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Let 3 denote the Hilbert space of square summable analytic
functions on the unit disk, and consider those formal differential
operators

d’ d
Lepgntpg*p

which give rise to symmetric operators in 7. Examples have
been given where the symmetric operators associated with these
formal operators have defect indices (0, 0) and (2, 2) and hence
are either self-adjoint or have self-adjoint extensions in . In
this note a class of symmetric operators with defect indices (1, 1)
is given.

Let o denote the space of functions aralytic on the unit disk and #
the subspace of square summable functions in & with inner product

(ﬂg)=”’m<l f(z) g(z) dxdy.

A complete orthonormal set for # is obtained by normalizing the
powers of z. From this it follows that 7 is identical with the space of
power series 2,_,a,z" which satisfy

(L.1) 20 la, Pl(n + 1) < .

Let L be such that it maps polynomials into # and has the property
(Lz",z™)=(z",Lz™), n,m =0,1,2,---. Let %, be the subspace of
polynomials and set T,f = Lf for f in &,. Then T, is symmetric and the
defect indices m* and m~ of its closure, S, are just the number of
linearly independent solutions of Lu = iu and Lu = — iu respectively
which are in %. See [2]. In [2] and [3] examples of such symmetric
operators S with defect indices (0, 0) and (2, 2) are provided. We now
give a class of operators with defect indices (1, 1).
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2. Consider the operator L,
. d? . d
(2.1) L=(C|ZB+C]Z)F+((C2+3C])ZZ+CZ)'d_Z‘+2CZZ.

In [3] it is shown that L gives rise to symmetric T;. Concerning the
defect indices of its closure S, we have the following.

THEOREM 2.1. Let L be the operator of (2.1) then S has defect
indices m*=m™=1.

Proof. The idea of the proof is to show that the equation L¢ =
+i¢ has precisely one power series solution ¢(z)=Z27,4a;z' and that
there exists a K >0 and a positive integer p such that |g;|= Kj™"” for j
sufficiently large. Consequently the series =7,|q; ["/(j + 1) converges
and ¢ belongs to #, and m*=m™ = 1.

Dividing L = +i¢ by ¢, we have the differential equation

2.2) (2’ +wz)¢"+[B+a)z’+ Bl +2azd = A,

where w = ¢\/c,, @ = ¢,/ci, B = C,/c,, and A = xi/c,.
Substituting 37, a;z’ into (2.2) we obtain

(2.3) Ba,+ > [+ 1)(wf +B)aj. + (*+ja +a — 1)a;]2'
i=1
= /\ao+i Aa;z’! A#0.
j=1

If B =0 we have a,=0 and (2.3) can be solved recursively for
a,, as, - -+, in terms of a, since wj + B never vanishes. Thus we have
but one analytic solution

d(z)=z(1+az*+---).

If B# 0, we have a, = Aa /B and (2.3) can be solved recursively for
a,, as, etc., provided that (wj+B) never vanishes for j=
1,2,---. Thus we are able to obtain the single formal power series
solution ¢(z)=1+a,z+a,z*+---. The case when (wj+pB) van-
ishes for some positive integer j presents some complications and will
be considered later in the proof. Solving (2.3) for g;., we have

{ {— [j*+ja + (a — D]a;_, +Aa,-}
(2.4) 17 '

j2+(1+B>j+%

(0]
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But 8/w = ¢,/¢, = a, hence (2.4) becomes

(2.4) 1 {—[j2+ja +(a—l)]a,-_1+)ta,-} -

G =y Pr(+a)+a

Thus we obtain the estimate

1 |j’+je+(a—1)
23) lwdéhw ]'2+(1+oz)j+a‘|“"‘lI
[A] 1 |
Yol Fraraira) 4l
Since |w|=1 we have
2.6) gl =[] a |+ |ulD)] | a1,
where
o PPHjat(a—1)
W= ri+ai+a’
and

A
PPrd+a)y+ta

u(j) =

We now estimate |u,(j)| and |u,(j)| for large j. Since |u,(j)| tends
to zero as j 7 it follows that there exists an M >0 such that

2.7 lu,(j)| = ]]\—/;’ , for j sufficiently large.
Concerning |u,(j)| we obtain, upon dividing,
. 1\ | 2 . .
uﬂ)=O—F»WJmmﬁ+OU).
Thus |u,(j)?=1-2/j + O™, and hence by a direct calculation,

lmun=1—}+ou*>

For £ >0, we note that |u,(j)|=1- ¢ for j sufficiently large if and
only if —1< —¢ or £ <1. Hence we have
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2.8) ()| =1 —]ﬁ . for j sufficiently large
and 0< £é<1.
Using (2.6), (2.7), and (2.8) we obtain, for j sufficiently large,
‘ajﬂl é(l - §j-‘)‘ai—l’+Mj—2Hail
S(A-g '+ MjM(), 0<£<,

where M (j) = max{|a,|,|qa|}.
Thus, for sufficiently large j, we have

2.9) laji] = (1= yj M),
where 0 <y = ¢/2 <4 ~
Now consider the expression (1—vj)(j—1)"'", where p is a
positive integer. This is dominated by (j + 1)™'* for j sufficiently large
if and only if
(= py + DI S

Hence, if and only if —py+1<—-1 or —py<-2. Since y >0,
p >2/y. Thus we have

(2.10) (I-=y™HG-D"=G+D", p >% '

We now show that there exists a positive constant K for which
|a;|=Kj™" for j=1. Let j, be such that (2.9) and (2.10) hold for
j>j. Let K=max;z,|q[j" so that |q;]=Kj™"” for j=j,. Using
(2.9) it follows that

| g | = (1= 27 YM(),
where

M((j,) = Max (Kj ", K(j,— 1))
= K(j,— 1™

Hence,

g | ==y HKG - D',
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and using (2.10) we have
2.11) la,.|=K(@§ +1)"'".

We now proceed inductively to establish

(2.12) | @ | = K Gy + k)7, k=23,

Let

K,=max |qg;|j"

J=jhi+t

=max{K,K(G,+1)""}=K,
making use of (2.11). Using (2.9) we have
| @] = (1= y(i+ DM + D),
where,

M(j,+ 1) = Max (| @], | a;])
=Max (K@, + 1), K(j)™"")
= K(jl)—”p-

It follows from (2.10) that

|@jio| = (1 =y G+ DHKG)™
=K@+

Continuing on in this manner we establish (2.12). Hence any
solution =, a;z’ whose coefficients satisfy (2.4) is in #. To complete
the proof we have only to deal with the case where jo + B vanishes for
some positive integer j.

We now consider the case when jo + B vanishes for some positive
integer n. The analytic solution obtained from (2.3) by taking a,= a, =
.-+ = qa, =0, and solving recursively for a,.,, a3, - - -, in terms of a,., is,
as we have seen, in #. If there were a second analytic solution
corresponding to a, # 0 it would be in # as well, and m* (m ") would be
2. We now show that this is not the case, i.e., m*=m~=1. To do
this we make use of the following result.

Let u be such that Im(u) >0 and let &} be the nullspace of the
operator S* — u. Then the dimension of &, is equal tom™. Similarly,
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let Im(u) <0 and let 9, be the nullspace of the operator S* — pu, then
the dimension of 9, is equal to m~, [1, p. 1232].

Using this we see that m* is just the number of linearly independent
solutions of L¢ = u¢ in ¥ for any p such that Im(u)>0. Similarly,
m~ is the number of linearly independent solutions of L$ = u¢ in & for
any p such that Im(n)<0. Hence, if we can show that there exist u
such that Imp >0 (Imu <0) for which there is no analytic solution
corresponding to a,# 0 we will have shown that m*=m™=1.

Consider (2.3), where A is now u/c,, and suppose that B =
—nw. Takingj=1,2,---,n we obtain the following set of n + 1 linear
equations in a, thru a,:

— nwa, = A4,

(j + 1)(j - n)waj+1 +(]2+ja +a— l)a]'_| = /\a]',
j:1’2,...,n_1

(n*+ na + a — Da,_, = Aa,.
Thus we are led to consider the homogeneous system

— Aay— nwa, =0
2aa,— Aa; + 22 - n)wa, =0
(n’+ na —2n)a,-»— Aa,_; — nwa, =0
(n*+na+a-Ya,.,—Ara, =0

Since the parameter A = u/c, appears only on the diagonal the system
determinant D,(A) is a polynomial in A of degree n +1,

D)= (=1 Am 4

Thus D,(A) vanishes at most n + 1 points in the complex plane, and we
can find p in the upper half-plane and lower half-plane for which
D,(/c)) #0. Thus ap=a,="---=a, =0 and there is only one analy-
tic solution of L¢ = udo.
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