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Functions are from R to N or R X R to N, where R denotes
the set of real numbers and N denotes a normed complete
ring. If 8 >0, H and G are functions from R X R to N, f and
h are functions from R to N, each of H, G and dh has bounded
variation on [a,b] and |H|<1- 8 on [qa, b], then the following
statements are equivalent:

b b
(1) f is bounded on [a,b], each of f H, f G and

(LR)I (fG + fH) exists and

f(x)=h(x)+(LR)fx(fG + fH)

for a =x =b, and
2) eachof ,IVA+Z., H"), [P+ G) and

(R)fdh(l)rgH’)SHY(1+G)(1+2 H‘)

exists for a =x <y =b and

flx)= h(a),,H‘(1+G)(1 +§: H;)
+(R)J': dh<l+2Hi>sH’(l+G)<l+ZHi)

for a=x=b.

This result is obtained without requiring the existence of inte-
grals of the form

.

G—J'Gl=o and fb|1+G—n(1+G)(=o.

This article is part of a sequence of results on the solution of
integral equations initiated by two papers by H. S. Wall {28][29] on
continuous continued fractions and harmonic matrices. He studied
certain techniques for solving integral equations which are associated
with product integration and his results have been extended in various
directions by J. S. MacNerney [18][191(20](21][22], J. W. Neuberger
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[24][25][26], T. H. Hildebrandt [13], J. R. Dorroh [4], B. W. Helton
[51(6]1(7], D. B. Hinton [14], J. V. Herod [11], C. W. Bitzer [2][3], D. L.
Lovelady [16][17] and J. A. Reneke [27]. The results here connect
closely with those of B. W. Helton [5, §5, pp. 307-315].

B. W. Helton [5, Theorem 5.1, p. 310] solved the integral equation

(a) f(x)=h(x)+(LR)fx (fG + fH)

by using product integral techniques. In his development, the exis-
tence of integrals of the form

(b) f”

plays an important part. For real valued functions, A. Kolmogoroff
[15, p. 669] has shown that 1ff G exists, thenf G —fG

is zero. Further, W. D. L. Appling [1, Theorem 2, p. 155] and B. W.
Helton [5, Theorem 4.1, p. 304] have shown that there exist other classes

b
—fG'=O and f|1+G—H(1+G)|=O

exists and

b
of functions such that the existence of f G is sufficient to assure that

lo-e

305] has shown that for some settings the existence of ,II’(1+ G) for

exists and is zero. Also, B. W. Helton {5, Theorem 4.2, p.

b
a =x <y =b is sufficient to assure that f [14+ G -1I(1+ G)| exists

and is zero. However, it has been shown by W. D. L. Appling [1,
Theorem 2, p. 155] and the author [8, pp. 153-154] that the existence of

b
f G and [ IP(1+G) for a =x <y =b is not sufficient to imply the

existence of the integrals in (b). In the following, we solve the integral
equation in (a) without requiring the existence of the integrals in (b).

All integrals and definitions are of the subdivision-refinement type,
and functions are from either R to N or R X R to N, where R denotes
the set of real numbers and N denotes a ring which has a multiplicative
identity element represented by 1 and a norm | - | with respect to which
N is complete and |1|=1. Lower case letters are used to denote
functions from R to N, and capital letters are used to denote functions
from R X R to N. Unless noted otherwise, functions on R X R are
assumed to be defined only for elements {a,b} of R X R such that
a<b. If D={x};., is a subdivision of [a,b], then D)=
{[xg-1, %, 1}5=1, fo = f(x,) and G, = G(x,-;,x,). Further, {x,}'% repre-
sents a subdivision of [x,_;,x,] and G,, = G(x,,-;, X,,).
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b
The statement that f G exists means there exists an element L of

N such that, if € >0, then there exists a subdivision D of [a,b] such
that if J is a refinement of D, then

‘L—ZG<&.

J(I

The statement that ,I1° (1 + G) exists means there exists an element L of
N such that, if € >0, then there exists a subdivision D of [a,b] such
that if J is a refinement of D, then

‘L~HU+G)<&

Jn

b b
The statement (LR)I (fG + fH) exists means f C exists, where

C(r,s)=f(rn)G(r,s)+ f(s)H(r,s).

We adopt the conventions that

fac=o and ,I°(1+G)=1.

Further,

j j
>G,=0 and [[(1+G,)=1,
q=i

q=i

where i > j.

The statements that G is bounded on [a,b], G € OP° on[a,b] and
G € OB° on [a,b] mean there exist a subdivision D of [a,b] and a
number B such that if {x,};_, is a refinement of D, then

(1) |G,|<B forq=1,2,--+,n,

2 |Ii_,(1+G,)|<B for 1=i=j=n, and

3) =G, |<B,
respectively. Similarly, statements of the form |G|<pB are to be
interpreted in terms of subdivisions and refinements. Observe that
every function in OB° is also in OP°.

The statement that G € OM* on [a, b] means I’ (1 + G) exists for
a=x<y=b and if € >0 then there exists a subdivision D of [a, b]
such that if {x,};_, is a refinement of D and 0 =p < q =n, then

WI(1+G)—TIL,. (1+G)| < e
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Also, GEOL® on [a,b] only if lim._,-G(p,x), lim.,-G(x,p),

lim,,.,-G(x,y) and lim,,_,-G(x, y) exist for a =p =b, and G € OA°
b b

on [a,b] only if f G exists and j G- J G

additional background with respect to this paper, see work by B. W.
Helton [5][6] and J. S. MacNerney [20]. Further, additional back-
ground on product integration is given by P. R. Masani [23].

exists and is zero. For

Lemma 1. If G is a function from R X R to N and G € OB° on
b
[a,b], then f G exists if and only if  I(1+ G) exists fora=x <y =b
[10, Theorem 4].

LemMMA 2. If H and G are functions from R X Rto N, H € OL° on
b
[a,b]), G € OB° on [a,b] and eitherJ G exists or IP (1 + G) exists for

b b
a=x<y=b, then [ HG and f GH exist and I’(1+ HG) and
AP (1+ GH) exist for a =x <y =b [10, Theorem 5].

LEMMA 3. IfGis a function from R X R to N, G € OB° on [a,b]
and I’ (1+ G) exists fora=x <y =b, then G € OM* on [a,b] [10,
Theorem 1].

LemMA 4. Ife >0, His a function from R X R to N and H € OL°
on [a,b], then there exist a subdivision {t;}’-, of [a,b] and a sequence
{k;}r_, such that if 1=j=pand t,_,<x <y <t, then

|H(x,y)—k;|<e
[6, Lemma, p. 498].

LemMma 5. If H and G are functions from R X Rto N, H € OL° on
[a,b] and G € OA° and OB° on [a,b], then HG € OA° on [a,b] [6,
Theorem 2, p. 494].

LeMMA 6. If F and U are functions from R X Rto N, F and U are

in OB° on [a,b)], FE OA°on [a,b), JP(1+ U) exists foras=sx <y =
b and

(R)fyFsH’(1+U)
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exists fora =x <y =b, then

[

exists and is zero [S, Lemma, p. 307].

(R) f F.I'(1+ U)~F(x, y)

The main result now follows.

THEOREM. If B >0, H and G are functions from R X R to N, f and
h are functions from R to N, each of H, G and dh is in OB° on [a,b] and
|H| <1~ B on [a,b], then the following statements are equivalent:

b b
(1) fis bounded on [a,b], each off H, f G and

(LR) f (fG + fH)
exists and
f(x)=h(x)+(LR)fx (fG + fH)

fora=x=b, and
(2) each of IP(1+Z, HY), IP(1+G) and

(R)f dh(1+§1 Hf) SH’(1+G)(1+§H")

exists fora=x <y =b and
f(x)———h(a)anxma)(nz H)
+(R)Lx dh<1+ZHi)st(1+G)(1+§Hi)

fora=x=b.

Before proving the theorem, we point out the results of considering
left and right integrals, respectively. If H = 0, then we have the
integral equation

(@) fo=hew+@) [ 16
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This equation involves only a left integral, and its solution is

(b) f(x):h(a),,H‘(1+G)+(R)fxthH"(HG).
On the other hand, if G = 0, then we have the integral equation

© f)=h@)+®) | 6.
This equation involves only a right integral, and its solution is

@ f)=h(@.(1+3 H">+(L)J’x an T 1 +2 H).

i= a =

If zisin N and |z] <1, then 1 + Z;_, z' exists and is (1 —z)™". Thus, in
(d) and in the theorem itself, it is possible to substitute (1 — H)™' for
1+27,H'. To obtain some feeling for why invertibility-related condi-

tions are placed on H but not on G, consider the first approximations to
equations (a) and (¢). For (a), we have that

f(x)=h(x)+f(a)G (a,x);
while for (c), we have that

f(x)=h(x)+ f(x)H (a,x),
and hence that

fx)=h(x)[1-H(a,x)]"

For additional discussion of product integrals, inverses and integral
equations, the reader is referred to papers by J. V. Herod [12] and the
author [9].

The main result is now established.

Proof. To simplify notation in the following work, we use the
interval functions T, U and V to denote

(1+G)<1+§H’),

G+SH+GS H
=1 i=1
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and
1+> HI,
j=1
respectively. Further, we use C to denote the interval function
C(r,s)=f(r)G(r,s)+ f(s)H(r,s).

b
Proof (1)—(2). Since J H exists and H € OB° on [a,b], it

follows that H€E€ OL° on [a,b], and hence, 1+ X7, H € OL° on
[a,b]. Thus, the existence of

b © b x
f H(1+§‘,Hf>= > H
a j=1 a j=1

follows from Lemma 2. Therefore, the existence of I’V fora =x <
y = b follows from Lemma 1. Also, Lemma 1 implies the existence of

b
JP(1+G) for a=x <y =b from the existence of j G. Lemma 2

b
can be used to establish the existence of f G X7 H'. Therefore, since

each of

b b « b @
fG, > H' and fGEHf
a a j=1 a j=1

b
exists, we have that f U exists, and thus, the existence of II'T for
a.=x <y = b can be established by applying Lemma 1. Finally, since
V(r,s),IPT is in OL° on [a, b], the existence of

(R) f dh VI’ T

b
for a = x <y = b can be obtained from the existence of f dh through
the use of Lemma 2.
Suppose a =x =b. We now show that

f(x) = h(a),I'T + (R) f dhV.IFT.

If a = x, the result follows immediately. Therefore, suppose a <x.
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Lete >0. Since|H|<1~-pg onla,x], G, H and dh are in OB° on
[a,x] and f and V are bounded on {a, x], there exist a subdivision D, of
[a,x] and a number B such that if {x,}’, is a refinement of D,, then

() |H|<1-Bfori=12,---,n,

(2) =r,|dh V,|<B,

3) SL|CGVi|<B,

@) s, U C]w|<B, and

5) |Vl T |<B fori=1,2,---,n

Since ,IP'T exists for a=r=s=x and U € OB° on [a,x], it
follows from Lemma 3 that there exists a subdivision D, of [a, x] such
that if {x;}/_, is a refinement of D, and 0 =p <g =n, then

M | IT-1,., T.|<e(16B)7,

@ M., T,-,1T|<e(16B)"', and

(3) |h(a).I'T — h(a)II., T, | < € /4.

Since (R)f dh V II* T exists, there exists a subdivision D; of [a, x]

such that if {x;}I., is a refinement of D,, then

l(R) f dh V. IET =S dh, V, TET| < /8.
a i=1

Since V(r, s),II*T is in OL° on [a, x], it follows from Lemma 4 that
there exist a subdivision D, = {t;}’_, of [a, x] and a sequence {k;}’-, such
that if 1=j=p and t,_,<r <s <t, then

|V(r,s),II'T —k;| < e(16B)™".

Since C € OB° on [a, x] and f C exists, there exist subdivisions

{r,}2% and {s;}/2 of [a,x] such that
1) ta<r<s <t forj=1,2,---,p, and

Q) 9| Cs ~f C|l<e[8B(p + )" forj=1,2,---,p +1 and

each refinement {x,k}"‘” of {s;.1,ti-1, 1}
Further, forj = 1,2, - - -, p, there exist subdivisions E; of [r;, 5;] such that
if F;is a refinement of E, then

S

i=1

> C —JjC‘ [k | < el8.

FiI)

Let D denote the subdivision

U D Uik U dsks U B
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of [a, x], and suppose {x,}/-, is a refinement of D. Forj=1,2,---,p,let
K; be the set such that i € K; only if ;, <x; =5;. Let K and L denote
the sets

p p
j:LJI Kj and {i}:':[ - !EJ] Kj,

respectively.
We now establish two inequalities that are necessary to complete
the proof. First,

|(R)fxthSH’T~i an Vi I] T,|
a i=1

k=i+1

=

S dh V., IET -3 dh v [] T
i=1 i=1

k=i+1

4 l(R)Jx dhVIET =S dh V, TFT
a i=1

xinT_ ﬁ Tk

k=i+1

<3 |dh, V| +ef8
i=1

<Ble(16B) "]+ €/8 < ¢€/4.

Second,

e[y
i=1 Xi-1

i= k=i+1
§ [C, _f‘i C] ‘/, ﬁ Tk
ieK Xi—1 k=i+1
sl ellv i
i€L Xi—1 k=i+1
|gle-] g
iEK Xi~1 k=i+1

+(p + 1){el8B(p + ]}B
zle-[ efvar]
wZlle-] v

i€k

=

I1 Tk—,,H‘Tl

k=i+1

+¢€/8



96 JON C. HELTON

sle- [ cJurs

+2B[e(16B)'1 +€/8
éi ;([ f C] Vi IFT|+e/4
22 - ivawr-keen
<2|za-[clml

+2B[e(16B)'1 + €/4
<€/8+3€/8=€/2.

If we employ the iterative technique used by B. W. Helton [5, p.
311], we have that

fo=3]" c-c]vIln

k=i+1

+h(a)HT+2dhv [] T..

k=i+1

Thus,

|h(a)aH‘T+(R)fx dh V. IIT — f(x)

= |w@.rT-h@ 1 7|
+l(R)fxthsH‘T Edh v I Tkl

[Ele-[ euin

k=i+1

<eld+eld+el2==¢.

Therefore, (1) implies (2).
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Proof (2)—(1). It follows from the bounded variation of the
various functions involved that f is bounded on [a,b]. Since 27, H' €
OB° on [a, b], it follows from Lemma 1 that

2] n(egm)

exists. Recall that (1+27., H’)" exists and is 1— H. Thus, since
b
1-HEOL® on [a,b], it follows from Lemma 2 that f H

b
exists. Further, it follows from Lemma 1 that f G exists. The

existence off C now follows from the existence off G andf H by

applying Lemma 2.
Suppose a =x =b. We now show that

f(x)=h<x>+(LR>]’ (G + fH).

If a = x, the result follows immediately. Therefore, suppose a < x.

Let € >0. There exist a subdivision D, of [a,x] and a number B
such that if {x;}'-, is a refinement of D,, then

(1) |Hi|<1-B fori=1,2,---,n,

2 =,|G|<B,

(3) =L |Hi|<B,

(4) Zr,|dh; V.| <B, and

(5) |, I«T|<B for0=p<q=n

Since f G exists and 27, H € OL° on [a,b], it follows from

Lemma 2 thatf G 27, H' exists. Thus, the existence ofj U follows

from the existence of

fafinmdfGiHh
a a j=1 a j=1
Therefore,

A+ U)=,1I'T
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exists fora =r =t =x by Lemma 1. Now, it follows from Lemma 3
that U € OM* on [a,x]. Hence, there exists a subdivision D, of [a, x]
such that if {x;}'., is a refinement of D, and 0=p <q = n, then

fla) 1T —f(a) fI < €(6B)".

Since dh is in OA° and OB° on [a,x] and V € OL®° on [a, x], it
follows from Lemma 5 that dh V € OA° on [a,x]. Thus, since U €
OB°on{a,x]and II'T exists for a = s <t = x, it follows from Lemma

6 that

From the existence of this integral and the fact that U € OM* on [a, x],
it follows that there exists a subdivision D; of [a, x] such that if {x;}/_, is
a refinement of D; and 0 =p < q = n, then

T—-dh(w)V(u,v)

a s ® " anv.eT-an V'<e(1232)‘

@ | JONT-T.,., T,|<e(12BY)"".
Thus, if {x,} _o i1s a refinement of D,U D; and 0 < p = n, then

f(R)f dh V. I1> T - Edhv H T,

k=i+1

A

' (R) f dh VT =S dh, Vi I
a i=1

P
T-1] T

k=i+1i

[(R) dh VI T — dh, V,],H*

+ Ble(12B%)™]

p
=2
i=1

Ble(12B* "1+ €(12B) ' = €(6B)™".

Xi—1

X;

(R)| dnv,

Xi—1

»T |+ e(12B)™




PRODUCT INTEGRALS AND SOLUTION OF INTEGRAL EQUATIONS 99

It follows from the existence of the integrals involved that there
exists a subdivision D, of [a, x] such that if {x;}/-, is a refinement of D,,
then

'f(a) [j T.—f(a) J'T| < €/6

and

k=i+l1

S dn Vi [1 Tk—(R)fx dh VSH‘Tl 3
i=1 a

Let D denote the subdivision U{., D; of [a, x]. Suppose {x;}/-sisa
refinement of D. Observe that

i=m i=m \k=m
n i—1 n i
=1+ ( Tk>G,+ (ﬂTk)H
i=m \k=m i=m \k=m
Further,
n n k—1
dh v, 3 (ﬂ T,) G,
i=1 k=i+1 \j=i+1
n i—1 i—1
= [ an v; ] Tk] G:
i=2 Lj=1 k=j+1
and

> dn v, 3 (I] T,~>Hk

k=i+1 \j=i+l
n i—1 i
=3 [Z v 11w
i= ji=1 =j+

These identities can be established by induction and are used in
subsequent manipulations.
We now work out a further identity to aid in establishing the
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:e;;t::g:: of the desired integral. By employing the previously stated
f@IIT+3 v I T

=t 1+ 3 ({1 m) 6.+ 3 ([T 7) 1]
+Sanvfi+ 3 (11 7).+ 3 (11 7) ]

=t 1+ 3 ([In) 6+ 5 ([ 7) #]
+3 v+ 3 anv. S, (h ) G
+Sanv. 3 (11,7) 5

=ra|+ 5 ([In) 6+ 3 (117) o]
+3 dh, + 3 dh, V.H,
+22 {2‘1 dh,.‘/jkﬁl Tk] G
& Zanv Il n]n

=fa {1+ 3 ([ 7)o+ 3 (11 7) 1]
+h(x)—h(a)+§ [2: dh,-V,»k‘l:‘_L Tk] G,
+2] [le dhjx/,kﬂl Tk] H,

EeP R EREMIL
+h(x)+i§:; [12: dhj‘/,.ki_l]il Tk] G,

+2[;‘1 dhi‘/jkgl Tk] H.
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Now, by employing the identity developed in the preceding parag-
raph, we have that

h(x)+ 2 f(x-)G, + 2 f)H, — f(x)

< [ h(x)+ 2 fxi)G: + 2 f(x)H,

[f(a)HT+Zdh vi [ Tk]

k=i+1

+el6+€l6

= ‘h(x)+z'llf(xi—l)6i +2f(x¢)H

ke B s

S{ganf oo
T—f(a);flzl T.||G|

+3 | f@. T~ f@ [1 1| | H|
5 (R)fx"'dhvvnx-»'T—Sdh,.v,. [l n.)lG|
+3 (R)fx'thvH""T—idth, [T 7|5
+€/3

< Ble(6B)"1+ Be(6B)"1+ Be(6B)"1+ B[e(6B)"
+€/3

= €.

Therefore, (LR) (fG + fH) exists and is f(x)—h(x). Hence, (2)
implies (1).

B. W. Helton states three additional theorems on the solution of
integral equations by product integration [5, Theorems 5.2, 5.3, 5.4, pp.
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313-314]. The techniques used in the present paper to avoid requiring
the existence of the integrals

I

can also be applied to these results.

b
G—fc'=0 and f|1+G—n(1+G)|=0
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