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Given two Wiener measurable functionals X and Y on the
Wiener space C[0,t], of which the latter is Wiener integrable,
the conditional Wiener integral of Y given X is defined as
the conditional expectation E*(Y | X) given as a function on
the value space of X. Several Fourier inversion formulae
for retrieving the conditional Wiener integral E»(Y | X) in
which X[z] = 2(t) for 2eC[0,t] are derived. Examples of
evaluation of E%(Y|X) are given. It is shown that the
Kac-Feynman formula can be derived by applying an in-
version formula to E“(Y | X) where

Yio] = exp {— S:V[x(s)]ds} .

1. Introduction. We have recently derived an inversion formula
for conditional expectations. (See [4].) In the present paper we
report on some inversion formulae for conditional Wiener integrals.
Here the probability space is the Wiener measure space on the Wiener
space C[0, t] of the real valued continuous functions 2 on [0, ] with
2(0) = 0 for fixed te (0, ). By a conditional Wiener integral we
mean the conditional expectation E*(Y|X) of a real or complex valued
Wiener integrable functional Y conditioned by a Wiener measurable
functional X on C[0, ¢t] which is given as a function on the value space
of X. We shall be concerned exclusively with X given by X[z] =
x(t) for ze C[0,t]. Thus E*(Y|X) will be a real or complex valued
function on R'. A precise definition of conditional Wiener integral
as well as a brief discussion of the Wiener measure space are given
in §2. Three inversion formulae for conditional Wiener integrals are
proved in §3: a (C.1) summability type inversion formula (Theorem
1), a Lévy type inversion formula (Theorem 2) and an inversion for-
mula under the assumption of the Lebseque integrability of E*[¢**XY],
# € R' (Theorem 3). Examples of evaluation of conditional Wiener
integrals are given in §4. Below we relate conditional Wiener integrals
to the Kac-Feynman formula.

Consider the Wiener integrable functional
exp {—StV[x(s)]ds} for =€ C[0, t]
]

where V' is a nonnegative continuous function on R'. Under the
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additional condition that V is bounded, M. Kac [2], showed that a
real valued function U on R' X (0, ) defined by

UGt = S (-DPUGE D for (G 0)eR x (0, )

where the sequence {U,, k= 0,1, 2, ---} is defined inductively by

Uit 0 = = [ {|” —F—=exn{ -1 L=Dv s, s)injds
for k=0,1,2, ---

satisfies the integral equation

(1.1)

1/*" p{ it}” 1/157?5

x{glml_——; exp{ ; Gil/) ’7) }V(:y)U(r;, s)dv}ds

for (&, t)e R' x (0, ) and the boundary condition
b t
(1.2) g UG, t)de = E"’[exp {—-g V[x(s)]ds}; a < wlt) < b]
for any (a, b))c R'. The boundedness condition on V was then removed

by the method of truncation. The integral equation (1.1) implies
that U satisfies the differential equation

(1.3) oU 1 0°U

e Ve)U for (& t)e R x (0, )

and the boundary condition (1.2) implies that U satisfies the initial
condition

(1.4) lim S U, t)de =1 for every &>0.

This result is summarized by the Kac-Feynman formula

(L.5) UG, t) = E"’I:exp {— S’V[x(s)ds}a(x(t) - 5)]
0

for the solution U of the differential system (1.3) and (1.4). Now
let X, and Y, be two real valued functionals on C[0, ¢{] defined by

Xzl = x(t) and Y,[x] = exp {— S:V[x(s)]ds} for zeC]0, t] .
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The fact that the function U satisfies (1.2) indicates that it is related
to the conditional Wiener integral E*(Y,|X,). Let us define a real
valued function U on R! x (0, ) by

(1.6) UG 1) = BV X)O)—s=exp { -5 ]
for (§,t)e R* x (0, =) .

In §5 we show that by applying Theorem 1 to an appropriately
chosen version of E*(Y,|X,) we obtain the integral equation (1.1) for
the function U defined by (1.6). The fact our function U satisfies
(1.2) is obvious. This gives an alternate way of deriving the Kac-
Feynman formula.*

2. Conditional Wiener integral. For a fixed ¢ € (0, ) consider
the Wiener measure space (C[0, t], W*, m,) where T is the algebra
of subsets W of C[0, t] of the type

2.1) W = {ze C[0, t]; [#(s), - -+, #(s.)] € B}

where % is an arbitrary positive integer, 0 = s, < s, < --- <8, = ¢,
and B is an arbitrary member of the c-algebra B" of the Borel sets
in the n-dimensional Euclidean space R*; m, is a probability measure
on the algebra 2B defined for W as in (2.1) by

" —1/2
mu(W) = {@n)* [T (55 — 5,0}

(2.2) - ]
S exp {_l E (5 — &0 }mL(dE)
B 2= 8; — 85,
where & = (&, +--, &) R, & = 0 and m, is the Lebesque measure on
(R, B"); W* is the g-algebra of Carathéodory measurable subsets of
C[0, t] with respect to the outer measure derived from the probability
measure m, on the algebra W which in particular contains the o-
algebra o(TW) generated by B.

A real valued functional F' on C[0, ] is said to be Wiener meas-
urable if it is TW*-measurable, i.e. if it is a measurable transformation
of (C[0, t], W*) into (R, B'). For a Wiener measurable functional ¥
we write

E'[F] for SCMF[x]m,,,(dx)

1 The idea of deriving the Kac-Feynman formula by inversion goes back to M. D.
Donsker. I wish to thank Professor Donsker for the conversations we had on this
approach.
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whenever the integral, i.e. the Wiener integral, exists. We say that
F' is Wiener integrable or m,-integrable when the Wiener integral
of F exists and is finite. The Wiener measurability and Wiener
integrability of a complex valued functional on CJ0, ¢] are defined in
terms of its real and imaginary parts. An immediate consequence
of the definition of the Wiener measure is that if F is a real or
complex valued functional on C[0, ] of the type

(2.3) Flz] = fla(sy), « -+, o(s,)] for x e C[0, t}
where 7 is a real of complex valued Baire function on R and 0 <
8, < +++ <8, <t then F is Wiener measurable and

@4 E“[F) = {@a) [1 (55 — 5,0}

( ¥ §J 1) lm (dg)

P8 T 85

Ms

SR%f(éf) exp { %

Il

J

in the sense that the existence of one side implies that of the other
as well as the equality of the two.

In connection with the Wiener measure space let us remark that
a real valued function X on [0, ¢] x C][0, t] defined by

X(s, z) = z(s) for (s, )]0, t] x Clo, ]

is a Brownian motion process on the probability space (C[0, ¢], T&*,
m,) and the domain [0, ¢t] in which the space of sample functions
X(-, z), x€ C[0, t], coincides with the sample space C[0, {] and thus
every sample function is continuous. This last property implies in
particular that the process is a measurable process. We shall refer
to this realization of the Brownian motion process as the Wiener
process on the domain [0, ¢].

DEFINITION. Let X and Z be real valued Wiener measurable
functionals on the Wiener measure space (CJ0, t], T*, m,) and let Z
be Wiener integrable on C[0, t]. Let Py be the probability distribution
of X, i.e. the probability measure on (R! B') determined by X by
the definition

P(B) = m, (X (B)) for Be®B .

The conditional Wiener integral of Z given X, written E*(Z|X), is
by definition the equivalence class of B-measurable and Py-integrable
functions + on R' modulo null functions on (R, B', Py) such that
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|, Zlolma(ds) = | y(@Pxde)  for Bew.

By the Radon-Nikodym theorem such a function + exists and
is determined up to a null function on (R', %B', Py). We shall also
use E*(Z|X) to mean a particular version, i.e. a particular represen-
tative of the equivalence class. Thus

(2.5) SX_I(B)Z[x]mw(dx) - SBEW(ZIX)(E)PX(dE) for Be®'.

3. Inversion formulae of conditional Wiener integrals.

LEMMA 1. Let X and Z be measurable transformations of (C[0,
t], W*) into (R, B") with E*[|Z]|] < . Let g be a measurable trans-
formation of (R, BY) into itself. Then

B*l(g-X)7] = | g@E*(Z X)@Px(d9)

i1 the sense that the existemce of one side implies that of the other
as well as the equality of the two.

Proof. This lemma is a particular case of Proposition 3 in [4].

COROLLARY. Let X and Z be as in Lemma 1. Assume that
Py g my on (R, B). For e R and a > 0 let Y., be a function on
R defined by

1 . .

—  for elé—a, &+ a
Leo() = { 20 for el ¢ |
0 for Nelé —a, &+ al.

Then there exists a version of E*“(Z| X)W dPy/dm;) such that

B2\ X)L (@) = lim B*[(1e00 X)Z) for (R

Proof. Using y., in the place of g in Lemma 1, we have

lim B*[(1.. X)Z]

= tim | 7.0 B2 00-2E yma) .

It is well known that if f e L}, (R}, B, m;) then

lim SRIXE'“(’?) F(ymu(dr) = f(&) for my-a.e.fcR .
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From this follows our corollary.

LEMMA 2. Let X and Y be measurable transformations of (C[O0,
t], B*) into (B, B') with E°[|Y|] < . Then

E"[¢*Y] = SRle‘“eE“’(YIX)(E)Px(dE) for ueR.

Proof. This lemma is the equality (3.19) in [4] adapted to our
probability space (CI[0, t], *m,,).

THEOREM 1. Let X and Y be measurable transformations of
(C[0, t], T*) into (R, B") with E*[|Y]|] < . Assume that Py £ m,
on (B, B). Then there exists a version of E*(Y|X)dPg/dm.) such
that

E°(Y|X)(©) gf; x (g)
1

= lim — S (1 — —l-q’ﬁ-!—>e““‘eE"’[e"“r Yim (du) for EteR'.
a— 271' (—a,a) a

Proof. By Lemma 2

G.1) E[FY] = SRle‘“fE’”(Y)X)(E) ZZ"(E)mL(dE) for ueR'.

Thus our E“[e**Y], w € R', is the Fourier transform of the m,-
integrable function E*(Y|X)(&)(dPx/dm.(§), £€ R'. According to a
well known (C, 1) summability type inversion formula for Fourier
transforms, if f is a m-integrable function on R* and 7 is its Fourier
transform then

f(&) = lim 1 S (1 ~ l-”—‘)e“'“f f(u)mL(du) for m;-a.e. e R!
a—o 2 J~a, @) a

(see for instance [1]). From this follows our theorem.

THEOREM 2. Let X and Y be as in Theorem 1. For a,be R
such that a < b let Y., be a function on R defined by

(1 for 7ne(a,b)
Tosl) = % 0 for 7ela bl
| for n=a and for Nn=0=0.

Do | =

Then
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[, Zes @B 1 00 L5 ym,(a¢)

a

e—ibu

- 1im_1_S - 67" e[ot X Ymy(du) .
koo 2T J(=h,k) — U
Proof. As an immediate consequence of the Lévy inversion
formula, if @ is a finite signed measure on (RB', B') and if @ is the
characteristic function 9, i.e.

P(u) = SRIe‘“E(I)(dE) for ucR,

then we have

6-—1'bu

| Hes@0@9) = lim | L pumu(dn) -
Rl oo 2 Ji=h,1) U

From this and from (3.1) follows our theorem.

THEOREM 3. Let X and Y be as in Theorem 1. Assume further
that E*[¢***Y] is a m,-integrable function of w on R. Then a
version of E"(Y|X)dPy/dm.) is given by

B 008 = L | o Vim@n) sor ce R

d 27
Proof. This theorem is a particular case of Theorem 2 in [4].
4. Examples of evaluation of conditional Wiener integrals.

ExXAMPLE 1.> For each z € C[0, t] consider the average value of
t

2 over the time interval [0, ¢], i.e. 1/t S x(s)ds. Let us find the con-
0

ditional expectation of this average value given the condition that
the final value of @, 2(t), is equal to £e R'. Thus we are to find
E"(Z|X)@), £ R', for

Zl] =%§:x(s)ds and X[z] = a(t) for zeC[0,¢t].

According to Corollary to Lemma 1, a version of E*(Z| X)(dPy/dm.)
is given by

4.2) Ew<Z|X)(5)gj; £(¢) = lim E*[(1e.0X)Z] for fe ',

2 According to Professor E. O. Thorp, this problem arises in the probabilistic study
of the fluctuation of the price of a commodity as a Brownian motion process. The
problem was to find the expectation of the time average of the price when the price
at some fixed time point in the future is known for some reason.
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With our Z and X we have
(42) B0 X)Z] = B tedo®F | ooymuds) .

An interchange of the order of the two integrations on the right
side of (4.2), one with respect to the Lebesque measure and the other
with respect to the Wiener measure, can be justified as follows.
Recall first that the Wiener process is a measurable process, i.e. x(s)
for (s, 2) € [0, t] x C[0, t] is Lebesque x Wiener measurable. To apply
the Fubini theorem observe that

!Xe,a[w(t)]x(S)féz—lalx(S)l for (s, w)e [0, t] x CIO, t]

and by (2.4)
L B o) Jmatds) = = 2 17l mu@n)}m.(ds)
- _2_1; 2 S[O VT (ds) = 1 it < o

Thus an interchange of the two integrals on the right side of (4.2)
is justified and consequently

B ((toe> )21 = 2| | E[xe o ®)la(o)lm.(ds)

@9 =1\ iemys - 9"
% [SRlx[e—a,ew]77 exp {__3)_:— -28-2 - %— ‘(%:_%)Z}MLW(’?, C))]’m'z,(ds)

by (2.4). Since

77 E—-n _ t _ sV &
(4.4) w Al s(t—-s)<’7 c)+

and thus

7_ 1 (C—ﬁ)z}
s 2 t—3s

= (7= ) + S} exp {4 i (-9 - 5 5

the integral with respect to m (d(y, {)) over R' X [¢ —a,&+ a] in
(4.3) can be reduced by integrating with respect to m.(dn) over R!
and using

pexp{~L2 -
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1
(4.5) V' 2rv
respectively, with v > 0

S lype"”’“mL(dy) =10,v for p=0,1,2
R

to
953t —
\/ s(tt3 s)ﬂg

Using this in (4.3) we have

[¢~a,6+al

{ exp {——-;— %}mL(dC) .

E*[Xe,. 0 X)Z]
49 = g ™ R =g @
= L% eenna 7 o g 0]

From (4.1) and (4.6) we have

E*(Z| X)) o) = Fém—exp { -2 £

and thus

E"(Z| X)) = -;—s .

EXAMPLE 2. Let us find E*(Z|X)(¢), é€ R', when
Z[a] = S:[x(s)]zds and X[z] = a(t) for zeC[o,1].
To apply Corollary of Lemma 1 we proceed as in Example 1 to obtain
E((teee X)) = B se.la(®)] | Ta(e)ds |
[, Bl Jo®leE)Im.(ds)
= | temrse -9}

i

(4.7)

e o2 {5 L = 55D maatr, 0t

8 t—8

By means of (4.4) we have
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1 t ( s\ 1¢

X ex _— (-3¢} —=5%1.
p{ 23(2&—3)77 tc) Zt}

Reducing the integral with respect to m.(d(7, {)) over R!' X [¢ — a,

& + a] by integrating with respect to m.(d7) over R' using (4.5) we

obtain

S[e—u,eﬂ]'\/%(tt_—tg){ i -t— ) + <%C>2}6“C2'2”ﬂh(dg .

Using this in (4.7) we have
E*[(Xe,0° X)Z]

- 1T_7}t_2&,— S[é—a €+a]|:S[D t](s - 8_2 + ’g’cz)mL(ds)]e_czmmL(dC)

Thus
‘“’ £ () = lim B*|(1c,0X) 2]
(4.8) _ (t_z _§2> -
6 Vot t
and

E*(Z|X)(®) = _% + -gsz :

It is of interest to note that from (2.5) and (4.8)

Bz =\ Zlodm.do) = | E(Z1X)@P:d2)

=_LS (t_ iz)—ezm dg) =L
Vit e\ T gt )0 ) = 5
as can be obtained by a direct computation of E*[Z].

As an example of application of an inversion formula in evaluat-
ing a condition Wiener integral, consider the Wiener measure space
(Clo, t}, B&*, m,) with fixed t € (0, ). Let {®,, ---, ®,} be an orthogonal
system in the real Hilbert space L*([0, ¢{]) with

sl =/, (@emds) >0 for j=12, - n

such that @; has a representative function which is of bounded variation
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on [0,t] for j =1,2,.---,n. Let F be a functional on C[0, ¢] defined by
@9 Flaf] [oedee), -, [2.6dat) | for weclo

where f is a complex valued function on R" whose real and imaginary
parts are Baire functions. By a slight extension of a well known
theorem by R.E. A.C. Paley, N. Wiener, and A. Zygmund [3] F is
Wiener measurable and

@10 EF) = {@or e} | fmeso{-%+

=1

T e

with » = (%, --+, ,) € B, in the sense that the existence of one side
implies that of the other and the equality of the two.

THEOREM 4. Let X and Y be two functionals on C[0, t] for fized
te (0, ) defined by
X[z] = 2(2)

and

1) Yol = o] [ 2s)da@), -+, [pue)dn) | for aecio,

where {@,, -+-, P,, 1} is an orthogonal system in the real Hilbert
space L]0, t]), ||@;ll > 0, @; has a representative function which is
of bounded variation on [0,t] for j=1,2,---,n and g is a Baire
Sfunction on R™ such that
n o —1/2 n 1 2
12) A={Eo Iie} | o0 exp{-S2—Ltmidn) < =
w =2 T, [P

with 1= (7, ++-, )€ R". Then Y 1is Wiener integrable on C|0, t]
and

(4.13) E"[Y] =

Also there exists a version of E*(Y|X) such that
(4.14) EY(Y|X)(&) =A for e R'.

Proof. By applying (4.10) to (4.11) we have (4.13). To prove
(4.14) note that

BT Y] = E"’[exp fiu S:dx(s)}guzg(s)dx(s), S:%(s)dx(s)ﬂ .

Applying (4.10) to the function
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f(771’ AT/ E) = eiueg(pl’ R 771») for (7719 sty Vs S) e R+

we have

Ew[eiuXY] = A_'l/é_?ig eiuee—$2/ztmL(dt) — Ag—vite
Rl
since
(4.15) Snie_(aezﬂf)mL(dE) =V %ebzlm for @ > 0 and real or

imaginary b .

We have just shown that E*[¢'**Y] is a m,-integrable function of u
on R'. Thus by Theorem 3 there exists a version of E*(Y|X)dP;/dm,
such that

w dPy — A_ —iug ,—ut/2 ___.__1_4_ —g2/2¢
B (Y X)OF2E) = 2| oo muldn) = 5o

and
E“(Y|X)¢& =4 for ée R'.

t
5. The conditional Wiener integral of exp{-—S V[x(s)]ds}
0
given 2(t).
THEOREM 5. For te (0, =) let

(G.1) X[o] = o(t) and Y.[z] = exp {— S:V[x(s)]ds} for we C[0, t]

where V i3 a nonnegative continuous function on R' satisfying the
condition

(5.2) SRI V(&)e ™ *m(dE) < o for every te(0, «).

There exists a wversion of E“(Y,|X,) such that the function U on
R x (0, ) defined by

ey
652!

(5.3) UG, t) = B YttXt)(s)V;Trt

satisfies the integral equation

1
U t) = ="
2
(5. V2rt

- S[o,a]{Skl V(ﬂ)mewwe—mm—s) U@, S)mL(dﬁ)}mL(ds)
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for (§,t)e B X (0, ).

REMARK. From the continuity of V on R* and the continuity of
t

on [0, ], S VIz(s)]ds can be given as the limit of a sequence of Riemann
0

sums corresponding to a sequence of partitions on [0, ¢] which does
not depend on . From this follows the Wiener measurability of Y,
on C[0,¢]. Its Wiener integrability is obvious since it is bounded
by 1.

The condition (5.2) on V is satisfied if for instance V satisfies the
order of growth condition

V(E) = 0(E) as &— koo
for some d€ (0, 2). Note also that under (5.2), if we define

65 o) = oA=| VEe m@y for te( )

then @ is a nonunegative continuous function on (0, «) and furthermore
lim,., #(t) = V(0). Let us define

P(0) = lim ¢(?)
so that @ is continuous on [0, ).

Proof of Theorem 5. According to Theorem 1, there exists a
version of E*(Y,|X,) such that our U defined by (5.8) can be given as

(5.6) UG, t) = lim - S (1 - M)e—*ufEW[e—Mt Y, m(du)
e A J—a,0) a

for (&, t)e R x (0, ).
Since

—gjs— exp {— S: Viz(s)ldr } = — exp {— S: V[ﬂ’(T)]d’"} Vla(s)]

we have by integrating with respect to s on [0, ¢]

(.7) exp {—S:V[x(snds} —1=— S’ Via(s)] exp |~ g V[x(r)]dw}ds .
Applying (5.7) to Y[z] as defined by (5.1) We have

(5.8) Yiz] =1 — S:V[x(s)] exp {— | Vialar}ds .

Substituting (5.8) in (5.6) we have
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(5.9 UE 8) = L 8) — L 1)

where

(.10) L, £) = lim - S(_a a)(1 - W7'>e-weEW[e-'w<t>]mL(du)

a-o 27T
and
(5.11) I(, ¢) = lim _LS <1 - m)e“'“fJ(t)mL(du)
a—° 271' (—a,a) a
with

(5.12) J() = E"’[e”“"“’ SM Vie(s)] exp {— S V[x(r)]dr}mL(ds):l )

To evaluate I, note that by (2.4) and (4.15) we have

Bl ) = o | emertemdy) = o

and thus

I1(E, t) = lim {_2_];? S(_ )e-iuee—uZ:/sz(du) i 2_172:_

a0

S me—iueefu?t/sz (du)}
(~a,a)

(5.13) a 1
= _1_8—62/2»;
V2nt

To interchange the order of the Wiener integral and the integral
with respect to m(ds) on [0, ¢t] in (5.12), note that

e Viae)] exp { - | Viztlar}| = Via(o)]
for (s, 2)€]0, t] x CJ0, t]

and that by (2.4), (4.15), (5.5) and the continuity of ® on [0, =)

| EVENms) = | 2| V0o m.(d0)mu(ds)

[o,t]1/27l' S

= | Pom(ds) < -

so that the Fubini theorem is applicable and thus
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G.14)  J@) = S[O’t]E”’[e"”‘” Via(s)] exp {-— S V[x(r)]dr}]mL(ds) .

Let us write

eiuav(t) —_ eiu(w(t)-—x(s))eiux(a) .

By the fact that {x(¢) — x(s), ()} is an independent system of random
variables on (C[0, t], B&*, m,) for every re€ (0, s] and by

Ew[eiu[x(t)—z(s)]] — e—(u2/2)<t—s)

which follows from (2.4) and (4.15), we have from (5.14)
(5.15) J(t) = S[o ﬂe““‘z’z’“‘”E"’[e"“‘” Viz(s)] exp {~ S V[x(r)]dr}]m,,(ds) :
) 0

Applying Lemma 1 to the Wiener integral in (5.15) and recalling
(5.1) and (5.3) we have

616) IO = o] [ o VOBY. X)) (@
= el vy U, symuan) mds) .
[0,¢] Rl
Let us use (5.16) in (5.11). To interchange the order of the three
integrals with respect to m(dn) over R, m,(ds) over [0, t] and m,(dw)

over (—a, a) in the resulting expression for I,, observe that

(- % Jemisiet V) U, s)e™ ===

< VUG, s)e

for (,s,u)e R x [0,t] X (—a,q).
Recalling (5.3) and Lemma 1 we have by (2.4) and (5.5)

[, VO U@, syman) = B Vis@l exp { - Viat)lar}
= EX[VIa()]l = 1% Ll V(Qe ey (dE) = 9(s) .
Now
S[o t]g’(s)e_(um)(t_a)mL(ds) = Ae*
where

A= S P(s)e** *my(ds) < oo
[0,¢]

by the continuity of @ on [0, ) and thus
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|, Ao mmadu) < oo .

This verifies the applicability of the Fubini theorem in interchanging
the order of the three integrals. Thus we have

610 Lo =lm | { veyve, of | x.st(t —20)

amw 27T R

X g g (G (A mo(ds)

For all @ > 0 the integrand in (5.17) is bounded by
V() U(n, s)e~ @ for (,s,u)e R x[0,t] x R

which is integrable with respect to (m, x m, X m)(d(7, s, w)) on RB' x
[0, t] x R' as we saw above. Thus by the Dominated Convergence
Theorem

160 =2 | ], voue, s

(5.18) x|, g7 swemnewtmiam,(u) lm (dn))m. (ds)

S[o,t]{SRl vopuQ, 8)172'=n.(—1-t—_—-_:?56—(6_7)2/(2(t—s))mL(d77)}’mL(dS) .

Using (5.13) and (5.18) in (5.9) we have (5.4).
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