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CONES OF DIAGONALLY DOMINANT MATRICES*

GEORGE PHILLIP BARKER AND DAVID CARLSON

The extreme rays of several cones of complex and real
diagonally dominant matrices, and their duals, are identified.
Several results on lattices of faces of cones are given. It
is then shown that the dual (in the real space of hermitian
matrices) of the cone of hermitian diagonally dominant ma-
trices cannot be the image of the cone of positive semidefinite
matrices under any nonsingular linear transformation; in
particular, it cannot be the image of the cone of positive
semidefinite matrices under the Ljapunov transformation
"Hw— AH + HA* determined by a positive stable matrix A.

1. Preliminaries. Let X denote a finite-dimensional real vector
space. A cone K in X is a nonempty subset of X satisfying

a,8=20,2,yc K—=ax + Byc K.

A cone K is closed if it is closed in the usual topology of X. If K
has interior with respect to this topology, equivalently, if X = K —
K, then K is full. If K satisfies

2eK, —xce K—2=10,

then is K pointed. Associated with a closed cone K is a reflexive
and transitive order relation defined by

r=y—y—2ck,

which is a partial order iff K is pointed.

The element ye K is extremal if z,y — 2 K (ie.,, 0 S = y)=
z = ay for some « = 0. For each ye X, I'(y) = {ay|a = 0} is the
ray generated by w; if y is extremal in K, then ["(y) is an extreme
ray of K. A closed pointed cone K is the convex hull of its extremals
(cf. [9], p. 167). (If K is not pointed it has no extremals.)

Given a closed, pointed cone K, let & (X) denote any minimal
generating set of extremals of K:i.e., every element of & (K) is
extremal, and all extremals of K are positive multiples of elements
of ¥(K); and & (K) is minimal with respect to these properties.

If we have given an inner product on X, then we may define
another cone,

K ={reX|(x,y) =0 for all yeK},

*  Dedicated to Alfred Brauwer on his eightieth birthday, April 9, 1974.
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16 GEORGE PHILLIP BARKER AND DAVID CARLSON

the cone dual in X to K, or, briefly, the dual cone of XK. It is well-
known that in determining the elements of K*, we need only consider
inner products with extremals of K, in fact, given any & (K),

K*={xeX|(x,y) =0 for all yec &(K)}.

We shall often consider cones K which lie in a subspace V of a space
X; in this case, KV will denote the cone dual in V to K.

2. A particular top heavy cone in C,. Let C, be the space

of complex n-tuple row vectors, with standard basis E,, ---, E,. We
shall think of C, as a real inner product space, with inner product

(z, y) = rej% Yi%;i .

Let

T={xeC,L

Ly Z Z Ixi |} ’
j=2
clearly T is a closed, pointed cone, full in
U= {xeC,|imz, = 0}.

As a cone in U, T is top heavy (cf. [3]).

The proof of the first lemma depends on the following simple
fact: if @, beC, and either |a + b| = |a| + |[b| or |a — b| = |a]| — |b],
then for some ¢€C,|e|=1,a = |ale and b = |b|e.

LeMMA 1. For T, U as defined above, we have

E(T)={E +cE|j =2 -, nle| =1},
" ={zeUlx, 2 |a;, =2, -+, n} .

Then TV is pointed, and full in U,
E(I) =B, + 3Bl o] = 1,5 =2, -+, n) .

Proof. Consider y = E, + ¢E;, j > 1, |¢| = 1. Suppose x€ T, for
which ¥y — xe T. Then

n
= > | @l
k=2

l—xlzkz_zlxk! + e — ;] .

k)

Adding,
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1z 23 ol + oyl + e — o 223 [ + 1,

kg k]

so that ¢, =0,k =2, ---,n, k # j. It follows that
l-zzle—wz=z1~—|al,

so that x, < |x;|; but z, = |#;|, so z, = |z;]. We now have

@, = |z, 1 —2 =|e—w;], and 1= [¢].

By our previous observation, x; = ex,, hence z = (z,)y. It follows
that v is extremal in 7.
Conversely, suppose z is extremal in T. If z = z,E,, then

r= %%(Ex + E,) + %%(EJ - E),
which is impossible. Also, clearly,
x, = JZzZ |51 -

Now we may write

v =3, 10| (B, + (2 25 )E3)
where the summation S is taken over indices j for which x; = 0.
Since z is extremal, there must be exactly one nonzero zx;, 7 > 1, and
x = |w;|(E, + (x/|;)E;) -

We have proved our statement about & (T).
For xe U,y = E, + ¢E;,j > 1, and |¢| =1, we have

(x, y) = re (x, + éx;) = =, + re (éx;) .
Clearly, now xze¢ TY iff
xl.Z_lel! j:l,---,n.

(This characterization of TV is essentially contained in Theorem 2 of
[31)
Consider y = E, + >%_.¢;E;, where|e;| =1,5=1, .-+, n. Suppose
ze TY such that y — xe TY. For 7 > 1,
[o;] + &5 — a5l S o+ (1 —x) =[] = || + (& — @51,

i.e., |a;| + |&; — x;] = |&;|. It follows that x; = ¢;2,. Since this holds
for all 7 > 1,z = («,)y, and ¥y is extremal in 7".
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Conversely, suppose « is extremal in 79. We may assume that
z, = 1. If, for some j > 1, ;| <1, thenletd =1 — [x;] > 0. Define

y = %(x 10K, 2 = —;-(x —OE) .

We have =y + 2z,¥,2€ TY, and vy and z are linearly independent,
a contradiction. Thus we must have

v=E + 36K, le;l=1,7=2 -, 1.
j=2
We have proved our statement & (7).
We note that for the analogous cone in real n-tuple space R,,

with the standard inner produect,

TR={xeRn

n
xjgzzlxﬂl} ’
=

we have corresponding characterizations of & (T%), T*, and &(T%),
with formally identical proofs.

3. Cones of real and complex diagonally dominant matrices.
Let C,, denote the set of n X » matrices with complex entries; we
shall regard C,, as a real inner product space with inner product
(A, By=retr B*A. Similarly, R, , will denote the set of n xn matrices
with real entries; R, , is a real inner product space with inner product
(4, B) = tr B*A.

A matrix A = [a;,]€C,.. is said to be diagonally dominant if

Ia:iilgz_lajkl; j:l,-..,n'
k#j

Neither the set of all diagonally dominant matrices, nor the set of
all real diagonally dominant matrices, is a cone. However, in the
real case, if we restrict ourselves to diagonally dominant matrices
with nonnegative diagonal entries, we obtain a closed, pointed, full
cone:

Da = {A ¢R,,

a;; = > |apl, 5 =1, -, n} .
k#j
In the complex case, there are three closed cones analogous to Dyt
D,={4eClesz S lan, i=1, - n},
5

DZ:'{AGC%” rea-’fﬂ'zkzla.‘ik|’imaﬁg O’j: 1’ '..’n} ’
=i

D= {4cCufreas 2 Slanl i =1, -, n} .
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Clearly
DD <D,
and
Dr=DNR,,, 1=1,2,3.

To discuss further the structure of these cones, observe first
that C,, = V& W, where

V= {Aecﬂ,nlimaﬁ= 0, j= 1, "’,%} ’
W={AeC,,|rea;;=0a;,=0,5,k=1, -+, 0,k #* j},

and that (with our real inner product), W= V*.
Let K, be a cone in V, and let K, be a cone in W. Then (K, +
K)* = K7 + K. Also, let

J={AdeWlima;; 20,5 =1, ---, n};

J is a closed, pointed cone. As a cone in W, J is full and self-dual,
ie., J” = J.

Now D,&V, and is full in V; D, =D, + J, and D,= D, + W.
Clearly D, is pointed but not full, D, is both pointed and full, and
D, is full but not pointed. Moreover, DF = D! + W is full but not
pointed, D = DV + J is both full and pointed, and D} = DY is pointed
but not full.

We next determine &(D,), D/, and & (D). We can then easily
determine the extremals, the duals, and the extremals of the duals,

of all our diagonally dominant cones.
Let E;, denote the % X » matrix with (J, k)th entry one, and all
other entries zero. Define

g0={’l:Ejj|j=1, ""n}’
«, ={E; +cE;,||lel=1,4,k=1, -+, 0,k +j},

gzz {EH +kﬁ8kEjk Iskl = 19.7.yk= 17 "'y%;kij} .
oy
Clearly &(J) = &,
LEMMA 2. For D, defined above, &€ (D)) = &, and

Dl ={AcVi]a;; = la;| for all 3,k=1, -~ 0, k+* 5} .

Also, DY s a closed, pointed cone, full in V, and & (D}) = &..

Proof. Observe that D, =T, + --- + T,, where
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T, = {Ae V]ay = S lanl, = 0,8, =1, -+, n,p # i}
7

is contained in U; = {de V]ima;; =0;a,, =0,p,¢ =1, -+, n, » # j},
j=1, .-+, n; each T; is essentially the cone T of Lemma 1. Since
V=U®&®-- - PU, (in fact, U, SU; forall j, k=1, ---, n, k = j), the
extremals of D, are precisely those matrices which are extremals of
some T';; this proves that &, = &(D,). Also,

Di = T + +v + Tin,

and the extremals of D} are precisely those matrices which are ex-
tremals of some T7Y4, proving that &, = &(DY).

It is now clear that the extremals of D, are precisely those
matrices which are extremals of D, or J (and similarly for D).
Although D, is not pointed, and has no extremals, every matrix of
D, is a nonnegative linear combination of extremals of D, J, and —J
(and similarly for D,*).

The result for T, analogous to Lemma 1 can be used to establish
the corresponding results for D;. Note that Dg and D} are polyhedral
cones. We summarize these results in Theorem 1.

THEOREM 1. Let Dg, D, D, D, be defined as above. Then
g)(-Dl) =&, g‘(-Dz) = &U &, and g(DR) =&, N R'n,'n .
Also

Dy ={AeC, |rea;; = |a;| for all j, k=1, ---n, k# 5},

Dy ={AeC, ,|rea;; = |a;l|,ima;; =0 forall 5, k=1, -+,
n, k # j},

Dy ={AeC,.la; = |a| for all j, k=1, -, m, k+* j},

Di=DrNR,,=DfNR,,=DfNR,,,

and
E(DF) = & U Z, (D)= &, and E(DR) = &N R, ., .

The characterization of D% given above appeared previously in
[5]. Also, the full set D of complex diagonally dominant matrices
is the object of study in [4]. In that paper, the authors introduce
a set of weakly diagonally dominant matrices which is in some sense
dual to D, and which contains our Dy (cf. their Theorem 3.5).
However, their work is an altogether different spirit from ours, and
there is almost no overlap.

4. Cones of hermitian diagonally dominant matrices. One of
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the outstanding problems of matrix theory is to determine conditions
under which a cone K in the real space 57 of hermitian matrices in
C, ., is the image under a Ljapunov transformation L, H)= AH +
HA* of the cone PSD of positive semidefinite hermitian matrices,
where AeC,,, is a (positive) stable matrix (i.e., all eigenvalues of A
have positive real parts). One of the necessary conditions is that
K 2 PSD (cf. Loewy [7]).

We wish to study the possibility of cones of diagonally dominant
matrices being images of PSD under Ljapunov transformations. Since
the cones D, and D}, 1 =1, 2 3, are not contained in 5% we shall
consider instead

D. = {Aec%’

a’figkzllla’jkf’j:lr”'yn}y
ket
%D:{Aeg//faﬁgfajkf)jyk:l’""n;kij}r

and their duals in & Note that D, = D, N &7 and ..D = D} N 57,
v =1, 2,3, and that they are both pointed, and full as cones in 5~

It is clear that D.. is properly contained in PSD, so that D..
cannot be the image of PSD under a Ljapunov mapping. It follows,
however, that D% 2 PSD, so that DZ satisfies the necessary condition
given above. We will later show that DZ cannot be the image of
PSD under any nonsingular linear transformation. We have that

PSD £..D:
2 o
A=
2 4

is in PSD, not .D. Finally, since

1 -1 -1
A=|-1 1 -1
-1 -1 1

is in ..D, but not PSD, ..D & PSD, hence PSD £ . D*. Thus neither
»D nor ..D¥* could be the image of PSD under a Ljapunov trans-
formation.

We next determine inequalities defining the matrices of D%, and,
for the sake of completeness, those defining the matrices of .. D,
and minimal generating sets of extremals for all four cones.

THEOREM 2. Given D.. and 5.D as defined above. Then
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EDy) ={Ej;lg =1, «-, n} U{Ej; + eEj, + EE; + By
lel=1,4,k=1, .-, n, k # 3},
D ={Aec#a;; =0,a;; — 2|a;,] + au =0,
j,k:l, ---,’n,j<lc},
F(D7) = {28y + 3 (euFy + & Ey)
ke

l8k|:1,j,k=1,---,n,k;_’-j},

jea

£(D) = {S By + 3 (nEi + EnB)
}<eka
leqwel =1, 5, kea, 5 <k, forall a &S {1, ---, n}} ,

_D* = {Aey/‘zaﬁ — 25 a;] =0 for all @
jea i kea
i<k

in

{ly Y 71/}} ’
g(’)KD‘%”) = {2E.7'j + 5IcEJ'k =+ éIcEkJ' | |8k| = 1} j, k = 17 )
n, k #+ j}.

The analogous results hold for cones of diagonally dominant
matrices in the real space & of symmetric matrices in R, ..

Proof of Theorem 2. We first determine & (D..). Clearly each
E;; is extremal in D..; consider a matrix of the form 4 = E;; + ¢E;, +
EE,; + Eu, J #k,|¢| =1. If there exists Be D . for which 4 — Be D..,
clearly b,, =0 for p¢{J, k}, so that b,, = 0 unless {p, q} & {J, k}.
Suppose B = b;;E;; + bj By, + b Ey; + b, Ey; by Lemma 1, b, = bjje,
b;. = b.é, implying b;; = b, and B = b;;A. Thus A is extremal
in Ds.

Conversely, for any Be D, we may write

B = :Z:l(lbjkajj + b B + bin By + b5 Eri)

i<k
+ 3% (b = 3 1bal ) B
j=1 k#j
For B to be extremal in D., exactly one term (between the two
summations) must be nonzero, and B has the desired form.
For arbitrary Be 57
(Eji, B) = byj,
(Ejj + sEjk + gEM + Ekk’ B) = bjj + bkk + I‘e (Ejke + b]ké) .
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Clearly Be DZ iff
b.?':igO,bﬁ"i"bkk_zlbik[go,j;k: 1! °",1’b,k=/ﬁ_’}..
We next determine &(D%Z). Consider a matrix of the form

A= 2E.7'f + g&'.(skEjk + élcEkJ')y ;8101 = 1; k= 1, ree, W, k =+ .7 .

Suppose Be DZ for which A — BeD%. For p=1,:--,n, p+* 7,
b,, = 0; and from this, we have b,, = 0if p # j, and ¢ # j. Suppose
j #* q; then by the argument of Lemma 1, applied to (2, 2|&,|) and
(b;;, 2bj,), we have bj, = &b;;. Thus B = b;;A, and A is extremal in
DZ.

Conversely, suppose A is extremal in DZ, with at least two
positive diagonal entries; withous loss of generality, suppose a,, > 0.
Now define Be 57 by

Qs if @, = 2|a,]

by = ay, by = Qs ’
2] a.|

bk1=b1k;k=2""an’ and bp!I:pr,q=2: e, M.

Ay I @y < 2]ay]

Clea‘rly bij = O, .7 = 1’ 27 e, N, bii + bkk - zlbﬂc{ = Or j’ k= 27 R (7

k # j, and, by calculation,
by + b —2[0,:1=20,=2, -+, 0,

i.e., Be DZ. Also,if C=A - Be2%,¢;;20,5=1, -+, n,¢j; + Ctx —
2|¢i| = a;; + e — 2|05 = 0,5, k=2, .-+, n, k#* j, and, by an easy
calculation, ¢, + ¢p — 2|ci] = G — 2| @y — b1 | = @ — 2| = 0,k =
2, +++,m,ie, CeDZ. The assumption that A had more than one
positive diagonal entry would imply that A = B + C, with B, Ce DZ
and linearly independent, a contradiction. It follows that our extremal
A has exactly one positive diagonal entry.

Suppose that a;; > 0,a,, =0, k=1, ---,n, k+ j. Wehave a,, =
0 unless p = j or ¢ = j, i.e.,

A = a;;E;; + ;_1 (2 B, + @5.E,;) .
<k
Using Lemma 1 again, 2|a;| =a;;, k=1, +--,n,k+* 7, and A is a
positive multiple of some matrix of our given set of extremals. We

have proved that &(DZ) has the specified form.
We next determine &(,.D). Consider

A :_,Z .Eﬁ +I¢Z“ (6jkEjk + éjkEkj) y
ca ];,_(eka
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where |&;,| =1, 5, kca,j <k and a&{l,2, +---,n}. We have Ae
»D. Let |a| denote the number of elements of . If || =1, A4 is
obviously extremal. Suppose 1 < |a| < n; without loss of generality,
we may assume |&|=n, and « ={1,2, ---,n}. If Be,D and A —
Be ,.D, then, using Lemma 1,

bjk:bjjej,,, j,kzl,"‘,’ﬂ-,kij.

Also, b;; = bjn/€in = b;1/€55 = bri/€r; = bys, k = 7, s0 that B= b;;A. Thus
A is extremal in .. D.

Conversely, suppose A is extremal in ..D. We first show that
all nonzero diagonal entries of A are equal. If not, without loss of
generality,

Qg = Wy = * =+ —:.g,j_]’j_l>a,jjg ...gam,

where a;; > 0. We define B by

Qjj Il=p=9¢<y
by = @jiQpf0y 1=Dp,¢<J,D#4q
Qg otherwise .

Then B is hermitian, and Be ..D, for

ajj[apql/anéaﬁ: bpp’ 1§p,q<j,
[bye| = {lOpe| S Qe =a55=20,,, 1=p<Jj,q=7J,
lamléapp:bpp’ Y=

Let C=B— A; first, ¢c,, =0if p=jorg=j. Also, if 1 Zp,qg<
D

leool = (L — ajs/ay) | am| = M(an — Qi) E Uy — Qj; = Cpp »
11
so that C., € D. In this case, B and C are linearly independent, and
A is not extremal.

Suppose now that all nonzero diagonal entries of A are equal.
Without loss of generality, we may assume all diagonal entries are
one. If |a;,| <1 for some 7, k, k # 7, then, as in Lemma 1, we could
write

A= -%—(A + 0B, + SE,;) + -;—(A — 0E;, — 3B, ,

where the summands are in .. D and are linearly independent. Thus
laj,] = 1 for all j, k. This completes the proof that (. D) has the
desired form.

To determine the inequalities that characterize matrices in ..D™,
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we consider the inner product of an arbitrary Be 5# with an element
A of £(.D):

(4, B) = > by +,kZ (&5:b51 + &)
jea J_’7'-<Eka

where |¢;| =1,7,kea, 1<k, and a £{1,2, ---, n}. Clearly now
Be ..D¥ iff, for all « &£ 11, 2, «--, n}
sz‘f—zkzgaleZO-

iea Js)
i<k

Finally, we must determine Z(,D”*). Let A = 2E;; + ¢KE;, +
¢E,; for some j # k, and some |[¢| = 1. Without loss of generality,
we can assume j = 1. If Be .,.D*, such that A — Be ,.D*, then
clearly b,, = 0 unless p =1 or ¢ = 1. This implies that for vector
¢ = 2E, + 2¢E,e T, we have b = (b, 2b,, ---,2b,)eTand o — be T.
By Lemma 1, b = (b,,/2)a, and B = (b,;,)4; i.e., A is extremal in . D*.

Before we prove that all extremals of ..D* have the desired
form, we give some additional definitions, and a lemma. For a¢ &
{1, -+, n} and Aec 57 let

Sala) = %an‘ - 2”2 | @il »
i<k

ie., Ac,D* iff f(a)=0 for all « & {1, ---, n}. When the choice
of A is obvious, we will write f(a) for f . («).

LEMMA A. Given «, B, subsets of {1, ---, n}, and Ac ,.D”, then
flaup)= fl@anp) =0 whenever f(a)=y(B)=0,ie,{a&{l, -,
n}| f(a) = 0} is a sublattice of {1, ---, n}.

Proof of Lemma A. By hypothesis,
2005 =23 lagl, 2 a; =23, [a;] .
jea Jokea jeb JkeB
i<k i<k

Adding, and observing that, whenenver j,kea N g, j <k, then aj,
appears in the right hand side of each equation, we have
Dlagt D a;; =2 3 lan] +2 X lag .
jeansg jeaUsp ikeanp JrkealUB
i<k i<k
But now, because 4 € ..D*, we must also have the opposite inequality,
so that we have equality, and more; f(a N B) = f(a U B) = 0.

Proof of Theorem 2 (continued). Suppose 4 is extremal in .. D*.
First, we must show that A cannot have more than one nonzero
diagonal entry. Suppose A has more than one nonzero diagonal
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entry; without loss of generality, a,, > 0. Clearly, in the terminology
of Lemma A, if f(a) >0 for all «, 1€ «a, for sufficiently small § > 0,
A=0E, + (A — 0FE,), where 6FE,, and A — 0E,, are in ,.D* and are
linearly independent, a contradiction. If f(a)=0 for at least one a,1 ¢ «,
let £ be the intersection of all «, 1ea for which f(a)= 0. Since
a; > 0, ot contains at least one index besides 1. For ¢ > 0, let

By = 0 2%, |yl ) B + 5, (@B + @By |
1 i#1

Clearly B;c ,D” for all 6 > 0. We shall show that A — B;e .. .D*
for sufficiently small ¢ > 0; it will follow that A, extremal in ..D7",
cannot have more than one nonzero diagonal entry.

For a&{l, ---,n},1¢a, f,5@)=f () =0. For a={l,---,
n}, lea, for which f,(a) >0, clearly f, () >0 for sufficiently
small 8 > 0. Suppose lea and f (@) =0. Then, since ¢t & «,

Fanle) = (Sas— 23 lay]) =2 3 |anl — 5 0lay)
il i<k

g

= 23 | - 5 laul) 2 0.
Jjea Jjep
F#L j#1

We have shown that 4 — B, e .. D#* for sufficiently small 6 > 0.

We have now shown that A, extremal in . D7, has one nonzero
diagonal entry, say a,. Suppose there were more than one nonzero
off-diagonal entry in the first row, one being a,;, 7 > 1. Then for

B= %(A — ayE,; — a;E;),C=A— B,

B, Ce ,.D*, and linearly independent, which is impossible. By Lemma
1, then, A is a positive multiple of F,, — ¢F; — ¢éE;,, where |¢| = 1.
This completes the proof of Theorem 2.

5. TFaces of cones. In what follows all cones K will be closed
and pointed. A face of a cone K in a real space X is a subcone F
of K satisfying

veK,y—2cK (ie,0=5ac=y),ycF—uzcF.

The set of all faces of K will be denoted by ~#(K). If S is a non-
empty subset of K, let @(S) denote the smallest face of K containing
S. Observe that S & @(S), @(9(S)) = O(S), and O(S) & &(T) whenever
S& T. We define

FvGg=oFUG)
FANG=FnNnG.
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With these definitions of sup and inf, % (K) is a complete lattice [1].
The results of this section extend some of [1], and will be useful

in later sections. If S is a nonempty subset of K, let I'(S) be the

smallest subcone of K containing S. Obviously I"(S) & @(S).

LEMMA 3. Let S be a nonempty subset of K. Then &(S) = {xe
K|y — ze K for some ye< I'(S)}.

REMARK. This is proved in [1] for S = {z}.

Proof. Let G ={xe K|y — xc K for some ye I"(S)}. We obvi-
ously have I'(S)& G. Also, G is a face of K. To see this, we
have first that G is a subcone of K: if z,2,¢G and «, a, >0,
then there exist v, ¥.€ I'(S) such that y, — z, €K, ¥y, — 2,€¢ K. Now
a,x, + o, € K, ayy, + a,y,€ I'(S), and

(alyl + a,y,) — (a1x1 + a,x,) = a1(y1 - xl) + ay(y, — xz) eK,

so that ax, + a,x,€ G. To see that G is actually a face of K, con-
sider x€ G, z€ K, such that « — z¢€ K. There exist yeI'(S),y — v e
K. Now

Y—-—2)+(@x—2)=y—=z2¢ckK,

so that ze€G. Thus G is a face of K, and G 2 S, so that G 2 @(S).

To prove the opposite inclusion, let F' be any face of K containing
S (and also I'(S)). Pick xeG & K; there exists ye I'(S) & F for
which y — xe K. As F is a face, ze¢ F. Thus G& F, and

GSoS)=N{F|F a faceof K, F22S}.

We remark, as a converse to Lemma 2.9 of [1], that given F, a
face of K, then F' = @(x) for any 2 in the relative interior of F (i.e.,
the interior of F' as a subset of the linear span of F).

THEOREM 2. Let S, T be the nonempty subsets of K. Then
S+ T)=0SUT)=9@(S) + o(T)) = 9(S) v oT) .

REMARK. This extends Proposition 3.2(b) of [1].

Proof. The last equality follows from Proposition 3.2(a) of [1].
We shall complete the proof by showing &(S + T) & &(9(S) + 9(T)) &
O(SUT)EP(S + T). AsS& O(S)and TSH(T), S+ T 9(S) + o(T);
hence &(S + T) & O(@(S) + ¢(T)). Also, d(S)SO(SU T)and &(T) &
O(SUT); since &(SUT) is a cone, &(S) + &(T)S O(SU T), hence
o(9(S) + (T) S ®(SU T).
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Before showing the last inclusion, we first show that S < @(S +
T). Pick z¢S; then for ye T,z +yeS+ T and (x + y) — zc K,
implying € ®(S + T). Now, S& &S+ T), and also TS (S + T);
thus SUUS S+ T) and &(SUT)S (S + T).

COROLLARY 1. Let x, 2y, -+, 2, € K. Then

@(xl Tt e+ xr) = @({xly Lgy =*°y xr})
=0(x)V O(x) V -+ V O(z,) .

Note that for nonempty subsets S, T of K, @(S) Vv @(T) = &(S)
iff T< o(S) iff o(T) & @(S).

COROLLARY 2. Suppose x,, ., - -+, &, satisfy
;@@ + o F @), =2, 00,7

Then ®(x,), O(x) V @(902) = 0@, + @), + -+, D)V O(x) V- r V O(x,) =
O, + x + -+ + 2,) 18 a strictly increasing sequence of faces of K.

6. The faces of PSD. A characterization of the faces of PSD
has been part of the oral tradition of the subject. Since we shall
need this result later, we will state and prove it here. An early
version of the proof we shall present was developed informally by
Hans Schneider. For brevity, we will denote the lattice .# (PSD) of
faces of PSD simply by .&#; the elements of & are ordered by
inclusion.

We will deal with several subsets of 54 In each case, we will
assume the order induced throughout 5# by PSD:

A<B——B— AecPSD.

Also, for AeC, ,, “#(A) and _#"(4) denote, respectively, the range
and nullspace of A in C,.

Let & denote the set of projections in &7 i.e., Ae P iff Ae 57
and A= A. It is well-known (cf. [6], p. 55) that the order on &
induced by PSD is equivalent to

A < B— #(4) < #(B),
and, since A, Be 27 also to
A=ZBe= _¢4(4A) 2 .4(B).

This last formula also provides information on the faces of PSD.
LEMMA 4. Let A, BePSD. Then Be ®(A) iff 47(B) =2 4"(A4).

Proof. The result is trivial if 4 = 0 or B = 0; we shall assume
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A+#0 and B=+0.

First assume Be @(A) and choose £ >0 such that kB< A. If
x€ .47 (A), then

0<2¥(A—kBr=—kx*Bx =0,

so that xe _#"(B).
Conversely, suppose .#7(B) 2 .+ (A4). Let

Y ={weC,|lve #(A) = (1+(4)* and v*v=1}.
On the compact set X, v*Av > 0, and hence
0 =<\ =sup {v*By/v*Av|veld} < .
For xcC,, we may write * =u + v, ue 4 (4), ve F(4). Now
x*Ax = v*Av, and x*Bx = v*Bv, since ue 4" (A) & 4+ (B). As B#

0, for some xz € C, we have #*Bx = v*Bv > 0, so that A > 0. Further-
more, for all zeC,,

2*Ax = v*Av = M Ww*By = v 'a*Bx ,

so that A = B, i.e., Be #(A).

COROLLARY 3. Let A, BePSD. Then ©(A) = &(B) iff 4 (A) =
A"(B).

We shall also need the easily-proved fact that for A, BePSD,
A (A)N +4"B= _+(A+ B). Recall that, for A, Be &, AV B and
A A B are defined to be the hermitian projections onto, respectively,
H(A) + Z(B) and #(A) N #(B). We have that

AN (AV B) = (Z(A V B)* = (Z(4) + 2 (B)* = 2(A)* N FZ(B)*
= 4 (A)N A (B)= (A + B),

A (A A B) = (Z(A A B)* = (£(4) N #(B)* = B(A)* + #(B)*
= 4"(4) + A(B) .

In fact, & is a complete lattice, isomorphic to the lattice of subspaces
of C,.

THEOREM 4. The map on & given by A— @(A) is an order-pre-
serving lattice isomorphism of F onto F.

Proof. That @ is 1 — 1 follows from the corollary to Lemma
4, since for A, Be &# A= B iff 47 (4) = 4+ (B).

To show that @ is onto, pick FFe . Then F = @(B) for some
BePSD. Let A be the hermitian projection with _#"(4) = #"(B); now
@(A) = O(B) = F. Finally, that @ and its inverse are order-preserving
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follows from Lemma 4, since for A, Be &7,
9(B)& 9(A) = BecO(4) = 4 (B 2 4 (4)—B=<A.

It follows (cf. [2], p. 24) that @(A \V B) = 9(4) Vv O(B), 9(A A B) =
@(A) A ©(B) for all A, Be A~

COROLLARY 4. Let <7 be the set of hermitian projections of
rank 1. Then & (PSD)= &~.

Note. This corollary has appeared recently in [8].

REMARK. We are indebted to the referee for pointing out that
Corollary 4 has been discovered several times and that a suitable
early reference is R. V. Kadison, Isometries of operator algebras, Ann.
of Math., 54 (1951), 325-338. In addition, Lemma 4 has appeared in
an equivalent form (but with no proof) in O. Taussky, Positive-definite
matrices and their role in the study of the characteristic roots of
general matrices, Advances in Math., 2 (1968), 175-186.

7. Linear mappings of cones. Let K be a cone in real space
X, and 7 a linear transformation from X into real space Y. Then tK
is a cone in ¥, and 2 <y (.e.,y —2xe K) in X implies that ta <
7y (i.e.,, 7y —txetK) in tX. If K is closed, so is zK; if K is full,
then 7K is full in 7X.

If = is one-to-one, then also 7 < 7y implies # < y. For this case,
we give a general result on the lattices of faces of K and K.

THEOREM 5. Let K be a cone in X, and 7: X —Y a one-to-one
linear transformation. Then if F is a face of K, TF is a face of TK.

If we define 7,0 F (K)— F (tK) by 7F) = tF, then 7, s an
order preserving lattice isomorphism of F (K) onto Z (tK).

Proof. Suppose Fe. & (K). Clearly zF is a subcone of 7K.
Suppose 0 < u =< v, vecF; then w = za for some zc K, v =7y for
some yeF, and 0 < x <y. It follows that xe F, and uetkF.

Now 7, is clearly one-to-one and onto; also, both 7z, and (z,)™*
are order preserving.

We apply our results now to prove that the cone D% in &7 is
not the image of PSD under any nonsingular linear transformation
of 57 By Theorem 4, we have that PSD satisfies the Jordan-Dedekind
chain condition (cf. [2], p. 5): all maximal chains between {0} and K
in &# (K) have the same length. In PSD this common length is =.
By Theorem 5, any nonsingular linear transformation of & induces
a lattice isomorphism of & = & (PSD), and must preserve this chain
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length. We are done if we exhibit in #(D%) a chain of length
greater than =.
Define, for j=1,2, ---, n,

A,y = 2E;; +k§ (Ejr + Eyj), Ayy = 2E;; — kz:; B + Ey) -

k] k]

We have seen that these matrices are extremal in DZ. It is easily
computed that, for j=1,2, ---,n — 1,

@(kﬁ:lA,, _ 4§1E,,k) —(CeDZic=0,p,g=4+1, -, n},
@(ii:Ak) - cp(:gA,,) + (A
and that

@(ng,,) - Q)(:z: Ak> — ()= D~ .

Thus the faces

D(A), (A, + A)) = O(4) V O(4y), -+,
Q)(Ax + Az + oo+ Azn—-l) = @(Ax) V @(Az) Ve V @(AZn—l) = D;;

form a properly ascending chain of length 2n — 1.
Our arguments can be seen to apply to the real case: the cone

D;: {Aey!aﬁ2Oyaji—}_akkzzlajk}! jyk:]-y "',’l’b,kij}

is not the image, under a nonsingular linear transformation of the
cone PSD; of real symmetric positive definite matrices.
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