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NORMS OF RANDOM MATRICES

G. BENNETT, V. GoopMAN!, AND C. M. NEWMAN?

Under rather general conditions on the matrix entries,
we obtain estimates for the probability distribution of the
norm of a random matrix transformation from #? to £?
2 < g < ). Asymptotically, the expected norm is remark-
ably small and this enables us to produce an interesting
class of bounded linear operators from -2 to 7% As an
application, we complete the characterization of (p,q)-
absolutely summing operators on Hilbert space, thereby
answering a question left open by several previous authors.

1. Introduction. Many questions in the theory of /” spaces
require, for their solution, the existence of finite matrices with +1
entries whose norms satisfy prescribed conditions. In several cases
the required matrices have been given explicitly: the simplest examples
stem from the orthogonality of the Walsh functions (see, for example,
[10] where non-complemented subspaces of #® are constructed) or
from the Rademacher functions via Khintchine’s inequality (see, for
example, [6] where the p-absolutely summing operators on Hilbert
space are characterized). In many problems, however, the construc-
tion of suitable matrices leads to formidable combinatorial difficulties.
We consider in this paper one such problem for which no constructive
method is available. The appropriate matrix is obtained here pro-

babilistically by showing that “most” matrices satisfy the prescribed
norm inequalities.

Specifically, the problem we consider is that of characterizing
the ideal, II,. of (p, ¢)-absolutely summing operators on Hilbert
space. Recall that a bounded linear operator 7T on ~*is (p, q)-absolutely
summing L =g = p =< o) if (|| Tx,|)g-.€ 77 whenever (z,);-, is a
sequence of elements of ~* with the property that ({«,, ¥))3-,€ 7’ for
each y€ s?. This problem has received a good deal of attention in
recent years and the known results are described below. We denote
by &,(1 £ r < ) the Schatten r-class of all compact linear operators
T on <% for which >3, [N, < o where {\,}5-, are the eigenvalues
of (T*T)', counted according to multiplicities (and arranged in order
of decreasing modulus); for convenience the class of all bounded linear
operators on ~* is denoted by &..

We then have:

(a) ifp=q< OO)HP,G = &y
(b) if p=co or (1/q) — (/D) = 1/2, I, = &,;
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() if (I/9) — (/p) <1/2 and ¢ =<2, 1I,,=6, with
1/r = (1/p) — (1/9) + (1/2);
d f2<qg<Pp< o0,y S, 6,

(a) is due to Petczynski [6]; (b) to Kwapien [4]; (c) and the first part
of (d) to Mitiagin [4]; and the second part of (d) to Pietsch-Triebel
[8]. Special cases were discovered earlier by Grothendieck ((a) for
» = 1) [3]; Pietsch ((a) for 1 < » < 2) [7]; and Orlicz ((b) for p = 2,
g =1) [5].

The only outstanding case is thus 2 < ¢ < p < . This case is
more subtle than the others in that a new ideal, &,,, generated by
the Lorentz sequence space <"* is involved. &, ,(1 <7, s < ) is the
set of all compact linear operators T on #2 for which 3.2_, "7\, |° <
oo where the \,’s are defined as above. In [1], it is shown that

(e if 2<q<p< oo,y S I, with equality
when q 138 an even integer; '

we here remove the restriction that ¢ be an even integer, thereby
completing the description of I7,,. This is done in Section 3 of the
paper by using the following result whose proof is given in Section 2.

THEOREM 1. Let A = (a;;) be an m X n matric whose entries
are independent, mean-zero random variables with |a;;| < 1 for all
1, J. For 2<q < o, there is a constant K, depending only on q,
such that

E(”A”z,q) < K max (m'?, n'?)

where || All,, denotes the operator norm of A:4i— 4.

It should be noted that the estimate of Theorem 1 is best possible
(up to the choice of K) in the sense that every m X n matrix 4’ =
(ai;) with aj; = +1 has || 4’|, = max (m'/?, n'?).

2. Random matrices. Theorem 1 is proved below using the
following lemmas. Our techniques were suggested by methods used
in deriving limit theorems for large deviations of sums of random
variables ([2] and [9]). We begin with a standard result whose
proof is included for completeness.

LEMMA 1. Let (X;)}-, be tndependent, mean-zero random varia-
bles with | X;| =<1 for all j; then for any N >0 and real b, ---,b,,

P(jz; b,-X,-E > x) < 2exp(—v/4 2; b§.> .
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Proof. Using the elementary inequality, exp () — z < exp (¢,
it follows that for all real g,

Efexp (2X,)] = Elexp (#X;) — pX;] < Elexp (12X)] < exp (#) .
The independence of (X;)7—, thus yields

r " b .]< 23 P
B| exp (yg bJX,> < exp <p gb) .
Applying Chebyshev’s inequality, we obtain, for ¢ >0,
P(Sb,X,20) < B VAN
(Jg = )_exp(#gl, #)
Taking ¢ = N2 >\7., b: gives the desired result.

The next lemma is really the technical key to our results (at
least for g # 2).

LeMMA 2. For each q = 2, there is a cownstant C, depending
only on q, so that if (X;);-, satisfy the hypotheses of Lemma 1,

B exp (1 50,2, )| = 1+ cu (S 15)"
for 0 < gt = (30769778,

Proof. Without loss of generality we may take >, b = 1.

slen (01 )] = | exvtnnr([ 5] )

=1+ g:qﬂx"‘l exp (/JV)P( : ;

via integration by parts. Since | >7., b;X;| £ (31, b2)*n'?, we have
P32, 0,X;] > n'?)=0. We apply the estimate from Lemma 1 to

[eXp( )]

nl/2
<1+ 2p S AT exp (A7 — M)A

<1+ 2qy§°°>u'-1 exp (—\8)dn
0
since 0 =< ¢ < »'7%/8. This gives the desired result with

C = 2¢ S:v—l exp (—\Y8)dy = 8% I"(q/2) .
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We now assume that ¢ = 2 is fixed and that {a,;} are independent
random variables satisfying the hypotheses of Lemma 1. Given real
x; we obtain estimates (independent of {z;}) on the probability dis-
tribution for the random variable

n a2
(Z)
i=1

LEMMA 3. For any real N and positive integers m, n,

73 Hen

3

P(Y = Cm + 8\n"?) < exp(—\n),

where C 1s the constant appearing in Lemma 2.

Proof. For real p, we set K(p) =log Elexp(#Y)] so that
Elexp (1Y — K(p))] = 1. It follows from Chebyshev’s inequality that
for any real v,

P(pY = K(¢1) + v) = exp (=) .

On the other hand, we have from Lemma 2 that for 0 < ¢t < »n'~7/%/8,

fesatm] = e (oS00 )]

= 11 (1 + Cp) = exp (mCp) ,

where b; = x;/(3%., #3)'* so that K(y¢) < mCp. Setting vy = and
p = n'""?/8, we obtain the desired result.

We now consider the random m X n matrix A with entries a,;
and denote the norm of A:/2— 4 by

. )’ — sup (| Az]l,) .

llzljg=1

LEMMA 4. There exist constants ¢, ¢, (depending at most on q)
such that for all » > 0,

P(|[ Allyye = e(m + M) = exp (= (N — ¢)n) .

Proof. Let 0 < e <1 be fixed; by an e-net for the unit sphere
= {z:||z], = 1} in R", we mean a finite subset, N, of S satisfying

supminl|jz —yl. < €.

zeS yenN

Any matrix A effectively attains its norm on such a set N: more
precisely, we have
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| Al = sup || Az ||, < max || Ay ||, + sup min || A(z — ¥)ll. ,
ze S8 YEN zeS YeN

so that

14l = 5 L

max || Ay|l, .
ol YyenN
For such an N, we have, putting ¢, = (max (C, 8))?/(1 — ¢),
P(|| Alls,e = ex(m + An?) 1)
< P(max|| dy|l, = (Om + By
ye
= 3, exp(—wn) = | N|exp (—n)
ye

by Lemma 3, where |N| denotes the number of elements in N.
Moreover, using elementary geometrical arguments, it is straight-

forward to show that N may be chosen with |N| =< exp(c,n) with
¢, a constant depending only on ¢; this completes the proof.

We can now proceed to prove Theorem 1.

Proof of Theorem 1. We let p, = ¢!(m + ¢,n"?); then by Jensen’s
inequality,

(BLI AllD* < BI(] Allo)T
= [ P Al = r1ap

<+ [ PlIAlZ g

=+ | exp{—w = (—m + pep) + enldp
#
= c{(m + c;n'* + n >,

from which the desired result immediately follows.
Before concluding this section we apply Lemma 4 in a somewhat
different manner to obtain the following result.

THEOREM 2. For 2 < q < o, there is a constant K’, depending
only on q, so that if (for each m,n=1,2,...) A4, , is an m X n
random matric satisfying the hypotheses of Theorem 1, them with
probability omne,

lim sup || 4., ][,/ max (m'?, n'?) < K’ .
max(m,n)—+oo

Proof. Using the estimate of Lemma 4 with » = ¢, + max (1,
m/n'*) gives
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P(|| Ay nllo.o/max (m'?, n'*) = K') < exp (—max (n, mn'~"?)
with K’ = ¢,(2 + ¢,)'". By the Borel-Cantelli lemma,
P(|| A, ,|ls,¢/max (m"?, n'®) = K’ for infinitely many m, n) =0

if >ina P(|Allso/max (m'?, n'®) = K') < . Hence it suffices to show
that

i_ exp (—max (n, mn'~"%)) < « ,

m 1

which is easily verified.

REMARK. Defining for an m X » matrix A4,

Lz,q(A) = inf ”Ax”'l ’
llzllg=1
we have of course that 0 < L,,(4) < ||4]l,, with L;(A4) =0 for
m < n. Estimates similar to those obtained above can be used to
derive asymptotic lower bounds for L,,(A4) (at least with m much
larger than »). It can be shown, for example, that if inf, ; E[(a;;)*]>0,
then for 2 < ¢ < « and any 6 > 0, there exists a constant d > 0 so
that with probability one,

lim inf L, o(4,..)/m"* = d .

—00
mzind/2

3. Absolutely summing operators. In this section we complete
the description of the (p, ¢)-absolutely summing operators on Hilbert
space, thereby answering a question left open in [4], [8] and [1].

THEOREM 3. If 2< q < p < oo, then I, = Suiq,0-

Proof. The inclusion 17,, 2 &,,,,, has already been established
in Theorem I of [1]. For the converse, we apply Theorem 1 (or
Lemma 4 or Theorem 2), choosing the matrix entries (a,;) indepen-
dently with P(a;; = +1) = P(a;; = —1) = 1/2. It follows that there
exists, for each positive integer =, at least one matrix of order
[#'?] X » with all &1 entries satisfying || 4], < Kn'?, where K is
a constant depending only on ¢q. This generalizes Proposition 2 of
[1], and the argument used to prove Theorem II of that paper shows
that ”p,q o 2p[q,p

Added in proof. For further applications of these results the
reader should consult the forthcoming paper “On uncomplemented
subspaces L?, 1 < p < 2, being prepared jointly with L. E. Dor and
W. B. Johnson.
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For extensions to matrix transformations of ~* into /? 1 =< p,
g £ o, consult “Hadamard multipliers,” being prepared by G. Bennett.

REFERENCES

1. G. Bennett, Some ideals of operators on Hilbert space, to appear in Studia Math.
2, S. N. Bernstein, The Theory of Probability, Gostekhizdat, 1946.

8. A. Grothendieck, Résumé de la théorie métrique des produits tensoriels topologi-
ques, Boletin Soc. Mat. Sao Paulo 8 (1956), 1-79.

4. S. Kwapien, Some remarks on (p, q)-absolutely summing operators in ¢, spaces,
Studia Math. 29 (1968), 327-337.

5. W. Orlicz, Uber unbedingte Konvergenz in Funktionenriumen, II. Studia Math.
4 (1933), 41-47.

6. A. Peftczynski, A characterization of Hilbert-Schmidt operators, Studiac Math. 28
(1967), 355-360.

7. A. Pietsch, Absolut p-summierende Abiildungen in normierten Riumen, Studia Math.
28 (1967), 333-353.

8. A. Pietsch und H. Triebel, Interpolationstheorie fiir Banachideale von beschrénkten
linearen Operatoren, Studic Math. 31 (1968), 95-109.

9. W. Richter, Refinement of an inequality of S. N. Bernstein, Vestnik Leningrad
Univ. 1 (1959), 24-29.

10. A. Sobezyk, Projections in Minkowski and Banach spaces, Duke Math. J. 8 (1941),
78-106.

Received February 20, 1975. The second author was supported in part by NSF grant
MPS-73-08715, and the third author was supported in part by NSF grant MPS-74-04870.

INDIANA UNIVERSITY






PACIFIC JOURNAL OF MATHEMATICS

EDITORS
RICHARD ARENS (Managing Editor) J. DUGUNDJI
University of California Department of Mathematics
Los Angeles, California 90024 University of Southern California
Los Angeles, California 90007
R. A. BEAUMONT D. GILBARG AND J. MILGRAM
University of Washington Stanford University
Seattle, Washington 98105 Stanford, California 94305
ASSOCIATE EDITORS
E. F. BECKENBACH B. H. NEUMANN F. WoLF K. YosHIDA
SUPPORTING INSTITUTIONS
UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERN CALIFORNIA
CALIFORNIA INSTITUTE OF TECHNOLOGY STANFORD UNIVERSITY
UNIVERSITY OF CALIFORNIA UNIVERSITY OF TOKYO
MONTANA STATE UNIVERSITY UNIVERSITY OF UTAH
UNIVERSITY OF NEVADA WASHINGTON STATE UNIVERSITY
NEW MEXICO STATE UNIVERSITY UNIVERSITY OF WASHINGTON
OREGON STATE UNIVERSITY * * *
UNIVERSITY OF OREGON AMERICAN MATHEMATICAL SOCIETY

OSAKA UNIVERSITY

The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Under-
line Greek letters in red, German in green, and script in blue. The first paragraph or two must
be capable of being used separately as a synopsis of the entire paper. Items of the bibliography
should not be cited there unless absolutely necessary, in which case they must be identified by
author and Journal, rather than by item number. Manuscripts, in triplicate, may be sent to any
one of the editors. Please classify according to the scheme of Math. Reviews, Index to Vol. 39.
All other communications should be addressed to the managing editor, or Elaine Barth, University
of California, Los Angeles, California, 90024.

The Pacific Journal of Mathematics expects the author’s institution to pay page charges,
and reserves the right to delay publication for nonpayment of charges in case of financial
emergency.

100 reprints are provided free for each article, only if page charges have been substantially
;paid. Additional copies may be obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular sub-
scription rate: $72.00 a year (6 Vols., 12 issues). Special rate: $36.00 a year to individual
members of supporting institutions.

Subseriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley, California, 94708.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.),
8-8, 3-chome, Takadanobaba, Shinjuku-ku, Tokyo 160, Japan.

Copyright © 1975 by Pacific Journal of Mathematics
Manufactured and first issued in Japan



Pacific Journal of Mathematics

Vol. 59, No. 2 June, 1975

Aharon Atzmon, A moment problem for positive measures on the unitdisc ... ...... 317
Peter W. Bates and Grant Bernard Gustafson, Green’s function inequalities for

two-point boundary value problems. ... ... ... .. ... ... .. i i, 327
Howard Edwin Bell, Infinite subrings of infinite rings and near-rings.............. 345
Grahame Bennett, Victor Wayne Goodman and Charles Michael Newman, Norms of

FANAOM IALFICES . . . . oo\ o oot e e et et e e e e ettt 359
Beverly L. Brechner, Almost periodic homeomorphisms of E* are periodic. ... ..... 367
Beverly L. Brechner and R. Daniel Mauldin, Homeomorphisms of the plane. . ...... 375
Jia-Arng Chao, Lusin area functions on local fields . ............................. 383
Frank Rimi DeMeyer, The Brauer group of polynomial rings ..................... 391
M. V. Deshpande, Collectively compact sets and the ergodic theory of

SCMUI-GEOUDS « « « « v e e e e et et e e e e et e e et e e e ettt e 399
Raymond Frank Dickman and Jack Ray Porter, 0-closed subsets of Hausdorff

SPUCES et e et e e et e e e e 407
Charles P. Downey, Classification of singular integrals over a local field . . ... ...... 417
Daniel Reuven Farkas, Miscellany on Bieberbach group algebras ................. 427
Peter A. Fowler, Infimum and domination principles in vector lattices ............. 437

Barry J. Gardner, Some aspects of T -nilpotence. II: Lifting properties over
T-nilpotent ideals .......... ... ..o e 445
Gary Fred Gruenhage and Phillip Lee Zenor, Metrization of spa }
large basis dimension .................cccoiiiiiiiin...

J. L. Hickman, Reducing series of ordinals...................
Hugh M. Hilden, Generators for two groups related to the brai
Tom (Roy Thomas Jr.) Jacob, Some matrix transformations on
SPACES . oo vttt e
Elyahu Katz, Free products in the category of ky,-groups . . . ...
Tsang Hai Kuo, On conjugate Banach spaces with the Radon-Ni
Norman Eugene Liden, K -spaces, their antispaces and related
Clinton M. Petty, Radon partitions in real linear spaces. . .....
Alan Saleski, A conditional entropy for the space of pseudo-Me
Michael Singer, Elementary solutions of differential equations .
Eugene Spiegel and Allan Trojan, On semi-simple group algebr
Charles Madison Stanton, Bounded analytic functions on a clas.
SUTTACES oo v v ettt et e
Sherman K. Stein, Transversals of Latin squares and their gene
Ivan Ernest Stux, Distribution of squarefree integers in non-line
Lowell G. Sweet, On homogeneous algebras . ................
Lowell G. Sweet, On doubly homogeneous algebras . .. .......
Florian Vasilescu, The closed range modulus of operators . . . ..
Arthur Anthony Yanushka, A characterization of the symplectic
as rank 3 permutation groups . .........c.oeeeeuuuueeennn.
James Juei-Chin Yeh, Inversion of conditional Wiener integrals


http://dx.doi.org/10.2140/pjm.1975.59.317
http://dx.doi.org/10.2140/pjm.1975.59.327
http://dx.doi.org/10.2140/pjm.1975.59.327
http://dx.doi.org/10.2140/pjm.1975.59.345
http://dx.doi.org/10.2140/pjm.1975.59.367
http://dx.doi.org/10.2140/pjm.1975.59.375
http://dx.doi.org/10.2140/pjm.1975.59.383
http://dx.doi.org/10.2140/pjm.1975.59.391
http://dx.doi.org/10.2140/pjm.1975.59.399
http://dx.doi.org/10.2140/pjm.1975.59.399
http://dx.doi.org/10.2140/pjm.1975.59.407
http://dx.doi.org/10.2140/pjm.1975.59.407
http://dx.doi.org/10.2140/pjm.1975.59.417
http://dx.doi.org/10.2140/pjm.1975.59.427
http://dx.doi.org/10.2140/pjm.1975.59.437
http://dx.doi.org/10.2140/pjm.1975.59.445
http://dx.doi.org/10.2140/pjm.1975.59.445
http://dx.doi.org/10.2140/pjm.1975.59.455
http://dx.doi.org/10.2140/pjm.1975.59.455
http://dx.doi.org/10.2140/pjm.1975.59.461
http://dx.doi.org/10.2140/pjm.1975.59.475
http://dx.doi.org/10.2140/pjm.1975.59.487
http://dx.doi.org/10.2140/pjm.1975.59.487
http://dx.doi.org/10.2140/pjm.1975.59.493
http://dx.doi.org/10.2140/pjm.1975.59.497
http://dx.doi.org/10.2140/pjm.1975.59.505
http://dx.doi.org/10.2140/pjm.1975.59.515
http://dx.doi.org/10.2140/pjm.1975.59.525
http://dx.doi.org/10.2140/pjm.1975.59.535
http://dx.doi.org/10.2140/pjm.1975.59.549
http://dx.doi.org/10.2140/pjm.1975.59.557
http://dx.doi.org/10.2140/pjm.1975.59.557
http://dx.doi.org/10.2140/pjm.1975.59.567
http://dx.doi.org/10.2140/pjm.1975.59.577
http://dx.doi.org/10.2140/pjm.1975.59.585
http://dx.doi.org/10.2140/pjm.1975.59.595
http://dx.doi.org/10.2140/pjm.1975.59.599
http://dx.doi.org/10.2140/pjm.1975.59.611
http://dx.doi.org/10.2140/pjm.1975.59.611
http://dx.doi.org/10.2140/pjm.1975.59.623

	
	
	

