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RELATIVELY INVARIANT MEASURES
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A homomorphism of minimal flows X 2 Y, has a relatively

invariant measure if there exists a positive projection from € (X)
onto 4(Y) which commutes with translasion. Such a relatively
invariant measure does not always exists. However, some
elementary facts from the theory of compact convex sub-sets of a
locally convex topological vector space are used to show that

b
given a homomorphism of minimal flows X — Y there exists a

commutative diagram

b x
K
Y

where 6 and 6~ are strongly proximal homomorphisms and ¢~
has a relatively invariant measure, (RIM). Homomeorphisms
which have invariant measures are studied and questions of
existence and uniqueness are investigated.

X~
e
v~

—
0

Similar diagrams, where 8 and 6~ are replaced by other types of
proximal extensions, and ¢~ is replaced by an open map with certain
additional properties, are studied in [12] and [2].

In section one we introduce notions and definitions. Section two is
devoted to the proof of the main theorem about affine flows and then
some corollaries for homomorphisms of minimal flows are deduced.
Another corollary is a generalization of the Ryll Nardzewskie fixed
point theorem. This results are extensions of results in [6].

In section three the notation of a relatively invariant measure is
discussed and it is shown that metric distal extension has a relatively
invariant measure (see [8] and [1]). A homomorphism with a RIM
which has at least one finite fiber is shown to be almost periodic. In
section four we show the existence of the commutative diagram
mentioned above. This is used to show the existence of a universal
strongly proximal extension for any given minimal flow. We conclude
with some questions about the uniquéness of a RIM, and the existence
of almost periodic extensions.
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394 SHMUEL GLASNER

1. Definitions. Let T be a topological group, X a compact
Hausdorff space. We say that (T, X) is a flow if there exists a jointly
continuous map from T X X onto X, denoted (f,x)—tx, such that
s(tx)=(st)x and ex =x for all x € X and s,t € T;e is the identity
element of T. Let Q be a compact convex sub-set of a locally convex
topological vector space. We say that (T, Q) is an affine flow if (T, Q)
is a flow and if in addition the map x —tx from Q onto Q is an affine
map for each t € T. In particular an affine flow is a flow and one can
talk about minimal sets of Q, proximal points in Q, etc.

Usually when referring to a flow (T, X) (or an affine flow (T, Q)) we
shall omit the group T and write just X (Q respectively).

A sub-set of a flow X is minimal set if it is nonempty, closed,
invariant and contains no proper closed invariant sub-set. A sub-set of
an affine flow is irreducible if it is nonempty, closed, convex and
invariant and contains no proper sub-set with these properties.

A continuous equivariant map from the flow X into the flow Y is a
homomorphism. If Q and P are affine flows and ¢ from Q into P, is a
homomorphism which is also an affine map we say that ¢ is an
affine-homomorphism.

.Let Q -5 P be an affine homomorphism. We say that a sub-set Q,
of Q is P-irreducible (with respect to ¢) if Q, is closed, convex,
invariant, ¢(Q,) =P and Q, contains no proper sub-set with these
properties. .

Let Q be an affine flow, X =@&X(Q) the closure of the set of
extreme points of Q. Clearly X is a closed invariant set and by the
Krein Milman theorem ¢0(X), the closed convex hull of X, is equal to
Q. We say that Q is a primitive affine flow if X is a minimal set.

Given a flow X we denote by €(X) the algebra of real valued
continuous functions on X. If f€ €(X) and t € T then f' € €(X) is
the function defined by f'(x) = f(tx). Let M(X) be the set of regular
Borel probability measures on X. We consider #(X) as a closed
convex sub-set of €(X)*, the dual space of €(X), equipped with the
weak * topology. The action of T on X induces an action of T on
M (X) in the following way. Let u € #(X),t €T and f € €(X), then
define tu € M(X) by

[ 2= [ s

For a point x € X we denote the point mass at x by 8,. Clearly
t8, = 8,, and thus the homeomorphism x — §, of X into #(X) is also an
isomorphism of flows. Sometimes we shall identify X with the sub-set
{8, |x € X} of M(X).

With the above action #(X) is an affine flow. Since ex(M(X)) =
X, M(X) is primitive iff X is a minimal flow.
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Let X % Y be a homomorphism of minimal flows (¢ is necessarily
onto). This homomorphism induces an affine homomorphism
M(X)D M(Y), as follows. Let n € M(X) and let f € €(Y) be given,
H(u)EM(Y) is defined by

[ fadwn= ¢o9rdu.

We say that ¢ is a strongly proximal homomorphism (or extension) if
for every measure u € 4((X) with ¢ () = point mass on Y, there exists
anet t; € T such that limt,u = point mass on X. In particular X is a
strongly proximal flow if X is a strongly proximal extension of the
trivial flow.

Let X-%Y be a strongly proximal extension and x,,x, € X with
¢(x)=¢(x;). The measure pu =(4,+38§,)/2 satisfies cﬁ(u) =
8,y Hence there exists a net t; € T such that limt,u = 8, for some
x € X. But limtu = (limt,, +1lim¢8,,)/2 and since &, is an extreme
point of 4 (X) this implies lim¢x; = limtx,, i.e. the points x, and x, are
proximal points in X.

We say that a homomorphism is proximal if every two points with
the same image are proximal points. Thus we have shown that a
strongly proximal homomorphism is proximal.

A homomorphism X -% Y is distal if whenever x, # x, and ¢ (x,) =
¢ (x,) then x, and x, are not proximal. A flow is distal if it is a distal
extension of the trivial flow.

2. Affine flows. Let Q be a compact convex sub-set of a
locally convex topological vector space, and let X be a closed sub-set of
Q such that ¢o(X) = Q. We shall use the following theorems from the
general theory of convex sets (see for example [11]).

I  (Krein Milman) ¢o(ex(Q)) = Q.

II  (Milman) ex(Q)C X.

II1 For every measure u € M(X) there exists a unique point

z € Q such that for all affine functions f on Q, f(z) =j f(x)dw. The
X

map u 5z sends M(X) onto Q, and is a weak * continuous affine
map. The point z is called the barycenter of u.

IV (Bauer) A point x € X is an extreme point of Q iff 8x is the
only measure in £((X) whose barycenter is x.

TueEOREM 2.1. Let Q -% P be an affine homomorphism of an affine
flow Q onto a primitive affine flow P. Then

(1) There exists a P-irreducible sub-set of Q.

(2) Every P-irreducible sub-set of Q is primitive.

3) If QuCQ is P-irreducible, X = €x(Q,) and Y = &X(P). Then
¢(X)=Y and (¢|X): X—Y is a strongly proximal homomorphism.
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@ If Qo C Q is P-irreducible, Y = &X(P) and x,,x,E Q, are such
that ¢(x))= ¢(x,) €Y then x, and x, are proximal points (see [6]
Theorem 5.3).

Proof. (1) Use Zorn’s lemma.

(2) Let Q, be a P-irreducible sub-set of Q, X =&X(Q,) and
Y =¢€X(P). Let x€¢'(Y)NQ, then by the minimality of Y
o(cls{tx |t eTHPD Y. Hence ¢(Coftx|t €TH=co(Y)=P. But Q,
is P-irreducible and thus ¢o{tx |t € T} = Q,. By II we conclude that

ex(Q)C X Ccls{tx [t ETICH(Y)NQ,
Thus if x € X we have
XCecls{tx|t €T}C X and X =cls{tx |t € T}.

This proves that X is a minimal set.

(3) Consider the map #(X)-% Q, which sends a measure on X to
its barycenter on Q,. Let y €Y, and let u € #(X) be a measure with
Supp(p) C "' NX. (ie. (|X) (n)=38,)

If f is an affine function on P then fo¢ is an affine function on

Q. Hence (fodp)(Bu) = L (fod)du = f(y) and since the affine func-

tions on P separate points we can conclude that ¢(B(n))=y. Hence

d(B(cIs{tu [t ETH)=Y and ¢(Co(B(cls{tn |t € TYH))=P.
Since Q, is P-irreducible we have

So(B(cls{tu [t € TH) = Qo.

Now by II, this implies ex(Q,) C X C B(cIs{tu |t €T}, and if
XoEex(Q,), then there exists v Ecls{tu |t € T} such that B(v)=
Xo. But by IV v =38, and (¢|X): X—Y is a strongly proximal
homomorphism.

4 Let X=8X(Q,) and y = ¢(x;) = ¢(x,). Choose y,€E ex(P),
then there exists a net s; in T such that lims;y = y,. We can assume
that limsxx, = z, and lims;x, = z, exist. Let u; € M(X) satisfy B(u;) =
z(i = 1,2), If we use B to denote also the barycenter map from #(Y)
onto P, then B((¢|X)"(w))=¢(B(w:)=¢(z)=y,. Hence by IV
(6] X) () = 8,

By (3) there exists a net ¢; in T such that lim¢tu, = limt;u, = point
mass on X. By III we have

lim tjzl = B(lim tjﬂq) = B(lim tiplz) =lim t,‘Zz

and x,; and x, are proximal.
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PrOPOSITION 2.2. Let X-%Y be a homomorphism of minimal
flows.

(1) There exists an M(Y)-irreducible affine sub-flow Q, of
th(X). If Y™ =8X(Q,), then Y~ is a minimal sub-flow of M(X),
&(Y)=Y and the homomorphism 6 = d3|Y“, Y -5Y is strongly
proximal.

(2) Conversely if Y~ C M(X) is a minimal set such that <£(Y“) =Y
and such that @ = $| Y~ is a strongly proximal homomorphism, then
Q =¢co(Y") is an M(Y)-irreducible affine sub-flow of M(X).

Proof. (1) In Theorem 2.1. take P = M(Y), Q = M(X) and Q, a
P-irreducible sub-set of Q with respect to ¢. Since . (Y) is primitive
Y™ =8&X(Q,) is minimal, $(Y ™)=Y and Y~ -5 Y is a strongly proximal
homomorphism.

(2) Let B:M(Y )— Q denote the barycenter map. Consider the
diagram

wv)E o caux
6l v é

M(Y)

If f € €(Y) then f can be considered as an affine functionon #(Y) as
follows. For v € M(Y) f(v) = f fdv. Thus fod is an affine function

on M (X) and hence also on Q. It follows that for every f € €(Y) and
EeM(Y™)

[ wber=[ qoorde=[ (odrae

= ()86 = f-B@) = [ fab-p©).

Thus 6§ = $ B and the above diagram is commutative.

Let now Q,C Q be an #(Y)-irreducible sub-set of Q, v € X(Qy)
and p € M(Y") suchA that B(uw) =v. Then 43(1/) is a point mass on Y,
say 8,, and 6(u) = ($B) () = $(v) =8, Since 0 is strongly proximal
homomorphism this implies that there exists a net ¢, in T such that
limtu is a point mass on Y™, say §,, Now limtw =limtBu =
Blimty = B(8,) =7 € Y™ and since €X(Q,) is a closed invariant set this
implies Y~ C €X(Q,). Therefore Q = Q,, and Q is M (Y)-irreducible.
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CoroLLARY 2.3. Let X %Y be a homomorphism of minimal sets,
then ¢ is strongly proximal iff M(X) is M(Y)-irreducible.

Proof. This follows immediately from Proposition 2.2 if we ob-
serve that ex(M(X)) = X, and To(X) = M(X).

Theorem 2.1 can be applied to prove the following generalization of
the Ryll Nardzewski fixed point theorem, in the same way as Theorem
5.3 in [6] was used in proving this fixed point theorem. (Theorem 7.3 in

(61,

THEOREM 2.4. Let E be a separable Banach space, Q a weakly
compact convex sub-set of E. Suppose (T,Q) is an affine flow such
that the action of T on Q is distal in the norm topology. Let
¢:(T,Q)—(T,P) be an affine homomorphism of Q onto a primitive
affine flow P. Then there exists a minimal sub-flow X of Q such that
(¢ | X): X > &X(B) is an isomorphism of minimal flows.

3. Relatively invariant measures.

DEerINITION. Let X -% Y be a homomorphism of minimal flows; a
linear map P:4(X)—>€(Y) is called a relatively invariant measure
(RIM) for ¢ if P satisfies the following properties

(1) P(f)=0 whenever f € 4(X) and f =0.

2 PH)=1.

(3) P(ho¢d)=nh for h € €(Y).

4 P()=(Pf) forfeb(X)and tET.

DEeFINITION. Let X -3 Y be a homomorphism of minimal flows. A
homomorphi§m A Y—>M(X), y—A, is called a section for ¢ if for
each y € Y,p(A)) =4,

ProrosiTioN 3.1. Let X-5Y be a homomorphism of minimal
flows. Then the following conditions are equivalent.

(@) There exists a section for ¢.

(b) & has a RIM.

(c) There exists a convex closed invariant sub-set Q of M(X) such
that (¢|Q): Q—>M(Y) is an affine isomorphism onto.

(d) There exists an M(Y)-irreducible affine sub-flow Q of M(X)
such that ¢ |exX(Q): &X(Q)— Y is a flows isomorphism.

Proof. (a)=> (b) Let A: Y—M(X) be a section. Given a func-
tion f € 6(X), define a function Pf on Y as follows

Eh»)=[ 1, we.



RELATIVELY INVARIANT MEASURES 399

Clearly Pf€ €(Y). Since A, is a probability measure, properties (1)
and (2) in the definition of a RIM are clearly satisfied by P. If
hE€¥€(Y), then foreach yeY

Phod) ()= hed)ar, = [ habo)=h).

Thus P(h°¢) = h and property (3) is satisfied. Finally if f € €(X) and
t €T, then for each y€ Y

PN = [ fan, = [ o, = [ gar, =@y =@ o).

Thus P(f') = (Pt)', property 4 is satisfied and P is a RIM for ¢.
(b)=>(c) Let P: €(X)—> €(Y) be a RIM. Define
v: M(Y)— M(X) by

[ )= [ @pdu  @wenn),rescx.

Clearly v is an affine weak * continuous map. Moreoverif t € T,
then

[ sawwr=[ ray=[ Pavdn=[ @pyan - -
= @pam = faem.

Thus ytp = tyn and vy is an affine homomorphism.
We now show that u = ¢yu for u € M(Y).
Indeed

[ nayr=[ trodravu=[ Ptrotrdn = hdy

for all h € 4(Y). If we denote Q = y(#(Y)) then Q is a convex
closed invariant sub-set of #(X) and 43\Q is 1—1, hence an affine
isomorphism.

(c)=>(d) Let Q be asin(c) then since 43 | Q is one to one it is clear
that Q is #(Y)-irreducible. Moreover ¢ |EX(Q): EX(Q)— Y is a flow
isomorphism.

(d)=> (@) Assuming Q as in (d) exists, define A: Y — M(X) by
A= ($|eX(Q)) clearly A is a section.

DerFINITION.  If X -5 Y is a homomorphism of minimal flows which
has the properties (a)-(d) of Proposition 3.1 we say that ¢ is a RIM
extension (or homomorphism).
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ReEMARK. Let X-2 Y be a RIM extension then for a particular
choice of a section A: Y — #M(X), the following relations between the
objects discussed in Proposition 4 holds:

A RIM for ¢ is given by

E;=[ 1@, feewyey
The map y: M(Y)— M(X), defined by

[ o= o= [ v

(f € 6(X), p. € M(Y)), is an affine isomorphism into, and Q = y(H(Y)) is
an A(Y)-irreducible affine sub-flow of #(X). The minimal flow
Y~ =&x(Q) is isomorphic to Y via ¢|Y~: Y™ Y. Finally y|Y =
(¢ Y™)"'= A is the original section for ¢.

COROLLARY 3.2. Let X% Y be a RIM extension. (1) If Y has
an invariant measure so does X. (2) If X is uniquely ergodic then so is
Y.

Proof. By Proposition 3.1 there exists an affine isomorphism y of
M(Y) into M(X), and clearly (1) follows. If u and v are invariant
measures on Y then by the unique ergodicity of X, y(u)=vy(v). Thus
w =v and Y is uniquely ergodic.

LemMA 3.3. Let XY be a RIM extension and A: y—>M(X) a
section for ¢. If X is a metric space then there exists a residual set
O C Y such that y € O implies Supp(A,) = ¢7'(y).

Proof. Let 2* denote the compact metric space of closed sub-sets
of X, equipped with the Hansdorff topology. There is a natural action
of T on 2* induced by the action of T on X. The map y— Supp (A,)
from Y into 2* is a lower-semi-continuous map and t(Supp(A,)) =
Supp(tA,) = Supp(A,,). Let @ C Y be the set of points in Y at which
the map y — Supp(A,) is continuous, then O’ is a residual sub-set of
Y. Let Z =cls{Supp(A,)|y € Y} then ¥ is a closed invariant sub-set
of 2*. If A €% then A = lim Supp(A,) for some sequence y; € Y and
we can assume that limy, =y exists. Since Supp(A,)C¢~'(y:) and
since ¢ ': Y—>2% is an upper-semi-continuous map, it follows that
A Co¢7(y). Thus each element of ¥ is contained in a fiber. Now if
y € O’ then there is a unique element of £ which is contained in ¢ ~'(y),
namely Supp(A,).

Consider now the set X' = U{A|A € %}. Clearly this is a closed
invariant sub-set of X, and since X is minimal X’ = X. This implies
that for y € 0 Supp(r,) = ¢7'(y).
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LemMMma 3.4. A strongly proximal homomorphism has a RIM iff it
is an isomorphism.

Proof. Let X-%Y be a strongly proximal homomorphism with a
RIM. By Proposition 3.1 (d) there exists an A (Y)-irreducible affine
sub-flow Q of J#(X) such that &|ex(Q):&X(Q)—Y is an
isomorphism. By Corollary 2.3 #(X) itself is A(Y)-irreducible,
hence Q = #M(X) and €X(Q) = X.

This lemma showes that not every homomorphism of minimal flows
has a RIM. For example every almost 1—1 (almost automorphic)
extension is strongly proximal and hence unless it is 1 — 1, it does not
possess a RIM. Of course any minimal flow without an invariant
measure is an extension (of the trivial flow) without a RIM.

/\

Y<————-—-X

LemMma 3.5. Let

be a commutative diagram of minimal flows.

(1) If x has a RIM so does ¢.

(2) If ¢ and ¢ have RIM then so does y.

(3) If x has a unique RIM and  has a RIM, then ¢ has a unique
RIM.

Proof. (1) Let P:%6(Z)—>%(Y) be a RIM for y, then
f=P(fo¢)(f € €(X)) is a RIM for ¢.

(2) Clear.

(3) Let P: 4(Z)—>%(Y) be the unique RIM for y and let
P;: €(Z)—> 6(X)be aRIM for . By (1) there is also a RIM for ¢, say
P,: €(X)—>%(Y). Now by the uniqueness of P, P,oP,= P and since
P(€(Z))= €(X),P, is unique.

DerFiNiTION. Let (T, Z)-% (T, Y) be a homomorphism of minimal
flows. We gay that x is a group extension if there exists a compact
Hausdorff topological group K such that

(1) There is a jointly continuous action of K on Z, (Denoted by
(z,k)—zk, z € Z, k € K).

2 ForzeZ t€T and k € K (tz)k = t(zk).

(3) Forevery z€ Z, x '(x(2)) = zK.
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A homomorphism (T, X)-% (T, Y) of minimal flows is called an
almost periodic homomorphism (or extension), if there exists a group
extension (T, Z, K) % (T, Y) and a homomorphism (T, Z)-% (T, X) such
that y = ¢oyp. (Notice that ¢ is also a group extension.)

LemMa 3.6. Let X -% Y be an almost periodic extension. Denote
N ={u € M(X)| b (n)is a point mass on Y}.

Then N as a sub-flow of M (X), is pointwise almost periodic (i.e. Nisa
disjoint union of minimal sets), and ¢ | N: N — Y is a distal extension.

Proof. Let (T,Z,K), ¢ and y be as in the definition of almost
periodic extension. We can assume that the action of K on Z is
free. Define

£ ={u € M(Z)|x(un)is a point mass on Y}.
Fix a point z,E€ Z, let y, = x(x,) and choose u € £ such that x(p)=

yo. By our assumption the map k —z.k is a homeomorphism of K
onto x ~'(y,) and thus we can lift u to a measure @ on K:

[ s@n = sz e,

In this way we can define an action of K on yx7'(8,) namely ku =
k. (This depends of course on z).

Let u, 0 € ¥ '(8,,), we shall show that 8 is in the T-orbit closure of
w iff 6 = ku for some k € K. Indeed suppose there existsa net ¢, in T
such that lim#tu = 6, without loss of generality we can assume that
limt;z, = z,, exists and it follows that y(z,) =y, Hence there exists
k,€ K such that z, = z,k;,. Now for every f € €(Z) the net of func-
tions f'(zok ) converges uniformly in k to the function f(z,k). Hence

jzf(z)dﬂ = limJ'Zf(z)dt,-pL =lim fzf"(z)dpt
=lim fxf"’ (zok)dp = lim fxf(tizok)d/i
= [ sekirda = [ sedodki = | fkrdn

= L f(z)dkp.

Thus k;u = 6.
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Conversely if 8 = k,u for some k, € K, then there isanet t, in T
such that lim t,z, = zok, and for f € €(Z) we have

[ t@a0 = s@ykn = sekdin
= f f(zok,k)dz = lim j Fi(zok)djx
= lim f f(z)dp = lim f f(z)dt.

Hence limtu = 6.

It is now easy to see that &£ is pointwise almost
periodic. Moreover if u,v € £ with y(u) = x(v) and there exists a net
L in TA such that limtu =limtpy = 0. Then we can assume that
x(8)=x(n)=1y, and that limtz,= z, exists. Now as above there
qxists k, € K such that zok, = z, and k,u = 6 = k,». Hencey =y qnd
x|¥: £—Y is distal. Finally since $(£)= N and since o = y it
follows that & is point-wise almost-periodic and that ¢ |V: ¥ —> Y is
distal.

REMARK. In the notations of Lemma 3.6, there is always an action
of K on M(Z) namely u — uk where

L f(2)d(uk) = L fzk)dy  (f € €(Z), u € M(Z) and k € K).

When K is abelian the map u — g of ¥ '(yo)onto #(K), does not
depend on the point z,€ y '(y,). Moreover ku = uk and thus under
the action u — pk, (T, &%,, K)-5 (T, Y) is a group extension for every
minimal set £, C.¥. Thus /#,-% Y is an almost periodic extension for
every minimal set &/, C N,

The following corollary was first proved by A. W. Knapp [8]. We
include a proof which makes use of Lemma 3.6.

CoroLLARY 3.7. Let X-% Y be an almost periodic extension then
¢ has a unique RIM.

Proof. Let Q be an J(Y)-irreducible affine sub-flow of
M(X). By Proposition 2.2. €X(Q)-% Y is a strongly proximal exten-
sion of Y and by Lemma 3.6 €X(Q)-%Y a distal extension of
Y. Hence ¢ |€X(Q)is 1 — 1 and by Proposition 3.1 (d), ¢ has a RIM.

Let (T,Z,K), x and ¢ be as in the definition of an almost-periodic
extension. Assume again that the action of K on Z is free. The
extension Z-%Y is a group extension hence an almost periodic
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extension and by the first part of this proposition y has section
A: Y —>M(Z). Asin the proof of Lemma 3.6 one can show that for
eachk €K and y €Y, A, =kA,. Hence A, is the Haar measure on K
and A is unique. The uniqueness of a RIM for ¢ now follows from
Lemma 3.5 (3).

ProposiTiON 3.8. Let X be a quasi-separable minimal flow (i.e., X
has sufficiently many metric factors) and let X-%Y be a distal
homomorphism. Then ¢ has a RIM.

Proof. By the Furstenberg-Ellis structure theorem for quasi-
separable distal extensions, [1], there exist an ordinal n, a family of

flows {X, |a =7} and a family of homomorphism {Xa+,—t'->X,, la <n}
such that X, =Y, X, = X,¢, is an almost periodic extension and for
limit ordinals B8 =7 X, is the invers limit of the system {X,, ¢, |a <
B}. Using Corollary 3.7 and Lemma 3.5 (2), and using the fact that for
a limit ordinal 8 = 7 the union of the images of €(X,) in 6(X;) (@ <B)
is dense in €(X;), one constructs inductively a RIM for ¢.

ReEMARKS. (1) Since there exist distal flows which are not uni-
quely ergodic [3], it is clear that a RIM for a distal extension is not
necessarily unique.

(2) ‘Let X -5 Y be a distal homomorphism, is it true that fqr every

minimal set N, C ¢ (Y)C #(X) the homomorphism JVO—L Y is
distal? If this is true, and it can be proved without the use of the
structure theorem, then the existence of a RIM will follow as in the
proof of Corollary 3.7. In particular when Y is the trivial flow, a proof
of the fact that a minimal set in 4 (X) is distal whenever X is distal will
produce a new proof for the existence of an invariant measure for a
distal flow. (In [9] there is an example of a distal flow on the torus X,
such that #(X) is not distal.)

ProrosiTiON 3.9. Let X-5Y be a RIM extension. If for some
section A: Y - M(X), and some point y,€ Y, Supp(A,,) is a finite set,
then ¢ is a finite to one almost periodic extension. In particular if for
some y,E Y, (o) is finite then, ¢ is finite to one everywhere and is
almost periodic.

Proof. We show that ¢ is a finite to one distal extension and this
implies that ¢ is almost periodic.

Let A,=23_,ax, where 0<a <1, Zl,a =1, x€X satisfy
¢ (x)) =y, and if k# 1 then x,# x,. Since A is a section it follows that
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A=Ay =20 aitx,. If t, isanetin T then clearly lim £,A ,, exists and

is equal to A, iff, in X", lim(t,x,, - -,t.x,) = (21,-*+,2,) exists and A, =
Sr,az. Thus if we denote Z = cls{(tx,, -, tx,)|t € T} then Z as a
sub-flow of X" is isomorphic to Y via the map y = A, = (z,"**,2,)

where A, = 2}, a;z, (If some of the a, — s are equal we can reorder them,
if necessary, so that z = lim¢,x, whenever limt,y, = y.)

Since Y is a minimal flow we conclude that for each y €Y, the
point (z,,- -+, z,) of X" where, A, = 2., a;z,,.is an almost periodic point.
In particular if i# j then z and z; are not proximal. Now U{z |z is
some coordinate of some z € Z}= U{Supp(A,)|y E Y} is clearly a
closed invariant sub-set of X. Since X is minimal this set is equal to X
and we can conclude that for each y € Y with A, =2, a2z, ¢7'(y) =
{z4,---,z,}. Thus ¢ is a finite to one distal homomorphism. The proof
is completed.

In a similar way one can show that a homomorphism X %Y of
minimal flows, which is finite to one and open, is almost-
periodic. Thus for a finite to one homomorphism of minimal flows the
properties of having a RIM, of being open and of being almost-periodic
are equivalent. Using this fact and a construction due to W. A. Veech
[12] one can deduce the following proposition, which is probably well
known.

ProrosiTiON 3.10. Let X be a minimal metric flow and X-5Y a
homomorphism. Suppose there exists a point y,E Y such that ¢'(y,)
is a finite set. Then, either ¢ is almost 1—1 or, there exists a
commutative diagram

0*
X*— X

o* ¢
Y*—Y

such that X* is a minimal flow, 0 and 6* are almost 1— 1 extensions and
0* is a nontrivial almost-periodic extension.

4. How to obtain a homomorphism with a RIM from

a given homomorphism. Let X-%Y be a homomorphism of
minimal flows. By Proposition 2.2 we can find an #(Y)-irreducible
affine sub-flow Q in #((X), and then the map ¢ |eX(Q): eX(Q)—>Yisa
strongly proximal homomorphism. Denote &X(Q)= Y~ and ¢ |Y~

6. Consider now the set RCXXY~ defined by R =
{(x,v)]d(x) = 6(v)}. We have the following theorem.
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THEOREM 4.1.
(1) R contains a unique minimal set, X".
(2) The following diagram is connutative

0~
X —X

¢- ¢

Y——>Y

0

Where 8~ and ¢~ are the projections of X~ onto X and Y~ respectively.
(3) 0 and 6~ are strongly proximal homomorphisms.
(4) ¢~ hasa RIM. |Infact foreach v € Y~ the measure v X §, on
X X Y~ is supportedin X~ and themap A: Y —-M(X"): A, =v X, isa
section for ¢~.

Proof. (1) Let X~ be an arbitrary minimal set in R, we shall
prove that statements (2)-(4) holds for this particular choice of a
minimal set and then it will follow from (4) that X~ is the unique
minimal set in R.

(2) Let x,v)EX™ then (b0 )(x,v))=¢(x) and
Bod)N(x,v))=0(v). Since X" CR,p(x)=0(r)and p°0" =0°¢".

(3) We know already that @ is a strongly proximal
homomorphism. Let { be a measure in #(X~) whose support is
contained in a set of the form (67)'(x) ={(x,v)|v € Y™ and (x,v) € X"}
for some x € X. Then (¢7)"({) is supported in the set {v € Y~ |(x,v) €
X7}, But for (x,v)EX", 0(r)=d¢(x) and thus Supp(¢d™)"({)C
07'(¢(x)).

Now 0 is a strongly proximal extension, hence there exists a net ¢
in T such that lim¢t,(¢$7)" () =86, € M(Y "), for some v EY". Since
{ =8, X(¢d7)"({) it is now clear that for a sub-net ¢, of ¢, lim¢, { is a
point mass on X~. Thus 6~ is also a strongly proximal homomorphism.

(4) The commutative diagram of minimal flows_ in (2), induces a
commutative diagram of affine flows

ey
M(X7) M(X)

() é
MY ™) M(Y).

-
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We recall that Q = ¢o(Y ™) C #M(X) is an M(Y)-irreducible sub-set
of M(X).
Denote by Q™ the affine sub-flow, ((67)")'(Q) of M(X"), then

6((67) Q7N =d(87)"(Q7) = $(Q) = M(Y).

But 6 is a strongly proximal extension, and by Corollary 2.3,
MY ™) is M(Y)-irreducible, hence (¢ )" (Q)=M(Y"). LetveE Y™
be fixed and choose { € Q™ such that (¢™)"({)=6, € M(Y ™). This
implies that { =(67)"({)X8,. Denote (87)"({)=mn and note that
n€Q.

By the commutatwlty of the above diagram qS(V) = 0(v) = 0(6 )=
(62(67)N () = ($°(87)) () = (), but » € Y~ hence $(r) = d(n) =
a point mass on Y.

It now follows from Theorem 2.1. (4) that » and n are proximal
points of Q. Therefore there exists a net t;, in T such that limty =
limtm. Since Y™ is a minimal set and v € Y™, the common limit lies in
Y™ and we can assume that it is actually equal to ». Now

Hmt,g = nmt,('f] X 8,,) =p X 5,, (S Q~g./ﬂ(X~).

Thus for every v € Y~ the product measure » X §, is supported in X,
and it is now clear that the map A: Y™ — M(X ") defined by A, = v X §,
is a section for ¢~. This completes the proof of Theorem 4.1.

Consider now a minimal flow Y and let M be the universal minimal

flow. There exists a homomorphism M -% Y. Using the construction
of Theorem 4.1 (with X = M) we obtain a commutative diagram

M

where Y~ C M(M), 6 is strongly proximal and ¢~ has a RIM. (By the
universality of M,0 7 is 1 —1).
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If Y—>Y isa strongly proximal homomorphism then there
exists a homomorphism 7, such that the diagram

M
oI\
Y~ ¢ Y’
0 ¥
!
Y

is commutative.
A Let Q =co(Y"~ )C/%(M), Q’ = n(Q), then Q' CM(Y') and since
é=yon we have $(Q)=4¢°n(Q)=d(Q)=M(Y). But y is
strongly proximal, hence M (Y’) is M (Y)-irreducible (CorollAary 2.2) and
Q"= M(Y"). In particular (Y)=Y and yo(H|Y)=¢e(H|Y )=
(¢ )" |Y)=80°((¢d7)"|Y"). Now the map A: Y > MM): A, = v
isasectionand (¢™)*"|Y " =A"". Thusforv € Y CM(M), (¢ )" (v)=
8, €EM(Y™) and o(/|Y")=6. This shows that Y~ is a universal
strongly proximal extension of Y.

If Y'-%Y, is another universal strongly proximal extension of Y,
then there exist two homomorphism 7 and ¢ such that the diagram

Y € >y’

is commutative.

Now for y € Y™, ¢((t °n)(y)) =(0 > n)(y) = ¢(y). Hence (c°n)(y)
and y are proximal points. But ¢°7 is an automorphism of the flow
Y, hence this is possible only if (t o) (y) = y i.e. t o = identity. This
shows that Y~ is unique up to an isomorphism.

Incidentally this shows that for every minimal flow Y and a
homomorphism M -% Y, any two (Y )-irreducible affine sub-flows of
M(M) are affinely isomorphic.

In particular when Y is the trivial flow Y~ =II; the universal
minimal strongly proximal flow (see [6]), and every irreducible affine
sub-flow of M (M) is affinely isomorphic to #(Ils).
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The flow Y™ has the property that every homomorphism Z % Y~
where Z is minimal, has a RIM. (Lemma 3.5 (1)).

The observation that any two (YY) irreducible affine sub-flows of
M(M) are isomorphic raises the following question. Given a
homomorphism X %Y of minimal flows, is it true that any two
M(Y)-irreducible  affine  sub-flows of M(X) are affinely
isomorphic? Taking Y to be the trivial flow the question is whether
any two irreducible affine sub-flows of J(X) are necessarifiy
isomorphic. In particular if X is a minimal flow with an invariant
measure is it true that every irreducible affine sub-flow of M (X) is
trivial?

A particular case in which the answer to the above questions is
clearly affirmative, is the case in which there is a unique #(Y)-
irreducible affine sub-flow of #(X). This is the case iff in the
construction of Theorem 4.1 the homomorphism X~ -% Y~ has a unique
RIM.

The following example of a minimal flow X such that #(X)
contains a unique irreducible affine sub-flow (which is an invariant
measure), is due to Professor H. Furstenberg.

Let G be a semi-simple connected Lie group with finite center,
G = KAN an Iwasawa decomposition for G and let M be the central-
izer of A in K. Then H = MAN is a closed amenable sub-group of
G. Theorem 2.6 of [4] states that the action of H on any homogeneous
space of G is uniquely ergodic. Let I’ be a discrete uniform sub-group
of G and let Q C #M(G/T'), be an affine G-invariant irreducible sub-flow
of M(GT). In particular Q is H-invariant, and since H is amenable
the unique H-invariant measure on G/I' lies in Q. Thus Q is
unique. Since G/I carries a unique G-invariant measure, m, it follows
that Q ={m}.

This example can be generalized as follows

ProprosITION 4.2. Let (T,X) be a minimal flow. Suppose there
exists a sub-group S of T which is amenable and such that (S,X) is a
uniquely ergodic flow. Then, #(X) contains a unique T-invariant affine
irreducible sub-flow.

We conclude with the following question which, in fact, is the
reason for our interest in relatively invariant measures.

Generalizing results of H. Furstenberg in [5] and H. Keynes and J.
B. Robertson in [7], R. Peleg proved the following theorem [10,
Theorem 11, where Y is the trivial flow].

THEOREM. Let (X,T) be a minimal metric flow with an invariant
measure. Then X is topologically weakly mixing (i.e. XXX is
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‘topologicaly ergodic), iff the only almost periodic factor of X is the
trivial one.

We state the following conjecture.

CoNJECTURE. Let X% Y be a RIM-extension and suppose X is
metric. Let R be the sub-set of X X X, defined by

R = {(XI,X2)|¢(X1) = b (x,)}.

Then R is topologically ergodic iff the only almost periodic extension of
Y, which is a factor of X, is Y itself.

REFERENCES

1. R. Ellis, Lectures on topological dynamics, Benjamine, New York, 1969.

2. R. Ellis, S. Glasner, L. Slapiro, PI-flows, to appear in the Advances of Mathematics.

3. H. Furstenberg, Strict ergodicity and transformation of the tornus, Amer. J. Math., 83 (1961),
573-601.

4. , Non commuting random products, Trans. Amer. Math. Soc., 108 (1968), 377-428.
5. , The structure of distal flows, Amer. J. Math. 85 (1963), 477-515.

6. S. Glasner, Compressibility properties in topological dynamics, to appear in the Amer. J. Math.
7. H. B. Keyner and J. B. Robertson, Eigenvalue theorems in topological transformation groups,
Trans. Amer. Math. Soc., 139 (1969), 359-369.

8. A. W. Knapp, Distal functions on groups, Trans. Amer. Math. Soc., 139 (1969), 359-369.

9. I. Namioka, Right topological groups, distal flows, and a fixed point theorem, Math. System
Theory, 6 (1972), 193-209.

10. R. Peleg, Weak disjointness of transformation groups, Proc. Amer. Math. Soc., 33 (1972),
165-170.

11. R. R. Phelps, Lectures on Choquet’s theorem, Van-Nostrand, Princeton (1966).

12. W. A. Veech, Point-distal flows, Amer. J. Math., 92 (1970), 205-242.

Received February 5, 1974. Supported in part by NSF grant GP-32306X-1.

UNIVERSITY OF MARYLAND

Current address: Tel-Aviv University,

Tel Aviv, Israel



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
RICHARD ARENs (Managing Editor) J. DUGUNDII
University of California Department of Mathematics
Los Angeles, California 90024 University of Southern California
Los Angeles, California 90007
R. A. BEAUMONT D. GILBARG AND J. MILGRAM
University of Washington Stanford University
Seattle, Washington 98105 Stanford, California 94305

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WoLr K. YosHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERN CALIFORNIA
CALIFORNIA INSTITUTE OF TECHNOLOGY  STANFORD UNIVERSITY

UNIVERSITY OF CALIFORNIA UNIVERSITY OF TOKYO

MONTANA STATE UNIVERSITY UNIVERSITY OF UTAH

UNIVERSITY OF NEVADA WASHINGTON STATE UNIVERSITY

NEW MEXICO STATE UNIVERSITY UNIVERSITY OF WASHINGTON

OREGON STATE UNIVERSITY
UNIVERSITY OF OREGON
OSAKA UNIVERSITY AMERICAN MATHEMATICAL SOCIETY

The Supporting Institutions listed above contribute to the cost of publication of this Journal, but
they are not owners or publishers and have no responsibility for its contents or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in typed
form or offset-reproduced (not dittoed), double spaced with large margins. Underline Greek letters in red,
German in green, and script in blue. The first paragraph or two must be capable of being used separately
as a synopsis of the entire paper. Items of the bibliography should not be cited there unless absolutely neces-
sary, in which case they must be identified by author and Journal, rather than by item number. Manuscripts,
in duplicate, may be sent to any one of the four editors. Please classify according to the scheme
of Math. Reviews, Index to Vol. 39. All other communications should be addressed to the managing
editor, or Elaine Barth, University of California, Los Angeles, California, 90024.

100 reprints are provided free for each article, only if page charges have been substantially paid.
Additional copies may be obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular subscription rate:
$72.00 a year (6 Vols., 12 issues). Special rate: $36.00 a year to individual members of supporting
institutions.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific Journal of
Mathematics, 103 Highland Boulevard, Berkeley, California, 94708.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Printed at Jerusalem Academic Press, POB 2390, Jerusalem, Israel.

Copyright © 1975 Pacific Journal of Mathematics
All Rights Reserved



Pacific Journal of Mathematics

Vol. 58, No. 2 April, 1975

Zvi Artstein and John Allen Burns, Integration of compact set-valued functions. .............. 297
Mark Benard, Characters and Schur indices of the unitary reflection group [3211° ............ 309
Simeon M. Berman, A new characterization of characteristic functions of absolutely continuous

AISITDULIONS . . ..o 323
Monte Boisen and Philip B. Sheldon, Pre-Priifer rings .......... ... ... .o 331
Hans-Heinrich Brungs, Three questions on duo rings............... ... 345
Iracema M. Bund, Birnbaum-Orlicz spaces of functions on groups........................... 351
John D. Elwin and Donald R. Short, Branched immersions between 2-manifolds of higher

1OPOLOGICAL IYPE . . oo e 361
Eric Friedlander, Extension functions for rank 2, torsion free abelian groups ................. 371
Jon Froemke and Robert Willis Quackenbush, The spectrum of an equational class of

GEOUPOUAS . . . oo oottt e e e e e 381
Barry J. Gardner, Radicals of supplementary semilattice sums of associative rings ............ 387
Shmuel Glasner, Relatively invariant Measures . ............ ..o e enenenaennnennns 393
George Rudolph Gordh, Jr. and Sibe Mardesic, Characterizing local connectedness in inverse

LIMEES « oo 411
Siegfried Graf, On the existence of strong liftings in second countable topological spaces. . . . .. 419
Stanley P. Gudder and D. Strawther, Orthogonally additive and orthogonally increasing

JUNCLIONS ON VECTOT SPACES « .« o v v o e et e et et e e et et e e et e et et et e eie s 427
Darald Joe Hartfiel and Carlton James Maxson, A characterization of the maximal monoids and

MAximal GroUPS TN BX - ..« oot e e 437

Robert E. Hartwig and S. Brent Morris, The universal flip matrix and the generalized
faro-shuffle .. ... .. e
William Emery Haver, Mappings between ANRs that are fine homotop

J. Bockett Hunter, Moment sequences in 1P ..........................
Barbara Jeffcott and William Thomas Spears, Semimodularity in the co
Jerry Alan Johnson, A note on Banach spaces of Lipschitz functions . . . |
David W. Jonah and Bertram Manuel Schreiber, Transitive affine transfi

GUOUDS . oo vttt e e
Karsten Juul, Some three-point subset properties connected with Menge

boundaries of plane convex sets ................c.cciiiiiiiiiii.,
Ronald Brian Kirk, The Haar integral via non-standard analysis . . . . ..
Justin Thomas Lloyd and William Smiley, On the group of permutation

SUPDOTT « o vttt e e e e e e e
Erwin Lutwak, Dual mixed volumes . .............c.c.cccuuiiieiieinn..
Mark Mahowald, The index of a tangent 2-field . .....................
Keith Miller, Logarithmic convexity results for holomorphic semigroups
Paul Milnes, Extension of continuous functions on topological semigrou,
Kenneth Clayton Pietz, Cauchy transforms and characteristic functions
James Ted Rogers Jr., Whitney continua in the hyperspace C(X) .......
Jean-Marie G. Rolin, The inverse of a continuous additive functional . .
William Henry Ruckle, Absolutely divergent series and isomorphism of
Rolf Schneider, A measure of convexity for compact sets ..............
Alan Henry Schoenfeld, Continous measure-preserving maps onto Pea
V. Merriline Smith, Strongly superficial elements ....................|
Roger P. Ware, A note on quadratic forms over Pythagorean fields. . . ..
Roger Allen Wiegand and Sylvia Wiegand, Finitely generated modules
Martin Ziegler, A counterexample in the theory of definable automorphi


http://dx.doi.org/10.2140/pjm.1975.58.297
http://dx.doi.org/10.2140/pjm.1975.58.309
http://dx.doi.org/10.2140/pjm.1975.58.323
http://dx.doi.org/10.2140/pjm.1975.58.323
http://dx.doi.org/10.2140/pjm.1975.58.331
http://dx.doi.org/10.2140/pjm.1975.58.345
http://dx.doi.org/10.2140/pjm.1975.58.351
http://dx.doi.org/10.2140/pjm.1975.58.361
http://dx.doi.org/10.2140/pjm.1975.58.361
http://dx.doi.org/10.2140/pjm.1975.58.371
http://dx.doi.org/10.2140/pjm.1975.58.381
http://dx.doi.org/10.2140/pjm.1975.58.381
http://dx.doi.org/10.2140/pjm.1975.58.387
http://dx.doi.org/10.2140/pjm.1975.58.411
http://dx.doi.org/10.2140/pjm.1975.58.411
http://dx.doi.org/10.2140/pjm.1975.58.419
http://dx.doi.org/10.2140/pjm.1975.58.427
http://dx.doi.org/10.2140/pjm.1975.58.427
http://dx.doi.org/10.2140/pjm.1975.58.437
http://dx.doi.org/10.2140/pjm.1975.58.437
http://dx.doi.org/10.2140/pjm.1975.58.445
http://dx.doi.org/10.2140/pjm.1975.58.445
http://dx.doi.org/10.2140/pjm.1975.58.457
http://dx.doi.org/10.2140/pjm.1975.58.463
http://dx.doi.org/10.2140/pjm.1975.58.467
http://dx.doi.org/10.2140/pjm.1975.58.475
http://dx.doi.org/10.2140/pjm.1975.58.483
http://dx.doi.org/10.2140/pjm.1975.58.483
http://dx.doi.org/10.2140/pjm.1975.58.511
http://dx.doi.org/10.2140/pjm.1975.58.511
http://dx.doi.org/10.2140/pjm.1975.58.517
http://dx.doi.org/10.2140/pjm.1975.58.529
http://dx.doi.org/10.2140/pjm.1975.58.529
http://dx.doi.org/10.2140/pjm.1975.58.531
http://dx.doi.org/10.2140/pjm.1975.58.539
http://dx.doi.org/10.2140/pjm.1975.58.549
http://dx.doi.org/10.2140/pjm.1975.58.553
http://dx.doi.org/10.2140/pjm.1975.58.563
http://dx.doi.org/10.2140/pjm.1975.58.569
http://dx.doi.org/10.2140/pjm.1975.58.585
http://dx.doi.org/10.2140/pjm.1975.58.605
http://dx.doi.org/10.2140/pjm.1975.58.617
http://dx.doi.org/10.2140/pjm.1975.58.627
http://dx.doi.org/10.2140/pjm.1975.58.643
http://dx.doi.org/10.2140/pjm.1975.58.651
http://dx.doi.org/10.2140/pjm.1975.58.655
http://dx.doi.org/10.2140/pjm.1975.58.665

	
	
	

