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MARGARET J. HODEL
Let F,(n,k;q:,q3 ", q,) = F,(n, k) be defined by
F,(nk)=2 ]j! q i,

where the summation is over all p -line arrays of positive integers

an Gz G
an Az ' Az2n
apl apz e ap”

subject to the following conditions:

max{a;: 1 =i =) }=min{ai;..: 1 =i =p}, 1=j=n-1,
max{a;: 1=i=p}=j, 1=j=n,
and
am =Kk, 1=i=p.

Assuming II°_, g, = 1, formulas for F,(n,k) and two other
enumerants, which are closely related to F,(n, k), are obtained
in this paper. These three functions generalize enumerants
which Carlitz has determined.

1. Introduction. We consider the enumeration of p-line
arrays of positive integers

ay Qp " Qn

ay Q4p " dAn
(1.1)

apl apZ [P apn

satisfying certain conditions. We first require that

(1.2) max{ag;: 1=i =p}=min{a;.: 1sSi=p}, 1=j=n—1,

141
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and
(1.3) max{g;: 1=i=p}=j, I=j=n
We indicate further requirements by defining the enumerants we

seek. Let f,(n,k;s,, s, -, s,) represent the number of arrays (1.1)
subject to the restrictions (1.2), (1.3),

(1.4) S a4y =s, 1=i=p,
i=1

and

(1.5) an = k, I=i=p,

and let

Fp(n’k;ql,qb‘ : '7qp) = Fp(n,k)=Fp
=2 *f(n k351,87, 8,)q7 g3 7,

where 2* is the sum over the p-tuples (s;, s5,--+,5,). (We may view
(s1,82,+°,8,) as the weight of the array (1.1).) Let
g, (nk;si,s,---,5,) denote the number of arrays (1.1) satisfying (1.2),
(1.3), (1.4) and

(1.6) max{a,: 1Si=p}=k,

and let
Gp(n’k;ql’ qz ", qp) = Gp(n’k) = GP
=>*g,(nk;s., 8, 5,)q0q5 g

Finally, we use h,(n,k;s,,s,, - -,s,) to represent the number of arrays
(1.1) subject to conditions (1.2), (1.3), (1.4), (1.6) and

(1.7) a,-+,,,~§a,-,-, léiép_l, 1§j§n,
and we let

Hp(",k;Q|,612" : "qp) = Hp(nv k) = Hp
= z* hp(n,k;sl,S2, .. "sp)q-l‘lqu' . -q;p'

The functions F,, G, and H, coincide, and if g, = 1, they enumerate
what MacMahon [7, p. 167] called two-element lattice
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permutations. Carlitz and Riordan [6] have studied these functions
and a g-generalization. A related q-generalization, in fact F,(n, k;q,),
has also been investigated by Carlitz [S]. If p=2 and q,=¢q.,=1,
F,, G, and H, are the enumerants f,g and h which Carlitz [4] has
explicitly determined.

In this paper we first generalize some identities which Carlitz stated
for f,g and h. Then, by assuming

(1.8) Q g =1,

we are able to use these results and Carlitz’s technique for finding f, g
and h to obtain formulas for F,, G, and H,. In general these formulas
are in terms of functions t(n, k) which are defined by

(D"(x)=i t(n, k)x,

where ®(x) is a known function. In some special cases the enumerants
can be expressed in terms of binomial or g-binomial coefficients. For
example, if ¢, =¢,=q and q*=1,

1 & ) :
Fin+1,k+1)=- Z)(n —j)bi(n,j;q)

and
n—k
G,(n,k+1)= - by(n,k;q)
where
R n 2n+m -1\ ,
b k)= (") () g

_[k/2] n 2n+2]‘_1> [k -1)/2) n )(2n+2]
‘%(k—ﬂ)( 2j + 20 (k—2j—1 2i+1)4

We also find that

n—k& m+k-m-1\(n+m-1\ ,
Hink+1)="2 5 (P mm =l (mem=l) g




144 MARGARET J. HODEL

if g.q.=1, and

H(nk+1)= nk["’”kk—’]
q

if g =q.=---=¢q,=q and q” = 1. In §6 we interpret the formulas
for F,, G, and H, as partition theorems. It would be of interest to
determine these enumerants without the restriction (1.8).

In a subsequent paper we shall consider

L(nk;quqe- - qy) =2 i,(nk;s,, 8, +,5,)q7 q% - q,

where i,(n,k; s, 55, *, §,) represents the number of arrays (1.1) satisfy-
ing (1.2), (1.3), (1.4) and (1.7), and having k columns in which

Aij = Az =0 = Gy

Carlitz [3] called such columns coincidences and has proved that

IP(n’k;l’l’”"l)zkl(Z:D g(-l)"—k—'<" t—k) <2n J;(f;l)t)

forqi=q,=---=q, = 1.

2. Preliminary results. Generalizing (2.1)-(2.4), (2.7) and
(2.9) of [4], we have

2.1 F,(n +1,k)

14

=“j q,-Jk mi:I [H [k —m +1], —iljl q:lk —m]q,.] F,(n,m), k=n+1,

i=

where
[k]q.=§q{3,
2.2) F(n+1k)-[ﬁq,]i6 (n,m), k=n+1,

23) G,(n +1,k) = 2 {H q,.]"' [Tk —m+11,
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2.4) G,,(n,k)=zl[[pl[k m+1], ~ (+Ijq,-)l£[[k—m]q,.

i=1 i i=

+

f[ ﬁ[k m—l]q] F,(n,m), k=n,

(2.5) G,(n+k, k)=i ﬁqi

] (n+k—m)m-1)

G,(m,m)G,(n+k—m,k—m +1), n

v

and

(2.6) F,(n+kk)= Z[Hq.

] (n+k-m)(m-1)

G,(mm)F,(n+k—-—m,k—m+1), n=z=l.

Let
p
(27) ep(k,(h,fh,“a‘]p)':zaq:'"‘, PéZ,
where the summation is over all (p — 1)-tuples (a;., s, * - *, a,n) With the

a;, satisfying0=a,, =---=a;, = a,, =k. Then corresponding to (6.3)
and (6.8) of [4] we have

(2‘8) Hp(n’k) = 2 [H ql] qf_mop(k "‘m§Q2, 43, Tt qP)Hp(n - 19 m)’

m=1 Li

1=k =n,
where it is understood that H,(n — 1, n) =0, and

(2.9) H,(n +k, k)—E[Hq.

](n+k—m)(m—l)
H,(m,m)H,(n+k—m,k —m +1), nzl.

The proofs of (2.1)-(2.6), (2.8) and (2.9) are simply generalizations
of the proofs of their analogues in [4]. To prove (2.1) it suffices to
assume k =n since F,(n+1,n+1)=F,(n+1,n). Fork =n we con-
sider the array
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a, ap - an k
Ay QAxn " Ay
Ay A " Gy kK

satisfying (1.2), (1.3) and

(2.10) max{a,: 1Si=p}=k.
Let
(2.11) min{a,: 1Si=p}=m.

Using (2.10), (2.11) and the definition of F,(n, k), we have

4

(212) F,,(n + 1, k) = [‘1:[1 q,:l Z E 'l:‘! qzi'i'=l“li’

m=1

where the inner summation is over all arrays (1.1) satisfying (1.2), (1.3),
(2.10) and (2.11). From (2.12) we get

p

2.13) F,(n+1,k)= [.[[1 q;]kzl > ,U] qi~~" F,(n, m),

where =’ is the sum over all p-tuples (din, @, ", a,m) subject to
conditions (2.10) and (2.11). Since

(2.1) follows from (2.13).

Equation (2.2) follows immediately from the definitions. The
proof of (2.3) is similar to the proof of (2.1), but to obtain (2.3) we
consider the array
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ay, Q4 " Qi Gias
Ay An - Ay Arp+
apl ap2 ttt apn ap,n+1

where conditions (1.2) and (1.3) (with n replaced by n + 1) are satisfied
and where

(2.14) max{a,: 1=Si=p}l=m
and
(2.15) max{a,.... 1=Si=p}=k

As (2.14) and (1.2) imply that

(2.16) min{a;,..: 1Si=pl=zm,
we find that
k p
.17 G,(n+1,k)= }_}1 > Hl qé G,(n, m),

where the inner sum is over all p-tuples (@41} Gzn+13* * *; Gpner) satisfy-
ing (2.15) and (2.16). From (2.17) we get (2.3).

To prove (2.4) consider the array (1.1) subject to conditions (1.2),
(1.3), (1.6) and (2.11). Corresponding to (2.13) and (2.17) in the
previous proofs, we have

(2.18) G,(n, k)= Z, > l"[l q"F,(n, m),

where the inner summation is over the p-tuples (., @z, * * *, dpn ) satisfy-
ing (1.6) and (2.11). From (2.18) we get

m=1| m=ansk i= m=an=k-1 i=1
1=isp 1=i=p

G,,(n,k)= E [ 2 | q?in_”‘_ Z H q‘qi,_——m

m+iZain=k i=1 m+1=ainsk~1 i=1
1=i=p 1sisp

- > Ila + 2 T4 ]Fp(n,m),

and (2.4) follows.
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Since the proofs of (2.5), (2.6) and (2.9) are similar, we shall only
establish (2.5). To this end we observe that

max{a,: 1=i=p}=1
implies that there exists a greatest m such that

max{a,: 1=i=p}l=m.
Therefore

max{a...: 1Si=p}=m,

i = M, lélép’

and we can divide our original array into two sub-arrays as follows:

I - am m - Qiawx

I - am m - Qan+k
(2.19)

1 LY apm m TR ap."+k

By subtracting m — 1 from each entry in the right sub-array of (2.19), we
get :

gn+kk;s,sy ,s,)

gmmiu,uy, - u)g,(n+k—mk—m+1;0,0,-,0,),
i

i

where u;+v,=s, —(n+k—m)(m—1), 1=i=p. Now (2.5 follows
immediately.
We obtain (2.8) by considering the array

a, ap, - m k
A, Qap - Qyp-; Qo
apl apZ e ap,n-l apn

where (1.2)-(1.4), (1.6), (1.7) and the condition

Ajp1=mMm
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are satisfied. Clearly
hp(n’ k ; S], SZ, ) sp)

k
= 2 2" hp(n - lym;slﬂk’SZ_'aZna"',sp _apn)’
m=1

where X" is the sum over all (p — 1)-tuples such that

Thus
k p
H,(n, k)= Z] qTZ”_ll qH,(n—1,m)
and we have (2.8).

3. Techniques for determining the enumerants. To
obtain the following results we use Carlitz’s method {4] for finding f, g
and & in a somewhat more general setting. Assuming (1.8), Theorem 1
provides formulas for G, and H, while Corollary 1 yields an expression
for F,.

Before stating the theorem it is convenient to define some
functions. Using N to denote the nonnegative integers and N* to
represent the positive integers, let r(n, k) be a function from N* X N*
into a field F and ¢(n) be a function from N into F. Let

)

R(x)=> r(n+k—1,k)x"*', n=z=l,

k=1

and
®(x) =20 b (n)x"
Furthermore we define t(n, k), a function from N X N into F, by
o (x) = Z) t(n, k)x*,

THEOREM 1. If r(n, k) and ¢ (n) satisfy

3.1 r(l,)=1,
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3.2) r(n,k)=0, n<k,

(3.3) ¢0) =1,

(3.4) r(n+1,k)=i_ d(k —m)r(n,m), I1sk=n+1,

and

k

3.9 r(n+k,k)=2 rimm)rin +k—-—m,k—m+1), nzl,

m=1

and if ®(z) is analytic about z =0, then

(3.6) r(n,k +1) ="n;k t(n, k).

Proof. By (3.5)

® k
R,..(x) =kzl x"k 2} rm,m)yrin +k—mk—-—m+1)

= i r(m, m)x”’i r(n +k—1,k)x !
m=1 k

=1

= Ri(x) R.(x).

Thus

v

R,(x)=R7(x) n

Using (3.1)-(3.4), we find that

@(Rl(x))=1+§: é(n) R, (x)

1+21 b(n) ;: r(n+k—1,k)x"*!

n—1

M)s
N

I

1+ od(n—k)r(n—1,k)x"!

1

Il
~

k

[

n

=1+ > r(n, n)x""
n=2

=x"'Ri(x).
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It follows that

Z

o)

where z = R(x).
By the Lagrange expansion formula [9, p. 125] the equation

—_— z —
where ®(z) is analytic in a neighborhood of z =0, implies

(3. =10+ 35 Lo raere)]

Since
R,(x)=R7(x)=2z",

we can determine R, (x) by letting f(z)=z"™ in (3.7). Thus we have

R, (x) = Zfl—[ ,,,(mz’"‘)Et(nk)z] )

and

(3.8) > r(n,n—m+1)x"=ix"%t(n,n—m).

n=m-1 n=1

We obtain (3.6) by equating coeflicients of x" in (3.8).
To state the corollary we must introduce two more functions. Let
s(n, k) be a function from N* X N* into F and define S,(x) by

S,.(x)=§: s(n+k—1,k)x"*", n=l.

CoroLLARY 1. If r(n, k), s(n, k) and ¢ (n) satisfy (3.1)-(3.5),
3.9 s(l,H)=1,

(3.10) s(n,n)y=s(n,n—1), n=2,



152 MARGARET J. HODEL

and

k

(3.11)s(n+k,k)=zr(m,m)s(n+k—m,k—m+1), n

m=1

v

then
(3.12) s(n+1,k+1)=%i(n—j)t(n,j).

Proof. Using (3.9)-(3.11), we find that

k

Sl(x):x+ix"*‘2 rim,m)stk—m+1,k—m+1)
k=1

j=1

=x + Ri(x) Si(x),

and from (3.11) we get

© k
S"+I(X):k2=l X"tk 21 rimm)sn+k—mk—m+1)

:Sn(x)Rl(x)’ ng]
Thus
Spa(x)=S,(x)RT(x)
_XRi(x)
1-R,(x)
or
Sweix) _ 2"
x 1—-z’
where z = Ri(x). Again making use of (3.7), this time with
—— Zm
f(Z) - 1-z2"
we see that
X' Sua(x)=28 +§:£[dm [mzm_l+ 2" ]i t(n k)z"]
m+l ™Al ldz 11—z A-z2P1& T =0
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Hence we have

le(n+1,n—m+1)x" =5m,0+21x";12)(m +i)t(n,n —m —j)
n=m-— n= i=

and (3.12) follows.

4. The functions F, and G,. Throughout the rest of this
paper we assume condition (1.8) holds. With this assumption we can
use the results of the two previous sections to determine F,, G, and
H,. In this section we consider F, and G, and in §5 we find H,.

THEOREM 2. If IIP., q; = 1, then

4.1) Gy (n k+1)=""Kp,(n k)
and
(42 Fyn+1k+ D=1 0= jyb,n ),

j=0

where b,(n, k;q., -+, q,) = b,(n, k) is defined by

D (CH R

= b, (n, k)x*.
k=0

Proof. This theorem is an immediate consequence of Theorem 1
and Corollary 1, for (1.8), (2.3), (2.5), (2.6) and the definitions of F, and
G, imply that the hypotheses of these results are satisfied if r(n, k) =
G,(n, k), s(n, k)= F,(n, k) and

p P

o) =11k +11, -] k1,

i=1 i=1

Instead of Corollary 1 we can use (2.2) to obtain (4.2). We remark that
by virtue of (1.8) it is possible to reduce

[Ttk + 1, -1k,

and thus b,(n, k), to a function of p —1 g:’s.
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Now

kZ [H k+ 1, -1 [k]q,] X = T H (7 g G G,

i=

where H,(x | q1,q2, - * *,q,) = H,(x) is the generalized Eulerian function
defined and studied by Roselle [12]. Because H,(x) is quite compli-
cated for p =3, in general it is not feasible to find a simple formula for
b,(n, k) in terms of more familiar coefficients. However, we can find
b,(n, k) without difficulty.

CoROLLARY 2. Letp=2. Ifqq.=1, then

Gim, k+1)=""F b n, k)
and
Fan+1,k +1) =nli§:)(n — iy bun, j),
where
43) bn k)= Z (k m)io (" +]’_1)("+nm__lj'1)q'r'”.

Proof. Since

_ X +4.9,
B =6 =06 -a9

and q,q, =1, we find that

» " 1+x
RO =T -
Thus
_1 N S (n m n+k—1) ok N (n+] 1) ~iy i
o He =3 () 2 (T e B (M e
=m k n n+]—1>(n+m—]—1> m—2ju k
PR DY (I (R T

and (4.3) follows.
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Another special case of interest is that in whichq, = q,=---=¢q, =
q. In this case condition (1.8) becomes g” = 1 and the possible values
for q are the pth roots of unity. Let H,(x |q:, 2", q,) = H,(x|q)
and bp(nak;ql’qb' ) ',qp)= bp(n,k;q) when a:=°"""=4,=q. We
also require the notation

(] =[xl = L=

and
‘ X | , X I l—[m gx f+1 1
m m q j=1 qi 1 )

Carlitz [2] has proved that

4.4) Hp(xlq)=§Ap‘,-<q)xf-'/"Ij (x—q",

where A,;(q) are the g-Eulerian numbers defined by

x+s—l]
m 2

=3, Am(q)[
Now (4.4) implies
HG 9=, A,,.,-(q)xf-‘/g (1-q").

If we define a,(n, k; q) by

4.5) | an@x]'= 5 gk
then
«"'H,(x"'|q)) = gap(n,k;q)x“go ["p +”'l" B 1](qx)'"

SRS +m~—1
=> > ap(n,k—m;q)["p mm ]q"‘xk-
k=0 m=0
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Thus we have proved

CorOLLARY 3. Ifq,=q,=---=gq, =q and q° =1, then

G,k +1) ="K b,(n.k: )

and

Fn+ 1k + )= 3 (n =) by (. k5 ).
where
(4.6) b,,(n,k;q)=§0 ap(n,k—m;q)["p +mm_1]q'"

and a,(n,k;q) is defined by (4.5).
The following result follows immediately from Corollaries 2 and 3.

CorROLLARY 4. Letp =2. Ifq,=q.=q and q*=1, then

n—k

G,(n,k +1)= bAn,k;q)
and
k
Fin+ 1,k + 1) == (1= ) baln, 3a),
=
where
R n 2n+m -1\ .
4.7) bz(n,k,q)—";(k_m)( m )q
or
e 2n +2j 1
W boko=S () E Y

[(k—1)/2] n 2n +2]
t <k-2f—1><2j+1)q
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or

49) bk =3 (2 )P g

m=0 k —m m
Proof. We deduce (4.7) from Corollary 2 by using the hypothesis
q*=1 and a binomial identity found in Riordan [10, p. 9]. Because

g’=1, (4.8) follows from (4.7). We get (4.9) from Corollary 3 by
observing that

axn,k;q)= <,':) q"
If g =1 in Corollary 4 we have

COROLLARY 5. Letp=2. Ifq,=q.=1, then

(4.10) Gz(n,k+1)-“~"n~k'§;0 <kfm><2n +nrzn_1>

and

4.11) Fz(n+1,k+1)=%§(n—j)§o<j n ><2"+"’_1>.

—m m

We note that (4.10) is precisely Carlitz’s formula for g(n, k + 1), while
(4.11) is equivalent to his formula for f(n + 1,k +1).
If p =1, condition (1.8) implies q, = 1. In this case we get

COROLLARY 6. Let p=1. Ifq,=1, then
4.12) F,(n,k+1)=G,(n,k+1)=nn;k<n +,’:_1).

Proof. Letting p =1 and q =1 in Corollary 3 we obtain

n+m—1>

@13)  Gnk+n="F 3 al(n,k—m;1)< ”

m=0
Since

al(n, k; 1) = 8k.0,
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(4.13) reduces to

n+k—-1)

G,(n,k+1)="—;l‘( h

Then (4.12) follows because F,n,k+1)=Gn,k+1) by
definition. Formula (4.12) is the result given by Bertrand [1] as the
number of two-element lattice permutations.

5. The function H,. By virtue of (1.8), (2.8) and (2.9), the
hypotheses of Theorem 1 are satisfied if r(n, k) = H,(n, k) and

¢(n) = q70p(n;Q2, ‘h, ° '7qp)’

where 6,(n;qs,qs," ", q,), or more briefly 6,(n), is defined by (2.7) for
p =2 and by 6,(n)=1 for p=1. Thus we can express H,(n, k) in
terms of the coefficients c,(n, k) =c,(n,k;q,,q,, ", q,) defined by

5.1) O:(x) = c,(n, k)x*,

k=0

where
0,(x)=0,(x|qngs-q) = 2 8, (k)(q,x )"

In fact we have
THEOREM 3. If II%.,q; = 1, then

-k
G (n k),

5.2) H,(n,k+1)=
where c,(n, k) is defined by (5.1).

(In view of condition (1.8) it is possible to express 0,(x) and
¢,(n, k) as a function of p —1¢;’s.)

Since the coefficients c,(n, k) are so closely related to 6, (k) and
0,(x), we reduce 6,(k) from a (p — 1)-tuple summation to a single
sum. Using this simplification of 6,(k), we can write ©,(x) as a single,
finite sum.
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THEOREM 4. If p =2, then

1

3 =
(5-3) 6, (k) Y14z, qp)

4 j+ j— k
(=1'"q:q5---q{7(4:9:" - - q))
+
2 ’Yj(q'l"“,qp)

where
Yilqz 5 4)=(1-q)(1-q:q9:) - (1—q2" ),
and
(54 v(q, - a)=0~q2 - q)A=qs -+ q;) - (1= g)(1—g;+)
(=g g (1= G qp), JE2,
with the understanding that
(5.5) (I-qi---q)=1 if i>]j

Proof. We use induction on p. From definition (2.7) we get

k

b:(k)= 2, 4%
Thus
_ qI2c+1
(k) = ey

and we have verified (5.3) for p = 2. Using first the definition of 8,.,(k)
and then (5.3) (as the induction hypothesis), we find that

Opik; g, Gpar) = Zqz Eq Z P

az=0 a3=0 ap+1=0

k

= q#6,(axqs > qps)

az=0

K 1 4 (__ 1)i+lq3q§ een qi—}(q3 s g )m]
= m + it j+1
2 K [71(Q3, Ty qp+1) ,22 ’Yj+1(‘13, Tt qp+1)

m=0
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- 1-g:;" +p+l(—1)"qsqi---qu"(l*(qz--‘q,)“”)
(I“CIz)‘Yl((IJa"',qu) i=3 (1_(IZ"'q/)'Yi(qb"'vqu) '
="2“ (= 1Y"'q.q3- -~q£"(qz-~q,~)*+"’§ (—1Yqsq5---q;”
im2 Yi(qz* *s Gpi1) = vy o)

To complete the induction it suffices to prove
LemMma 1. We have

1 + 14 (_1)j+|qzq§._.q;‘—l
(1~q,)(1—qz)(l—qzqs)"'(l—qz---qp) = v, .q)

(5.6) _ 1
I-q)0—-qq)---(1—q, - q,)

b

where v, is defined by (5.4) and (5.5).

Proof. This proof was suggested by Carlitz. In the expression

(I“CIICI2)"'(1"QI"'%)
(1-g)1-qq3)---(1—q.---q,)

5.7

4 i j—
(Z1'"'q.q5---9;7'A=q) - (1-G:" " Gp)
+
i§=:2 ¥i(q:, ", qp)

fix g,,-++,q,- Then (5.7) is a polynomial in g, of degree p — 1. Since
this polynomial is 1 for p values of q,, namely

o
B/ PR P/ PR’

b

q,=1

it is identically 1 and (5.6) follows. Using the definition of ®,(x) and
(5.3), we find that

1 i (=1y"'q,q3---q]""
(1—qx)vi(qs-- ',qp) j=2 (1—-q,--- qix)v;(q,, "qp) )

0,(x)=

In general 6,(x) is quite complicated and it is not feasible to
determine the coefficients c,(n, k) explicitly. However, for p =2 and
q.9.= 1, we have
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= 1 - q2
B,(x) (l_q]x)(]—-qz) (1-x)1-qy

B 1
S (1-gqx)1-x)"

It follows that

0’2'(x)=i Zk <n +’I(c:rrnn—l)(n +rr'rlz—1)q,;.xk

k=0 m=0
and
& fn+k-m-1\(n+m-1\ .
CZ(n’k)-mZ:O( k_m )( m )ql’

Hence, as a corollary of Theorem 3, we have

CoroLLARY 7. Let p =2. If q,q.=1, then

_n—k& m+k-m-1\(n+m-1\ ,
(58)  Hyn k+1)="- ”ZO( k —m )( m )q"

If, in addition to (1.8), we assume g, =¢q,=---=g, = q, 0,(x) is
considerably simpler. In this case let 0,(x)=0,(x|q), 6,(k)=
0,(k;q) and c,(n, k)= c,(n,k;q). From the definition of 6,(k;q) it
follows that

0,(k;q)=2, q",

where the summation is over all (p — 1)-tuples (a,, -, a,) such that
1Zag,=---=a,=k +1, and

p
m+p—1=2a,-.
i=2

Hence it is evident that 6,(k; q) generates the number of partitions of
m +p—1 into p — 1 parts with each part at most k +1. It is well-
known (see, for example, [8, p. 5]) that such a function is

[k +£ - 1]. Thus
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0,y =3 [P ! guy
=6 k
=IT(-g%)"
k=1
Since g¢* =1,
p-1
(5.9 0,(x|q)=]] (1—q*)",
k=0
and
p—1
g =[] 1-q%)
np—1
=[] d—g%)
k=0
_~[np+k-1
S
Therefore

cp(nk;q)= ["p +kk B 1],

and we have proved

CoroLLARY 8. Ifq,=q,=---=q,=q and q° =1, then

(5.10) Hp(n,k+1)=”—;—k["” +kk‘1}.

We observe that if q is a primitive p th root of unity, say &, (5.9) reduces
to

0,(x |&)=(1-x")".

Then

511 oxl16=3 ("

k=0
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From (5.11) it follows that

n+kip— 1) .
(5.12) qMJ;@z{( n—1 )iplk
0 otherwise

As an immediate consequence of Corollary 8 we have

CorROLLARY 9. Ifq, =1, 1=i=p, then

(5.13) H(nk +1)= nkfpnf_w

We can also obtain (5.13) by viewing 6,(k;1) as the number of

(p — 1)-combinations with repetition of k + 1 distinct objects. Then we
know that (see Riordan [11, p. 7))

(5.14) @w;n=<k;fI1»

From (5.14) we can deduce (5.13).

If p=2,q9,=q.=q and q* = 1, the formulas for H,(n, k + 1), given
in the following corollary, are particularly simple.

CoroLLARY 10. Let p=2. If q,=q,=1, then

(5.13) Hn k="K (2=,
n k
if g =q,= -1,
n—k(n+kf2- ). ,
(5.16) Hyn k+1)= { n < -1 if k is even
0 if k is odd .

Proof. From either (5.8) or (5.13) we get (5.15), while (5.16)
follows from (5.12). Carlitz’s result for h(n, k +1) coincides with
(5.15).

Since (5.13) is valid for p = 1, we have the expected result

CoroLLARY 11. Letp=1. If q,=1, then

H@Lk+n=ﬂi1("+:_l)
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6. Partitions. From the definition of g,(n,k; sy, 55+, 5,) itis
clear that this enumerant is the number of partitions of the p-partite
(s1, 82+, 8,) of the form

n
Zaij':si, l=i=p,
i=1

where the a; are positive integers subject to conditions (1.2), (1.4) and
(1.6). Thus G, (n, k) generates these partitions. If we replace (1.6) by
(1.5), these statements are true for f,(n, k) and F,(n, k). Adding (1.7)
to the conditions for g,(n, k), we have a partition interpretation for
h,(n, k) and H,(n, k).

Since we have only obtained F,, G, and H, under the assumption

(1.8), we describe how this restriction affects the partitions. IfII’., g =
1 and p =2,

G,(nk)=D*g,(n,k;s:, 8, ,5,)q0 0 qs - qpi",

where >* is as defined in §1. Thus we have

THEOREM 5. If TI°., q; =1, the function G,(n,k) generates the
number of partitions of the (p — 1)-partite (m,,m,, - - -, m,_,) of the form

n n
m; = ]ZI a,',' ""]21 a,,,-,

where the a; are positive integers satisfying (1.2), (1.4) and (1.6).

We have corresponding interpretations for F, and H,.
For example, by Corollaries 2 and 7 we have

n— k k [(k—m)/2}

Gi(n,k +1) =

m=—k j=max{0,—m}

( n ><n+j—l><n+m+j—l> m
k—m—=2j j m+j 97

1 k k [G=m)/2}
Fn+Lk+h)=—3> > (n-j) >
m=—k j=max{m,—m} s =max{0,—m}

< n )(n+s-1)<n+m+s—l) m
j—m—2s s m+s ar
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and
n—~k& m+k-m-1\(n+m-1\ ,
Hin, k +1)=— ,,,Eo< k—m )( m )q,.
Thus
(6.1) G,(3,2)=2q:'+2+2q,
(6.2) Fx3,2)=q7'+2+q,
and
(6.3) H,3,2)=2+2q,.

The following arrays are enumerated by G,(3, 2):

111 11 2 112
(M ) (€)

11 2 12 2 11 2

122 122 11 2
“4) ©) (6)

12 2 11 2 111

Now arrays (1) and (2) satisfy
3 3
"]:2 au—E az;
j=l i=1
for (3) and (4) we have
3 3
0:21 a”_z a,;j,
1= 1=

while (5) and (6) are subject to the condition

3 3
1———; a,,—Zl a,j.

The arrays counted by F,(3, 2) are (2)-(5). Array (2) accounts for the
coefficient of ¢ 7', (3) and (4) are enumerated by the constant term, and
(5) is counted by the coefficient of q,. Finally, H,(3, 2) counts arrays
(3)-(6). The first two of these are enumerated by the constant term;
(5) and (6) account for the coefficient of q..
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If we assume q,=---=¢, =4,
G,(n,k)y=D*g,(nk;sy, -+, s,)q%"
Then condition (1.8) implies g” = 1 and we have

p-1
G,(n, k)= 5_:,0 > g, (n ks, -, s,)q"

where the inner sum is over all p-tuples satisfying

fi

s, =m (mod p).

i=1
Therefore, we have

THEOREM 6. If q.=q.=---=q,=4q, q° =1, and 11,,,(r) is the
number of partitions of the form

where the a; are positive integers subject to conditions (1.2), (1.3), (1.4)
and (1.6), then G,(n, k) generates

For example, from Corollary 4 we see that

Cn— ke n 2n +2j -1
Z I i1 (2t) = n ,Zo <k —2j>< 2j >

and

n— ke n 2n +2j

1=0

We have corresponding results for F, and H,.
Returning to the illustration used above, if g, = g,=q, we may
write (6.1), (6.2) and (6.3) as

(6.4) G:,(3,2)=2+4q,
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(6.5) F2(37 2) = 2 + Zq’
and
(6.6) H,3,2)=2+2q.

Since the sums of arrays (3) and (4) are even, these arrays are counted
by the constant term in (6.4)—(6.6). In each case the coefficient of g
enumerates the arrays having an odd sum.
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