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The object of the paper is to evaluate

Z::[ b('r:- x) -y:\[ c('r:- x) -z:|

+”§ [c(s : v) _ z][a(s ; v) _ x]

+§0 [a(t c+ 2) _x][b(t j 2) _y] .

where [u] is the greatest integer function,
(b,c)=1(c,a)=(a,b)=1.

and
0=x<1, 0=sy<1, 0=s2<1.

1. Introduction. Put

) 1 .
(1.1) (@) = {w — [#] - 3 (x # integer)
0 (x = integer) .

The Dedekind sum s(k, k) is defined by

an  am= 5 (O)NE)

It is well known that s(h, k) satisfies the reciprocity relation [5]

-1, 1k 1 Kk
1.3) s(h, k) + s(k, h) 1 +12<k Y h)’

for (b, k) = 1.
Rademacher [5] has proved the three-term relation

1.4) (b, a) + sea’, b) = s(@t/, ¢) = —+ + _1_<b£c L b g) ,

4 12 ca ab
where
(1.5) (b, ec)=(,a)=(ab =1
and

(1.6) aa’ = 1(mod be), bb' =1(modca), cc’ =1 (mod ad).
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340 L. CARLITZ

Rademacher [4] has introduced the sum

(1.7) st k|z,9) = 3, ((hi%l“F w))((u»

r(mod k) k
and proved the reciprocity formula
s(h, k| z, y) + s(k, |y, x)

8 = (@) + {2 B + L Bw + k) + £ B}
where (h, k) = 1, « and y are not both integers and B,(x) = By(x — []),
where B,(x) = * — x + 1/6, the Bernoulli polynomial of degree 2.

In order to get a three-term relation for the generalized sum
s(h, k| x, y), the writer [2] defined

(1.9)  s@bcay )= 3 (D(a,t Jg zZ_ x)@(y _ptt z) ,

r(mod ¢) C
where

@(x)=x—[x]—§,

and proved that

s(a’ b’ c; x, y’ z) + s(b’ c’ a; y’ z’ x) + s(c, a’ b; z’ x’ y)
=0 — 2—2‘0—32(011 — b2) — 2—2532(az — cx) — 273,7) B,(bx — ay) ,

(1.10)

where (b, ¢) = (¢, @) = (a, b)) = 1 and 0 = 1 if integers 7, s, ¢ exist such
that

"'+w=s';y=t+z; 0r<a, 0s<b, 0=t<e;
a c

0 =0 otherwise. For ¢ =1 2 =0, it is easily verified that (1.10)
reduces to (1.8).
The reciprocity Theorem (1.3) is equivalent to [5, p. 9]

(1.11) h"g;r[ﬁkl] + k:is[’%] - Ilé(h — )k — D@k —h—F — 1),
where (h, k) = 1. It is shown in [1] that (1.4) implies

(1.12) A, c;a) + Afe, a; b) + A(a, b;¢) = (@ — 1)(b— 1)(c — 1),
where (b, ¢) = (¢, a) = (a, b) =1 and

(1.13) AB, ca) =S [b_’”][fl’] .

=iLala
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It is not difficult to give a direct proof of (1.12) and indeed con-
siderably more. It is also proved in [1] that

EiChr + 271 ks + 27
(114) Gkg—;:)[ k :, + thr‘)[ h :’
=(h—1D@2h — D)k — 12k —1) + 6[2]([z] + 2hk — h — k + 1),

where (B, k) =1l and 0 z2< h + k.
Generalizing (1.13), we define

L15)  A(,caly, za) =S [b(" +a) _ y}[c("‘: 2) _ z:' .

r=0 a

In Theorem 2 below we evaluate
R=A(a, byc|x,¥52) + A(b,c;a |y, 2, %) + Alc, a; b 2, 25 ) ,
where (b, ¢) = (¢, @) = (e, b)) =1 and
0=2<1, 0=sy<1l, 0=2z<1.

It is however convenient to first consider the sum

(1.16)  BG®, ¢ aly, 2 ) = i[y _ b - x)][z _dr+ ””>] ,

r=0 a

In Theorem 1 below we evaluate
S=B(a,bclz,y;2) + B, c;aly, zx)+ Alc, a; 0|2, 2, ¥) ,

where the parameters satisfy the same conditions as above.
The results are particularly simple if no two of the fractions

THT sty 1FtE (g<r<a0<s<b0=<s<c)

’

a b c
are equal. In this case we show that
(1.17) S=abc, R=(@a—-1)0b—-1)(c—1)+1.
Also, if © =y = 2, we have
(1.18) S=abce—1, R=(@@—-1)0b—-1)(Cc—-1).

The last form evidently includes (1.12).
It should be noted that (1.14) is not contained in the results of
the present paper.

2. Preliminaries.

LEMMA 1. For a = 1,
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@.1) faa] = 5[ & + %} :
LEMMA 2. For x # integer,
(2.2) [-2] = —[2] — 1.
LEMMA 3. Put O(x) =x — [2] — 1/2. Then O(z + 1) = O(x) and

(2.3) Plaz) = 3, @(x-{—%).

r(mod a)
LEMMA 4. For a =1, (b a) =1,

z‘[x + %’”] = [aa] + —;—(a — DB -1).

r=0

Lemmas 1, 2, 3 are well-known. To prove Lemma 4, take

a—1 a—1 bT 1
r%[x Z{w+———@(m+ )—E}
=ax-|——2—b(a—— 1)—@(ax)—%a,

1 1 1 1
= ~ab — —q — — il
[ax]+2a 5 2b-i-2

— [aa] + —%—(a — DB -1).

3. Three term relation for B(a, b; ¢ |z, y; 2). We assume in the
remainder of the paper that

(3.1) (b,¢)=(c,a)=(a,b) =1
and
(3.2) 0<z<1l, 0<y<1l, 0<z<l.

Also we write

a—1 b—1 ¢—

-

=)
.

r, r=0 8=0 t=

It is convenient to define

(33  Babielayia) =5 o- LD, ML,

By Lemma 1, this gives
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(3.4) B(a,b;c]x,y,z)=2[r+x—t+z][s+y—t+z].

r5s a c b c
Put
E___fr—}—x,n:s—i-y’Q:t—i—z
a b ¢

Thus (3.4) becomes
(3.5) Ba, biclw, yiz) = X[ — L7 — 4] -

To begin with, we assume that no two of the fractions

(3.6) r+x s+y t+=z

. 0=r<a0=<s<b0=<t<c)
C

differ by an integer. It is easily seen that this is equivalent to
requiring that no two of the fractions are equal. We shall refer to
this as Case 1. Case 2 is that in which exactly two of the fractions
are equal, Case 3 that in which all three are equal. If a pair 7, s
exists such that

it is easily shown to be unique.
Thus in Case 1 we have, by Lemma 2,

(3.7 -d=-[E-¢ -1,
so that (3.5) becomes

Ba, biclz, yi2) = — 20— ClIC— €] — 2.7 — ¢l .
Hence

(8.8) B(a, b;c|w, y;z) + B, c;aly, 2 2) + Ble, a; b| 2,z y)
= S A~ &+ [E - &llE— 71+ [~ 7l — 4
+i—-a+KE-8a+E—-1

--3{r-arg)-a+y)

)

+(e-a+2)E-n+3
+ (e -7 +—:2‘—)([77 - +—;-)} + —%abc.

Hence if we put
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(3.9) T=3{l-a+C-d+E-7+2},

ry8,¢t

it is clear that

regl(o-ad) + (c-av )

7,8,%

R + (e -7+ %)2} + S abo - 28,
where
38.11) S =B(a,b;c|x, y;2)+ B, c;aly, zx)+ Ble,a; bz xzy).
Since
p—g+[€—&+[—7n=-1or —2 (Case 1 or 2),
it follows that

(3.12) T = —i—abc (Case 1 or 2).

Also since each of [p — ], [ —¢],[6—7] =0 or —1, we get

s (- a+ 1) + (- a+ L)+ (ie— a1+ )} = Bt

r,8,1
Thus (3.11) reduces to simply
(3.13) S = abe (Case 1) .

Turning next to Case 2, let r, s, satisfy

$°=7’0+x=80+'y=7]0.
a b

For this pair we have
=&l =—[&—7]=0
rather than (3.7). Thus

B, cialy, z2) = — 3(IC— €]lE ~ 7]

(8.14) +1E-&)+ -6l

Since

Sk-al=5[t2—a]=te -,

t=0

we get, in place of (3.13),
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(3.15) S = abe + [z — ¢&)] (Case 2) .
For Case 3, let 7, s, ¢, satisfy & =7, = {, that is
To+ % _S%+Y _t+2

a b c

Equation (3.14) remains unchanged. Since

T = —i—abc + 2 (Case 3),

we therefore get
(3.16) S=abec— 1+ [z — al] + [y — b&] + [z — ¢n] (Case 3).

Since

[x—al] =[x—aé] =[c—(r,+ 2)] = —1,, ete.,

we may replace (3.16) by
(3.16) S=abce—1—1r,— s — &, (Case 3) .

We may now state

THEOREM 1. Let (b, ¢) = (¢, a) = (a, b) =1 and

0<=x<1, 0=sy<1l, 0=2<1.

Then

S = B(a, b;c|z, y;2) + B, c;a |y, 2 2) + Ble, a; b |2, x5 9)
18 evaluated by (3.13), (3.15) and (3.186).

In particular, for * = y = 2z, we have

COROLLARY 1.

Ss- teal, el

=0 a
(3.17) + Z[x - g(i;_x)}[x - KSTW‘)]

+c§ x—a———-(t:x)]l:m—&%_—@-:,=abc—l.

t=0

4. Three-term relations for A(a, b;c|x, y;2). We again first
consider Case 1. Thus in
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A(a, bs el @, y52) = g[““j 2 _ w][b(t +2)_ y] ,

4

none of the quantities

at+2) _, b +2)
¢ ’ ¢

-¥ 0=st<e)

is an integer. It follows that

A, biel o, 39) = S{t+ [a - LLED N o [y L A]

Cc
:c+g[x_fi(%l*_z_)]+g|:y_b(t:z):]
+ B(a, b;c|x, v; 2) .

Thus by Lemma 4, we get
Ala, b; ¢l y; z)
(4.1) [ox—az]-l—[cy—-bz]—-—ac—-ibc—l-%a-i-1b+1
+ B(a, b;c| 2, ¥; 2) .
Let
(42) R=Aa,b;clz y;2)+ A, c;aly, z;52) + Ale, a;b |z, 23 ) .
Then by (4.1) and (3.13) we get

= [ex — az] + [cy — bz] + [ay — bx] + [az — cx]
(4.3) + [bz — cy] + [bx — ay] — (bc + ca + ab)
+(@+b+c)+3+8.

Applying Lemma 2, this reduces to
(4.4) R=@—-1)b—-1)(c—-1)+1 (Case 1) .

As for Case 2, let 7, s, denote the exceptional pair, that is,

50=70+w= s°+y=770.
a b

A0, caly, 50 =5 WED [ 2D ]
='§{1+[y—é(i}—@]}{1+[z"@:—m]}

p i e S

(4.5)
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Then, as above, it follows that
A, c;aly, z;2) = B0, c;aly, 2z x) + [ay — bx] + [az — cx]

1 1 1

4.6
(46) +—;—b+Ec——2—ab—Eac—[z—cEO].

Similarly
A(c, a;b |2, 2 y) = Ble, a; b | 2, a; ) + [bx — ay] + [bz — cy]
(4.7) 1 1 1

+—2-a,+—2—c—-§ab-*—;—b0—[2—0770]-

However (4.1) remains unchanged.
Thus

R=S—~(bc+ca+ab)+(a+bdb+c)—1—2z—cn].
Therefore, by (3.15), we have
(4.8) R=(a—1)(b—1)(c—1)— [z —cn] (Case 2).

Finally, for Case 3, let r, s, t,, be the exceptional triple:

(4.9) Tt _ sty _ Ltz G =7 =0C) .
a b c

We now have

A, c;aly, 7 x) =EZ—‘:{1 +[_?/ “?'(Lf—@:l}{l + [Z - w]}

r=0 a
_1_[y_b50]— [z-on]-

Thus in place of (4.6) we get

A, c;aly, 2z x)
= B(b, ¢c;a |y, z; 2) + [ay — bx] + [az — cx]
1 1 1

1
+ Eb + —2—0 ?ab —2—-ac [y bEO] - [z - CEo] .

(4.10)

There are similar formulas for A(c, a; b |2, x; ¥) and A(q, b; ¢ |z, ¥; 2).
Since

[ecy — bz] + [bz — cx] = [az — cx] + [cx — az]
= [bx — ay] + [ay — ba] =0,

it follows that
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R=S+a+b+c—bc—ca—ab— [y— b&] — [z — c&]
— [z — el — [& — an)] — [¢ — ali] — [y — bC)]
=S4+a+b+c—bc—ca— adb
— 2[x — a&] — 2[y — bp,] — 2[z — ] .
Making use of (3.16) we get
4.11) R=(@—1)b—1)(c—1) —[x—a&]—[y—bp]—[2—cC] (Case 3)
or, if we prefer,
411y R=(a—1)b—1)c—1)+r,+ s +t (Case 3).
This completes the proof of
THEOREM 2. Let (b, ¢) = (¢, a) = (a, b) =1 and
0=2<1, 0=2y<1l, 0=sx<1.
Then
R = A(a,b;c|x y;2) + Ab, c; a |y, z; x) + Alc, a; b 2, x; )
is evaluated by (4.4), (4.8) and (4.11).

In particular, for x =y = 2z, we have

COROLLARY 2.

Sltrta_ Jerta ]

a a

(4.12) L Z[:c(s + ) ][a(s;— r) _ x]

8=0

+§Pwmo Iij_dzw_mwdm—D-

t=1

r=0
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