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Functions are from R X R to N, where R denotes the set of
real numbers and N denotes a normed complete ring. If G has

b
bounded variation on [a, b], then J G exists if and only if

JP(1+ G)existsfora =x <y =b. Ifeachoflim._,- H(p,x),
lime_,- H(x,p), lim,,_.,+ H(x, y) and lim,,_,- H(x, y) exists, G

b
has bounded variation on [a, b] and either f G exists or

b b
JP(1+ G) exists for a =x <y =b, then J’ HG and f GH

exist and ,II’(1+ HG) and I’(1 + GH) exist for a =x <y =
b. If G has bounded variation on [a, b] and v is a nonnegative

b
G—fG‘=v if and only if

P (1+ G) exists for a =x <y =b and

b
number, then J G exists and f

a

fb[1+G—H(1+G)]=v.

J. S. MacNerney [4] defines classes OA and OM of functions such
that the integral-like formulas

V(a,b)=fh(W—1) and W(a,b)=,1"(1+YV)

are mutually reciprocal and establishes a one-to-one correspondence

between the classes OA and OM. B. W. Helton [1] defines classes

OA° and OM?” of functions and shows that if G has bounded variation

on [a,b], then G € OA° on [a, b] if and only if G € OM° on [a, b],
b b

where G € OA°on [a, b] only ifj G exists andj’ G —] G| =0, and

G &€ OM°on [a,b] only if ,IP(1+G) exists fora=x<y=b and

b
j [1+G -1+ G)|=0.

The class OA is a proper subclass of OA° and OM is closely related to
the class OM°. In the following, we establish a related result and show
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b
that if G has bounded variation on [a, b ], then f G exists if and only if

JP(1+ G) exists for a =x <y =b. This is not the same as the result
of B. W. Helton since it is possible to construct a function G such that G

b
has bounded variation on [a,b],f G exists, II'(1+ G) exists for

a=x<y=b,GZOA°on[a,b]land GZ OM°on [a,b][3]. We then
use this result and ideas from another theorem of B. W. Helton [2,
Theorem 2, p. 494] to establish that if each of lim.,-H(p,x),
lim,_,-H(x, p), lim.,.,-H(x,y) and lim,,.,-H(x,y) exists, G has

b
bounded variation on [a, b] and either f G exists or [ [IP(1 + G) exists

b b
for a =x <y =b, then f HG and J’ GH exist and II’(1+ HG) and

JI'(1 + GH) exist for a =x <y =b. Further, we show that if G has
bounded variation on [a,b] and » is a nonnegative number, then
G €0A” on [a,b] if and only if G € OM" on [a, b], where G € OA”

b
on [a, b] only if f G exists and

I

and G € OM” on{a, b]lonlyif , IP(1+ G)existsfora =x <y =b and

G—J'G‘=V,

b
J N+G -1+ G)| =

Finally, we show that if the norm used has the property that | AB| =
|A||B| and if each of lim,_,-H(p, x), lim,_,-H(x, p), lim,,_,-H(x, y)
and lim,,,- H(x, y) exists, G has bounded variation on [a, b] and either
GE€O0OA” onla,b] or G €OM” on [a, b], then there exist nonnegative
numbers « and B such that HG isin OA* and OM* on [a, b] and GH is
in OA® and OM®*? on [a, b].

All integrals and definitions are of the subdivision-refinement type,
and functions are from R X R to N, where R denotes the set of real
numbers and N denotes a ring which has a multiplicative identity
element represented by 1 and has a norm | - | with respect to which N is
complete and |1/ =1. Unless noted otherwise, functions are assumed
to be defined only for {x,y} € R X R such that x <y. The statement
that G € OB”° on [a, b] means that there exist a subdivision D of [a, b]
and a number B such that if {x;}., is a refinement of D, then

1| G| < B, where G; denotes G(x;_,,x;). When convenient, we use
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> G and [[(+G)

J(H I

to denote

i G; and l_[ a1+ G,
i=1 i=1

respectively, where J ={x,}/., represents a subdivision of some
interval. The sets OA°, OM°, OA” and OM" have been defined previ-
ously,and G € OA " only if G is an additive function from R X R to the
nonnegative numbers. Also, G € OM* on [a, b] only if ,I’(1+G)
exists for a = x <y = b and if € > 0 then there exists a subdivision D of
[a, b] such that if {x,}/, is a refinement of D and 0 = p < q = n, then

(14 G) - H (1+G)|<e

i=p+1

The symbols G(p,p*),G(p ,p),G(p*,p*") and G(p~,p~) denote
lim,_,-G(p, x), lim._,-G(x, p), lim,,,~-G(x, y) and lim,,,-G(x, y), re-
spectively, and G € OL° on [a,b] only if G(p,p*),G(p~,p), G(p*,p*)
and G(p~,p") exist for p €[a,b]. Further, G €S, on [a, b] only if
G(p,p*) and G(p~, p) exist for p €E[a, b]. Finally, statements of the
form G >pB should be interpreted in terms of subdivisions and
refinements. See B. W. Helton [1] and J. S. MacNerney [4] for
additional background.

We now establish an approximation theorem for product
integrals. To do this, we initially develop a sequence of lemmas.

Lemma 1.1. IfB >0, G is a function from R X Rto N,|G|<1-8
on [a,b],G € OB®° on [a,b] and [IP(1+ G) exists fora=x <y =b,
then G € OM* on [a,b].

Proof. Let € >0. There exist a subdivision D of [a,b] and a
number B such that if {x;}/-, is a refinement of D, then

1) |G|<1-Bfori=1,2,---,n,

@ T..(1+|G|)<B,

(3 I, (1+Z%,|(—1YGi])<B, and

@ |.IPA+G)-T, (1+G)|<e(3B)™.

Suppose {x;}/-o is a refinement of D and 0=p <q =n. Let
Y ={y.}i, and Z ={z}i., be refinements of {x;}/., and {x;}I_,, respec-
tively, such that
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[Ta+G)-. 0=+ G){ <e(3BY)!

Y(I)

and

! - JPa+6G)+[]+G)|<e(B3BY).

Z)

Further, let P and P’ denote

[Ta+G) and ,II*(1+G),

Y({I)

respectively, and let Q and Q' denote

[ITa+G) and ,I*(1+G),

zZ)

respectively. Note that P~' and Q' exist and are

r

I1 [1 +,Z, (-G (3, ym_.-)]

i=1

and
11 [1 +S (- 1YG (2 zm_.-)] :
i=1 i=1

respectively.
Let W denote the subdivision D U Y UZ of [a,b]. Thus,

S (1+G)— ﬁ (1+G.')'

i=p+]

=lp-‘P[ =(1+G)- ﬁ (HGJ]QQH‘

Xp i=p+1

i=p+

=P || PLia+ o1 -P[ [T a+6o] Q| 107

éB[ PLIN(1+G)IQ - [] (1+G)

w(in

=Bl[P~P'+P'1[x.,H*«(1+G)][Q'— Q'+Q1-]] <1+G)[
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=B|P-P'|[,II~(1+G)||Q|+B|.I*(1+G)|| - Q'+ Q|

+B| JJP0+G)- ] 1+ G)

w()

<B’[e(3B°)'1+ B[e(3B*)']+ B[e(3B) '] = €.

LemMma 1.2. If G is a function from R XR to N,G € OB° on
[a,b] and [IP(1+ G) exists for a=x<y=b, then G(a,a*) and
G(b7,b) exist.

Proof. We initially show that G(a, a*) exists. Let e >0. There

exist numbers ¢ and B such that a < ¢ < b and if {x;}-, is a subdivision
of [a, c], then

i[[Ta+1Gp]<B and 31GI<eeny

Further, there exists a subdivision D = {z;}/_, of [a, c¢] such that if J and
K are refinements of D, then

[Ta+) -] a+6G)|<el2.

J(n K()

We now suppose a <x <y <z, and show that
|G(a,x)~G(a,y)|<e.

Let {x;}7~, and {y;}]-o denote D U {x}and D U {y}, respectively. Thus,
2> ‘]m—[(1+G,»)—]l[(l+G,~)‘
i=1 j=1

_ ‘[1 +G(a,x)] [ (1+ Gi)]— [1+G(a,y)] [:lj 1+ Gi)])

m
i=2

=’[1+G(a,x)][1+i 3 (HGk)]

i=2 k=i+1

—[1+G(a,y)][1+j§:;Gi 11 (1+Gk)”

k=j+1

T a+a6)

k=i+

;IG(a,x)—G(a,y)I—BZ’:‘5 |G|

—Bgmjl kf]ﬂ(HGk)
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>|G(a,x)—G(a,y)|— B[e(4B*'1+ B*[e(4B?)'],
and hence,
e>|G(a,x)—-G(a,y)|.

Since the existence of G(b~, b) can be established in a similar
manner, Lemma 1.2 follows.

LemMa 1.3. IfB >0, G is a function from R xRto N,|G|<1-
on (a,b), G EOB° on [a,b] and TP (1+ G) exists fora=x <y =b,
then G € OM* on {a,b].

Proof. Let € >0. There exist a subdivision E, of [a,b] and a
number B >1 such that if {x;}%, is a refinement of E,, then

[Ta+lG)h<B
=]
and

aII”(1+G)—ﬁ 1+G)|<e

Let H be the function defined on [a, b] such that

_{G(x,y) if x#a and y#b
H(x’Y)—{O if x=a or y=0b.

Thus, H satisfies the hypothesis of Lemma 1.1, and hence, there exists a
subdivision E, of [a, b] such that if {x;}., is a refinement of E, and
0=p <q =m, then

A+ H) - [] A+Hy|<eGBY

i=p+1

It follows from Lemma 1.2 that G(a,a”) and G(b~,b)
exist. Hence, there exists a point x, where a < x < b, such that if {x;}[,
and {y;}/-o are subdivisions of [a,x],1=r=m and 1 =5 =n, then

[Ta+G)-TTa+6)|<ecBy

Also, there exists a point y, where a <y <b, such that if {x;}]~, and
{y;}}-o are subdivisions of [y, b],1=r=m and 1=s =n, then
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[Ta+G)-TTa+6)|<eGB).

j=s
Let D denote the subdivision
E,UE,U{x}U{y}

of [a, b]. Further, suppose {x;}/~,is arefinement of D and0=p <q =
m. If p =0 and q = m, then the desired inequality follows from the
existence of ,II°(1+ G). If p# 0and g # m, then the inequality follows
from the properties of the function H. Suppose p =0 and
q# m. There exists a subdivision J of [a, x,] such that

' Jr1+G)-[T0+G) | <eBB)™.

J)

Thus,

‘,,H‘«(l +G)—f[ (1 +G,-)‘
<LIF(1+ G)— (1+ G| | [F+(1 + G)| + B[(3B)"]

<B|[]0+G)-(1+G)|+B[e(3B) "] +¢€/3

J(

<B[e(3B)'+2¢/3=e.

If p#0 and q =n, then a similar argument establishes the
inequality. Therefore, Lemma 1.3 follows.

THEOREM 1. If G is a function from R XR to N,G € OB° on
[a,b] and . I’(1 + G) exists fora =x <y = b, then G € OM* on [a, b].

Proof. Since G € OB° on [a, b], there exists a subdivision {x;}/,
of [a,b] such that if 1=i=m and x;_,<x <y <x, then |G(x, y)|<
1/2. Hence, this theorem can be established by using Lemma 1.3 and
the identity

where II)_, b, = I} _,., ax = 1.
We now use the approximation theorem to establish an existence
theorem for sum integrals. In particular, we show that if G has



502 JON C. HELTON

bounded variation on [a, b] and II’(1+ G) exists for a=x <y =b,

b
then f G exists. Several lemmas are required.

LemMMA 2.1. If G is a function from RXR to N,G € OB° on
[a,b] and I’ (1 + G) exists for a =x <y = b, then

F Gu,v), 1P+ G)

exists and is — 1+ ,II°(1+ G).

Proof. Let € >0. There exist a subdivision E, of [a,b] and a
number B such that if {x;}", is a refinement of E,, then

(1 =r,|G:/|<B, and

@ [0, (1+G)—.P(1+G)|<el2.
Theorem 1 implies that G € OM* on [a, b], and hence, there exists a
subdivision E, of [a, b] such that if {x;}", is a refinement of E, and
0=p <q =m, then

(14 G)— [ (1+G|<e@By.

i=p+1

Let D denote the subdivision E, U E, of [a, b] and suppose {x;}", is
a refinement of D. Thus,

S GLIF(1+G) - [~ 1+,I(1 +G)]'

<

2 G.[.II*(1+G)] +1 —f[ (1+G,-)|+e/2

i‘ GLI'(1+G)]+1- [1 +§"; (;ikf_lH (1+Gk)]‘ tef2

Jra+6) - [T a+60)

k=i+1

églgil +e/2

<B[e(2B)'1+e2=€.

LemMA 2.2. If H and G are functions from R XR to N, H € OL°
b b
on [a,b],G € OB° on [a, b] andf G exists, thenj HG exists and

b
j GH exists.
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Proof. B. W. Helton [2, Theorem 2, p. 494] proves that HG and
GH are in OA° on [a, b] with the hypothesis of Lemma 2.2 and the
additional restriction that G € OA° on [a, b]. This lemma follows by
essentially the same argument.

Observe that weakening the hypothesis of Helton’s result by

b
requiring only the existence of f G produces a corresponding weaken-

b b
ing of the conclusion since we now have that f HG and f GH exist

rather than that HG and GH are in OA° on [a, b].
Lemma 2.2 is not true for functions defined on a linearly ordered
set [4, p. 149]. For example, consider

S=10,Hu,?2],

with the usual ordering for the real numbers. Let G be the function
defined on S X S such that

(1 if x<1and y>1
Glxy)= {0 otherwise.
Thus, GEOA°NOB° on S XS. Let H be the function defined on
S X S such that
1 if x<1,y>1 and x rational

H(x,y)z{—l if x<1,y>1 and x irrational
0 otherwise.

b
Thus, H € OL° on S X S. However, f HG does not exist.

Lemma 2.3. IfB >0, Gis a function from R X Rto N,|G|<1-8
on [a,b], G € OB° on [a,b] and ,JI’(1+ G) exists, then ,11°(1+ H)
exists and is [,]I°(1+ G)]™', where

H(y, x) =2 (- 1YG'(x, y)

fora=x<y=h.

Proof. We initially show that ,II°(1+ H) exists. Let € >
0. There exist a subdivision D of [a, b] and a number B such that if
{x:}7xo and {y;}/-o are refinements of D, then
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M |G|<1-Bfori=1,2,---,m,

(2) |, (1+H,..)|<B, and

@B) I (1+G)-II.,(1+G)|<eB™.
Note that we are using H,..,_; to denote H(X,,.1_;, Xn-;). Suppose {x;}/L,
and {y;}/., are refinements of D. Thus,

[Ta+H.0-TTa +H,.+1-,~>‘
i= j=1

m

Q(l +Hyopt) ’ "1 - [H a+ Hm+,~,.)}_l D’[l (1+ H"H-,-)] I

I\

éBl - m (1+ Gi)] [H(l +Hn+,~,-)”

éB’ﬁ(lJrG,»)—f](lnLG,-)l lﬁ(1+Hn+,_j)’

+ Bt - [H 1+ G,-)] m 1+ Hw;)] '

<B%eB?)+B(0)=¢e.

We now show that [,II°(1+ G)]™' exists and is ,[I°(1+ H). Let
€ >0. There exists a subdivision {x;}/~, of [a, b] such that

LIP(1+ G TE(1 + H)) - [1"1 1+ G,)] [ﬁ (1+ H,M_,-)” <e.

Hence,
LIPA+ G+ H)]-1|
< l Dj(l%—GJ} m (1 +H,,.+1_,-)]——1

=0+e=¢

+€

LeEmMa 2.4. IfB >0, G is a function from R xR to N,|G|<1-8
on [a,b],G € OB° on [a,b] and \IP(1+ G) exists fora=x<y=b,
b
thenj G exists.

Proof. 1t follows from Lemma 2.1 that

fb G(u,v),I’"1+G)
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exists. Let H be the function defined on {a, b] such that
H(u,v)=[II"A+G)]™".

The existence of H follows from Lemma 2.3. Further, H € OL° on
[a,b]. Hence, the existence of f | G can be established by using
Lemma 2.2. ’

LemMA 2.5. IfB >0,Gis a function from R XxRto N,|G|<1-8
on (a,b),G € OB° on [a,b] and ,\IP’(1+ G) exists fora=x <y =b,
then fb G exists.

Proof. Lemma 2.5 follows by using Lemma 1.2 and Lemma 2 4.

THEOREM 2. If G is a function from R XR to N,G € OB° on
b
[a, b] and 1P (1+ G) exists for a é_x <y=b, then f G exists.

Proof. There exists a subdivision {x:}~, of [a,b] such that if
1=i=m and x,<x<y<x, then |G(x,y)|<1/2. Hence, the
theorem follows from Lemma 2.5.

An existence theorem for product integrals is now established. In

b

particular, we show that if G has bounded variation on [a, b] and f G
exists, then [ IP(1+ G) exists for a =x <y =b.

LemMma 3.1. If Gis a function from R X R to N such that G € OB°
on [a,b], then there exists o« € OA™ on [a, b] such that

|G(x, y)| = alx, y)

fora=x<y=b.

Proof. There exist a subdivision {x;}/_, of [a, b] and a number B

such that if H is a refinement of {x;}i_,, then =4, |G| < B. Let g be the
function such that for x,_, <x =x,, g(x) =lub =4, |G| for all refine-

ments H of {x;});U{x}. Let a(x,y)= j ’ dg. This produces the

desired function.

THeEOREM 3. If G is a function from R XR to N,G € OB° on
b
[a,b] and f G exists, then 1(1+ G) exists fora=x <y =b.
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Proof. Suppose a =x <y =b. In the following we show that
AP (1+ G) exists and is =;_, G,(x, y), where Gy(x,y) =1 and

G,,(x,y):<R)fyG-G,,_l< y)

forp =1,2,---. The existence of these integrals follows from Lemma
2.2.

It follows from Lemma 3.1 that there exists « € OA* such that if
X=r<s=y, then

|G(r,s)|=a(r,s).

Further, from a result of MacNerney [4, Theorem 6.2, p. 160],
2, -08,(x,y) exists, where gi(x,y)=1 and

g,(x,¥) = (R) j @ g .y

forp=1,2,---.
It can be established by induction that if {x;}/_, is a subdivision of
[x, y], then

[[0+6)=1+3 G+ D GuGut
=1 ki=1 ki=1 k2=k+1
+3 S . S GGG,
ki=1 ka=ki+1 kn=kn-1+1

where 2.,G, =0 if p >gq. Further, it can also be established by
induction that

n n n

XY - Y GGy Gyl =g(xy)

Ki=1 ka=K1+1 kp=kp -1+1

forp=1,2,---.
Let € >0. There exists a positive integer N such that

0

2 g (x,y)<e/3.

p=N+1

Further, there exists a subdivision D of [x, y] such that if {x;}/-, is a
refinement of D, then
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ki=1 ki=1 ka=k1+1
n n n N
+Z Z ct e 2 Gk|Gk2".GkNj|_EGP(x’y) <e/3'
ki=1 ka=k1+1 kN =kn-1+1 p=0

Suppose {x,}i-, is a refinement of D. Thus,

Ta+6)-3 G

=l[1+in,+ > i G. G+
ki=1 ki1=1 k2=ky+1
+3 > Y Gk,Gh---Gk,]—EGp(x’Y)|
ki=1 k2=k+1 kn=kn-1+1 p=0
<,[1+in,+i i G. G+ -
ki=1 ki=1 k2=ki+1
n n n N
+2 z e z lesz...GkN]_sz(x’y)‘
ki=1 ka=ki+1 kn=kn-1+1 p=0

+e/3+€/3

<e/3+e€/3+e€/3==¢.

THEOREM 4. If G is a function from R X R to N and G € OB° on
b
[a, b], thenf G exists if and only if I’ (1+ G) exists fora =x <y =b.

Proof. This theorem follows as a corollary to Theorems 2 and 3.

THeoREM 5. If H and G are functions from R X R to N, H € OL°
b
onla,b],G €0OB°on [a,b] and eitherf G exists or II'(1+ G) exists

b b
fora=x<y=b, then f HG andf GH exist and 1I’(1+ HG) and
JP(1+ GH) exist fora=x <y =b.

Proof. This theorem follows as a corollary to Theorem 4 and
Lemma 2.2.

We now show that if G has bounded variation on [a, b], then
G €0A” on [a,b] if and only if GE€ OM* on [a,b]. This is a
generalization of a result of B. W. Helton [1, Theorem 3.4, p. 301].
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LemMA 6.1. Ife >0 and Gis a function from R X R to N such that
G € OB° and S, on [a, b], then there exists a subdivision D of [a, b]
such that if {x;}l-, is a refinement of D,1=i=n and {x;}}% is a
subdivision of [x;_,, x;], then

jj(l+G,»,)—<1+§G,-,->l<e.

1

Proof. Since G €0OB°N S, on [a, b}, this lemma can be estab-
lished by applying the covering theorem.

LEMMA 6.2. Ife >0 and G is a function from R X R to N such that
G €0OB° and S, on [a, bl, then there exists a subdivision D of [a, b]
such that if {x,}-, is a refinement of D and {x;}}%} is a subdivision of
[xi-1, x;] for 1=i =n, then

Ha+ar-(1+3 a) | <e
j=1 1=1

n
=1

Proof. There exist a subdivision {r;}/-, of [a, b] and a number B
such that if {y;}", is a refinement of {r;}/,, then

() 2,|G/|<B, and

) M (1+|G/|)<B.
It follows by applying the covering theorem that there exists a subdivi-
sion {s;}-, of [a, b] such that if 1 =i =s and {x;}4 is a subdivision of
[si_y, 8.1, then

s@)—1
3Gy < @B,
i=2

Further, it follows from Lemma 6.1 that there exists a subdivision {t;}/_,
of [a, b] such that if {x,}/_, is a refinement of {t.}{_,, 1 =i =n and {x;}/9
is a subdivision of [x;_,, x;], then

ﬁ 1+ Gy)— (1 +ﬁ] G.-,) l <e(4s).

1=1

Let D dencte the subdivision
{ri}ico U{sitico U{t:}i-0
of [a,b] and suppose {x;}i-, is a refinement of D. Further, suppose

{x;}74 is a subdivision of [x;_;, x;] for 1 =i =n. Let P be the subset of
{i}-, such that i € P only if x; €{s;}i-, or x;_, €{s;}i-. Finally, let
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Q ={il.—

In the following manipulations, we use the identity

‘Ij[l(1+b,»)=1+§b,-+§b{2 b[ﬂ (1+bk)]},

j=i+1 k=)+1

where 2_,., b; =0 and II;_,.,(1+b,)=1. This result can be estab-
lished by induction.
We now establish the desired inequality:

—<1+§Gﬁ)’
ﬁ(1+Gij)—<1+gGij)'
ﬁ(1+G,,) (1 ﬁf(;lﬂ

j=

1+§G,,+§G,,{ f [ il (1+G,,,)]}

v=u+l

]
i=1jj=1

-3

1EQ

+2
<2

iEQ

_ (1 + g Gl.].> ‘ +2s[e(4s)™]

S8 6 H axan])|+en

éieo {iﬁ |G,,,l[ ff (1+[G,,,|)]}+e/2
=5 S10{$ 0. ) e

=B[e(2B)™'] D ﬁ |G, |+el2

i€EQ j=

<Bl[e(2B)']1B+€/2=€.

LemMma 6.3. If G is a function from R XR to N,G € OB° on
b
{a,b] andf G exists, then

A

H(1+G)—(1+fa>'=o.




510 JON C. HELTON

Proof. The existence of IP(1+G) for a=x<y=b follows
b
from Theorem 3. Also, since G € OB° on [a,b] and f G exists,

G € S,on [a,b].

Let e>0. It follows from Lemma 6.2 that there exists a subdivi-
sion D of [a, b] such that if {x;}-, is a refinement of D and {x;};{} is a
subdivision of [x;_;, x;] for 1 =i = n, then

—(1+§G,-,->l<e/3.

Suppose {x;}'-, is a refinement of D. For 1=i=n, let {x;}}% be a
subdivision of [x;_;, x;] such that

ij
t=1

_ma+6)-11a +G.,-)| <e/3n

i=1

and

ij_fx‘ G’<€/3n.
Thus,

(14 G) ~ (1 + f G) |

3.

I 1+G)—ﬁ(1+c.,)|

(1+§Gﬁ)!

< n(e/3n)+e/3+ n(e/3n) =g,

ij

THEOREM 6. If v is a nonnegative number, G is a function from
R XRto Nand G € OB° on [a, b}, then G € OA"* on [a, b] if and only
if GEOM’ on [a,b].
Proof. Suppose G € OM” on [a, b]. It follows from Theorem 2
b

that f G exists. Hence, it is only necessary to show that
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fb
Let e >0. There exists a subdivision D, of [a, b] such that if {x;}|_,is a
refinement of D,, then

G-—fG!=v.

v—e<S1+G —, 51+ G)|< v +e/2.
i=1

Further, it follows from Lemma 6.3 that there exists a subdivision D, of
[a, b] such that if {x;}/-, is a refinement of D,, then

n

2

i=1

x,_,H‘f(1+G)—<1+I G)}<e(2|—1|)-'.

Xi
Xi—1

Let D = D, U D,. Suppose {x;}I-, is a refinement of D. Now,

G,-—in GI
=2

+[,iA,H‘i(1+G)—(1+£: G)”

n

>

i=1

[1+G — . II"(1+G)]

Thus,
Sla-] 4
gZ;HG.-—XHHx-’(HG)l
+}_jl X,,,nx-(1+G)—(1+f: G)‘
<v+elRtell=v+e
Further,

n

G,-—F G{

;2 1+ G, -, F(1+ G)|

i=1
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-1-13

>y—€f2—€l2=v—e

X;
x

MHHI+G)—O+J. GH

-1

Hence,

v——e<i
i=1

G.*fn G‘<V+€.

Therefore, G € OA” on [a, b].

Suppose G € OA* on [a, b]. It follows from Theorem 3 that
dP(1+ G) exists for a =x <y =b. Hence, it is only necessary to
show that

b
f [1+G-TIA+G)|=v.

Let e >0. There exists a subdivision D, of [a, b] such that if {x;}[-,is a
refinement of D,, then

V—€/2<i
i=1

G“—F G‘<y+e/2.

Further, it follows from Lemma 6.3 that there exists a subdivision D, of
[a, b] such that if {x;}/_, is a refinement of D,, then

| <e@| 1))

n
i=1

1+ G- ma+6)

Let D =D,UD, Suppose {x;}-, is a refinement of D. Now,

S 1+G -, I*(1+G)|
iz

o[ a+[f" o-as)].

It follows as in the preceding argument that

v—e€ <i 1+ G -, "1+ G)|<v+e
i=1

Therefore, G € OM"* on [a, b].
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We now prove a theorem on the existence of integrals of products
of functions. This result is related to a theorem by B. W. Helton [2,
Theorem 2, p. 494].

Lemma 7.1. If €>0,H is a function from RXR to N and
H € OL° on [a, b], then there exist a subdivision {t,}'-, of [a,b] and a
sequence {k;}i-, such that if 1=sistandt_<x<y<t, then

|H(x,y)— k.| <e.

Proof. This lemma is a variation of a lemma used by B. W. Helton
[2, Lemma, p. 498]. The proof presented there can be used to establish
the lemma as we have stated it.

LemMA 7.2. Suppose |AB|=|A||B| for AABEN. Ifvis a
nonnegative number, k € N, G is a function from R XR to N and
G €0A” on [a,b], then kG € OA*" on [a, b].

Proof. Since |AB|=|A||B|, the proof is readily
constructed. If the preceding equality did not hold, the lemma would
not necessarially follow. An example of such a situation is presented
after the proof of Theorem 7.

THeOREM 7. Suppose |AB|=|A||B| for ABEN. Ifvis a
nonnegative number, H and G are functions from R X R to N, H € OL°
on[a,b],G € OB°on {a, b] and either G € OA"’ on [a, b] or G € OM"*
on [a, b], then there exist nonnegative numbers a and B such that HG is
in OA®* and OM*“ on [a,b] and GH is in OA® and OM?* on [a, b].

Proof. We initially establish that there exists a nonnegative

number « such that HG € OA“® on [a, b]. It follows from Theorem 6
b

that G € OA* on [a, b]. Hence, the existence of f HG follows from

Theorem 5. We use the Cauchy criterion to establish the existence of

A

Let € >0. There exist a subdivision E, of [a, b] and a number B
such that if {x,}{-, is a refinement of E,, then

HG——fHG‘.

i|G,.|<B.
i=1
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It follows from Lemma 7.1 that there exist a subdivision E, = {t;}/_, of
[a, b] and a sequence {k;}i., such thatif I=Si=t and t,_, <x<y<¢,
then

|H(x,y)—k | <e@®|—1|B)".

Since G € OB°N OA"* on [a, b], it follows that there exist subdivi-
sions {r.;}iz} and {s;}'%; of [a, b] such that

)] t,_,<r <s; <t for1=i=t, and

2 = HG

refinement {x;}/_, of {s;_, t;_,, r:}.

It follows from Lemma 7.2 that kG € OA™"” on [r,s;] for 1=i =
t. Hence, for each i there exists a subdivision D, of [r, s;] such that if J
and K are refinements of D, then

>

Jn

<e[8t+D]'for1=i=t+1andeach

kG — ka]

k.G ~fk,-G, l <e(dt)".
K@)
Let D denote the subdivision U, E; U/ D, of [a,b]. Suppose
J, and J, are refinements of D, P,; and P,; are subdivisions of [s;_,, r;] for
1=i=t+1,Q, and Q, are subdivisions of [r,s;] for I1=i=t and J,
and J, are equal to

t+1 t+1

U Ph U Qll and U P21 U QZH

respectively. For convenience, suppose

> |HG - jHG[ HG—fHG}.
Il J«AI)
Thus,
> |HG - fHG‘ HG—JHGH
Ju JAD)
=> |HG - JHG! HG—fHGl
Ju(n JaD)
t+1 t
=> > ’HG fHG +> > HG—jHGI
i=1 Pu(l) i=1 Qu(l)
t+1 t
> |HG - fHGl > 2 HG—IHG‘
i=1 Pu(l) i=1 Qz(l)
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<(t+D{el8(t + D]} + 2 >

i=1 Qu(I)

+(t + 1){e[8(t + 1)]”}—.5: >

i=1 @ath
=2 2

i=1 Qu(I)

HG—fHGl

HG—J’HG\

(H—k,-+ki)G—f(H—k,+ki)G’

t

-2 2>

=1 Q2()

=|-112 2 2 [(H-k)G|

j=1i=1 QD)

J(H—k;)G‘

(H—ki+k,~)G—J'(H—k,-+k,~)G'+e/4

2 t

B

i=1 Qu

k,‘G —J' k,G'

-> > k,.G—fk,.G’+e/4
1=1 Qu(l)
<2B|—1|[e(8] —1|B) "1+ 2B[e(8| —1|B) "1+ t[e(4t) '] +€/4
=e
b
Therefore, f HG ~ f HG/| exists. Hence, there exists a nonnegative

number o such that G € OA* on [a,b]. Thus, it follows from
Theorem 6 that G € OM~* on [a, b].

A similar argument can be used to establish the existence of
B. Therefore, the theorem follows.

Theorem 7 does not remain true if the requirement that |AB|=
|A||B| is removed. In the following we establish this assertion by

1
constructing a function G and a constant K such that f G exists,
0
1
f G- J' G
1)

We consider the set of infinite diagonal matrices with bounded
elements and |M|=1ub|m;|. For p =1,2,---, let A, be the infinite
diagonal matrix such that a, =1 and a, =0 if g#p. Let A=
{A,|p=1,2,---}. There exists a reversible function f from the ra-
tional numbers in [0, 1]to A. Let G be an interval function defined on
[0, 1] such that

does not exist.

1
exists and f
0

KG—jKG
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(v—u)f(v) if v is rational
Gu,v)= _ where r is a rational number in
(v =u)f(r) (u,v) if v is irrational.

For each rational number r in [0, 1], let p(r) be the positive integer such
that f(r)=A,,. Let K be the infinite diagonal matrix such that if
r = m/n is a rational number contained in [0, 1] and m and n have no
common integral factors other than 1, then

K _ {0 if n is odd
Pire) if n is even.
We have now constructed a function G and a constant K such that
1 1 1
f G=0,f G—JG =landf KG*JKGldoesnotexist. This
0 0 0

example was suggested by an example in a previous paper by the author

(31
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