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A FRACTIONAL LEIBNIZ ¢q-FORMULA
W. A. AL-SALAM AND A. VERMA

In this note we give a discrete analogue, the so called
q-analogue, of the well known fractional version of Leibniz
formula, i.e., the formula which expresses the fractional integral
of the product of two functions in terms of the derivatives and
fractional integrals of each. Our discrete analogue is naturally
suited to be applied to basic or Heine series. We give three such
applications.

By the Leibniz formula we mean

1) D wgl=2 (7)) (D= dd)

k=0

This formula has been generalized [7] to arbitrary complex values of n to

(12) gl = 3 (7% D)1 g ()
where

1 * -
(1.3 IO} = s [, (= foyr

is the familiar Riemann-Liouville fractional integral. For other exten-
sions based on (1.3) see (8, 9].
The gq-difference operator is defined by means of

_f(gx)—f(x
(14) D, {f(x)p = HEI=)

(note that if f is differentiable then lim,., D f(x) = f'(x)).
For the g-difference operator we can define two inverse operations,
the so called g-integrals,

a5) L@ = 0 9= x0-0) 3 ¢*(g)
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and

6 Kfe)= [ f0dwg)=x1-9) 2 g™

both of which reduce, for certain classes of functions, to the correspond-
ing Riemann integrals f f(t)dt and f f(t)dt when g —1.
0 x

Many algebraic as well as function theoretic g-analogues have been
considered (see e.g. [3, 4, 5]). We shall require in this work the
q-binomial coefficient

R M R ) e R (=R

and g-factorial notation

[alo=[a)o, =1
[a]l. =[a]., =(1—a)1-aq)(1-aq*)---(1—aq"") .
[a]i=[a], [n]'=[1][2]---[n], [O)!=1.

If there is no danger of confusion we shall write [1 — a], or equivalently
{1-al., to mean the quantity defined above, i.e., [a].
Two g-analogues of the exponential function are in use.

©

e, (x) = =[Ta-x""  Jql<t.

The infinite product converges for all x provided that [¢| <1 and

E)=3 (-1 g =[] -x")  lql<1

q]nq

which is an entire function of x.
It is easy to see that lim,,e,(x(1—¢q))=1lim,, E,(x(q —1))=e".
We shall also make use of the function

Iy(a)= —”’19—)(1- )* defined for a#0,—1, -2, "

This is a g-analogue of the gamma function and satisfies the functional
equation I';(a +1)=((1—¢q*)/(1—g))I',(a).
Furthermore we write
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s k
) -yl =% 3 (-1 [£] a*en(2)
=0 k], x

as a generalization for the finite product [x-y]l.=(x—y)-
(x—ay) - - (x —q"'y). Itis easy to see that when B = n formula (1.7)
reduces to a well known formula of Euler. On the other hand if B8 is not
a positive integer and if |q|<1 then the series in (1.7) converges
absolutely to the value

eq<q’3f) . 1-2¢"
xB = xsn
eq(f) "=01_%q3+n

The Heine series referred to above are series of the form

o A,y 0, Q) B © [al]n [aZ] I_grl
r’s x|l = Z
|:Bl, BZ’ KN Bs; :l n=0 [q]n [Bl]n [B ]

Now corresponding to (1.1) we have [4] the g-Leibniz formula

1.9 Ditfwe@h =3 | ¢ | Difxa)et)

valid for n =0,1,2,- -

Hence our goal here is to extend (1.8) to “fractional” values of
n. We need therefore a concept of fractional g-integral. This has been
done in [1, 2], by means of

(L9) I 2= g [, B~ @l SO 5 9)
=x (l—q)“z [q] £ q*f(xq*)

and

zaal

Kl (0:xh= 4 [ 0= #la S )a s )

(1.10) = x*(1=qyge 3 (- 1) [ _ka] q*e - flxq ™).
= q
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When there is no danger of confusion we shall simply write I5f(x)
and K;*f(x) for (1.9) and (1.10).

We also remark that If(x)= K{f(x)= f(x).

The operators I¢ and K;* are closely related. In fact one can see
from (1.9) and (1.10) that if we put pg =1 then

(1.11) I5{f(2); x} = g {1—5} K {f(tq2); x}.

In view of this we shall confine our discussion to only one of the two
operators, say, to I,

Note that the operators (1.9) and (1.10) reduce, for integral values of
a, to

IMf O} = (= DYK{f(x)} = Db

whereas I{f(x)} and K;™f(x)} are the N repeated operators (1.5) and
(1.6) respectively.

IfUX)=Z2cx"isa power series whose radius of convergence is R
then we have from (1.9)

[q]n

(1.12) I:{U(x)}_r ( +1) 2 Cn [7°7]. x"

which for |q| <1 has the same radius of convergence as that of U.

It is cjear that (1.9) is absolutely convergent if U(x)= O(x*"") as
x — 0 for Re(A)>0 so that (1.9) is absolutely convergent for the cases
U(x)=x"" E,(x). Similar remark holds when we shall take U(x)=
[1-x]y or U(x)=x*",

2. g-Newton Series. Such a series were given by Jackson [6]
in the form

(2.1) fy =3 Baf(@) [q] (1-q)[x-al.

n=0

However we shall require such a formula in a slightly different form
which we state as

02 f)=3 (~1yqen DD 1 —gy(a -],

To verify the validity (at least formally) of (2.2) we put
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2.3) flx)= 20 C.[a - x].

But

D,’;[a“x]n= _—1'" =

[q] - qém(m—l)[a _ xqm]'l’m’

so that if we g-difference (2.3) m times and put x = aq ™™ we get the right
value of c,.

We shall require (2.2) when x is replaced by xq" and a by xq™*. It
becomes after some simplification

o) UGq)= 3 (~1pq e Tk xpiueg ).

If U is a polynomial then the right hand side of (2.4) is a finite sum
and no question of convergence arises. The formula can also be seen to
be valid if U(x) has a convergent power series expansion and at the same
time U(xq %) has a power series expansion for all k. Incase [q|<1it
is then sufficient to assume that U(x) is entire. In all these cases (2.4) is
absolutely convergent.

3. Fractional g-Leibniz Formula. We now have from
(1.9) that

B IUEVE=x(-qr 3k g Uxg V).

Replacing in (3.1) for U(xq") its value obtained in (2.4) we get

(32)  IHUE)V(x)=x°(1-q) 20 MZO (=1)" ILL[;]""[;: :

. q nx mq —im(m-1)—am V(xq n )DrzU(xq —a—m)

— xa(l — q)a E=O (__ 1)mq—%m(m—l)—ma [[gq]]'"

xD3UGg ) 3 g Mk visgr),
Here we have used the fact that

[9°):[q°"" ] =[q")asm =[q°]m[q*™" ]2
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If we now evaluate the inside sum by means of (1.9) we get

G3)  IHUE)V(x)= mio [ jna]q DrU(xq=") =" V(x).

In case @ = — N, a negative integer, we obtain the well-known
formula (1.5).
In case V(x)=1 we have

a+k

a+k — X
L =F Grk+D
and hence (3.3) yields
« = S Ta _—xi._ n —a-n
64 1U0=3| 7| raren DG )

which can also be written as

© n+a ,—in(n-1)-an
1 X z

o2 i

(35 IU®x)= -DU(xq™™).

If g — 1 formulas (3.3) and (3.5) reduce to the following formulas (Davis
£3).

IU(x)V(x)] = kzo (‘k"> U®()VE9(x)

and

)= $ 1 S e

m=0

where I” is the vth fractional integral of Liouville (1.3).

Although the derivation of formula (3.3) given above was only
formal, it is easy to see that (3.3) is valid whenever the functions U(x)
and V(x) are such that the series in (1.9), (2.4), and (3.1) are absolutely
convergent. For example if U(x) is a polynomial then (2.4) is only a
finite sum and the interchange of summation in (3.2) is justified. In all
the applications that we give in the next section all the functions U, V are
chosen so that (3.3) is valid.

4. Applications. Our first application is to take U(x)=
[1-x]v and V(x)=x*" where N is a positive integer and Re(A)>
0. By easy calculation we have
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N k
Di[1-x]v=q™ q [1-xq"]n-s
k
and by virtue of (1.9)

Ia+,\ X 1}__ xa+k+](1 q)a+k 2 Ig lz ]A

[q];
e . 1_ at+k+r+s
= gtk 1(1__q)a kl:!) {_1__‘15:?}

a+k+r—1 (1 — q)a+k el(qA) .
[qa+A]k eq(qa+x)

Replacing these values in (3.3) we get, forx# ¢ (j =0,1,2,---,N—1)

(4.1) IZ{x*"[l—-x]N}=§[_ka] w [97]s

=X

(]
_ 1-q) el(q")
. I_x a . a+k+/\+1£~+g_)_~ s
(= xa e [ ] e(q"™)
(1)\2
=xu+A+11__ a € —
( q) e(qa A)

-N
[1——xq ]N 2(1)2 [qm\f\l (l/x)q1+n N. ‘I]

On the other hand we can calculate the left-hand side of (4.1) directly by
means of (1.9). We get

(42) I (1= xl) = x40 - q) S g {7k (1 xg4),

a N.
=x= o= gy =l [ 15 ).

b

Comparing (4.1) and (4.2) we get (putting x = q°) the transformation
formula

a N+c . o _ a+A+j c—a
I A R | R B
) j [q°]v

<P, [ qa-f; 214—& “N-c. q]

provided [q|<1, Re(A)>0 and N is a positive integer.
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For our next application let us consider the fractional gq-integral
I{x*'E,(x)} and evaluate it in two different ways. By using the
definition (1.9) we get, for |q|<1, and Re(A)>0,

@d) LB b= Exe - gy [ 1 g

On the other hand if we apply our Leibniz formula (3.3) with U(x) =
E,(x), V(x)=x*" we get, for |xq™| <1,

@s) R =[] {2 e

(1___q)«+s)
. (1 — q)axa+A—1 1‘1’1 [Z:\#—a% xq—a] .

Comparing (4.4) and (4.5) we get the transformation formula (putting
x=q°)

a; o 1_qa+)k+s)(1_qc-a+s) qa; c—a
46) @ [‘1 *]= {( - DTS
4.6) P, qc;q g d-q)1-q"") 1Py q* a;q

provided |q| <1, Re(A)>0, Re(c —a)>0. Note that ¢ and A in the
left hand side interchanged positions in the right hand side.

For our third and final application we consider I{x"*"'E,(x)} where
n is a positive integer. We apply our Leibniz formula in two different
ways. Once we let U(x)=x", V(x)x*'E,(x). We then put U(x)=
E,(x)and V(x)=x""*"". Equating the results of these two calculations
we obtain

A a .
@) Al gm0 [40 )
_ lz—n Ikl ZaIkIXZn—k |k . @ [qa'f-k ; "_k]
20 lqllg=™l T 7 (g M

provided that |q| <1, |x]| <1, Re(A —a)>0.
As a corollary of this we obtain, putting n =1, the contiguous
relation

@° =)@, 100 xa| = (1= 37 xq]

a+l,
-(-x(-g® |10,
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