems which hopefully will be minimized by the following remarks.

Recall that ΛP(G) is naturally, isometrically isomorphic to C{G), so we
will not distinguish between them. There is only one invariant mean on
AP(G)\ it is determined by integration on G with respect to its normalized
Haar measure. In order to distinguish the action on G from G, we denote the
convolution and Z/-norm on G by ° and \ \p, respectively. In both
cases "denotes transform. Thus for/?, q G AP{G) and M G IM(G), we have
poq(χ) = My(p(x -y)g(γ)), \p\{ = M{\p\\ and/)(γ) = M(py). There is a
natural, norm preserving homomorphism p : M(G) —• M{G) defined by

}Όpdp(μ) ^ \Qpdμ for peAP(G).

Since each/ G L1 (G) determines a unique measure in M{G), the symbol
ρ(/) is a well defined element in M(G).
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Fix φ G C(G) and an invariant mean M on C(G) and suppose that/? =
Σ a^i G P{G). Then we can define a trigonometric polynomial q by q(x) —
My(p(x — y)Φ(y)) = ΊiaiM{φyi)yi. This polynomial is bounded by
M(\p\) HΦlloo. Also, |?(x) - 9(7)| < Λf(|/>|) Uφ., - φ . J ^ f o r a l l x ^ G G.
Thus if {jfy} C P(G) is an L*(G) bounded approximate identity (for
LX(G)), then the net {Mγ(pβ(- —y)Φ(y))} is bounded and equicontinuous
on G, and it is bounded on ό. In particular {Mγ(ρβ(- —y)Φ(y)} has at least
one cluster point in C(G) in the topology UCK of bounded and uniform
convergence on compact sets. It has precisely one cluster point in L°° (G) in
the weak* topology since [My(pβ(--y)φ(y))]\y) - Pβ(y)M(φy) con-
verges to M(φy) for each γ G Γ. Denote the L°°(G)-weak* limit by ψ and
refer to a general 1/CfiΓ cluster point by ω. Theorems 9 and 10 to follow
concern the ergodic behavior of ψ and ω, respectively. Actually, the second
is a corollary of the first, but it also has a very elementary proof, which we
give instead.

THEOREM 9. Ifφ is ergodic at each γ ^ γ o 6 Γ and ifτ=: φ- xt(y0 )γ0,
then the following statements are valid.

(i) For any averaging kernel {ka} on G and for any p G AP(G)
satisfying M(py0) = 0, we have

= 0.

(ii) Given e > 0 there is a neighborhood U C Γ o/γ0 swc/*

for every v G M(G) with supp P C U.

Proof Suppose {ka}9 p satisfy the hypothesis of (i). Since P(G) is
dense in AP(G)9 we can assume that/? = Σ a^i G P(G). In this case

p°τ = Σ fl/ίfr,fr,- = Σ β/M(φγ/)7ί.

Since 7, 7̂  70 for each / and since φ is ergodic at 7 Φ y0, Corollary 3 (iii)
yields

lim\\(kap)*φ - p<>τ\\m = li
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< HmΣ|fl,| \\{kaYiyφ - M(φγt)γt\\» = 0.
a

(ii): By replacing φ with φγ0, we can assume that φ is ergodic at each
γ Φ 0 G Γ. Let {ka } be a Fejέr averaging kernel on G and choose an L1 (G)
bounded approximate identity {ρβ} from P(G) which satisfies^(0) =
I /^ 11 (Evidently/^ > 0 for all β). Choose the number c > 0 and the index
β0 arbitrarily. Set D€ = {z : \z\ <e,z complex}. Finally, use Theorem 2 to
choose α0

 s o that

M(φ) C w(R(kao* φ)) C MV(φ) + A-

We are going to work with the functions (JcapβQ) * (kao * φ), which we
rewrite as σa + φα where

l)) (*αo*Φ) a n d

First, kapfo>0 and {supp ^α } is a neighborhood base for 0 E Γ; hence
there is an <xx > a0 such that

\KPβo\\ι = (kaPβQy(0) = * β (0)^ 0 (0) = 1 for all α > α l β

In particular

(kaPPoy(kβo*φ) c co(Tr(/cα o») c co(

which, together with the Fundamental Characterization Theorem and our
choice of a0, yields

(1) MV(φ) C ^0R(σα + φj) C ^(i?(fcαo * φ))

C MK(φ) + J9 £ fora>a x .

Since σα converges uniformly to the trigonometric polynomial q = (/^ —
l)op(A:αo)oτ by part (i) of this theorem, (1) implies the existence of an α2 ^
α, such that

(2) cδ(R(q + φj ) CMV(φ) + D2€for α > α2.

Our next step is to prove that Ĥ Ĥ  < 2c. For each δ > 0 there is a
compact symmetric set K C G and an «3 > α2 such that
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(a) R(q) C {q{k + x) | k G K) + Dδ for any x G G, and
(3)

0>) |Φ« (/) - φa(x)\<δ whenever x - ; G ί α > α 3 ,

Here (3) (a) is an immediate consequence of almost periodicity of q;
specifically, Ίτ(q) is totally bounded. To get (3) (b) choose g G V (G) so
that g s i o n some neighborhood 1/of 0 G Γ and so that Hg* — gy ||i <
δ/(||Φ||oo + 1) for all J C J G #(see the second half of the proof to Theorem
2.6.3 in [11]). Then, for a3 sufficiently large, we have σ(φα) C U whenever a
> α3. Hence

for α > α3 and for all x, j G AT. At any rate, (3) (a) and (b) yield

R(q) + R(φa) C R(q + φa) + D2δ for α> α3,

which together with (2) implies

cδ(R(q)) + cδ(R(φa)) C MF(φ) + D2€ + D28fova > α3.

Since Λf F(φ) C CO(JR(ΦJ) by Theorem 2, we conclude that cδ(R(q)) C
+ D28 for all δ > 0. Therefore

ii^lloo < 2C.

We have just shown that

KPβo - ι) ° P(k«o) ° τloo S 2c

for every /?0. Since

(Pfio ~ !) ° P(*oo) °TΞΞΞPβo°

and since { pβ } is an L1 (G) bounded approximate identity, this implies that
lp(&«o) ° τloo ^ 2e. According to the Wiener-Lέvy Theorem, there exists an
gELι(G) such that (g * kaQ) " s 1 on a neighborhood C/of 0 G Γ and such
that Hsu, < 1 /ka0(0) + c = 1 - c. Thus [P(g * ka0) - T ^ < 3c (assume that
c < 1/2). Now suppose v G M(G) with supp ί G ί / . Then P * g * kaQ « f
and

IPW rloo < ||ιr|| \p(g * A:αo) o r l^ < 3c ||p||.
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Recall that, in the paragraph preceding Theorem 9, we defined ω to be
any of the UCK cluster points to the qβ ( ) = My (pβ ( — y)Φ(y)).

THEOREM 10. In the above notation, ifφ is ergodic at γ0, then ω is also
andM(ωy0) = M(φy0).

Proof Suppose φ is ergodic at γ0 and let {ka } be an averaging kernel
on G. Since

K * (f/ffo) = My{pβ{ -y) (ka * φy0) 00),

we can write

\\k/(qβγo - M(w o)) |L < M(\pβ\) \\ka*(φγ0 -

+ \M(φγo)\\pβ(O) - 1|.

Therefore, taking the lim sup of both sides over β, we have

for all α. Now Corollary 3 implies that ω is ergodic at γ0 and that M(ωγ0) =

We note that the ω of Theorem 10 need not be ergodic at γ0 ifφ is not
ergodic at γ0.

Ergodic sets. The main result of this section is Theorem 12 which
concerns the union of an ergodic set E with a compact scattered set S.
When E is Helson, Corollary 13 provides an interesting decomposition for
the φ G Φ(E U S). These results depend heavily on the previous sections.
We conclude with a very elementary proof of a theorem due to Rosenthal
and Veech.

For a discussion of ergodic sets, see the introduction. Here we restrict
the preliminaries to the formal definition. Recall that Φ(2s) is the closure of
span E in C(G) under the relative L°°(G)-weak* topology.

DEFINITION 11. A compact subset E C Γ is ergodic if each φ G Φ(£) is
ergodic.

THEOREM 12. The union of an ergodic set E and a compact scattered set
S is ergodic.
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Proof Arbitrarily choose φ G Φ(E U S). We first point out that since
S is closed and scattered, each ψ G Φ(E U 5) with σ(ψ) C £ is actually an
element of Φ(£) (note that E is a spectral set if and only if σ(ψ) C E <==> ψ G
Φ(£)). Together with the "invariance" of ergodicity at γ under convolution,
this means that φ is ergodic at each γ G E Π Sc. Of course, φ is ergodic on
(EU S)c G σ(φ)c. Thus if Q consists of all points at which φ is not ergodic,
then Q C S. If Q = Φ, then φ is ergodic and we are done. Thus suppose Q
Φ Φ.

Since Q is scattered, there is a point γ0 G β and a g G L1 (G) such that
g(γ0) = 1 and supp g Π β - {γ0 }. The function g * φ is ergodic where φ is
ergodic and is also ergodic on σ(g * φ)c. Hence g * φ is ergodic on {γ0 }c.
Furthermore g * φ is not ergodic at γ0 since M[(g * φ)γ0 ] = g(γo )M(φΎo) —
M(φy0) for every invariant mean M on C(G). Fix the mean M and choose
an L1 (G) bounded approximate identity {pβ } C P(G). Define

Denote the L°°(G)-weak* limit of {^j by T and observe that g*Φ, r
replaces the φ, T of Theorem 9, respectively. Furthermore,/^ °τ = qβ for all
β. Let ω G C(G) be one of the cluster points to {qβ } in the topology of
uniform convergence on compact subsets of G. Choose a Fejέr averaging
kernel {ka} on G and an upper bound K for {l/^Ii}. Since
{supp(/c;αγo)~} *s a neighborhood base for γ0, Theorem 9 (ii) and the
convergence of qβ to ω yield

o)*ωlloo £ lim. suplK^/o)*^! ! . = lim

< K'\p(ka70)07(00 < Ac||fcβγ0

for all α sufficiently large, for each e > 0 (sufficiently large depends on e).
Corollary 3 (iii) now implies that ω is ergodic at γ0 and that M(ωγ0) = 0. On
the other hand, for γ Φ γ0 Theorem 10 tells us that ω is ergodic at γ and that
M[(g * Φ)ϊ] = M(ωy). In particular, g * φ — ω is ergodic on (γ0 }

c; />[(g * φ
- ω)y] = Oforeachγ ^ γo; andL[(g*φ - co)f0] = L[(g*φ)γ0]. HereL
is any invariant mean on C{G).

We are now in a position to show that σ(g * φ — ω) C E. To this end,
arbitrarily choose h G Lι (G) with supp h Γ) E = Φ. Then σ(Λ * (g * φ —
ω)) C F n ^ U S J r F Π S , which is a scattered set. By an elementary
argument [5, Theorem 2.4], either h * (g * φ — co) = 0 or it is ergodic at least
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at some isolated £ G Ec Π S with M[h *(g*Φ - ω)ξ] Φ 0. Suppose the
latter is true. Since M[h * (g * φ - ω)ξ] = A(£)M(£ * φ - co)|] * 0, we
conclude that £ = γ0 and that g * φ — ω is ergodic at γ0. But then g * φ is
ergodic at γ0, which is false. Thus h* (g*φ — ω) = 0, and we conclude
t h a t σ ( g * φ - ω) C E.

Finally, g * φ - ω G Φ(£ U 5) andσ(g * φ - ω) C £ imply g * φ - ω
G Φ(£). But E is ergodic. Thus g * φ — co is certainly ergodic at γ0. Since ω
is also, we conclude that g * φ is ergodic at γ0, which is again false. The
remaining possibility is Q = Φ.

We want to point out that Theorems 8 and 12 imply that any φ G C(G)
with scattered spectrum is in the uniform closure of P(G) and is therefore
almost periodic. This result, which is due to Loomis [9], cannot be used to
simplify the proof of Theorem 12 in a significant manner. The difficulty
arises from the fact that there are functions which are nonergodic at
precisely one point in Γ. To deal with this difficulty in the setting of
Theorem 12 one needs Theorem 9 (ii) or a similar result. Another extension
of the Loomis result is the following corollary which concerns Helson sets.
(See [11, Section 5.6] for a discussion of Helson sets). Denote by MC(E) the
set of continuous μ G M(Γ) with measure support in E. Recall that μ(x) =
JΓ(γ,x)φ(γ),forμGM(Γ).

COROLLARY 13. Suppose E is Helson and S is compact scattered. Then
each φ G Φ(E U S) decomposes uniquely into

φ = μ + p, where μ G MC{E) and/? G AP(G).

Proof. According to Theorem 12, φ is ergodic. Hence Theorem 8
asserts the existence of a (φ, S>ρair {gn}, {pn}. Since σ(gn * φ) C E and
gn*φE Φ(E U S% wehavegπ*φ G <£(£). But £ is Helson; thusg,, *φ =
vn for some vn G M{E). In particular {gn * φ + pn } is a sequence of weakly
almost periodic functions which converges uniformly to φ. According to [3,
Theorem 12.1], φ must therefore be weakly almost periodic. Thus φ de-
composes into φ = w + p wherep G AP{G), σ(p) C σ(φ), and Af(|w|) = 0
for all invariant means M on C(G) [4, Theorem 1]. Using an argument
presented in the proof of Theorem 12, we conclude that σ(w) C E. Thus w
G Φ(£). Since E is Helson, w = μ for some μ G M{E). Since M(|w|) = 0, μ
G MC(E). The uniqueness of this decomposition is immediate.

This corollary suggests the possibility of decomposing the general
ergodic function in a manner somewhat analogous to the decomposition of
weakly almost periodic functions [4]. It turns out that no reasonable
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decomposition is possible. For a complete discussion of this problem see
[14].

Our last theorem is due to Rosenthal and Veech [12]. We include it
here since our proof depends only on the elementary properties of invar-
iant means and the Loomis result.

THEOREM. Let E C Γ be a set of spectral synthesis. If S C Γ, is

scattered and ifE U S is closed, then EL) Sis a set of spectral synthesis.

Proof Assume that E, S satisfy the hypothesis. Note that if V C Ec is a
compact set, then V Π S is a compact scattered set.

We must show that each φ G C{G) with compact spectrum contained
in E U S is in Φ(E U S). To this end suppose φ G C(G), σ(φ) CEUS, and
σ(φ) is compact. Let M be a fixed invariant mean on C{G) and let {pa } C
P(G) be an Lι(G) bounded approximate identity. Set qa =
My(pa(- -y)Φ(y)). Observe that qa G Φ(E U S) and that \\qa IU is uni-
formly bounded in α. According to the remarks preceding Theorem 9, there
is a subnet {qβ} of {qa} which converges in the relative //^(G^-weak*
topology to an ω G C(G). The Loomis result [9], together with Theorem 10,
implies that L[(φ — ω)γ] = 0 for all γ G Ec and for all invariant means L. It
follows that σ(<f> — ω) C E U S has no isolated points in Ec. Hence σ(φ — ω)
C E, a set of spectral synthesis. Therefore φ = (φ - ω) + ω G Φ(E U S).
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