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ABELIAN GROUPS, A, SUCH THAT HOM (A,-)
PRESERVES DIRECT SUMS OF COPIES OF A

D. M. ArnoLD AND C. E. MURLEY

An R-module, A, is self-small if Hom(A,-) preserves direct
sums of copies of A. Various conditions on the endomorphism
ring of a module which guarantee that it is self-small are
studied. Various results are proved about subgroups of direct
sums or direct products of copies of a self-small abelian group A,
which generalize results previously known when A is torsion free
of rank one.

0. Introduction. An R-module, A, is self-small if Homg(A,-)
preserves direct sums of copies of A. Homological arguments show
that if A is a self-small R-module with R a commutative ring with 1,
then the category of direct summands of direct sums of copies of A is
equivalent to the category of projective right Endi(A)-modules
(End:(A) is the R-endomorphism ring of A). Consequently, direct
sum decompositions of direct sums of copies of A may be interpreted in
terms of direct sum decompositions of free Endi (A )-modules.

An R-module, A, is self-small in the following cases: (a) A is small
(i.e., Homg(A,-) preserves arbitrary direct sums of R-modules); (b)
A =1lic; A;, where each A; is a self-small R-module and Homg (A, A;) =
0if i#j; (c) Endg(A) is countable.

If the finite topology on Endiz(A) is discrete, then A is self-
small. In certain cases, the converse is true.

CoroLLARY 1. Suppose that A is a countably generated R-
module. Then A is self-small iff the finite topology on Endi(A) is
discrete. If R is countable, then A is self-small iff Endg(A) is
countable.

A left ideal, I, of Endi(A) is an annihilator ideal if I=
{f €Endr(A): f(x)=0 for all x € A with Ix =0}.

ProrposiTioN II. Suppose that A is an R-module and that
Endz(A) has the minimum condition on left annihilator ideals. Then
the finite topology on Endg(A) is discrete and A is the finite direct sum
of indecomposable R-modules.

The remainder of the paper is devoted to self-small abelian groups
(although many of the arguments are valid in a more general
setting). Self-small torsion abelian groups are finite. Section 3 and
examples in §5 demonstrate that self-small torsion free abelian groups
are both profuse and diverse. Self-small mixed abelian groups with
finite torsion free rank are characterized by Proposition 3.6.
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Generalizations of homogeneous separable and completely decom-
posable torsion free abelian groups are considered in §4. We demon-
strate that many of the classical properties of these groups may be
viewed as consequences of the fact that endomorphism rings of rank 1
torsion free abelian groups are principal ideal domains.

Let G and A be abelian groups. Define G to be A-free if G is
isomorphic to a direct sum of copies of A; A-projective if G is a
summand of an A-free group; and locally A-projective [locally A-free]
if every finite subset of G is contained in an A-projective [A -free]
summand of G. An R-module, M, is locally projective [locally free] if
every finite subset of M is contained in an R-projective [R-free]
summand of M. Note that if A is torsion free of rank 1, then the class
of locally A-projective [A-projective] groups coincides with the class
of homogeneous separable [completely decomposable] groups (with
type = type of A). Define S,(G) to be the subgroup of G generated by
{f(A)|f € Hom(A, G)}.

THeoreM III.  Suppose that A is an abelian group and that
End(A) is discrete in the finite topology. Then the category of locally
A-projective abelian groups is equivalent to the category of locally
projective right End(A)-modules.

Results of Chase [3] and Theorem III suffice to prove:

CoroLLARY IV. Let A be a torsion free abelian group such that
End(A) is a principal ideal domain and Alim f is torsion for all
0#f€End(A).

(a) If B is a pure subgroup of an A-free group, G, such that
S.(B)= B and if End (B) is discrete in the finite topology, then B is an
A-free summand of G.

(b) A group, G, islocally A-free iff S4.(G) = G and G is isomorphic
to a pure subgroup of S,(Ilic; A;), where A, =A for all i € L

(c) If B is a pure subgroup of a locally A-free group, G, and if
S.(B) = B, then B is locally A-free. Moreover, if End (B) is discrete in
the finite topology, then B is an A-free summand of G.

(d) Countable locally A-free groups are A-free.

Note that if A is torsion free of rank 1 and type 7, then End(A) is a
principal ideal domain and S,(G) = G(r). Thus Corollary IV includes
the classical properties of homogeneous separable groups as a special
case (see Fuchs [7]).

Fundamental references, for this paper, are Fuchs [6] and [7].

1. Self-small modules. Let 3, PA; be a direct sum of
copies of an R-module A. There is a natural monomorphism
e: Zies DHomg (A, A;))—> Homg(A,Zic; @A) induced by projection
maps. Consequently, A is self-small iff for every countable index set I
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and every R-homomorphism ¢: A — Z;c; €D A, there is a finite subset,
I', of I with ¢(A)C I, D A.. Every finitely generated R-module is
self-small. On the other hand, if A is an infinite direct sum of
R-modules, then A is not self-small.

Observe that endomorphic images (in particular, direct summands)
of self-small R-modules are self-small.

ILet X and Y be nonempty subsets of A and Endi(A),
respectively. Define  X* ={f € Endz(A)|f(X)=0} and Y*=
{x € Alf(x)=0 for all fEY}) A left ideal, I, of Endg(A) is an
annihilator ideal if I =I**. An R-submodule, B, of A is a kernel
submodule if B = B**, One can easily verify that X* is a left ideal of
Endiz(A); Y*= Ny kerfisasubmodule of A; X C X*;, Y C Y**;a
left ideal, I, of Endz(A) is an annihilator ideal iff I = X* for some
X C A; and a submodule, B, of A is a kernel submodule iff B = Y* for
some Y C Endz(A).

LEMMA 1.1. There is a 1-1 order inverting correspondence be-
tween the kernel submodules of an R-module, A, and the left annihilator
ideals of Endgz(A).

Proof. The correspondence is given by B— B* and I — I'*.

ProproSITION 1.1. The following statements are equivalent for an
R-module, A:

(a) A is not self-small;

(b) thereisachain A,C ---CA, C - of (proper) submodules of
A such that A = U_ A, and A%¥#0 for all n;

(c) there is a chain A,C ---C A, C --- of proper kernel sub-
modules of A such that A = U A,;

(d) thereis a chainl,D ---21, D -+ of nonzero left annihilator
ideals of Endg(A) such that A = U5 I%. In this case, N, I, =0;

(e) there is an infinite subset, S, of Endz(A) such that S\ (X*N
S) is finite for all finite subsets, X, of A.

Proof. (a) > (b) Since A is not self-small, there is an R-
homomorphism ¢: A — 25, B; such that I1,¢ #0 for all i, where
II;: 3B, — B; = A is the projection map for all j. For n=1 let
A, ={x € A|llip(x)=0fori >n}sothat A,C ---C A, C ---isachain
of proper submodules of A with A = U;_,A,. Clearly, A% # 0 for all
n.

(b) = (¢) Replace each A, by A** thereby obtaining an ascend-
ing chain of kernel submodules with A = U, ,(A**) (since
A, CA**). Each A**is proper, forif A%*= A, then A*=A*=0, an
impossibility by (b).

(c) > (d) A consequence of Lemma 1.1.

(d) > (e) Foreach n,choose f, e\ I, if [,#1I,,,and let f, =0
ifl,=I.. Then S = {f,,]n =1,2,- -} is an infinite subset of Endz(A)
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(since M5, I, =0and each I, is nonzero). If X is a finite subset of A,
then X CI* for some n (since A = U7.,I%). Consequently, I, =
I7*C X* for all m =n so that S\(X*NS)YC{f.,---.f._.}, a finite set.

(e) = (a) Define an R-homomorphism ¢: A —Zcs P A; by
d(a)=Zesf(a) where f(a) € A; = A. The hypotheses guarantee that
¢ is well defined. Since S is infinite, ¢(A) Z Z;cs P A, for all finite
subsets, S’, of S. Thus A is not self-small.

ReMARK. In the language of Szele [13], (¢) may be restated as:
End; (A) has an infinite 0-system (equivalently, Endz (A ) has an infinite
summable system.

CorROLLARY 1.3. Let {B:}ic; be a family of self-small R-modules
with Homg(B;, B;)) =0 for i#j. Then A =1l B, is self-small.

Proof. Assume that A is not self-small and choose a chain
A, C---CA,C -+ of proper kernel submodules of A with A =
U%.iA,.. For each i €1, there is a least integer n(i) with B, C A,
(otherwise, B; is not self-small by Proposition 1.2.b). If‘ln (i el}is
bounded, say by m, then for any 0#Af€E A} *#(0 since
A, = A # A)itfollows that f(A) = 0, a contradiction. If {n(i)|i € I}
is not bounded, then there is some a = (b;) € A with a& A,, forall m, a
contradiction (since A = U5_, A,).

COROLLARY 1.4. If A is an R-module such that Endp(A) is
countable, then A is self-small.

Proof. Assume that A is not self-small. By Proposition 1.2.d
there is a chain I, D --- D I, D --- of nonzero left annihilator ideals of
Endg(A) such that A = U, I'¥ (choose an appropriate subchain to
guarantee that I, # I, for all n). For each n, choose g, € I, \ I,.; let
S ={g.}; and for each subset, L, of Z* (the positive integers) define
gh=g, if n€L and gt =0 otherwise. Define g“ € Endz(A) by
g (a)=2g%(a), a well defined homomorphism (since for each a € A,
g%(a) =0 for almost all i).

We prove that gt =g* iff K =L ; in which case, Endz(A) is
uncountable, a contradiction. Assume that K# L and choose a least
integer n with gL # g%, say gk =g, and g% =0. Since g, & I,.,, there is
some a € I'%,, such that aZkerg,. Thus g“(a)—g¥(a)=g,(a)#0
and gX#g".

2. The Finite Topology on End:(A). The finite topol-
ogy on Endg(A) is defined by letting { X *|X is a finite subset of A} be a
basis of open neighborhoods of 0. It is known that Endz(A) is a
complete Hausdorff topological ring in the finite topology (see Fuchs
{71, p. 221, for the case that R =Z7; the general argument is
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similar). The finite topology on End;(A) is discrete (i.e., X* =0 for
some finite subset of A) iff B* =0 for some finitely generated sub-
module, B, of A.

CoROLLARY 2.1. Ifthe finite topology on Endg(A) is discrete, then
A is self-small.

Proof. If A is not self-small, then Proposition 1.2.b leads to a
contradiction.

ProprosITION 2.2. Suppose that A is an R-module such that the
finite topology on Endr(A) is either first countable or locally
compact. Then A is self-small iff the finite topology on Endg(A) is
discrete.

Proof. (&) Corollary 2.1.

(=) Assume that Endg(A) is first countable. Then there is a set
{X.|n=1,2,---} of finite subsets of A such that X¥DX%D ---;
N%., X*=0; and if V is a neighborhood of 0, then X% C V for some
n. f x€A, then X¥C{x}* for some n, so that x&
X**  Consequently, A = U, (X¥)*. By Proposition 1.2.d. and the
preceding remarks, X* =0 for some n, i.e., Endg(A) is discrete.

Assume that End; (A) is locally compact. Then there is a compact
ideal neighborhood, I, of 0. Since End;(A) is Hausdorff, I is both
closed and complete. But I\ (X*N1I) is discrete (since X* is open)
and compact, thus finite, for all finite subsets, X, of A. Since A is
self-small, I must be finite (Proposition 1.2.e.). But I is a neighbor-
hood of 0 and End;(A) is Hausdorff, so X* = 0 for some finite subset,
X, of A.

COROLLARY 2.3. Suppose that A is a countably generated R-
module.

(a) A is self-small iff the finite topology on Endg(A) is discrete.

(b) IfRiscountable, then A is self-small iff Endg(A) is countable.

Proof. (a) Let S be a countable set of generators for A. Then
{X*|X is a finite subset of S} is a countable neighborhood basis of 0;
i.e., Endgr(A) is first countable. Now apply Proposition 2.2.

(b) In view of Corollary 1.4, it suffices to prove that if R is
countable and A is self-small, then Endz(A) is countable. By (a),
Endgr(A) is discrete, i.e., X* =0 for some finite subset X = {x,,- -, x,}
of A. Define ¢: Endr(A)—>Z% DA by ¢(f)=f(x)+ -+ f(x.),
where f(x;) € A, = A. Then ¢ is a monomorphism and Endg(A) is
countable (since A is countable).

ProrosITION 2.4. Assume that Endg(A) has the minimum condi-
tion on left annihilator ideals.
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(a) The finite topology on Endr(A) is discrete.

(b) If B is a summand of A, then Endg(B) has the minimum
condition on left annihilator ideals.

(c) A is a finite direct sum of indecomposable R-modules.

Proof. (a) Let S ={X*|X is a finite nonzero subset of AO} be a
collection of left annihilator ideals of Endz(A). If X* =0 for some X,
then Endr(A) is discrete. Otherwise, S has a minimal nonzero ele-
ment, say Y*. If X is a finite subset of A, then (Y U X)*C Y*, so by
the minimality of Y* Y*NX*=(YUX)*=Y* Thus Y*C
N{X* X*& S}=0, a contradiction.

(b) Write A = BAC and identify Endg(B), in the usual way,
with a subring of Endg(A) so that Endg(B)C C*C Endz(A). Forl a
left annihilator ideal of Endiz(B), let e(I)=U*PC)*C
Endz(A). Note that e(Endg(B)) = C* and that e is an order preserv-
ing map from the annihilator ideals of Endg(B) to the annihilator ideals
of Endz(A). Therefore, it is enough to show that e is monic. Let J
be an annihilator ideal of End.(B) and let ¢ € I\ J. Then ¢ €e(l),
but ¢(J*PC)=(J*) #0, ie., pZe(J). Consequently, e(])=e(J)
iff I =1.

(c) First of all, A must have a nonzero indecomposable
summand. Otherwise, there is a chain A, C---CA, C--- of sub-
modules of A such that each A, is a proper summand of A and
A,.;. Thuseach A%*is anonzero annihilator ideal and {A#¥|n = 1,2, -}
has no minimal element, a contradiction.

Write A = AP B, where A, is a nonzero indecomposable sum-
mand of A. Using (b) and the fact that A is self-small, one sees that (c)
is true.

3. Self-small Abelian groups.

PropPOSITION 3.1. Every self-small torsion group is finite.

Proof. Let A be a self-small torsion group and for each integer n
regard n! as an element of End(A) (i.e., multiplication by n
factorial). Define A, ={n"}*C A sothat0=A, CA,C---CA, C -
is chain of subgroups of A. Each A, is bounded, hence a direct sum of
cyclic groups. Consequently, A, =A for some n and A is
finite. Otherwise, each A, is proper, A¥# 0, and A is not self-small
(Proposition 1.2.b), a contradiction.

If A is a torsion free abelian group such that End(A) is
countable, then A is self-small (Corollary 1.4). Examples of such
groups include all torsion free abelian groups of finite rank, all of the
groups constructed by Corner [4], and all rigid groups (see Fuchs [7], p.
124). Other examples, not requiring the countability of End(A), are
given by:
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ProrOSITION 3.2. Let A be a reduced torsion free abelian group.

(a) If End(A) is a Dedekind domain, then every nonzero en-
domorphism of A is monic.

(b) If every nonzero endomorphism of A is monic, then End(A)
has the minimum condition on annihilator ideals.

(¢) If Bis a torsion free abelian group and if B X, A is self-small,
then A is self-small.

Proof. (a) Let R=End(A) and regard A as a left R-
module. Since R has no nontrivial idempotents, A is indecomposable
as an abelian group and consequently as an R-module. Suppose that A
is not a torsion free R-module. Since R is Dedekind and A is reduced,
then A is R-isomorphic to R/I, where I is a nonzero ideal of R (see
Kaplansky [8]). ThereissomeO#r &l sothat RrCIandr(A)=0,a
contradiction. Thus A is a torsion free R-module and (a) is proved.

(¢c) Assume that A is not self-small. By Proposition 1.2.c. there
is a chain A, C --- C A, C --- of proper kernel subgroups of A
there is a chain A,C --- C A, C --- of proper kernel subgroups of A
such that A = U;.,A,. Now kernel subgroups are pure (A, = A¥* =
M eaz(ker f)) and B is torsion free so each BX),A, is proper in B /A ;
B@zA[g"'gB®zAng"'§ Ui (BR-A,) =B X,A and
(B ®,A,)*#0 for all n (choose f, € End(A) with f,(A,) =0 and note
that (1Xf,) (B&XA,)=0). By Proposition 1.2.b., B&,A is not self-
small, a contradiction.

For a prime, p, let Z, be the localization of Z at a prime p (i.e., the
subring of Q consisting of elements with denominator prime to p).

CoROLLARY 3.3. Let A be a reduced torsion free abelian group.

(a) IfZ, ®,Ais a self-small Z,-module for some prime, p, then A is
self-small.

(b) If there is a prime p such that the cardinality of A[pA is finite
and if N5.,p"A =0, then A is self-small.

Proof. (a) is a consequence of Proposition 3.2.

(b) Choose X ={x,,---,x,}. where {x,+pA,---.x, +pA} is a
basis for A/pA (asa Z/pZ vector space). Since N;_,p"A =0, one can
easily see that X* =0, i.e., End(A) is discrete.

ReEMARK. Examples of Corollary 3.3.b include p-pure subgroups
of finite direct sums of copies of the p-adic integers.

Conditions guaranteeing that a torsion free abelian group A is
self-small may be recast in terms of the quasi-endomorphism ring of A,
denoted by €(A). Walker [14] observed that €(A ) may be regarded as
Q ®; End(A) (also see Reid [11]). If f& €(A), then f=1/n R g for
some g EEnd(A) and n € Z. Define ker f ={x € Alg(x)=0}; if X C
A, let X.={f € €(A)|X Ckerf}, aleft ideal in €(A); and if J is a left
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ideal of €(A), let J.= N, kerf. Call J an annihilator ideal of €(A) if
J = Juu.

ProprosiTION 3.4. If A is a torsion free abelian group, then there is
a 1-1 order preserving correspondence between left annihilator ideals in
End(A) and left annihilator ideals in €(A).

Proof. The correspondence is given by I—- QI and J—>JN
End(A), where End(A) is canonically embedded in €(A) (via
f—1Xf). Note that left annihilator ideals of End(A) are pure
subgroups of Hom(A, A). The remainder of the proof is straightfor-
ward and is left to the reader.

COROLLARY 3.5. Let A be a torsion free abelian group.

(a) End(A) has minimum condition on left annihilator ideals iff
€(A) has minimum condition on left annihilator ideals.

(b) End(A) is discrete iff €(A) is discrete.

(c) A is not self-small iff there is a chain J,D ---DJ,D -+ of
nonzero annihilator ideals of €(A) with A = U5_,(J,)-

ReEMARK. If €(A) has the minimum condition on left ideals, then
A is self-small. This class of groups has been considered by Reid [11]
and others.

The situation is even more complicated for mixed abelian groups,
A. LettA be the torsion subgroup of A and, for p a prime, let (tA), be
the p-component of tA. If A is a torsion free abelian group of finite
rank, then the R-type of A isthe quasi-isomorphism class of A /F, where
F is a free subgroup of A with A /F torsion (e.g., see Richman [12]).

ProPoSITION 3.6. Suppose that'A is a mixed abelian group and
that A /tA has finite rank. Then A is self-small iff (a) for all primes, p,
(tA), is finite or zero; and (b) the R-type of A/[tA is p-divisible for all
primes p with (tA),#0.

Proof. (=) Let p be a prime with (tA),#0. Since A is
self-small-and A/pA is a direct sum of cyclic groups of order p, it
follows that A/pA is finite (otherwise map each summand of A/pA into
(tA), CA). But (tA),/p(tA), is a summand of A/pA, so (tA), is
bounded. Thus (tA), is a bounded pure subgroup of A hence a direct
summand of A. Since summands of self-small groups are self-small
and since self-small torsion groups are finite, (tA), is finite.

Since A is self-small, every endomorphic image of A is self-
small. Let B=A/tA and let F be a free subgroup of B with B/F
torsion. Now B/F is a homomorphic image of A, so (B/F), must be
divisible for all but a finite number of primes with (tA)p # 0 (or else A
has an infinite torsion endomorphic image, a con-tradiction). Conse-
quently, B/F =G @ T where T is finite and G is p-divisible for all
primes p with (tA),#0. This proves (b).
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(&) We prove that End(A) is countable and apply Corollary
1.4. Let F be a free subgroup of A such that A/F is torsion. By (b),
AlF+tA = (A[tA)/(F +tA)/tA) =G P T, where T is finite and G is
p-divisible for almost all primes p with (tA),#0. Moreover,
Hom(A/F,tA) is countable. In view of the exact sequence
0—>Hom(A/F,tA)— Hom(A,tA)— Hom (F, tA) and the fact that F is
finitely generated and tA is countable, one sees that Hom(A,tA) is
countable. Furthermore, there are exact sequences
0—Hom(A,tA)—>Hom(A,A)—> Hom (A, A/tA) and
0—Hom(A/tA,A/tA)—->Hom(A,A/tA)—>Hom(tA,A[/tA)=0 and
Hom(A/tA, A[tA)is countable. Consequently, Hom (A, A) is counta-
ble, as desired.

COROLLARY 3.7. Suppose that A is a self-small mixed abelian
group. Then for all primes, p, (tA), is finite or zero ; the cardinality of
A [pA is finite for all primes p with (tA),# 0; and if B is a torsion free
subgroup of A such that A|B is torsion, then A|B is p-divisible for all
but a finite number of primes with (tA),# 0.

4. Locally A-projective groups. We first remind the
reader of the homological setting described in [1]. Let ¥ be the
category of abelian groups, A € 4, R = End(A) and ; the category of
right R-modules. There is a left exact functor H: 4 — Jl; defined by
H(G)=Hom;(A, G) and a right exact functor T: M — 9§ defined by
T(M)=M XA, where A is regarded as a left R-module in the obvious
fashion.

There are natural transformations 6: TH — 1, and ¢: 1, — HT,
where 0g: Homz(A, G) QA — G is defined by 6;(f ® a) = f(a) and
dv: M — Homz(A, M RrA) is defined by ¢y(x) (a)=x R a.

A group, G, is finitely A-projective if G is isomorphic to a direct
summand of the direct sum of a finite number of copies of A.

THEOREM 4.1. Let A be an abelian group.

(a) the category of finitely A-projective groups is equivalent to the
category of finitely generated projective right End (A )-modules.

(b) If A is self-small, then the category of A-projective groups is
equivalent to the category of projective right End (A)-modules.

Proof. The following observations suffice to prove the theorem
(all of which are easy to verify): (i) if G is finitely A-free (i.e., a finite
direct sum of copies of A) or if G is A-free and A is self-small, then
H(G) is a free right R-module; (ii) If M is a free right R-module, then
T(M) is A-free; (iii)) 0,: TH(A)— A and ¢z:R—> HT(R) are
isomorphisms and (iv) 6 and ¢ are natural transformations (details are
given in [1]; see also Warfield [15] for the case that A is torsion free of
rank 1).
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CoroLLARY 4.2. Let A be an abelian group.

(@) If A is self-small, then every A-projective group is A-free iff
every projective right End (A )-module is free.

(b) Every locally A-projective group is locally A-free iff every finite
generated projective right End (A )-module is free.

COoROLLARY 4.3. Let F ={A;}ic; be a class of countable self-small
groups together with a partial ordering on the index set I such that i = j
iff Hom (A, A;) #0. Define F. to be the class of groups isomorphic to
direct sums of groups in %. If every projective right End (A;)-module is
free for all A, € ¥, then ¥, is closed under direct summands.

Proof. Theorems due to Kulikov-Fuchs (see Charles [2]) and
Kaplansky (see Fuchs [6], p. 49) reduce the argument to the A-
projective case. Now apply Corollary 4.2.a.

CoROLLARY 4.4. Suppose that A is torsion free and that End(A)
is a principal ideal domain. If Bis a subgroup of an A-free group G and
S.(B)= B, then B is A-free.

Proof. A is self-small by (3.2.a) and so H(B) is an End(A)-
submodule of the free End (A)-module H(G). Now use the naturality
of 6 to show 65: T - H(G)— G is an isomorphism (details are given in

(1.

We observe that Corollary 4.3 includes the Baer-Kulikov-
Kaplansky theorem (i.e., direct summands of completely decomposable
groups are completely decomposable) results of Murley [10] and
Arnold-Lady [1] as special cases. Corollary 4.4 is a generalization of
theorems by Baer-Kolettis for the case that A has rank 1 (see Fuchs [6],
p. 114].

LEmma 4.5. Suppose that A is an abelian group such that
Hom(A, G) is a locally projective right End (A)-module for all locally
A-projective groups G. Then the category of locally A-projective
abelian groups is equivalent to the category of locally projective right
End (A)-modules.

Proof. Let ¥, be the category of locally A-projective abelian
groups and % the category of locally projective right R-modules,
where R = End(A). The hypotheses guarantee that H: £, — %; is
well defined. To show that T: ¥ — £, is well defined let M € ¥ and
Yis' Y ET(M)=M Qr(A), where y, =3Im;Qa; with m; €M,
a; €EA. Now {m;} is contained in a finitely generated projective
summand, P, of M, say M =P&HL. But TIM)=T(P)P T(L) and
{y1,* s ¥u} CT(P) a finitely A-projective summand of T(M) (Theorem
4.1.a).
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Next we prove that HT is naturally equivalent to the identity
functor on % i.e., if M €%, then ¢y: M—HT(M) is an
isomorphism. Assume that x € ker¢,, and embed x in a finitely
generated projective summand P of M. Naturality of ¢ gives a
commutative diagram.

0—P-——>M
bp J¢M
0— HT(P)— HT(M)

The bottom row is exact since P is a summand of M. Since P is finitely
generated and projective, ¢, is an isomorphism. But x € P and
du(x) =0, so x =0. Consequently, ¢, is monic.

To prove that ¢y, is epic, let f € HT(M). Since HT(M) € %, f is
an element of some finitely generated projective summand, P,, of
HT(M). Let P={x € M|pu(x)EP}. Since ¢ is natural, P, is the
image of HT(P) in HT(M). Moreover, ¢,: P— HT(P) is epic and
f € P, so f €image ¢y as desired.

Finally, we prove that 6;: TH(G)— G is an isomorphism for all
Ge %. Letg &G andembed g in a finitely A-projective summand B
of G. Now 6z: TH(B)— B is an isomorphism, g €im 0, and 0 is
natural, so g € image g, i.e., 6; is epic. To show that 6 is monic let
y =2L, fiQa; € ker 6;, where f, € H(G) and a; € A. Since H(G) €
% {fi,-- . f.} is contained in a finitely generated projective R-
summand, P, of H(G). Let B ={0;(x)|x € P QzA CTH(G)}. Itnow
follows that P ®zA = Hom(A, B)XrA and B is finitely A-projective
so that 6;: TH(B)— B is an isomorphism and y €Eker 6, ie., y =
0. The proof is now complete.

Proof of Theorem III. In view of Lemma 4.5, it suffices to prove
that if G is an locally A-projective groupand if f,,---,f, € Hom (A, G),
then {f,,-- -, f.} is contained in a finitely generated End (A )-projective
summand of Hom (A, G).

Let B be a finitely generated subgroup of A with B*=0. By the
hypotheses, f(B)+ - -+ f,(B) is contained in a finitely A-projective
summand, G,, of G, say G = G,P G|. Since Hom(A, G)) is a finitely
generated projective End (A)-summand of Hom (A, G), it is enough to
prove that f,,---,f, € Hom(A, G;). Suppose not; choose a € A\ B
and i =n such that II'fi(a) #0, where II': G — G/ is the projection
map. Now II'f;(a) is contained in a finitely A-projective summand G,
of G, say G = G, G,. Furthermore, oll'f,(a) # 0 where o: G — G,
is the projection map. Since G, is A-projective, there is some
8: G,— A with g(a) #0 where g = doIl'f, € End(A). Thus g# 0 and
g(B) =0 (since f(B)CG),), a contradiction.
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We apply the preceding results in the case that End(A) is a
principal ideal domain (hence discrete by Proposition 3.2.a).

Proof of Corollary 1V. (a) Since End(B) is discrete, there is a
finite subset X of B with X*=0& End(B). Embed X in a finitely
A-free summand, C of G say G=C&D. We prove that BC
C. Suppose not and let §: G — D be the projection map. There is
some ¢: D— A with ¢5(B)#0 (D is A-free since G is A-free and
R =End(A) is a principal ideal domain). But S,(B)= B so there is
¢: A—>B with 0# ¢yd € End(B). Consequently, 0# ¢yd € X*
(since X C C) a contradiction.

One can easily show that Hom (A, B) is a pure R-submodule of
Hom (A, C) (since B is pure in C and A/im f is torsion for all
0#f€R). But Hom(A,C) is a finitely generated free R-module and
thus Hom (A, B) is a summand of Hom (A, C) (recall that R is a
principal ideal domain). The naturality of ¢ and Theorem 4.1.a
guarantees that ¢: Hom (A, B) XrA — B is an isomorphism and that B
is an A-free summand of C, hence of G.

(b) (=) Let ¥ be the set of projections of the locally A-free
group, G. onto A. For each ¢ € .7 define A, = p(A) and let
e:G —1Iles A, be given by e(x) = (¢d(x))4es Clearly, e is monic and
G = S,(G)C S, (Il,c5A,) (observe that G is locally A-free and that S,
commutes with direct sums). The purity of G is routine (observe that
the characteristic of x in G is the minimum of the characteristics of
¢(x) in A, as ¢ varies over F).

(&) We first prove that P = S, (II,c; A;) is locally A-free. Note
that Hom (A, P) is R-isomorphic to II Hom(A, A;), a locally free
R-module (Chase [3]). By Theorem III, it suffices to prove that
6,: Hom (A, P) QzA — P is an isomorphism. Clearly, 6, is epic since
S.(P)=P. Suppose that ker6,#0; let O0#x€Ef®a +
o+ f,Ra, € kerf, with n minimal and f: A —P, a €A.
Since n is minimal, R is a principal ideal domain, and A is a torsion
free R-module (Proposition 3.2.a) it follows that {a,,---,a,} is an
R-independent subset of A. Now 6,(x)=f(a)+ --+f.(a,)=
0. Foreachi€&l letll;: P— A, = A be the projection map so that II;
fifERforalli=j=n ButO=IIf(a)+ - -+1If.(a,) sothat I[I,f, =0
foralliel,i=j=n. Consequently,f=f,=---=f,=0andx =0,a
contradiction. This proves that 6, is monic.

Now Hom (A, G) is a pure R-submodule of Hom (A, P) (since G is
pure in P and A/im f is torsion for all 0 # f € R), so Hom (A, G) is
locally R-free (Chase [3]). Naturality of 6 guarantees that
0s: Hom (A, G) ®rA — G is an isomorphism so that G is locally A-free
(by Theorem III).

(c) A consequence of (a) and (b).

(d) Let G be a countable locally A-free group and write G =
{x;Ji =1,2,3,--}. There is an A-free summand G, of G, say G =
G G H, with x,&€ G,. By (c), H, is locally A-free. Let y, be the
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projection of x, in H,. If y,=0 define G, = G,. Otherwise, let G, be
an A-free summand of H, containing y,. Proceed inductively to
construct G, for each n >0 so that G =%;_, B G, and G is A-free.

REMARK. P is locally A-free if End(A) is a principal ideal
domain, but is not A-free if I is infinite and A is reduced. Corollary
IV.d. includes Theorem 1 of Murley [10].

The discussion in this section has been restricted to Abelian groups
in order to obtain sharpness in examples and applications. However,
much remains true for R-modules. Let R be a commutative ring with
1 and A be an R-module. Define A-projective [A-free] in the obvious
way and note that the homological setting remains intact. It follows
that Theorem 4.1 and Corollary 4.2 hold for an R-module A. Suppose
R and Endr (A) are Dedekind domains. Then it is easily seen that any
Endg(A)-injective module is an R-injective (= R-divisible)
module. This observation together with the arguments involved show
that Proposition 3.2.a and Corollary 4.4 hold for an R-module A with R
a Dedekind domain.

5. Examples.

ExampLE 5.1. There is a self-small torsion free abelian group,
A, such that End(A) is not discrete in the finite topology.

Proof. Let p be a prime, Z, the localization of Z at p, and let A,
be a free Z,-module of rank p. Then A =1I,A, is self-small (Corollary
1.3). Assume that the finite topology on End(A) is discrete, i.e.,
X*=0 for some finite subset, X, of A. Suppose that n is the
cardinality of X. For each prime p, let w,: A — A, be the projection
map; the cardinality of 7, (X)=n. Now 0= (m,(X))* CEnd(4,). On
the other hand, for each p > n, 7, (X) is contained in a Z,-free summand
of A, of rank at most n, so 0#(m(X)*CEnd(4,), a
contradiction. Thus End(A) is not discrete.

ExaMpLE 5.2. There is a countable torsion free abelian group, A,
such that End(A) is discrete and End(A) fails to have the minimum
condition on left annihilator ideals. (compare Proposition 2.4.a)

Proof. Corner [4], constructs a countable torsion free abelian
group, A, such that End(A) is countable and A has no nonzero
indecomposable summands. Now apply Corollary 2.3 and Proposition
2.4.c.

ExaMPLE 5.3. There is a countable self-small torsion free abelian
group, A, such that the cardinality of A/pA is infinite for all primes p
(compare Corollary 3.3.b).
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Proof. Let R = Z[X], the polynomial ring in an indeterminate
X. By Corner [4], there is a countable torsion free abelian group A
with End(A) = R. Clearly, A/pA is infinite for all primes, p.
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