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STABILITY OF MEASURE DIFFERENTIAL EQUATIONS

S. LEELA

The preservation of stability properties of perturbed dif-
ferential equations when the perturbations are impulsive are
discussed relative to asymptotically self invariant sets. The
fact that the solutions of perturbed systems are discontinuous
offers many difficulties in applying the usual methods of
perturbation theory and thus makes the study interesting.

1. Introduction. Generally, in perturbation theory, we consider
the perturbed system given by

dx

5 S, x) + R, ),
where the perturbation term R(t, ) is continuous and small in some
sense. But it is of much importance to consider the case when the
perturbation term is rather wildly impulsive in character and it is
also natural to expect such a situation in pulse frequency modula-
tion systems, models for biological neural nets and some automatic
control problems. Thus the study of equations of the type

(L.1) DX = f(t, ) + G, 2)Du ,

where Du denotes the distributional derivative of the function u is
important in itself. Equations of the form (1.1) are called measure
differential equations. The existence of solutions of such equations has
been studied by Schmaedeke, W. W. [6] and Das, P. C. and Sharma,
R. R., (see [2], [3]).

Our interest here is to treat Eq. (1.1) as a perturbation of the
ordinary differential system

(1.2) %”ti = f(¢, )

and to investigate the preservation of stability properties of solutions
of (1.2) under the effect of impulsive perturbations. Some simple
situations of the stability of such problems have been considered by
Das, P. C. and Sharma, R. R. [3], Barbashin, E. A.[1] and Zabalishchin,
S. T. [7].

The fact that the solutions of (1.1) are discontinuous (i.e., func-
tions of bounded variation) offers many difficulties in applying the
usual techniques of perturbation theory. It is known (see [4], [5])
that even in the case of ordinary differential systems, it is more
general and natural to consider the stability of asymptotically self
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invariant (ASI) sets rather than that of usual invariant sets. Thus,
it seems more appropriate to consider ASI sets and their stability
properties with respect to (1.1). In this paper, we study the effect
of impulsive perturbations on the stability in variation of ASI sets,
making use of the methods developed in our earlier work [5].

2. Notation and basic theorems. Let R* and M denote the n-
Euclidean space and the set of all » x m matrices of real numbers,
with the norms ||z || = 3% |#;], # € B* and ||G|| = 31 307 (9451, (9:5) =
G e M, respectively. Let Bv(R*, BR™) denote the set of all vector fune-
tions defined on R* with values in R™, whose components are scalar
functions of bounded variation on R™.

Let us consider the measure differential equation

(2.1) Dz = f(t, %) + G(t, ®)Du , x(t) =@ t, =0,

where (i) the functions f and G are defined on R* X S(p), S(0) =
[xe R" ||z|] < p], with values in R™ and M respectively; (ii) « is a
right continuous function belonging to the set Bw(R*, B™); and (iii)
Dz, Du. denote the distributional derivatives of functions x and =
(identified with Stieltjes measure) respectively.

DEFINITION 1. A function y(-) = y(-, &, ,) is said to be a solution
of Eq. (2.1) on R* if y(-) is a right continuous function € Bv(R*, S(0))
and the distributional derivative of w(:) on (¢, T), Te R*, satisfies
the Eq. (2.1).

For the existence and unigueness of solutions of Egq. (2.1) and
for more details about equations of the type (2.1), refer [2], [3]. In
the sequel, we shall assume that the solutions of Eq. (2.1) exist and
are unique for ¢t = ¢,.

The following classes of functions will be used often in our dis-
cussion. So, we define

L =[o:0eC[R*, R*], o(t)is decreasing in ¢ and o(f)—0 as t— o] ;
A = la:ae C[Rz[0, p), R*], alt, r) is decreasing in ¢ for each »
and increasing in r for each ¢ such that lim a(¢, r) = 0] ;

t—oa

r—0

B = \:H: HeC[R"¢R*, R*] and for some 7z > 0,
lim {sup H(t, to)} _ OJ

etz T

where C[Y, Z] denote the set of continuous functions on Y taking
values in Z.

We shall now suppose that fe C[RTzS(p), R"], f.(t, «) exists and
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is continuous on R*xS(p) and «(t, ¢, x,) is the solution of the unper-
turbed system

2.2) Lt alt) = o,

Let O(¢, t,, ,) denote the fundamental matrix solution of the varia-
tional system

% = £t, 2t t, @))%, #(t) = 1 (identity matrix).

We use the following definitions for the characterization of the
asymptotically self invariant (ASI) set with respect to the system
(2.2) and the stability criteria of such sets.

DEFINITION 2. The set & = 0 is said to be ASI relative to (2.2) if
every solution (¢, ¢, 0) of (2.2) satisfies

”x(tr tO, 0) H é )\'(to)r t Z tOy )\*e L .

DEFINITION 3. The ASI set = 0 is said to be
(i) uniformly stable in variation, if for each «, 0 <a =0,
there exists a constant M(«) > 0 such that

||¢(ti tOy xO)H éM(a)! tz%!

provided ||z, || < «;

(ii) uniformly asymptotically stable in variation, if for each

a, 0 <a < p, there exists a function o,¢ L such that whenever
|l < «,

H ¢(tr tO; xo) H é aa(t - to) ’ t g to ’
(iii) uniformly stable, if there exists a function a € A such that
Hx(t’ tO; m(!) H é a/(t()y HxOH) ’ t g to ’

(iv) uniformly asymptotically stable, if there exist functions
a€A, e L, and He B such that

1@, b, 20) || = alty, ||z )@ — ) + H(E t) , t =5

(v) quasi-equi asymptotically stable if the estimate in (iv) is
replaced by

[, to, 20) | = {alty, [[2o]]) + Bl — 1) + H(E, t) , ¢ Z s

where g is a constant > 0 and the functions a, 7, and H are as in (iv);
(vi) exponentially asymptotically stable if, for ¢ = ¢,,
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a(t, t, 2) || = {alty, || % 1)) + Ble™*“™* + H(E, to) ,
where the constant 8 =0, 6 >0, ac A and He B.

REMARK. If f(t, 0) = 0 so that x = 0 is the unique solution of
(2.2), then the ASI set reduces to the usual invariant set.

We next state two known results [5] which are very useful in
our investigation of stability properties of Eq. (2.1).

THEOREM 2.1. Assume that the ASI set x = 0 with respect to
(2.2) is uniformly stable in variation. Then, there exists a Lyapunov
Junction V(t, x) with the following properties:

(1) V(t, x) 1s defined and continuous on R* x S(a);

(2) Jlzl| E V(& o) Zalt, || z]), ¢ x)e RT x S(a), ac 4;

(3) |Vt @) — Vi, )| = M(@) |z — yl, ¢, o), ¢, v) e B x S(@);

(4) D" Vot o) =lim,_ .- sup /A[V(E + h, x + Rf(E, x))— V(¢ 2)] <
0, for (¢, x)e BT x S(a).

THEOREM 2.2. Suppose that the ASI set x = 0 relative to (2.2)
18 uniformly asymptotically stable in variation. Then, there exists
a Lyapunov function W, x) verifying the following properties:

(1) Wi, x) is defined and continuous on R* x S(a);

(2) =]l = Wk, x) b, [|=]]), ¢ 2)e B x S(a), be A;

(3) [ W, 2)— W, v)| < L(a) ||z — yll, ¢ =), ¢ y) e BT x S(a);

(4) D Wyt x) < —0W(E, x)+\E), ¢ x)e BT x S(a), where 6>0
and ne L.

REMARK. It is important to note that the Lyapunov functions
obtained in the foregoing theorems are Lipschitzian in x for a con-
stant and this fact plays a crucial role in studying the effect of
perturbations. The usefulness of the stability in variation notions
lies in the above fact.

3. Main results. In this section, we shall assume that the set
z = 0 is ASI relative to the unperturbed system (2.2) and give suf-
ficient conditions for the stability criteria of the ASI set x = 0 with
respect to the measure differential system (2.1). First we state the
following hypotheses:

(H) f(, x) and f,(, ») are defined and continuous on B+ X S(0)
and f,(¢, «) is bounded on R* x S(0);

(H,) the ASI set x = 0 relative to (2.2) is uniformly stable in
variation;

(H;) the ASIset x = 0 relative to (2.2) is uniformly asymptotical-
ly stable in variation;
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H) |GE, 2)|| < 9@®) | x| on BT x S(p) where G(¢, x) is measurable
in ¢ for each z, continuous in x for each ¢ and g(f) is dv, integrable
function v, being the total variation function of u;

(H,) r w(s)ds < o where
. 1 t+h
w(t) = lim sup — S g(s)dv,(s)
B0t h Jt

is the upper right Dini derivative of the indefinite integral Stg(s)dvu(s);
(H;) the function w() in H; is such that

t+1
S w(s)ds —> 0 as t— oo ;
t

(H,) the discontinuities of % occur at isolated points {£.}, & <
ty << +++ <&, < +-- and are such that

G lu) — u) | = e (|

and \, are constants ;

* w(s)ds), k=12 .-,

0

Hy) >ri g )N, converges.

We are now in a position to state our first main result which
deals with the sufficient conditions for the uniform stability of the
ASI set # = 0 with respect to the perturbed system (2.1).

THEOREM 3.1. Assume that the hypotheses (H,), (H,), (H,), (Hy),
(H,), and (Hy) are satisfied. Then, the set x = 0 is ASI with respect
to (2.1) and s uniformly stable.

Naturally, the proof depends on the construction of a Lyapunov
function for the unperturbed system (2.2), obtaining the estimate of
solutions of the perturbed system (2.1) in terms of that Lyapunov
function and estimating the jumps of the solutions of (2.1) at the
points of discontinuity. For convenience, we first state and prove
the following lemmas.

LEMMA 3.1. Let the hypotheses (H)), (H,), (H,), and (H;) hold.
Then,

D mft) = lim sup L[m(t + k) — m(t)]
(3.2) ot h
= M(a) || y(E, &, %) || w(t) + Q;)V(t, ) ,

where m(t) = V(&, y(¢, t, ), Y@, t, %) s the solution of (2.1), V{(¢, x)
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18 the Lyapunov function obtained in Theorem 2.1 and M(a) is the
Lipschitz constant for the function V(, x).

Proof. Set xz=y(,t, x,) and note that y(t+#, t, &) =y(-+h, t, ©),
h>0, in view of the assumed uniqueness of solutions of (2.1). Also,
let (s, t, ) denote the solution of the system (2.2). Then, using the
definition of m(t), the Lipschitzian property of V, we get,

D*m{t) = lim sup TV + b, y(t + b, b, ) = VG, 9, b, 2)]
= lim sup %[V(t + b, Yt + b t, @) — VG, )]
—0
< Hmsup TV + b, y(t + b, t, 2)) = VG + by o6 + b, &, 2)]
h—0
+ }}in}L sup %[V(t + h, 2@t + h, t, 2)) — V(¢ + b, x + hf(¢, 1))]
—0’
+ m sup L[Vt + h, & + k7, ) — Ve, )]
< M(a) lim sup [i 9+ b, £, @) — (t + I, t, @) |]}+D+ Vi, z)
B0t h (2.2)
. 1 t+h
= M@ lim sup ={| " 11 765, w5, 1, @) = fGs, a(s, 1, @) ds
t+h
+ {716, vis, &, ) dv.@} + DIV o)
where v, is the total variation function of u.
Since f is Lipschitzian in z,
) 1 (et
timy..osup ] [ 1176, 96, 8, 2) = 565, a(s,t, @)1 ds |
< Llimsup[ sup (196, ¢ ) — (s, t, 2)[)] =0,
kot t<s<t+h
and we obtain, using (H,), D*m(t) < M(a)w(®) || y(¢, to, %) ||+ D" Ve (¢, @)-
LEMMA 3.2. Let the hypotheses (H,), (Hy), (H)), and (Hy) hold. If

y(&, to, ) 25 a solution of (2.1), then, at the points of discontinuity
{t.}), we have

| Ve, 4, b, %)) — Vs, (e, toy @0)) |

3-3) { < M(@)pg(t) || ult) — u(td) || -

Proof. Following the arguments in [3], we get
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H y(tky tO; xO) - y(tk—y tO; xo) H = H G(tk; y(tk’ tO, m0))[u(tk) - u(t;)] H .
Hence, using the assumption (H,),

| V(tw, y(ts, o, T0)) — Vb, y(te, &, %)) |
= M(@) ||y (s, o 2y) — Y@, toy o) ||
= M(2)g(te) ||yt to, o) I} | wlEe) — u)

which yields the estimate (3.3).

Proof of Theorem 3.1. Recalling that D* Vi, ,(¢, ®) <0 and [[2| =
Vit, ), we have from (3.2), the following differential inequality

(3.4) Dm(t) < M(@)m(B)w(t) .

Since y(, t,, ,) is continuous on [t,_, ), k=1,2 «.-, the ine-
quality (3.4) yields, for each tet,_, t.),

w(s)ds) X

13
tg—1

(35) VC, ¥, by ) S Vit ¥ltis, t 2) exp (M@ |
In view of (3.3), (3.5), and (3.1), we now obtain

V(tki y(tk, tO’ xo))
= Vit 9, t 20) + M@pg@n exo (M) | " wids)
= Vitios ¥t to o) exp (M@ |7 w()ds)

+ M(@)pg(t. exp (M) § w(s)ds) ,

where M(e) = 1 (without any loss of generality).

Also, we have
Ve, y(t, t, @) < Vit o) exp (M(a) S w(s)ds ), b€ [t 1)
VEE, Y, to, 7)) < Vits, Y(ts, L, %)) eXD (M(a) St w(s)ds), telt, b .
Hence, for tel[t, t;) we get
Vi, yG, 6, o) < [V(to, z) exp ( M() S w(s)ds)
+ M(@)og(t). exp((M@)|, wds) |exp (M(@) || wisds)
= [Vt ) + M(e)pat )] exp (M) | wis)ds) .

Thus, in general, for ¢ = ¢,
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Vi, y(t, 4, @) < [ Vit, 2,) + M@)o g}lg(tk)xk] exp (M(a) S;w(s)ds> .

Now, using the upper and lower estimates of V(see Theorem 2.1),
we get

e, t @) 1= att, 10 1) + M@)o 3 g NG = & o l|2])

where N(t,) = exp <M(a/) - w(s)ds). Clearly de A since 3, gt )\,
%,
converges and the proof is complete.

THEOREM 3.2. Let the hypotheses (H,), (H,), (H), (Hy), and (Hy)
hold. Further, let

(3.6) lu(t) — w(te) || = Mexp (=0t — t)), 9>0,

be satisfied in place of (8.1) in (H,). Then, the ASI set « =0 is
exponentially asymptotically stable with respect to (2.1).

Proof. We now employ the Theorem 2.2 and set m() =
Wit y(@, t, x,)), where W(t, x) is the Lyapunov function obtained in
Theorem 2.2. Using the same arguments as in proof of Lemma 3.1
for this W, we get, in place of (8.2), the following inequality:

(Drm(®) = Li@)ow(t) + D* W, z)

3.7 i < L(@)ow(t) + Mt) — om(t)

with () = L(@)ow(t) + Mt). Obviously, St“ M(s)ds — 0 as ¢ — oo.
i

Since y(t, t,, x,) is continuous on [t,_,, t,), k =1, 2, ---, the differential
inequality (8.7) implies, for each t e [t,_, t.),

W, @, t, 2)) = Wltios, Yy, to, %)) €Xp (=0 — £5-1))

@.8) { + H(, t,) ,

where v(, &, v,) = v,exp (—d(t — t,)) + H(t, t,) is the solution of the
scalar differential equation

V= —0v + M) v(t) = v,

and H(,t,) = t exp (—0(t — s))\(s)ds. For the properties H(, t,), see
to

[4] and [5].
In view of (3.3) (which is true with W in place of V and L(«)
instead of M(«)), (8.8) and the estimate (3.6) for the jumps of u, we get
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= Wk, y(e, b, %)) + L(@)0g@s) || ute) — u(@e) ||
= Wity Yty to, 20)) eXp (=0 — £4-1))
+ Hity, tp-i) + L(@)0g(te)n: eXp (— 0@, — t)) -

W(tlc, y(tky tOy xo))

We also have

Wi, (¢, to, 20)) = Wk, %) exp (=0t — &) + H(E, ), telt, 1) ;
Wit, y(t, t, 20)) = Wt y(t, to, 2)) exp(—0( — ) + H(, 1), t e[t t) .

Thus, for ¢¢lt, t,), we obtain
Wi, Y@, b, @) = {[ Wk, %) + L(@)0g(E)N] exp (—0(t: — t))
+ H(t, t,)} exp (—0(t — t.)) + H(, t)
= [L(@)og(tIr, + Wk, #)] exp (—0(¢ — &) + H(E, &)
since, by the definition of H(t, ¢,), it is obvious that
H(t, t,) exp (—o(t — t.)) + H(t, t) = HE, to) .
Hence, in general, it can be shown that, for ¢ = ¢,
W, y@, t, x,))
< [Wts, @) + L(@)o 3 g(tel exp (—3( — 1) + Ht, 1) -

Now, by using the upper and lower estimates of W(t, x) (see Theorem
2.2), we have

Iy, to, ) || = [0, ([ 2 [)) + Blexp (—=0( — 1)) + HE, t)

where 8 = L(a)p kil g(Et)n,. Further, using the facts that

(i) lim,., [sup,z H(, t)] = 0 (see [4], p. 113),

(ii) H(, t) = o(ty), 0 L (see [4]) and

(iii) B can be made small by choosing % sufficiently large, we
see that the set x = 0 is ASI relative to the perturbed system (2.1)
and that the ASI set « = 0 is exponentially asymptotically stable
with respect to (2.1). The proof is complete.

REMARK. If in the above proof, we do not take t, = T, (k suf-
ficiently large enough to make 5 as small as we wish), we could still
conclude that the solutions of (2.1) tend to zero as ¢— oo, without
the ASI set x = 0 being uniformly stable, i.e., we can conclude that
the ASI set is quasi-equi asymptotically stable.
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