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SHOWERING SPACES

RoNNIE LEVY

For each triple a, 5,0 where a > 0 and 8 = 3, are cardinal
numbers and o >0 is an ordinal number, S2,, is defined.
It is proved that S%,; is Hausdorff, paracompact and zero-
dimensional. Various topological properties of S% ; are dis-
cussed and are used to give examples.

It this paper the showering space S¢, is defined where a and g
are cardinal numbers and ® is an ordinal number. An important
characteristic of the showering spaces is that various topological
properties are determined by set theoretic properties of the indices
a, 8, and w. Thus, for example, whether or not S, is Baire is
essentially a question of whether or not w is a sequential ordinal.
Theorems of this nature are given in §1-85. Specific examples using
these results, such as an almost P-space which contains a closed copy
of the space of rationals, are given in §6.

It has come to my attention that the special cases Sy and
Sitx, are defined in [3] and [1].

1. Definition and basic properties of showering spaces. Given
spaces will be assumed to be completely regular (Hausdorff). Let
@ > 0 be a fixed cardinal number and let @ > 0 be a fixed ordinal
number. As usual we identify a cardinal with the initial ordinal of
that cardinal. If 7 and ¢ are ordinals, [7, 6) will denote the half-open
interval {o|7 < p < 9} and [7, d] will denote the closed interval {o|7 =<
p=0}. If Ais a set, |A| will denote the cardinal of A. Many of
the proofs of this section, particularly Theorem 1.6, were given for
special cases in [1] and [3].

For each ¥ < w, let R, = [0, a)®". Inparticular, R, = {®}. When
we are discussing @ as the element of R,, we will usually denote it
Dy, 80 Ry = {p)}. For 0 <7 < w, the elements of B, are nets valued in
[0, ®) and indexed by the initial segment [0, 7¥) of ordinals. Let
S¢ = Ur<o B;. Define a relation < on S% by (22):<r, < (#2)i<r, if 7, =
v, and z, = y; for all x < 7,. In particular, p, <  for all z e Se.
It is easy to verify that < is a partial ordering on S2.

ProPOSITION 1.1. (1) (S, <) is a tree.

(2) If "2£0< o and yecR,, then there is exactly one xzc R,
such that = < y.

(3) If"+1<w,peR,,and A,={xcR,,|p <z}, then |4, =«.
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(4) If zeR,,yeR,, v <y, then v, =7, and ¥, =7, if and

only if x = y.
(5) If =7 <w,xeR, then there is a y € R, such that z < y.

Proof. (1) Suppose x€S:. We must show that {y|y < 2} is
well-ordered. Suppose a <z, b < 2, ¢ = (¢:)i<r,y O = (02)1<ry T = (%) 147,
with v, <7,. Then v, 27, =7, and if v <7,a,=2,=2",, so a <b.
Hence {y|y <2z} is a chain. If @ # A< {y|y < x}, we must show
that there is a ¢e A such that ¢ < v for all ye A. Let 7, be the
smallest ordinal such that there is an element of A of the form (¥;);<;,-
If ¢ =(¢:)i<cr,€4 and (2)):<;, € 4, and if & = (2,)i<;,, then ¥, =7, =7,
and if N <7, ¢, =2; = 2;, 80 ¢ < (%;);<;,» Hence, A has a smallest
element.

(2) If y=W)icsy and == (¥,)i<cr, € R,, 2 <y, and 2z is the
only element of R, such that z < y.

(3) If p=(P)i<ry 4» = {(%)1sr| 2 = p; for all A < 7). Therefore,
4,1 = 1[0, )| = a.

(4) The only statement that needs proof is that if v,=7, x =y.
But if » = (%:);<r, ¥ = (¥2)i<r,, then @; =y, for all A <7, so ¢ = y.

(5) If v = (%)< let ¥ = (¥,);<,, be defined by v, =2, if A <7
and ¥, =0 if Y=X <. Then yeR, and z <y.

DEFINITION. (S?, <) is called the showering tree of type a, w.
If v+1<wand peR, A, will denote the set {xe R, |p<a2a}. If
Y+1=w and peR, let 4, = ©@.

REMARK. Any tree can be order-embedded in a showering tree.
Specifically, if T is a tree, w = sup {\| T has a chain of order type
A}, and @ = sup {7 |some element of T has 7 immediate successors},
then T can be order-embedded in S¢.

We will now introduce a topology on S?. For peS¢ and A S
A,, let U, (A) = {xeS2|» < x but it is not the case that there is an
acA such that a < a}. If peR, and AS R,.,, U (AN 4,) will be
denoted U,(A). Note that U,(2) is just the set of successors of ».
Now let B = W, be a fixed cardinal number. For pe Sy, let Z, =

{U(ANA] < g}

LeEmMMA 1.2. If peR, ASR,,, and qge A\A, then U(Q) S
U,(4).

Proof. Suppose € U(®). Then q < z, so ¢ is the unique ele-
ment of R,,, such that ¢ < 2. Therefore, there is no a € A such that
a < z. Hence, z¢e U,(4).
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THEOREM 1.3. {Z/,|pe S is a system of neighborhood bases for
a topology on So.

Proof. Clearly, pe U for each Ue%,. If Uy(A4), U(4)e%,,
U(A) NULA) = U(AU A), and since | AUA| <Al + A< B+ B =
B, U A) NU(A) e %,. If U A)e%, and se U,(A)\(p}, choose g A4,
such that ¢ < s. Such a ¢ exists by Proposition 1.1, g¢ A. Hence
U($) S U,(A) by Lemma 1.2. But since ¢ < s, U(@)ES U, (). There-
fore U(@) & U,(4). Since U(D)e %,, this completes the proof.

DEFINITION. Let S¢, denote the topological space obtained from
Sy by taking as a neighborhood base at peS: the collection Z,.
S s is called the showering space of type «, B, ®.

LEMMA 1.4. Ifp,qe R, p#=q,then U(2)NU(Q)= @. Ifse
R, v < 8, and t is the unique element of R,., such that t < s, then

U,(th nU(2) = @.

Proof. The first statement is immediate from (2) of Proposition
1.1. For the second statement, we observe that U,({t}) N U(D) = &,
and since U(2) & U(2), U,({th nU(2) = @.

Lemma 1.5. (1) Every set of the form Uy(A) is closed in S¢,
(irrespective of the cardinal of A).
(2) Every element of %7, is open in S, for all p.

Proof. (1) Suppose pe R, and g¢ U,(4). Suppose qe R,. If
6 < 7, choose se€ R;,, such that s < p; then by Lemma 1.4, U,({s}h) N
U(2) = @, so U({s}) NU,(A) = @. Therefore, we may assume 7 <
6. Ifv=6,q+ps0 U (D) NU(D) = @ by Lemma 1.4; hence U,(2) N
UA) = @. If v <, choose te R, , such that t <q. Then te4d
or tgA, If teA U(@)NUy(4)= @, so U(@)NU,4)= 2. If
te A, tecA, forsome s+~ p. U(D)NU(2)= @, s0 U(2)NU,(A4) =
@. Thus ¢ has a neighborhood which misses U,(A4). Therefore, U,(A4)
is closed.

(2) This is immediate from Lemma 1.2 and the fact that if
q <t U(2) S U(D).

THEOREM 1.6. S¢,is Hausdor(f, zero-dimensional (that is, ind Sy, =
0), and paracompact. In fact, every open cover of S¢, has a discrete
open refinement which covers S ,.

Proof. That S:, is Hausdorff is immediate from Lemma 1.4.
S¢, is zero-dimensional by Lemma 1.5. We now prove that S¢, is
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paracompact. Suppose 7" is an open cover of S;,. Choose A S 4,
such that [A| < g and U, (4) S V for some Ve 7. Let 7 = {U,(4)}.
Suppose inductively that 77 is defined for ¥ < 7, < w such that U,,, 7;
is an open refinement of 7~ which covers U,<,, B, and whose elements
are pairwise disjoint. Let 77;0 = U<, 77. Foreach pe R, \U{V|Ve
7}, choose B, S A, such that |B,| < 8 and such that U (B,) SV
for some Ve 77 Let 7, = {U,(B,)|pe R \U{V|Ve #}}. Then
Ui<ro+: 77 is an open refinement of 7° which covers U<+, B, and
whose elements are pairwise disjoint. Let ¥* = Uy<o %5. Then 7
is an open refinement of 7" by pairwise disjoint sets which covers Sg ;.
Hence, S¢, is paracompact.

REMARK 1.7. A slight modification of the proof of Theorem 1.6
shows that for any a, S;%, and S;°, are Lindelof.

2. Isolated points and the Baire property. In this section we
characterize the Baire showering spaces.

ProrosiTiON 2.1. (1) If B8 > «, S, is discrete (and hence Baire).

(2) If w =7+ 1, every point of R, is tsolated.

(3) Ifa=p8,7"+1<w, and pe R, then p is not isolated. In
particular, if a = B and w is a limit ordinal, S¢, is dense-in-itself.

Proof. (1) {p} = U,(4,), and if a < B, |4,] = a < B, s0 U,(4,) is
open.

(2) If A, =0, U, (@) = {p}, so p is isolated.

(3) If peR, U(A)eZ,, then |A| < 8 < @, so there is an z ¢
A)\A. Then ze U,(A). Hence, p is not isolated.

THEOREM 2.2. Suppose a = .
(1) If o =7+ 1, then the set R, of isolated points is dense in
v s Hence, S¢, is Baire.

(2) Suppose @ is a limit ordinal. Then the following are equi-
valent:

(i) o is not a sequential ordinal, that is, if w, < ® for @ =
1,2 ..., then sup w, < .

(ii) S¢, is Baire.

(iii) S¢, s second category in ttself.

Proof. (1) Suppose peS¢,\R, and suppose U,(4)e Z,. Since
a = B, there is an e A,\A. By Proposition 1.1, there is a ye R,
such that < y. Then y e U,(4).

(2) (i) implies (ii). Suppose w is not a sequential ordinal. Let
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{D;}}z, be a decreasing sequence of open dense subsets of Su,. Suppose
peS¢;and Uy(A)e %, We must show U, (A) NN D, = @. U(4)N
D, # &, so there is a set U,(B,) such that |B,| < g and U,(B) &S
U,(A)N D,. Choose y'cA,\B,. Then U, (2)<=U,(A)N D,. Induc-
tively, suppose y', % ---, y"~' are chosen so that U,«(@) S U,(A)ND,,
and y' < y*< --- < y*'. There is a set U, (B,) € U1 such that
U, (B,) e % yw-1(2)ND,. Choosey"c A, \B,. ThenU,(2)SU,(4)ND,,
and ¥, < ¥,. Hence, we have inductively defined a sequence {y"};-,
such that y' < y* < ... and such that ¥~ € U,(A)N D,. Suppose y" € R,,
and let 0 =sup{v,/n=1,2.--}. 0 < since w is not sequential. Let
Y = (¥,);<; € RB; be defined by %, = ¥y where » < 7,- ¥ is well-defined
since ¥, < ¥,., for all k- y* <y for all n. Hence ye N, Un(2) =
U, (AN Ny D,. Thus S¢, is Baire.

(ii) implies (iii) is trivial.

(iii) implies (i). If w is sequential, there are ordinals 7, 7,, +--,
such that 7, < for all k£ and such that w = sup, 7,. Let C, = U, .
Then each C, is closed, and by Proposition 1.1(5), each C, has empty
interior. But Sy, = Ui, C,. Hence, S¢, is not second category in
itself.

3. P-spaces and almost P-spaces. If X is a space, a point z¢
X is called a P-point if every G, containing = is a neighborhood of
2. A space X is called a P-space if every point of X is a P-point.
X is called an almost P-space if every nonempty G, of X has non-
empty interior. Every P-space is clearly an almost P-space. In
Proposition 2.1 it was proved that if o < B, Sz, is discrete and hence
a P-space. In this section we characterize the P-spaces and the almost
P-gspaces among the nondiscrete showering spaces. We note that since
S} consists of a single point, the case @ = 1 will not be of interest

to us.

PropPOSITION 3.1. Suppose o = B and w > 1. Then the following
are equivalent:

(i) Sy, is a P-space.

(ii) S¢, has a mon-isolated P-point.

(iii) B s mot a sequential cardinal.

Proof. (i) implies (ii) is trivial since by Proposition 2.1, p, is
not isolated.

(ii) implies (iii). Let p be a non-isolated P-point. Suppose g, <
B for v=1,2 -... Let B, B, --- be pairwise disjoint subsets of
A, such that |B,| = B8;. Then Ni. U.(B,) =U, (Ui By) is a neigh-
borhood of p. Therefore, D7, Br = Sieai | Bel = | Uiz By < 8. Hence
B 1s not sequential.
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(iii) implies (i). Suppose p € S¢, and suppose p € [, U,(B;) where
each U,(B,) e %,, and B; & A, for each 7. Then

NU.B) = U,(UB,).

and |2, Bl = >2.8: < B since B, < B for each 7+ and B is not
sequential. Hence N7, U,(B,) is a neighborhood of p. Thus, S¢, is
a P-space.

PROPOSITION 3.2. Suppose a = 3 and w > 1. Then S, is an
almost P-space if and only of D2, B; < & whenever B, < 3 for each 1.

Proof. Suppose there were B, B, --- such that B, < 8 for each
1 but 3.2, 8, = a@. Choose pairwise disjoint subsets B, B,, --- of 4,
such that Uz, B, = 4,,and | B,| = 8,. Then N, U, (B, =U,(U=B) =
U,(A,) = {p} which has empty interior by Proposition 2.1(3). Thus
S¢, is not almost P-space. For the converse, suppose >\, 8, < «
whenever each 8, < 8. Then for each pe Sy, if Uy(B)ec %, where
B, & A, for each ¢, N2 . U(B) = U,(U B)- U B <32, |B £
%.8: < a. Hence there is a ¢ € A,\U B U(@) & N Uy(B,), so
int Nz, U(B) # O.

COROLLARY 3.3. Suppose w > 1. Then the following are equi-
valent:

(i) S¢, is a P-space.

(ii) Sz, is an almost P-space.

(iii) « is not a sequential cardinal.

4. Subspaces and autohomeomorphisms. In this section we
state results about the embedding of showering spaces in other
showering spaces and about autohomeomorphisms of showering spaces,
but proofs will be omitted or only sketched since they are straight-
forward.

PROPOSITION 4.1. Suppose w <& and o <& Then Sip is a
closed subspace of S2 .

LemMA 4.2. Suppose [0, w) is order-tsomorphic to [¥, @) where
v < , and suppose p € R,. Then there is an order-preserving homeo-
morphism f:S¢,— U (D).

Proof. SuQIfiose b= (pz)Kr- Define f by f((xz)za) = (?/J.)J.<r+a
_ (oL A< - 3 -to-

where ¥y, = {957 Fy=7 - Then f is one-to-one and onto, and
order-preserving. Thus, since the topology on S¢, and the relative
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topology on U,(@) are each determined by the partial order < and
B, f is a homeomorphism.

LemMA 4.3. If [0, w), [V, @), and [7,, ) are mutually order-iso-
morphic, and if pc R,, q € R,,, then there is a homeomorphism F of
S¢ , such that F* is the identity and F(p) = q(and hence F(q) = p).

Proof. By Lemma 4.2, there are order-preserving homeomorphisms
8, — Ul (@) and f,: S¢;— U(@). Let f = f.ofr'. Then

[1U(2) — Uf2)

is an order-preserving homeomorphism. There are essentially two
cases: Case (i). U, (@)NU/ (@)= @. Define F by F|S:,\(U(2)U
U/(@)) is the identity map, F|U,(@) = f, F|\U(@) = f~'. Case (ii).
U, (2) 2U,(2). Define F by F|(S2:\U(D)) U Us(@) is the identity
map,

F|U,(0\U(2) = fIU(2\ULD), FIUL2)\Uy (D)
= f_IIUq(g)\Uﬁq)(@) .

DEFINITION. A space X is bihomogeneous if for each p,qge X
there is a homeomorphism f: X — X such that f(p) = ¢ and f(q) = p.

ProrosiTiON 4.4. If [0, w) is order-isomorphic to [V, w) for each
Y < W, then S:, is bihomogeneous.

5. First countability and developability. In this section we
give a necessary and sufficient condition for a showering space to
be first countable. We also give a necessary condition for a nondiscrete
showering space to be developable. It will be shown in §6 that this
condition is also sufficient for S¢, to be developable and is in fact
equivalent to the metrizability of S¢,. We recall that if @ < 8 or
if w =1, S¢, is discrete and hence metrizable. For this reason, these
cases will not be of interest to us here.

PRrROPOSITION 5.1. Suppose ® > 1 and a = B. Then the following
are equivalent:

( i ) a=p= Ro-

(ii) S¢, is first countable.

(iii) S¢, has a nonisolated point of first countability.

Proof. (i) implies (ii). If @« = 8 = W, and p € S¢; is not isolated,
let A, = {a, a, ---}. Then {U,({a,, ---, a,})}7-, is a base at p.
(ii) implies (iii) is trivial.
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(iii) implies (i). If @ > B, Si, is an almost P-space by Proposition
3.2, and hence S¢, is not first countable at any nonisolated point.
Therefore, if S2, is first countable at a nonisolated point p,, a = g.
We must show that 8 = W,. Reecall that g is always assumed to be
infinite. Suppose B8 > W,. Let {U,(B)}:z. be a countable base at p,,
with B, & 4,, |B,| < B(=«a) for each i. Choose x, € A, \B; for each i.
Let B= {«;]i=1,2 ---}. Then BE A4, and |B|=¥W, <8 so U,(B)e
%,,- But for each 1, x, e U, (B)\U, (B), so U, (B) contains no U, (B,),
contradicting the assumption that {U, (B}, is a base at p,.

REMARK 5.2. It is not difficult to prove that if w >1 and a =
B, then every point of Sy, is a G, if and only if a is a sequential
cardinal and a = 5. (Compare to Corollary 3.3.) Hence there are
showering spaces which fail at each point to be first countable but
which have countable pseudo character. Sy, x, is such a space.

PROPOSITION 5.3. Suppose o = B. If Su, is developable, a =
B =% and v £ w,.

Proof. Any developable space is first countable, so by Proposition
5.1, a = g =N, Suppose ® >, By Proposition 4.1, S5 is a
subspace of S2,, so it suffices to prove that Sy, is not developable.
Suppose {Z,}:., is a countable collection of open covers of Sioii.
Choose D,e &, such that p,e D,. Choose B, & 4,, |B,| <N, such
that U, (B) < D,. Choose p,eA,\B,. Then U, (2)< D,. Choose
D, e =, such that p,e D,. Chose B, A,, | B;| < ¥, such that U, (B) &
D,. Choose p,€ A4,\B,. Then U, ()< D,. Inductively, suppose
Do, Dy **+, D, and Dy, -+, D,_, are chosen so that D,_ e &, »v.€ R,
and U, (2)& D, for k=1,2,---n. Choose D,c =Z,,, such that
p,€D, Choose B,,, S A,,|B,.,| <¥N, such that U, (B,;) < D,.
Choose p,.,€ A, \B,:i. Then U,, (@) D,. Now p, < p, <p, <---
and p, € R,, so there is a unique ¢ € R, such that p, < ¢ for each k.
By Proposition 2.1(2), ¢ is isolated in Sy, but ge D, for n =0, 1, ---,
so St(g, &,) 2 D,_, + {g}). Hence, {St (g, 2,)}7-, is not a base at q.
Therefore, Sii%, is not developable.

6. EXAMPLES. In this section we apply the results of previous
sections to get several examples.

EXAMPLE 6.1. S3y, is homeomorphic to the space @ of rationals.

Proof. Sy, is easily seen to be countable. It is first countable
by Proposition 5.1. Hence it is second countable and thus metrizable.
S% w, i dense-in-itself by Proposition 2.1. Therefore, by a theorem
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of Sierpinski [5], Sk?y, is homeomorphic to Q.

COROLLARY 6.2. If a > (3, the following are equivalent:
(i) S¢, is metrizable.

(i) S¢, is developable.

(iii) a=p=N, and v = w,.

Proof. This follows from Proposition 5.3 and Example 6.1.

ExAMPLE 6.3. The space @ of rationals is a closed subspace of
a dense-in-itself almost P-space.

Proof. @ is homeomorphic to Sy, by Example 6.2. Sy, is
homeomorphic to a closed subspace of Sy, by Proposition 4.1, and
by Propositions 2.1 and 3.2, Siy, is a dense-in-itself almost P-space.

The following example is given in [4] where the proof may be
found.

4
ExXAMPLE 6.4. If w is not sequential, the first countable, para-

compact space Sy, y, contains no dense developable subspace.

ExaMPLE 6.5. For each uncountable cardinal «, there is a P-
space of cardinal a which is first category in itself and an almost
P-space of cardinal a which has no P-points and which is first category
in itself.

Proof. |S2| = a, so by Proposition 3.1 and Theorem 2.2, Suo
is the required P-space, and by Propositions 3.1 and 3.2, and Theorem
2.2, Sy, is the required almost P-space.

LemmA 6.6. If X is a Lindelof P-space and f:X— R is con-
tinuous, | f(X)] = N

Proof. {f'(r)|re R} is an open cover for X. Therefore, it has
a countable subcover.

EXAMPLE 6.7. If a > W, every continuous function f:Suo, —
R has countable image.

Proof. This is immediate from Example 6.5, Lemma 6.6, and
Remark 1.7.

EXAMPLE 6.8. Let X = S, X S? % \(0s »5), Where ¢ = 2%, Then
X is a nonnormal P-space.
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Proof. By Proposition 3.1 and the fact that P-spaces are closed
under subspaces and finite products, X is a P-space. Let A = ({p)} %
S2x) N X and B = (S&x, X {p}) N X. Then A and B are disjoint closed
subsets of X. But a proof similar to the usual proof that the
Tychanoff plank is not normal shows that A and B are not completely
separated. Hence, X is not normal.

EXAMPLE 6.9. Let Y = S;o, X S{%,. Then Y is a dense-in-itself
P-space such that for any pe Y, Y\{p} is nonnormal.

Proof. By Propositions 2.1, 3.1, and 4.4, Y is a product of dense-
in-themselves homogeneous P-spaces, so Y is a dense-in-itself homo-
geneous P-space. If X is as in Example 6.8, X is a closed subspace
of Y\{(p,, »o)}, 80 Y\{n,, »} is nonnormal. By the homogeneity of Y,
for any pe Y, Y\{p} is nonnormal.
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