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A multiplication operator on an Lp -space is factored as the
direct sum of cyclic parts and a singular part. The equivalence
of this decomposition with Rohlin's Theorem on decomposition
of measure spaces is shown.

1. Introduction. Let (X, Σ, μ) be a separable measure space
and suppose / is in L«,(X, Σ, μ). The bounded operator Mf on
LP(X,Σ,μ) defined by Mf(g) = f-g, for g£L p (X,Σ, μ), is called a
multiplication operator.

If p = 2, then a multiplication operator is normal on
L2(X, Σ, μ). Thus it may be decomposed as the direct sum of cyclic
normal operators. These operators need not themselves be multiplica-
tion operators. If 1 ̂  p < o° and p^ 2, then in general, it is not possible
to decompose LP(X, Σ, μ) into the p-direct sum of subspaces such that
the restriction of a multiplication operator to each of these subspaces is
cyclic. (For the definition of a p-direct summand see [7], Definition 1.1.)

With the aid of Rohlin's Theorem ([5]) in the form presented by
Akcoglu ([1]), we obtain a decomposition theorem for multiplication
operators on Lp-spaces. A multiplication operator on LP(X, Σ, μ),
p-^2, is shown to be the direct sum of a regular part and a singular
part. The regular part is decomposible as a direct sum of cyclic subparts
while the singular part does not possess a cyclic subpart.

We show, in turn, that this decomposition theorem implies Rohlin's
theorem.

2. Preliminaries. Let (X, Σ, μ) be a separable measure
space. If X is a topological space, then Σ will be the Borel σ-algebra
denoted by % (X) (or simply 38 if no ambiguity arises). If X is the unit
interval, then we will denote X by J and the usual Borel measure space
will be represented as (/, 38(/), λ).

For ease of notation we will abbreviate LP(X, Σ, μ) by Lp(μ), for
1 ^p ^°°, when no confusion will arise.

Suppose / E Loc(X, Σ, μ ).

DEFINITION 2.1. The measure φf on {C, 38(C)} defined by φf(B) =
μ{f~\B)}, for B E 38(C), is called the measure associated with f.
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We shall consider the multiplication operator MfEB{Lp{μ)}, 1 ^
p < oo. We denote its spectrum by σ(Mf). Then the measure as-
sociated with / may be thought of as the measure associated with the
operator Mf. Since σ(Mf) is the essential range of /, we see that the
support of φf is just σ(Mf). Thus we interchangeably think of φf as a
measure on (C, 93(C)) or on (σ(Mf), $(σ(Mf))).

Associated with a multiplication operator Mf is a spectral measure
Φf: S3 (C) -> B (Lp (μ )) defined by Φf (B ) = Mχ{rm, and φf (B) =

Φf(B)χ(X)dμ, an extended real number, for B EB(C).
X

Let g E LP(X, Σ, μ) where 1 ̂  p < oo. The measure ωg defined on

(C, 93(C)) by ωg(B)= I \Φf(B)g\pdμ is clearly absolutely continuous
Jx

with respect to φf.
If A G Σ, then M / ) A is a multiplication operator on the space

LP(A, Σ\A, μ | Λ ) which is identified with the subspace Mx(A)(Lp(X, Σ, μ))
of LP(X, Σ, μ). We see that φfU <£ φf.

DEFINITION 2.2. Let φ be any σ-finite measure on
(C, 93(C)). Then £eφ ={g E LP(X, Σ, μ) |ω g <̂  φ} is ίfce subspace of
Lp(μ) generated by φ.

DEFINITION 2.3. Let g be a measurable function on
(X, Σ, μ). Then the support of g (written supp(g)) is {JC E X11g(x)\ >
0}.

L e t / ε L . ( X , Σ , μ ) .

LEMMA 2.1. If φ is any σ-finite measure on {C, ̂ (C)} such that
φ < φf, then there exists g E Lp(μ) such that ωg ~ φ. Moreover, there
exists AΦGΣ such that i£φ = Mx(Aφ)(Lp(μ)) and ωg « φf\Aφ.

Proof. Without loss of generality we may assume that φ is a finite
measure. The Radon-Nikodym derivative dφ/dφf = h is in

Lχ{C, 93(C), φf}. Clearly if B and D are in 93(C), then ί χ(D)dφf =
JB

L χ(D)°fdμ. By the Monotone Convergence Theorem it follows

that φ(B)= \ hdφf = ί h ofdμ. Let g be (/z o/)1^. Then we see
JB h~\B)

that g£Lp(μ) and ωg(J5) = φ(J5), for B E 93(C).
There is a Lebesgue decomposition of φf such that φf = p + η where

p^φ and η ±φ. There exists Bo E 93 (C) such that η(B0) = p(C\B0) =
0. Let Λφ be f~\BQ). Then M^(Aφ){Lp(μ)}C«2; and φfUφ = p.



THE DECOMPOSITION OF MULTIPLICATION OPERATORS 267

Suppose there exists g0 E Sβφ such that F = supp(g0) Π (X\AΦ) is not
equal to the empty set a.e. μ. Then there exists G E 38 (C) such that
GΠBo = 0 a.e. φf and f~\G)D F. Hence ω ^ G ) > 0 while φ(G) = 0
which is a contradiction. Thus 5BΦ CMx(Aφ)(Lp(μ)).

DEFINITION 2.4. The set Aφ associated with the measure φ <φf

(as in Lemma 2.1) is called the pre-support of φ.
In the sequel ,we adopt the notation {αn}£fΓ to mean the finite

sequence {αn}£=i, if L <°°, or the countably infinite sequence {αn}neN if
L = oo. We shall use similar notation in sums, unions, etc. In addition,
if L = oo? then the expression "1 ̂  n ̂ L " will mean "all n EN".

3. A decomposition theorem. Let / be an element of
L.(X,Σ,μ).

DEFINITION 3.1. If A is in Σ, then the multiplication operator M / ( A

on LP(A, Σ|A, μ | A ) is called a part of M, (on Lp(μ |A)).

DEFINITION 3.2. The operator Mf is cyc//c if there exists a function
gGLp(μ) such that the set {p(Mf)(g)\p(z) is a polynomial in z} is a
norm-dense subset of Lp(μ). We say that Mf is singular if it has no
cyclic parts and that Mf is regular if it has no nonzero singular parts.

DEFINITION 3.3. Let Y and Z be Banach spaces. A bounded
operator T on Y is isometrically equivalent to a bounded operator U on
Z if there exists a surjective isometry K: Y^>Z such that KT = {7K

REMARK 3.1. Let (X, Σ, μ) be a separable measure space and let
{A}f-?Γ be a sequence of pairwise disjoint sets of Σ with Uf=i At = X a.e.
μ and A t ^ 0 a.e. μ for 1 g / g L. Then LP(X, Σ, μ) is isometrically
isomorphic to 0f=iIp(Ai,Σ|Al,/ι, |A |) via the mapping g-*Σf=1g|Al for g
in LP(X, Σ, μ). Under this mapping, a multiplication operator Af/ on
LP(X, Σ, μ) is isometrically equivalent to φf=iM/ |Ai. Thus we will say
that Mf = φKιMfU.

DEFINITION 3.4. A multiplication operator Mf on LP(X, Σ, μ), with
associated measure φf, has a cyc/ic decomposition if

M, = 0 M/Uϊ on 0 Lp (Ab Σ | ^ μ |Λ(),

where {Ai}f=i is a pairwise disjoint sequence of sets of Σ with Uf=1 A, = X
a.e. μ, such that M / ( A is cyclic on Lp(μ | A ) and its associated measure φ/(A

is equivalent to φf for 1 ̂  i ^ L.
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REMARK 3.2. Suppose Mf on Lp(μ) has a cyclic decomposition;
then the cardinality of this decomposition is unique, i.e., any two cyclic
decompositions for Mf have the same cardinality (see [4] Theorem 10.4.7,
[7] Theorem 2.5).

DEFINITION 3.5. Let Mf be a regular multiplication operator on
LP(X, Σ, μ). Suppose φ < φf is a measure with pre-support Aφ E
Σ. Then φ is an invariant for Mf if:

(i) Mf]AΦ on LP(ΛΦ, Σ|Aψ, μ \Aφ) has a cyclic decomposition;
(ii) if τ < φf is 3. measure with pre-support AT E Σ such that Mf\Λr

on LP(AT, Σ|Aτ, μ |Λ τ) has a cyclic decomposition of the same cardinality as
that for M/fAΦ, then r is absolutely continuous with respect to φ.

The cardinality of the cyclic decomposition of M/)AΦ, for φ an
invariant, is called the multiplicity of φ (written M{φ)).

THEOREM 3.1. // φλ and φ2 are two invariants of the operator Mf on
LP(X, Σ, μ), then either φλ is equivalent to φ2 or else φx is singular with
respect to φ2.

Proof. Let Aφl and A^ be the pre-supports of φx and φ2

respectively. Suppose φ ^ M ^ and φ^ ( f 2 ) M / | c are cyclic decomposi-
tions for M/|Aφ and Mf\Λ respectively. If φx£φ2, then there is a
Lebesgue decomposition for φ2 such that φ2 = φ\ + φ\ where φ\ < φλ and
φ\l.φλ with φliέO. Thus we h a v e ^ C ^ φ l and i? φ ^(0). Let Λφ^be
the pre-support of φ\. Then we have Aφ\CAφl a.e. μ and M/)Aφ, has a
cyclic decomposition given by ζ£)?=ΐύMflBnΛ s. But φ\< φ2 implies that
Sβφi C iζ^ and thus Mf]A , has a cyclic" decomposition given by
0fJf 2 )M / ! c n A s . Thus we*'conclude that M(φ1) = M(φ2) and hence
Φ\ ~ Φ2.

LEMMA 3.1. Let Mf be a regular multiplication operator on
LP(X, Σ, μ) with associated measure φf. Suppose there exists a se-
quence of measures {φJf^Γ such that for 1 ̂  ί ^ L:

(i) φi <̂  φ; vvίϊ/z pre-support Aφι E Σ;

(ii) φf = Σ^ίφι;
(iii) M/iA /ms α cyc/ic decomposition of cardinality Q
(iv) Q^'Qifiϊj.

Then {φi}[=ι is a sequence of invariants for Mf.

Proof. Consider φh where i0 is a fixed index such that 1 ̂  /0 =
L. Suppose T <̂  φf is a measure with pre-support A τ ^ 0 a.e. μ and
such that M / ! A has a cyclic decomposition φi=iM / ( A of cardinality
Cfe. Suppose r ^ φfo. Then r = τi + τ2 where rλ < φh and ^Lφ^ with
τ 2 ^ 0 . There exists an index /0, l^=jo = L, with jo^iθ9 such that
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τ2£φjo> Without loss of generality we may assume that τ2<
φh. Suppose A r2 is the pre-support of τ2. Then φ f ^ Λf/!A nA is a cyclic
decomposition for M / ! A . But if φ ^ M / ! B is a cyclic decomposition for
Mf\Λ , where Aφ/o is the pre-support of φ^ then φ ^ i M ^ ^ is a cyclic
decomposition for M / ( A of cardinality Q . But then we have Cio =
Q . This is a contradiction. Thus φ^ is an invariant.

DEFINITION 3.6. A sequence of measures {φ,}f=1 satisfying the
conditions (i) to (iv) of Lemma 3.1 is called a complete set of invariants for
M,

REMARK 3.3. It follows directly from Theorem 3.1 that two com-
plete sets of invariants, for the same regular multiplication operator M/?

are merely permutations of each other.

LEMMA 3.2. Let (X, Σ, μ ) and (Y, Φ, v) be measure spaces. If
Mf E B(Lp(μ)) and Mg E B(Lp{v)) are isometrically equivalent multi-
plication operators, then φf is equivalent to φg.

Proof If p = 2, this result follows from the uniqueness of the
resolution of the identity for a normal operator (see, e.g., [2] Theorem 1,
p. 65).

Suppose we have p^2. There exists a surjective isometry
K: Lp(μ)^>Lp(v) such that KMf = MgK and K induces a set-
isomorphism Γ: (X, Σ, μ)-+ (Y, Φ, v) as follows. Let A EίΣ. If h is in
Lp(μ) and suρp(/ι) = A a.e. μ, then Γ(A) = supp{X(/ι)} a.e. vindepen-
dent of the choice of the function h (see [7] Theorem 1.2 and [3]
Theorem 3.1).

For A EzΣ, define KA equal to K\Lp{μ\A), Then KA is a surjective
isometry from Lp(μ | Λ ) to L P ( ^ | Γ ( Λ ) ) and KAMfU = Mglr(Λ)KA.

Now suppose that there exists G a Borel subset of C such that
φf(G)>0. Then there exists AGGΣ, with μ ( A G ) > 0 , such that
σ ( M f | A J C G . Thus we see that σ(Mglr(Λc)) C G since under KAc, the
spectrum is preserved. Clearly M g k ( A G ) ^ 0. It follows that v{T(AG)} > 0
and that φg(G)>0. Thus φg > φf. The converse is proved similarly
using Γ"1.

REMARK 3.4. Let i^bea measure on {/, S9(/)}. Suppose Mf is a
multiplication operator on Lp(/, S8(/), ^) . Let {δ,}Γ=i be the measures
on (/, ®(J)) defined by
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for B E $8 (/) and i E N. There exists a sequence of Borel measures
{μJfJΓ on (σ(Mf), $8(σ(Mf))) such that μt > μi+u for l g i g L , and a
point isomorphism y from (J, £$(/), ι>) to the Borel measure space
(E, 3ft (E), τ), where £ is the set σ(Mf) x / and r is μ0 * λ + Σf=1 μ, x δ,,
such that f=π1

oy a.e. i> (the map TΓJ is the projection of E onto
σ(M;)). This is just the formulation of Rohlin's Theorem ([5] § IV)
presented by Akcoglu ([1] Theorem 5.2).

THEOREM 3.2. Let (X, Σ, μ) be a separable σ-finite measure
space. Suppose Mf is a multiplication operator on Lp (μ). Then it follows
that:

(i) there exists Ar E Σ, depending only on /, such that Mf =
M/ur0Mf\As, where As = X\An Mf]Λ= Mfr is regular, and M / ( A S = M / S is
singular

(ii) if A 7^0 a.e., ί/ien (A,, Σ| Λ s > μ \As) is nonatomic, and ifφs is the
measure associated with M/s, there exists a surjective isometry
K:Lp(μ\As)-*Lp(E,$&(E),φsxλ), where E = σ(Mf)xJ, such that

M7ΓiK= KMfs for TΓI the projection of E onto σ{Mfs).
(iii) if Arτ^0 a.e. μ then Mfr has a complete set of invariants.

Proof. There exists a set isomorphism Γ between (X, Σ, μ) and
(/, 38 (/), v) for some Borel measure v (see [6] Theorem 2, p. 264). Thus
there exists a surjective isometry I: Lp(μ)-+ Lp(v) such that / is induced
by Γ and Mf = I~ιMf I for some multiplication operator on Mr on Lp(v)
(see [7] Theorem 1.3). Since the singularity and regularity are preserved
and the associated measures of the operators Mf and Mr are equivalent
under I, we shall assume that (X, Σ, μ) is (/, £$(/), v) and that Mf is a
multiplication operator on Lp(v).

Consider the measure space (E, Sft(E), τ) as in Remark 3.4. Let γ
be the point isomorphism (J, $(/) , i>)->{E, S9(E),τ} such that / =
τri°γ. We partition the set £ into disjoint sets C and D such that
C = U f . 1 C , where Q ={(x,l-l/i)\x <Ξ σ(Mf)} and D = E\C. We
have T |D = μ0

 x λ and r |G = μ,, X δi? 1 g i ^ L.
Clearly the measure space (D, $β(E)\D, τ\D) is point isomorphic to

(£, S8(£), μ o

χ λ) under the identity mapping r: D ->E.
Let Ar be γ ^ C ) . Then As is y~\D). Since (E, Sδ(£), μ o x λ) is

nonatomic, it follows that (As, S8(/)|Λs, V|A.) is nonatomic. If A is a
Borel subset of As with A ^ 0 a.e. v, then we see that f\A = τri o γ | A is
not univalent on the compliment of any subset of A of measure zero and
thus M / ( A is not cyclic on Lp (v \A). Suppose Ar ^ 0 a.e. v and J5 ̂  0 a.e.
v is a Borel subset of Ar. If B is an atom, then the operator M / ( B on
Lp(v\B) is cyclic since Lp{v\B) is one dimensional. If B is nonatomic,
then y(B)= Uf=1γ(J5)Π Q. If for some index i0 we have γ(B)Π
0 , ^ 0 a.e. r, then Bh= y-1{y(B)Π Ch}^0 a.e. v and / | Λ o is
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univalent. Thus M / ) B is cyclic on LP(V\BIQ) and Mf\B is thus seen be be
the direct sum of cyclic parts. It follows immediately that M / ) A r= M/r is
regular and that M / ( A = M/s is singular and that Mf = Mfr 0 M/s (see [7]
Theorem 3.3).

Suppose As/0 a.e. v. Since φs(B)= v{f\2(B)} for B a Borel
subset of σ(Mf), we see that f\~A](B) = y~λ{D Π π\\B)} implies φs(B) =
μo(B). It follows that γ |A s is a point isomorphism between
(Aw 98 (/)U, * U ) and (£, 39 (E), φs x λ).

By standard methods it follows that there exists a surjective isometry
K: Lp(v\As)-*Lp(E, ®{E\ φs x λ) defined for g<ELp(v\As) by K(g) =
h'(g°y\Dl) for some /ι measurable on (E,$β(E),φsxλ) such that
KMf]As = MmK (see, e.g., [7] Remark 1.1).

The sequence of measures {μt}Kι has one of the following two
properties:

(1) given i0 with 1 ̂  i'o < L, there exists /0 > i0 with j0 < L such that
μ^μ* but μ]0^ μh)

(2) there exists some index ι0 such that μt ^ μι for 1 ̂  i0 ^ i, / = L.
In order to establish (iii), we shall assume (1) is true since (2) is

handled in a similar manner.
First note that we must conclude that L = oo. Now let ψ0 be the

zero measure on the Borel sets of σ(Mf) = S. Define Go = 0 and
choose the nonnegative integer n0 = 0. Suppose that the measure φj on
{S, 39(5)}, the set G} E 38 (S), and the nonnegative integer n; have been
chosen for 0 ^ / ^ i <oo. We define ψi+1, G i+1, and ni+1 as follows: let
St = S\\J]=oG} and compare the measure μι\Sι with each of the meas-
ures μk I S{. There exists a smallest integer kt > nt such that μk \ 5t is
equivalent to μ^S, for 1 g A: g fc, while ^ I ^ ^ ^ J S , for fc>fc{. Set
n,+i = fci. Then there exists Borel measures ωx and ω2 such that μi|S, =
cϋt + ω2 where ω 1 ~μ k i + 1 | S . and ω2l.μkι^\Sι. There exists Gi+1, a Borel
subset of S, such that ω^G^) = ω2(S\Gi+1) = 0. Set ψi+ι = Σ^ί μ, | Gl+1. If
we define Gx= S\U/

oc=oGi then one of the following possibilities can
occur:

(a) for all fcGN, μk | G , « μi | G . ^ 0, or
(b) μ i ! G , = 0.

If (a) is true, we define ψx = ΣΓ=i μ, | Goo. If (b) is true ψ*> is not defined.
Without loss of generality, we shall assume (a) holds. The collection of
measures {ψjΓ=i U{ψoc} has the following properties:

(1) φιlφ] for/V i
(2) ΣΓ=i μ4 = ΣΓ=i φt + φx = <ρn the measure associated with M/r

(3) for each i Έ N, where N = N U H we have 0jeFχMf|Ύ-1{irTl(Gl)nQ},
where F = {/ G N|μ y (TΓΓXG^Π Q ) > 0 } is a cylic decomposition for
Mf\y~\π-x\Gi)nc}} which has associated measure ψh

Thus by Lemma 3.1, {φt}iSfi is a complete set of invariants for M/r and
Jί(φι)= nx for i G N, while J£(^ x) = Ko.
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We have thus shown that Rohlin's Theorem (Remark 3.4) implies
Theorem 3.2

THEOREM 3.3. Theorem 3.2 implies Remark 3.4.

Proof. Let / G LX(J, 3δ(/), v). Then Mf on Lp{v) has a regular
part Mfr and a singular part M/s with Mf = Mfr 0 M/s. In order to
consider the most general situation, we assume that neither Mfr nor Mfs is
zero. We let φr and φs be the measures associated with Mfr and Mfs

respectively.
There exists a complete set of invariants {φi}ϊ^Γ for Mfr and we let

{AjfίΓ be the corresponding sequence of pre-supports. Thus Mfr =
φf=i Λf/|A and for 1 ^ i ^ L, we see that M/)Ai has a cyclic decomposition
of multiplicity M(φt) given by M / u = φ f i ^ M ^ . . (where, if M{φio) = Ko

for some /0, then M / u

 = = φ"=iΛί / | A j ).
Without loss of generality, assume that {φi}ϊ=ι is countably infinite

and that M(φλ)< M(φ2)< M(φ3)< •• . For / E N , we define J3, =
U ι e N j Aiy , where N, = {ί G N | ; ^M{φt)}, and let /, be /|β /. Then M/r =
φ 7 G N M / y and each MΛ is cyclic on Lp(An S5(/)|Λ., ι̂  \Aj). Also for / G N,
we have σ ( M / ; ) ^ cr(M//+1) and μι > μJ+u where μ} is the measure as-
sociated with fa.

Consider the set E = σ(Mf)x J and the measure space
(E, Sδ(£), τd) defined as follows: for GGS9(J5), we set τ d (G) =
Σ ; e N μάπtiG Π Cy)} where Q = {(JC, t) G £ | x G σ(M r); ί = 1 - 1//}. Then
τ d (G) = Σ | 6 N f t x « i ( G n C l ) . Define yj-B^E by γ,(ί) =
(/y(ί), 1 - 1//) for / G N. Then we define yd: Ar -> £, where Ar is as in
Theorem 3.2, by yd(t) = (/;(ί), 1 - 1//) for ί G Λ Π B ^ B7, From the
definition of rd, it follows that yd is a measure preserving point isomorph-
ism from (An 38(/)|Ar, HAΓ) t o ( ^ ^ ( ^ ) ^ τ

ί i ) Furthermore, we have

Let As = J\Ar. If p = 2, M/s singular on L2(AS, S9(/)|A,, μ U ) im-
plies M f s is singular on (LP(AS, S9(/)|As, v | A s ) for p ^ 2 . We therefore
assume that p^2. There exists a surjective isometry

X: LP{AS, ^ ( / ) U , ^ U } ^ L P { £ , S8(£), ψ, x λ }

such that K°Mfs - Mm ° K. In addition K induces a natural measure
preserving point isomorphism yc from (As, S8(/)|Aβ, γ | A f ) to
(£, S8(JE), φsx λ) such that / | A f = TΓ^γc (see, e.g., [6] Corollary 12, p.
272). Define μ 0 to be the measure φs on σ(Mf).

The map

rγ c on £ \ U C

y = \
lΎc, on U C,
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is the required point isomorphism such that / = πλ° y and the result now
follows.

EXAMPLE 3.1. Let γ : / - ^ / x J b e a point isomorphism from the
usual Borel measure space on [0, 1] the usual Borel measure space on the
unit square. Then /:s= 7Γl o y j s in L* (ί, B (/), λ ). There does not exist
a set B E £$(/) of measure zero, such that f\ΛB is univalent. It follows
that Mf is singular on Lp (J, B (/), A ) for 1 ̂  p < oo (see [7] Theorem 3.3).

4. A characterization theorem.

THEOREM 4.1. Suppose (X, Σ, μ) and (Y,Φ, v) are separable
measure spaces. Then Mf E B(Lp(μ)) is isometrically equivalent to Mg E
B(Lp(v)), p ^ 2 , if and only if the regular parts of Mf and Mg have
equivalent complete sets of invariants with the same multiplicities and the
singular parts of Mf and Mg have equivalent associated measures.

Proof ( Φ ) There exists a measure ω on (J, £8(/)) such that
(X, Σ, μ ) is set isomorphic to (J, 53(/), ω). There exists a measure p on
(/, $ ( / ) ) such that (Y,Φ, v) is set isomorphic to (J, 38 (J), p). By an
argument similar to that of the beginning of the proof of Theorem 3.2, we
assume that Mf is in B(LP(J, £$(/), ω)) and Mg is in
B(Lp(l ®{J\ p)). Let (Eh ®(Ef\ rf)^Έf and (Eg, ®{Eg\ τg)^Έg be
the measure spaces generated by / and g respectively as in Remark
3.4. Then since the invariants of the regular parts of Mf and Mg are
equivalent and the singular parts have equivalent associated measures, it
follows that %f and %g are point isomorphic under the identity mapping
(although the isomorphism may not be measure preserving). Thus it
follows that Mf on Lp(ω) and Mg on Lp(p) are both equivalent to Mm on
hp{%ι) since the identity point isomorphism between Έf and %g induces a
surjective isometry J : Lp{Έf)-*Lp(Έg) such that JM^ = M^J.

( φ ) Suppose K: Lp(μ)-> Lp{v) is a surjective isometry such that
KMf - MgK. Then using the notation as in the proof of Lemma 3.2, K
induces a set isomorphism Γ: (X, Σ, μ)-»(Y, Φ, v) such that KAMflA =
Mg(r(Λ) KA for A E Σ, since p^ 2. Let Mfr be the regular part and M/s be
the singular part of Mf. Let Λr E Σ be as in Theorem 3.2 (i). We see that
KArMfr = Mglr(Ar)KAr and that KAsMu =

 H ^ X A . , where As =
X\Ar. Thus, since KAr and KΛS preserve the cyclicity of a multiplication
operator, we see that Mg | r ( A O s Mgr is the regular part and Mg)r(As) = Mgs is
the singular part of Mg. Let φr and φr be the measures associated with
Mfr and Mgr respectively. Let φs and ψs be the measures associated with
Mf, and Mgs respectively. Then we conclude that φr ~ ι/rr and φs ~ ψs.

There exists a complete set of invariants {φJfίΓ for M/r such that
Mfr = φf=i Af/|A(5 where φ{ is the measure associated with M / i A , 1 g / g L,
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and M / ) A has a cyclic decomposition of cardinality Jί(φi). (Here A, is.
the pre-support of φh) There exists a sequence of disjoint measurable
sets of Σ, {AijjfJt^ such that M / u = φβf*>M/Ui. is a cyclic
decomposition. Let φt be the measure associated with Mg |Γ ( A 0, 1 ̂  / ^
JL Then we conclude that {̂ ,}f=i is a complete set of invariants for Mgr

with φi « φt and i ί ( ^ ) = M(φi) for l ^ i g L

REMARK 4.1. The "if" direction of Theorem 4.1 is true for p =
2. The proof is exactly the same as was presented for p^ 2. However,
the "only if" direction is false if p = 2. In fact, by standard multiplicity
theory for normal operators on Hubert space ([4], Chapter 10) it is
possible to construct a surjective isometry K between two L2-spaces such
that a singular multiplication operator Mf is isometrically equivalent to a
regular multiplication operator Mg under K.
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