Pacific Journal of

Mathematics

FUNDAMENTAL UNITS AND CYCLES IN THE PERIOD OF
REAL QUADRATIC NUMBER FIELDS. 1




PACIFIC JOURNAL OF MATHEMATICS
Vol. 63, No. 1, 1976

FUNDAMENTAL UNITS AND CYCLES IN THE
PERIOD OF REAL QUADRATIC
NUMBER FIELDS

LEON BERNSTEIN
Part 1

0. Introduction. In this paper we introduce the concept
of ““Cycles in the Period’’ of the simple continued fraction
expansion of a real quadratic irrational. This is expressed
in the

DerINiTION. Let M, D, d be positive rational integers, M
sequare free, M = D*+ d,d <2D. Let k, a, s be nonnegative
rational integers, 0 <a <k —1; let f= f(k, a,s;d, D) be a
polynomial with rational integral coefficients. For a fixed s,
the finite sequence of polynomials

(0'1) F)S)"——'f(k, a, s; d’ D)!f(kra/"i'l’ 8; dyD),"'y
fk,a+k—1,s;d, D)
will be called ‘““Cycle in the Period’’ of the simple continued

fraction expansion of v I/ if, for s, > 1, this expansion has
the form

\/_M_‘: [bO; bl; Tty F(O)’ tt F(So‘l)yf(k! @, So; d; -D)y ftty
(0~2) f(kr a+b7 Soy d’ D)y Sty f(ky a, Sy d: D)r F,<SO_1)1 )
F’(O)y f(kr a— 1; 0; d; D)y ) bly 2b0]

b=1;0<k—1;k is the length of the cycle; F’(s) means
that the order of the f— s must be reversed.

In the first part of this paper, the main result is the
construction of infinitely many classes of quadratic fields
Q(v M), each containing infinitely many M of a simple stru-
cture. Among the various classes thus constructed, there are
a few in whose expansion of v M cycles in the period sur-
prisingly have the length =<12. Functions f(%, a, s; d, D),
fk,a+1,s;d, D), --- are of course stated explicitly; hence
we are able to construct numbers v such that the primitive
period of their expansion has any given length m which is
a function of the parameter k.

Expansions of VM which have the structure of cycles in the
period were generally not known up to now. In a recent paper Y.
Yamamoto [6] has given a few numerical examples of expantions of
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38 LEON BERNSTEIN

real quadratic irrationals in which cycles of length two appear. The
present paper, which generalizes this concept, was, however, developed
independently of Yamoto’s beautiful discovery.

It is an old dream of mathematicians to find infinite classes of
real quadratic number fields Q(v/M) for which the continued fraction
expansion can be stated explicitly as a function of M. Very little
knowledge in this direction was available up to now. The bit of it
that was there is based on a theorem by Th. Muir [4], and in his
“encyclopedia” of continued fractions O. Perron [5] has given a few
demonstrations of Muire’s theorem which the author does not believe
to be of great practical significance. The most that can be achieved
with Muir’s theorem, is the explicitly stated expansion of certain
classes of VM with a primitive period up to length six. In a recent
paper [2] the author has given the following infinite classes of /M
whose continued fraction expansion has a primitive period of lengths
10, 12 and 8 respectively; these are

VD + 4d
=[D, @A) (D —4d),1,1,2(D—1),2dD,2(D—1),

(0.3)
L1, 2d) (D — d), 2D]
d|D;d>1 Dodd; D> d
VD' = 4d
0.4) =[D—-1,1, 2d) (D —3d),2, 2D —23), 1,20 D —4d)
' 1,27(D - 3), 2, 2d) (D — 3d), 1, 2b,]
d|D;d>1, Dodd; b, = D — 1; D* — 4d squarefree .
VO&F — 4d
(0.5) =[8d—1,33d—-125,1413d—127 3, 23d — 1)]

d>1,dodd.

This is a special case of of (0.9)

For d =1, the primitive period in the above expansions has
length at most half of the original one, as the reader verify easily.
Then author constructed these expansions in order to find the well-
known fundamental unit of G. Degert [3] in the corresponding
quadratic field by an approach different from Degert’s.

We shall recall the basic rules of expanding VM for further

references:

VM=w=2=w+ P);'=b,+ 2% P,=0; Q = 1; b,

(0.6) _ [l
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z, = (W + P)Qi" = by + it Pi = by Qs — Py Qi—iQs

0.7
0.0 =w—Psb. =[x k=12, ---).
From P, + P,_, = b,_.Q:_,, w* — P} = Q;_,Q,, we derive the formula

(0.8) (w + P_)(w + P,) = Qu_i(Qs + bi_i(w + P))
(IG:]., 2; "')'

With m denoting the length of the primitive period of VM as
a periodic continued fraction expansion, the following rules hold:

Let m = 2k; then P, = P,.,, and vice versa; also b,_, =

0.9
( ) bk+i; (/i = 1) Sty k); bzk = Zb(’; .
0.10) Let m = 2k + 1; then @, = @..,, and vice versa; also
) be = biry; bimi = bpyin(@ =1, -+ -, b — 1); byyy = 20 .
(0.11) If m.: 2k, then P, ;= P, ;1 ,(t =0, -+, bk —1); Q,_; =
Qi =1, -+, k).
(0.12) If m=2k+ '1, then P, =Pt =0, -+, k —1);
Qii = Qrriss(t =0, -+, k).
v >2v=12---). Only if m = 2k, = 2 is possibl
(0.13) Q, > 2 ) nly i Qs is possible

(then P, = P,.,).

In Part II (later in this volume) the fundamental unit of Q(V/'M), M
square free, is stated explicitly, being calculated from the periodic
expansion of 1.

The explicit representation of this expansion is therefore a primary
issue. Units of algebraic number fields of any degree have been
recently investigated by H. Zassenhaus [7]. This author also thinks
that the calculation of units from the periodic expansion of a basis
of the field, generally by Jacobi-Perron algorithm, is a most suitable
tool.

In the following chapters w? is squarefree.

1. Expansion of w = V[(2¢ + 1)* + a) + 2a¢ + 1; @,k = 1. The
formula holds

(1.1) w*= A% + 2aA* + (e + 1) =(A"+a)+ A4, A=20+ 1.
(1.2) [wl=4*+a,w=4+a+7r; 0<r<1.

The reader will easily verify the following expansion for k = 2.

(1.3) w=A"+a+ 1P =4+ a; Q = 4

1



40 LEON BERNSTEIN

k
(1.9) —u—j—f%i—a# = 24F + %; P,= A% —q; Q= 4aA*" + 1.
2

(15 wt4d'—a _“_1+ Lo =(A-24" +a+1;Q =24,

doA— T 1
— k—1
(1.6) L (A=24" +a+1=A—1+i;P4:A’°—(a+1);
2A Z,
Q4:A2-
(L.7) wt A =@+ 1) _ogger 14 L,
A Ly

We now prove the formulas

(1) Py, =A"—[A" = (a + D] Quy = 2(4° — DA™

(1.8) —[4* = 2(a = D]; by, =1
(i) Py = (4 — A" + (¢ + 1); @y = 24" %5 by, = A* — 1
(i) P, = A% — (@ + 1) Qo = A™ by = 245700 — 1,

Proof by idduction. Formulas (1.8) are correct for s =1, as
can be easily verified from (1.3) to (1.7). We prove: (1.8) is true
for s being replaced by s + 1. We obtain from (1.8), (iii), presuming
1s+15k,

’w+Ak—(a’+1):2Ak—(s+l)__1+

j 1 ; P3s+2
(1.9)

ATt Last2
= Ar—[A — (@ + 1)]
Qupis = 2(A™ — 1)AF e+ — [A — 2 + 1)] .

Since
Ak (s+1) __ 1 + r 2Ak—2
1<1+ = X, 1
< Qo Lgery < 1+ oAk — QA1 — Ak
2
=14+ ——W—M—— <2
(20 — 1)A

we obtain
w+ AP — A+ (e + 1) — 1 1 .
(1.10)  {24% — 246+ — A+ 4 2(g + 1) Loors

Pojy = (A = A7 4 (@ + 15 Qup = 24507
Since, for k = 2,

A lcam o1 AT g cam o1 2 e

2Ak (8+1) ' 2Ak (8+1)
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we obtain

w 4+ AF — 24F 0 L g + 1 ‘ 1
— A1+
(1.11) 2AF ey L3s+4
P, , = A"— (a + 1); Qoers = AcE

’

Since

s+2
+A 1+ 7

2Ak—(8+2) . 1 < 2Ak—(8+2) . 1 As+2

= Lpery < 24K —1 41,

we have
(1.12) b33+4 = 2Ak_(s+2) - 1 .

With formulas (1.9)-(1.12) formulas (1.8), with s replaced by
s + 1 are verified. Since, as can easily be verified from (1.8), no
P, equals P,., and no @, equals @,,, in the cycle {P,,_,, P, P}
and {Qs,_y, Qs Qss). We look for the the possibility that some
@, = 2. This happens for

(1.13) Qu=2.
We now obtain from (1.8), (ii), and from (1.2)

w+A"+a,——1__~2.A"—i—2a—*r":Ak%_a__l+ 1
(1.14) 2 2 Tatt
Py ,=A"+a—-1=b—1=F,.

The length of the primitive period of the expansion of w thus
equals 1 + 6(k — 1) + 83 + 2 = 6k, and we can state.

THEOREM 1. Let a, k be natural numbers, a =1, k=2 w*=
(A* + a) + A, A = 2a + 1, w* squarefree. The expansion of w as &
periodic continued fraction has a primitive period of lemgth 6k and
the form

w = [bl); bl! ] bas—l, b339 b:is+1; Tty bsk—u b:-lk; bak—n ) bly 2b0]
(1.15) b, = A* + a; b, = 24* Y by, = 1; by, = b, — 1
by =130 = A° — 1 by, =24 —1;8=1, --- bk —1.

For k = 1, we obtain by a special calculation that

(1.16) V9%* 8 +2=[3a+21,380q 1,2, 6a + 2] .

2. Expansion of w =1V(A* —a)l +A4;A=2a + L0, k= 1.
The formulas hold
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2.1) w? = A* — 2qA* + (a + 1)*.
(2.2) [wl=A4*—a;w=A4A"—a+7r,0<r<1.

The reader will easily verify the following

THEOREM 2. Let a,k be natural numbers, e =1, k=2, w* =
(A — a) + A, A = 2a + 1, w* squarefree. The expansion of w as a
periodic continued fraction has a primitive period of length 6k — 2
and the form

(2‘3) w = [bOy %y b33~—2; bSS—-ly b3s; Sty b3k—2; bsk—-l; bsk—2, Tty bly 2b0]

by=A"—a; by, =b,— 150y _,=1

2.4
( ) b33~2=2Ak_8~—1;b3s—-1:As——1;b3s=1;3’:1,"',k'—'l-

For k¥ =1, we obtain the expansion

(2.5) V& +4a+2=[a+11 a1 2+ 1)].

(2.6) is obtained from V'a® + 4a + 2 = V(o + 2)* — 2, for which the
author has found (2.6) in [1].

3. Expansionof w=1V(A*+a + 12— A4; A=2a+ 10, k= 1.
The formulas hold

3.1) w: = A% + 2(a + 1)A* + a*;
3.2) [wl=A4"4+a,w=4"+a+7r0<r<1.

The reader will easily verify the following

THEOREM 3. Let a, k be natural numbers, a =21,k = 2; w* =
(A* + a + 1) — A; A = 2a + 1, w* squarefree. The expansion of w
as a periodic continued fraction has a primitive period of length
4k + 2 and the form

w = [bOy ) sz——l; bzs’ ) b2k+1; bzky ] bly 2b0]
(3.3) by = byss = A* + @5 by, = A" by, = 24%7
s=1, -+ k.

For £k =1 we obtain the expansion

V9% +10a +3=1[3a+1,1,2, 32 +1,2,1,6a + 2].

4. Expansionof w =V[A*—(a+ 1) —A; A=2a+1,0a,k=2.
The formulas hold

(4.1) w' = A% — 2(a + 1)4A* + o’
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[w] = 4% — (a + 2);

4.2)
w=A*—a—-2+7r0<r<1.

The reader will easily verify the following:

THEOREM 4. Let a, k = 1 be natural numbers, w* = [A* — (o + 1)J? —
A, A=2a+ 1, w* squarefree. The expansion of w, as a periodic
continued fraction, has a primitive period of length 42k — 1) and
the form

W = [by, b, B =+, Dae—ry Ouwy Duerry Duvrey -+
Bee—s) Duess Duro Dursr Bussy - -+, 0sy by, 23]

b= A* — (@ +2); b, =1, b, = 24+ — 3

by =13 by = A" — 2 bysy = 15 by = 24K — 1) ;

§=1,2 -, k—2 k=3 a>=2

Baocs = 15 by = AF — 2 by = 25 by y = b, .

4.3) A

For k= 2, o = 1 the expansion holds

V' (4a* + 3a)* — 2a + 1)
(44 =[4a*+8a—1T4c—1,12 —1,2 47 732 —12,
20— 1.1, 40 — 1,1, 80 + 6a — 7] .

For k£ = 1, @ = 4, the expansion holds
(4.5) Vet —20—1=[a—21,a—3,1, 2 — 2)].

5. Expansion of w = V[A* + (A — 1P + 44; A =2%, b odd =
1, d =1;k=2. The formulas hold (d and b not both equal 1)

w? = A* 4 2(A — 1)A* + (A + 1)} [w]
=A*"+A—-Lw=[w]l+r,0<r<l1.

(5.1)

The reader will easily verify the following:

THEOREM 5. Let A =2%,bodd =1, d=2,k =2 be natural
numbers, w® = [A* + (A — V)] + 44 squarefree. If k=3 is odd,
then the expansion of w, as a periodic continued fraction has «
primitive period of length 5k — 6. The expansion has the form

w = [bOy bly ) bbs—s; ba;—z; b53—1; bﬁs; b53+1; ctty

b1/2(5lc—11)r b1/2(6k——9)’ bl/z(5k—7); buzwk—m buz(sk—s), tt bu Zbo]
(i) b= A"+ A—1;b = 207pA+>
(ii) bse—s = 2; by = 277DAT — L by = by, = 1 b53+1
(5.2) = Qi-ip Ak 1,
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S:—‘l,z’ vy %(k_g),kgs.
b1/2(5k—11) =2 ,

(1ii) <biapk_g = 297HAVIETS — 1,
bx/z(ak—'z) = 1.

For &k = 8, the expansion has the form

VBT A -DF + 44
(5.3) =[A+a— 12704, 2, 256 =1, 1,1, 270
— 1,2, 2504, A + A — 1)

If ¥ = 2 is even, the expansion of w, as a periodic continued
fraction has a primitive period of length 5% — 6. The expansion has
the form

w = [bOy bl, *t b5s—3) b5s—2y bﬁs—l; b5s, b53+1’ b
b55+1’ bss, b5s—17 bﬁs—Zy b5s—3; M) bl) 2b0]

14

(5.4) 321,2,...,%(k~2);k;4.

bOy bl) bﬁs—Sy b5s——2; b5s—1, b5s; b53+1 as in (5'17)7 (i)y (ii) .

For k = 2, the expansion has the form

. VAT (@A -DF T 44
(5.5) i =[A*+ A— 1,27, 2, 270, A& + A —1)].

ExampLE 1. For d =2,b =1, A= 4, we obtain from (5.18)

14505 = [67,8, 2, 1, 1, 1, 1, 2, 8, 134] .

ExaMpLE 2. For d =2,b =1, A = 4, we obtain from (5.20)
V3TT = [19, 2, 2, 2, 38] .

The reader should note that for & = 1, we obtain the known
expansion V447 + 1 = [24, 44].

As is known in the case of an odd period of length 2r -+ 1, the
formulas hold

(5°6) w' = P, + Q...

In our case 5k — 6 = 2r + 1, hence

(.7) r+1=—2—(k—1),
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and so we obtain
(5.8) Qe T Pia—y = [4* + (4 = 1) + 44.
We obtain from (5.8), (iv), for s = 1/2(k — 1),

Qﬁ/z(k—l) — (Al/2(k—1) + 1)Ak—1/2(k—1) —_ [AI/Z(IC’—I)+1 + 1(A + 1)]
Py = A G022 4 glevrzes
Py = 2A%% Qupy = A" — (A 4+ 1) .

?

(5.9) Indeed:
Plog-n + Qi = 44% + A% — 2(4 + 1)A* + (A + 1)
= A% 4 2(A — DA* + (A + 1y =,
by (5.1).

6. Expansionof w =1[A* —(A—1DP+44, A=2%,d=1,b=
1 odd, # = 2. The formulas hold (d and b not both equal 1)

wh= A% — (A — 1)A* + (A + 1) [w] = 4* — (A — 1) ;

(6.1)
w=[wl+r,0<r<li.

The reader will easily verify the following

THEOREM 6. Let A =2%,bodd = 1,d = 2, be natural numbers,
w = [A* — (A — DI + 4A squarefree. If k =3 is odd, then the ex-
pansion of w as a periodic continued fraction has a primitive period
of length 5(k — 1). The expansion has the form

w = [bm ) b53+ly b5s+z, b5s+37 b53+47 b5s+51 M bl/2(5k-—13)y b1/2(5k—11) ’

bl/2(5k—9)’ bl/2(5k—~7)r b1/2(5k-5)y b1/2(5k—7); b1/2(5k—9)9 tt Zbo]
bssry = 297DAFTTE — 1
sz = 1;
byes = 1;
(6:2) 18y, = 274" — 1

Bors = 2; 5 = 0, 1, _;_(k —5);
b1/2(5k-—13) = 2¢71p Aty — 1; buz(ﬁk—n) = bz(sk—s) =1;

bl/2(5k—7) = 24T AVPETH — 1; b1/2(5k—5) =2.
by=A4*—- (A —-1).

For &k — 3, w has the expansion
VIA — (A -1 + 44
(6.3) =[A*—A+1,27%4A —1,1,1, 2% -1, 2, 2%
—1,1,1, 24 —1,2(4°— A+ 1)].
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If k= 4 is even then the expansion of w as a periodic continued
fraction has a primitive period of length 5k — 5. The expansion has
the form

w = [bo, °t 'b5s¢1, b58+2y b5s+39 b55+4y b53+59 Tty
b1/2(5k—8)’ 1, 1, b1/2(5k—8)y ) 250]
b, = A* — (A — 1);
bss+n b53+2y b5s+37 b5s+4, b5s+5 as in (6-12); s = 0, 1: Tt '%(k - 4):

(6.4)

biaer—g = 297DAVFTE — 1.

For & = 2, the expansion of w is

VA=A - 1F + 44
A - A+1,27 -1 11,261 2A -4+ 1.

(6.5) {
By formula (5.21) we obtain here

{P§s+3 + Q§s+3 — wz, s = l_(k — 2)’ Pl/z(ﬁk_u — 2A1/zk :
(6.6) z 2
Ao = AP — (A + 1).

Indeed:
247y + [A* —(A+ D = A% — 2(4A — DA* + (A + 1) = w*.

7. Expansion of w = V[A* + (A + 1)* — 44, A= 2%, b odd = 1;
d=1k=1. We can eliminate the case k¥ = 1, for then

w = VAA* + 1 =[24, 44].
The formulas hold (d and b not both equal 1)

(W' = A% + 2(A + 1)A* + (A — 15 [w] = A4 + 4

7.1
(7.1 lw=Ar+A+r,0<r<1.

The reader will easily verify the following

THEOREM 7. Let A =2%,bodd =1, d =2 be natural numbers,
w* = [A* + (4 + D] — 44, k = 1, w* squarefree. The length of the
primitive period in the expansion of w as a periodic continued
fraction equals 6(k — 1) + 1. If k is even = 4, the expansion has
the form

w = [bo, ) b5,+1, b63+27 b68+3) b68+4; bes+5, bﬁs-‘rG, Ty,
bsk—s, bzk—u 1, 1, bsk—n bsk—sn ] 2bo]
(1.2) lby=A*+ A,
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boorrs = 15 bgery = 297HAF T2 — 15 bgyus = bgory = 15
bss+5 =294 — 1; b63+6 =1;s= 0: 1, .- ) '%'(k - 4)
by_s = 1; by, = 297D AV |

If & is odd = 5, the expansion has the form

‘W = [by, +**, Dogry Dosror Dostar Dssrsy Dosisy Doster = * 0 s
boi—sr bsi—zy Dsi—sy Dsp—sy Ost—sy » 1, 1, Datsy bapsy
bsk—s, bak-m bsk—s, M) 2bo]

b, =A*+ A,

(7.3) bossr = 15 Boeyp = 270AF T — 15 b5 = Doy = 15

besis = 27DA* — 15 bgis =15 =0, 1, - -, _;“(k —9).

byos = 1 byy = 297DAVETY — 15 by, = by s =1
by = 277AVETD — 1,

For k = 2 we obtain the expansion

V(A*+ 4 + 1y — 44
=[A2+A,1,275—1,1,1,2°D — 1, 1, 2(4% + 4)].

(7.4) i

For &k = 3 we obtain the expansion

V@ T+ AFIF—144
A+ AT 27 PA-1,1,L,2%~1,1,2"—1,1,1,
| 5754 — 1, 1, 2(A° + A)] .

(7.5)

The formula P%., 4+ @%,, = w’ is also verified easily, with 2r + 1 =
6(k — 1) + 1.

For d =2,b =1, A = 4, formula (7.14) does not hold, for in this
case w® = 425 and is not squarefree.

8. Expansion of w=V[A*+ (A + 1) —44; A=2%,b odd =
1;d=1; k= 2. The formulas hold (for b and d not both equal 1)
w* = A* — 2(4A + DA* + (A — 1)5 [w] = A* — A - 2;

8.1
®.1) =A*—A-2+r0<r<1.

The reader will verify easily the following

THEOREM 8. Let A = 2%, bodd = 1,d = 1, be natural numbers,
w* = [A* — A + 1)} — 4A squarefree. If k=4 is even, the length of
the primitive period in the expamsion of w as a periodic continued
fraction equals 4k — 2, and the expansion has the form
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(W = [b, by, by + vy Dus—sy Disy Diatry Disiay =+ *4 2, * 2 *, Dotirnrmss »
by(le + 1)_ss—s, Doth1)—ts—-25 Oathrr—so—sy ***y Doy by, 2bg] 5

bp=A* — A —2;b,=1; b, =2D4A* % — 2

by = 2; by — 297DAT — 15 by = 25 byprp = 297DATTE — 1

(8.2)
1

=1,2 o, Lk —2).

8 $4 £ ’2( )

For &k = 2, we obtain the expansion

V(A& —A—-1f —4A
(8.3) =[4—A—2127D~2,2,27h — 2,1, 2(A* — A — 2)]
(A>4).

If £ = 5 is odd, the length of the primitive period in the expansion
of w as a periodic continued fraction also equals 4k — 2, and the
expansion has the form

w = [b07 bu b27 Tt b4s——11 b4s, b4s+ly b4s+‘2, Tty bzk—-s, bzk—z, 2, bzk—z ’
bzk-& b2, bly 2b0]

(8.4) bo, bu bz, b4s—1, b4s, b4s+1, b4s+2 from (8.13), S = 1, 2’ cee, %(k ___ 3) :
\Dops = 2; by = 297HAVRED — 1,

For k = 3, we obtain the expansion

VB A1y —44
(8.5) (A~ A—2, T 27 bA—2,2, 275 —-1,22°6-12,
oA — 2, 1, A4 — A — 9)] .

9. Expansion of w = V[(4A)* + (A — )] + 44; A = 2%, b odd;
d = 2. Though, at a first glance, the structure of w looks similar
to that of the §§5-8, there are surprising restrictions on the choice
of A, and k. The reader will verify easily the following expansion
and formulas.

w? = (4A)y* + 2(A — 1)(44)* + (A + 1)*;
jwl=4AY + A—-1L,w=ULAY +A—-1+r0<r<1.

9.2) w=(4A)"+A-1=—1—;P1=(4A)"’1+A——1;Q1=4A.
&y

9.1) {

wt @A+ A= _ e 1

4A T2
P,= (44 — (A —1); Q, = 4(A — 1)4A)y "+ 1.

(9.3)
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w+ (@A —(A-1) _, 1.
(9.4) 4A — DEA + 1 T,
P, = 4(A — 2)(4A) ' + (A + 1); @, = 16(4A) .
W+ HA—2)4A T+ (A+ D gay o 1.
o5 16(44) " x,’
(9-5) P, = 4(A — 2)(4A) — (A + 1); Q, = 4(4A — 1)(4A)
+ [A*— (4 + D).
w+ (44) — 844y —(A+1) _ 4. 1
(9.6) {(4A) — 4(4A) + [A° — (4 + 1)] T,
Py = 4(4A) + A% Q, = 4A + 1A — [A®* + (A + 1)].
( w + 4(4A) 4 A? e L
(9.7) {(4A)’° + 4(4A) — [A2 + (A + 1)] L
P, = (44) — [24% + (A + 1)]; Q, = 44°
9.9) w4+ (4AF — [24° + (A + D] _gygype g 4 L

442 X7
The reader will now verify by induction the following formulas.

(1) Pyo= (44) — 24" — (A + )] ;
Qsesz = 477(A™ — AA) ™ — [A — (A + 1)];
bysre = 2
(il) Pyyys = 4°7H(A — 2)4A) ™+ (A + 1) ;
Qsers = L°(4AY 715 by = 2970 A4° — 1
(iii) Pyyyy = 4274 — 2) A — (A + 1);
Qpery = 4(A™ — DA + [A7 — (A + 1)] 5
by =1
(iv) Pyos = 4" AA)™7 + AT
Qo5 = LA™ + DAY — [A*" + (A + 1)];
byrs = 15
(V) Psuo = (4AY — [24°7 + (A + D]; Qsers = 447 by
= 2.4 (4Ay 2 — 1.
§=0,1,---.

(9.9) (

Formulas (9.9) are correct for s = 0, in virtue of formulas (9.3)-
(9.8); then it proved that they are correct if s is replaced by s + 1.
Comparing successive P, —s, we see that the only possibility of
equality is

(910) (1 ) Py, = Py .
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This implies
(9.11) 4 = APtk 4 =20 b =1,
From (9.11) we obtain 2k = d[2(s + 1) — k], hence
(9.12) k(d + 2) = 2d(s + 1) .

Solving the Diophantine equation (9.12), we obtain all possible
solutions as follows.

@) k=2ud;s=uld+2)—Lu=12 .--;

b)) k=2ut;d=2t;s=0¢+VDu—1Lt,u=12 -+
(9.13) 1

(c) k:(2u+1)d;s:—é(d+2)(2u+1)~—1;d50(m0d2);

(d) 2k =Q@u +1)d; 4s =(d + 2)2u+ 1) —4; d = 2(mod 4) .

The reader should note the following procedure: after & and d

have been chosen from (9.13), (a)-(d), s is a function of £k, d; for
constant k, d, we shall denote

(9.14) 8o = F(ky, do) .

The length of the primitive period in the expansion of w for
any choice of (k, d) from (9.13) then becomes m = 10s, + 4.

Comparing successive @, — s, we see that the only possibility of
equality is

(9.15) (1I) Qssrs = Qsors -
This implies
(9.16) 4 = A¥t3E 4 =24 =1,
From (9.16) we obtain 2k = d(2s + 3 — 1), hence
(9.17) k(d + 2) = d(2s + 3) .

Solving the Diophantine equation (9.17), we obtain all possible
solutions as follows

(@) k=ud, 2s+3=u2+d),u, d=12);

(9.18) (b) k=ut;d=2t2s +3=ult+1);u=12);t=002).

We again denote s, = F(k,, d,), for any choice of fixed £ and d
from (9.18). The length of the primitive period in the expansion
of w for anyc hoice of (k, d) from (9.18) then becomes m = 10s, + ¢.
For d =1,(b=1), we obtain w = 1/(8 + 1> + 8, which is easily
expanded and is left to the reader. We can now state.
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THEOREM 9. Let A = 2% d =2, w* = [(44) + (A — 1)} + 44 square-
Jree. If (k, d,, s,) ts any solution vector of the Diophantine equation
(9.12), given by the value Table (9.13), (a)-(d), then the primitive
period in the expansion of w as & periodic continued fraction has
length m = 10,, + 4, (s, = 1), and the form

w = [boy bl, c b53+2; b53+3, b53+4; b53+5, b58+67 Y 2! Tty bﬁ(xo—s)-{—l ’

bﬁ(so—s); bntso—s)—u ba(so—s)—z; bb(xo—s)—ay Sy bu 2bo]
(9.19) b, = (4A) + A — 1; b, = 24Ay+ ;
bysre = 25 by = 2977A° — 15 by = by = 15
Bypro = 2.4 (4AY0* — 1. §=0,1, ++r, 8 —1.

If (k, s, d,) i1s any solution vector of the Diophantine equation
(9.17), given by the value table (9.18), (a), (b), then the primitive
period in the expansion of w as a periodic continued fraction has
length m = 10s, + 9, and the form

w = [bo, bu R b53+2, b53+3; bss+4, b5s+5, bss+e, ST 2, 2%7h A% — 1 ’
1,1, 2%7%9A% — 1,2, ---, b, 2b,]
where the b, b, by, **-, by.s are the same as in (9.19),
s=20,1, -+, 8 —1.
10. Exapansion of w = V[(44A) + A + 1]? — 44; A = 2%, b odd,

d =2, The reader will verify easily the following formulas and
expansions

w? = (44)* + 2(4 + 1)(44) + (A — 1)} [w] = (4A) + A

w=HdA)}+ A+ r0<r<l.

(9.20)

(10.1)

(10.2) w= (4A¥ + A + _i_; P, = (4A)Y + A; Q, = 2(44) — (24 — 1)

1

(10.3) L@ FA 4 1ip Ay — (34 -1 Q= 44.

2144y — 24 - 1) z,
{w + @A —BA-D _oyyp 14 L1,
(10.4) 44 y
P, = (4AF — (A + 1); @ = 44 + )44y — 1.

{w+(4A)’°~(A+1) HPENR I

(10.5) { @AY + 434y —1 z.

P, = 4(4A)1 + 4; Q, = 4A — (A4 + (24 — 1).
( whddAyt A g 1.

(10.6) {(414)'6 Y T7Y Y " =
P, = 4(A — 2)(AAV + A — 1; Q, — 16(4Ay" .
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wA+4A-EA T+ A1 ey 1.
16(4A4)+ T
(10.7) _ _
Py = 4A — 2)(44) — (A — 1); @, = 44 — D)(44)y
+ [A2 — (4 — D).
w+ (44) — 844 —(A-1) _ ;1
(10.8){ (44)r — 4(4A) + [A* — (A — 1)] x,
P, = 4(4A) + A% Q, = 4(A + 1)4A) — [A* + (A — 1)].
w + 4(4A) + A 1. L
(10.9) (4A)" + 4(4A) — [A2 + (4 — 1)] T

P, = (4A) — [2A% + (A — 1)]; Q, = 44°.

We now prove by induction the following formulas as before;
they are correct for the parameter s = 0, and it is then proved that
they are correct for substituting s by s + 1:

(i) Py = (4A)k — [24°" + (A — D]} Quoye = 447 bgs 2
= 24 (A — 1

(ii) Pyis = (4A) — [24°7 — (A — D5
Qus = 47F(A™ 4 1(AAP — [ — (A — D]
bz = 15

(i) P, = 4 (A + AT
Quoce = 47FH(A™ — 1)(AA) £ [A™ 4 (4 — 1)
bes s = 15

(iV) P, = 4(A™ — 2)AAY—" + A — 1;
Quurs = A2 (LAY by, y = 207DAT — 1

(V) Poyo = £7(A = 2)4A) " — (A —-1);
Qosio = 471 (A — 1)(4A) ™ + [A — (A - D]
besro = 15

(V) Par = 475144y~ 4 A2
Qopir = 4H(A™ + DAY —[A + (A - D]
Boi=138=10,1, -+ .

(10.10)

Comparing successive P, — s and @, — s, we obtain the cases
(10.11) (I) Qosrs = Qesrs -

This implies
(10.12) 4 = Atk A =25 b =1.

From (10.12) we obtain 2k = d[2(s + 1) — k],
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(10.13) (d+ 2)k=2d(s +1).

(10.13) is the same equation as (9.12) and its solutions are given by
(9.13). If (k, d,, s,) is a solution vector of (10.13), then the length
of the primitive period in the expansion of w equals m = 10s, + 7.

(10.14) (II) Qess = Qosir -
This implies
(10.15) 4t = A¥PE A =2%5b=1.
From (10.15) we obtain 2k = d(2s + 3 — k),
(10.16) k(d + 2) = d(2s + 3) .

Equation (10.16) is equation (9.17), and its solutions are given
by (9.18), (a), (b). If (k. d,, s,) is a solution vector of (10.16), then
the length of the primitive period in the expansion of w equals m =
10s, - 13. The restriction on d = 2 results from the value of b, =
2971 — 11in (10.7). If d = 1, we would have b, = 0, which is impossible.
The case d =1, A = 2, yields w = 1/ (8" + 8)* — 8, and the expansion
of this w is left to the reader. We can now state.

THEOREM 10. Let A = 2%, d = 2, w* = [(44)" + (A + 1)]* — 44
squarefree. If (k, d, s,) ts any solution wector of the Diophantine
equation (10.13), given by the wvalue table (9.13), (a)-(d), then the
primitive period in the expansion of w as a periodic continued
fraction has length m = 10s, + 7, and the form

w = [bm bn N bGs+2’ b65+37 bss+4, b65+5’ bss+s, bes+7, see, e,
o A(dAyo T — 1, 1, 1, 2-4(dA) T, -+, b, 2by]
(10.17) 4b, = (4A) + A; b, = 1,
Bosss = 2-4°(4A) 0 — 15 byyyy = bpprs = 1 ;
Bosss = 2907 1A° — 15 byy g = byyrr = 1 .

If (k,, d,, s,) is any solution vector of the Diophantine equation
(10.16), given by the value table (9.18), (a), (b), then the primitive
period in the expansion of w as a periodic continued fraction has
length m = 10s, + 13, and the form

W = [by, by, *++, boiz ootz Ooarar Dosisy Oosvor Oosizy =,
2-4°0(4A)eos0mt — 11,1, 2% 4% — 11,1, 2% 4% — 1,
1,1, 2-4°%0(4 A)ko=s0"t — 1 .. b, 2b,]

by, by Dgsigy ** ¢y Dggir from (10.17),s=0,1, «--, 5, — 1.

(10.18)

11. Expansion of w = V[A* + (A — 1) +44; A=2% + 1;d =
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1; b odd. This expansion is remarkable in the sense that the cycles of

the period are of length eleven; so are the cycles in the next two

sections, while in the last section the length of the cycle is even twelve.
We obtain the formulas

W= A% + 2A — 1)AF + (A + 1) [w] = A* + A — L; w

11.1
(1L.1) =A"+A-1+7r0<r<1.

The reader will easily verify the following:

THEOREM 11. Let A=2%+1,d =1, bodd, w*=[A*+ (A — 1)F +
4A squarefree; let further k = 4(mod 6), k = 4, s, = (1/6)(k — 4). Then
the length of the primitive period in the expansion of w as a periodic
continued fraction equals 1/3(11k — 14), and the expansion has the
form, for k = 10,

w = [by, by, =+, biygrsy Dissrs, =%y Dissrsny ***5 Brisgrar Duisgrsy Disegrs »
2, biysyisy Disegrsy Diggiay * v vy by, 20)

by=A*+ A — 15 b, =2""0A, 3 biyypse = 15 by s = 24P — 1

Oiisgre = “TOA pkss bigrs = 15 byyyus = 2A%F — 15

(11.2) biiers = 270 A ses1); Duiors = 25 bypre = 2970 A4,

Doy = 2AF73¢ — 15 b5 = 15 bipre = 2970 A5, 5

bisiio = bugrs — L5 bugrie = 27045 seip—e — 25

$s=01----,5-L A4, =A-1D)'A""—-1)su=01 ---;

A,=1.

If & = 4, the expansion of w has the form

VA +A-1DF+44A=[A*"+ A — 1,274 + A+ 1)1,
(11.3) 424 — 1,247, 2,24, 2A — 1, 1, 2 p(A* + A + 1),
2(4*+ A —1)]
If & = 3, the expansion has the form

jl/[Aa + (A - 1)]Z + 44 = [bOr bu R b12’ blS; blu b12; Y bly 2b0]

by=A"+A—-1,b,=2"9A+1);b,=1;b,=24 — 1;
(11.4) b, = 2%7b; b; = 2; by = 2970(A + 1); b, = by = 1;
lbg =219(A*+ A)+ A —1;b, =242+ 1;b, = 1;
by =2 —-1;b,=0b,=1.
The length of the primitive period in the expansion of w for
k = 3 equals 27. Let further be £ = 1(mod6), £ =17, s, = (1/6)(k — 7).
Then the length of the period in the expansion of w as a periodic

continued fraction equals 1/3(11k — 14), and the expansion has the
form, for k = 13,
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w = [by By <+, Brisrer Brsssmr = s Busersr = s Brrsgras Brimgrr ==+ 5
biisgeor L, L, buigoier Oigpiss =7y Dingguz, =+ v, by, 20]

by = A" A —1; b, = 270A;_5 bisyrs = 15 by = 2470 — 15

(11.5) 4b,5p-s = 270 A, s biisgrs = 25 Buggs = 2970 A 50y

biiggr = 2AVFY — 15 by s =15

bisy-s = 2770A, -y — 15

Biswg Oigasy =y Duerre as in (11.19);8=0,1, s, — 1.

It is left to the reader to find the expansion of w for the cases
k=5,6T1.

12. Expansion of w = V[A* — (A — D +44; A =2% + 1;d IV
1; 5 odd. We use the notation, as before,

At —1=(A—-DA,,;u=0,1, --+; A,

(12.1) =1; _1_(Au+1 _ 1) = 924-1p A .
2 u

The following formulas hold:

w' = A% — %A — 1)AF + (A + 17 [w] = A" — A +1;

12.2
(12.2) =A"—A+1+r0<r<1.

The reader will easily verify the following

THEOREM 12. Let A =2% +1,d = 1, b odd, w* = [A* — (A — 1] +
4A squarefree; let further k= 1(mod6), k=17, s, = (1/6)(k — 7). Then
the length of the primitive period inm the expansion of w as a periodic
continued fraction equals 11/3(k — 1), and the expansion has the
form, for k = 13,

w = [bo; tt bns+1’ blls+2y Tty bus+m tt bllso+17 bnso%—z; D)
b1150+10y 2» b11s0+10y b11s0+9, ] busovm ] 2b0]

bissr = 297DA, 5,55 by = 24 — 15

bisis = bisys = biigis = bigrg = 15 byery = 297D A o) — 15

bisir = 270 A5, — 15 bigro = 2AFTICY — 15

(12.3) 0 byrio = 270 A55105 by = A* — A + 15 b5 0 = 27704, 5000 5

busov:»z = 2AFT — 15 bllso+5 = b11so+6 = b11s0+8 =1;

biiegrs = 2970 A, psy — 15 biisgr = 270A, 50 — 1;

bl1s0~9 = 24V — 15 bllSO+10 = 270A, 2 buern = 2.

§s=0,1,--,5—1L A =A4A-1)A""*—-1),u=01, .-

A, =1.
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For k& = 7, the expansion has the form

V[A7_(A_1)]2 + 4A = [bO; blv bz; Y blo; 2! blO, ey bz; bu 260] ’
byp=A"— A+ 1;b =2bA; b, =24 — 1;
by=0b,=b;=0b;=1; b, = 2%DA, — 1; b, = 24, — 1;

b, = 24* — 1; b, = 2974, .

Let further be k = 4 (mod 6); s, = (1/6)(k — 4); k = 4. Then the

length of the primitive period in the expansion of w equals 11/3(k — 1),
and the expansion has the form, for %k = 10,

(12.4)

w = [bo’ ) blls+17 bus+2; M) b11s+m ) bmo+1y b11s0+2 y

biogrsr Dissgrsr 1y L Brigyrss Duisgrny Dirsgias Duisgins =+ 7, 2bo]
Bo, Disisy Dissior =5 Digrry @8 In (12.18) ;
biisgrr = 270 A oi; Diyegre = 24 — 15
biisyrs = 15 biggrs = 270 A 50y — 1.

s=01,---,8 —1; A, asin (12.18).

(12.5) «

For k = 4, the expansion has the form

VA" = (A =1 + 44 = [b,, b, by, by, b, 1, 1, b, by, by, b, 20,]
(12.6) {0, = A* — A+ 1, b6, = 2°70Ay;; b, =24 — 1, b, = 1;
b, = 2¢hA, — 1.

13. Expansion of wV/(A* + A +1¢ —44; A=2%+1;d=1;b
odd.

THEOREM 13. Let A=2%+1,d =1, bodd, w* = (4* + A + 1) —
4A squarefree; let further k = 4 (mod 6), k = 4; s, = 1/6(k — 4). Then
the length of the primitive period in the expansion of w as a con~
tinued fraction equals 1/3(10k — 7), and the expansion has the form,
for k = 10,

W = [by, by, + =+, bigaroy Diosrsy ***y Diggrasy =+, b10s0+2, b1030+39 b1030+4 ’
1, 1; b1030+4, bl()so + 3; b1030+2, Ty bi’ 2bo]

by = A* + A; b, = 1; byyppie = 27D A, 015 biosgrs = 2427 5

biosgrs = 297D A, sh-0> Diosre = 247D A0 ;

bipers = 2A%; biprs = 2770AL seuy 3

bios+s = Diosrs = Dioerio = Diogrss = 15 bugsr = 277045, ;

biosrs = 2AF IS bpeyy = 2770 A4,
§=01 2,8 —LA"T-1=(A-DAu=12 ---.

(13.1)

For &k = 4, the expansion has the form
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JV(A‘ + A + 1)2 - 4A = [bO) bl) bZ’ b37 b&} 1; 17 bb bS’ b2y bly 2b0] ’

13.2
( )(bo = A'+ A; b, =1; b, = 20 A,; by, = 24; b, = 27(A - 1) .

Let further ¥ = 1 (mod 6), k = 7, s, = (1/6)(k — 7). Then the length
of the primitive period in the expansion of w as a periodic continued
fraction equals 1/3(10k — 7), and the expansion has the form, for
k=13,

w = [bo, bly A} bms—f—z, blOs+3’ ) bmsﬂu ety b1050+2! blOso+3y Tty
b1030+97 1: 17 b1os0+9, b1030+8r Ty b1050+27 T bu 2bo]
bo, b17 blOs-}-Z) b105+2y Yy bws—:»u as in (1317)7 s = O, ’ 1. ’
(133) So — i bLOSOTZ = zdﬂbAuz(lc/:»S); bmso»‘rs = 24D ;
.}bwso'h& = 2d716A1/2(k+1); blosofs = bmso»;»s =1;
bx0s0+7 = 2" A, g0 bms0+s = 247"
b1030+9 = 2d71bA1/2(k73) .

For k = 7, the expansion of w has the form

1/(‘47 + A _’_ 1)2 - 4A = [bm bl; be ] bf)y 1’ 17 be, M) b27 bl? 2b0]
(18.4) 4b, = A"+ A; b, = 1; b, = 2 DA,; by = 24; b, = 297'hA,;
by = by = 1; b, = 27D A,; by = 2A4% b, = 297DA, .

14. Expansion of w = V[A* — (A + D —44; A =2% +1;d =
1;6 =1 odd. This case is the most interesting of all treated in this
part of the paper, since the length of the cycle is greater than any
previous one, namely 12. With the previous notation, A*™* —1 =
(A—DA, v=20,1, ---; A, =1, the reader will easily verify the
following expansions and formulas.
w? = A" — 2(A + DA* + (A — 1% [w] = A" — A — 2;
w=A"—A -2+ r,0<r<1.
(14.2) w:A’C—A—ZJrL; P=A"—(A+2);Q =24+ 324 +1).

1

(14.1) {

143 WTA—A—-2 ;1. p_ 4 (54 +1)0Q,=44.
(14.3) 24" — 6A — 3 +oc2 (64 +1); @
w+ A —5A — 1 _ 1
= 20pA, , — 2+ 1 Py = A — (5A — 1) ;
(14.4) 4A F T ( )
Q= (24 — DA — 234 —1).
w+ AF — BA + 1 1 B
=14+ P=@AU—-1DA*"'*—A—-1);
(14.5) {24 — A* ' — 6A + 2 * x, ( ) ( )
Q.= A",
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w+ AP — AP — A4+ 1 1
2=(4—-1 =
(14.6) AFt ( )+ 25

P=(A-1A"+(A—-1); Q;=(24 —1)A* ' —2[24*— (A —-1)] .

w4 AP — At A1 :1+l_
(14.7) 24F — AP — 2[24° — (A — 1)] @
P, = A* — [4A4* — (A — D]; Q, = 44°.
w+Ak_4A2+A‘—‘1:2d—1bA _1+l.
(14.8) 4A° Fe @
Po=A"— 24+ (A-1];Q = (A2— 1A —[A+ (A-1)] ;
jw+A"—2A2——A+1:2+i.
(14.9) A — A — A — A+ 1 X
Py = (A — 2)A — (A — 1); Q, = 44+ ;
w+ A — 24 — (A — 1)
4Ak—2
109 — 24, — 1+ L P= (4 — DA + (4 - 1) @,
9
= 2(A? — 2)AF2 — [A* — 2(4 — 1)] ;
w4+ AP — 4A¥ + (A — 1)
2AF — 4A — A + 2(A — 1
(14.11) L ( )
:1+'—““;Pxo:Ak—[As—(A—'l)];Qm:As;
w+Ak_A3+A‘—‘1 :2Ak—3—2+—1—'
14.12 A 2
412D g a4 1)
Q= 2(4° — 2)A* ™ — [A* + 2(4 — 1)] ;
wr A A (A1 1.
(14.13) {2Ak — 4AF — A* — 2(4 — 1) €,
P, = (4° — A" — (A — 1); Q, = 44+ ;
Wt AP AT (A== geyy qy L
14.14) 44t P
(14. Py=(A*— 24" + (A —1);
Q= (4 — 1A —[A* — (4 - D)];
wt A 24 (A1), 1.
(14.15) A — A AL (A - 1) @,
P, = A*—[24" - (A — 1), Qi = 44*;
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We

(14.17)
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w+Ak—2A4+(A_1)2d_le.k_5—1+ 1

4A* T

now prove the formulas:

’P123+3 = A* — [4A33+1 + (A - 1)] ’

Quzers = (24%7 — 1)AF 3 — 2[24% " + (A — D)]; bz =15
Py = (A% — DA — (A - 1)

Quoers = AP35 b, = 24%T — 2
Pyyyy = (A" — DA™ + (A - 1);

Quuess = (24% — 1)AF %71 — 2[2A4%" — (A — 1)]; bygers = 13
Piyo = A — [44°7° — (A — 1)];

Quzars = 4A*Y% bygy g = 270 A, 5y — 15
Por = A% — [2A%7 + (A — 1)] ;

Quasir = (A% — 1)AF %72 — [A¥F (A — 1]; byyyr = 2;
Py = (A" — 2)AF %7 — (4 — 1) ;

Quzers = A7 bpy g = 27D Ag,, — 1
Py = (A% — A2 L (A — 1) ;

Quzere = 2(A%T2 — 2)AF 32 — JAHD — AA — 1)]; Dygero = 1;
Py = AF — [ACY — (A — 1)} ;

Quasiry = A9 b,y = 2AF0HY 9
Poioy = AF — [A%+ 4+ (A — 1)];

Quaorn = 2(APHY — 2) AR _ [A3+D 4 (4 — 1)] ;

bigorn =1
Pwss = (A% — A — (4 — 1)

Qoo = AT b, = 29704, — 1
Prss = (A5 — )49 4 (4 ~ 1)

Quzorss = (AP — 1)AF-8E+D _ [g3+n+t (4 — 1)] ;

Digeris = 2
Py = AF — [2A%59% — (4 = Df; Qoo = 44504

Diosrrs = 297 0A 544 — 1.

§s=0,1, ---.

Comparison of successive P, —s and @, — s shows that equality
takes place in the following cases:

(14.18)

Py s = Py,.s implying k = 2(3s + 2); &k = 4(mod 6) ;
1
) = — k —_ 4. .
5=k~ 4)
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Py = Py implying k= 6(s + 1) + 1; k = 1(mod 6) ;

(14.19) 5 = l(lc .

6

The length of the primitive period in the expansion of w equals,
in case (14.18), m = 4 + 24.-1/6(k — 4) + 8 + 2 = 4k — 2; in case (14.19)
the length of the primitive period equals m = 4 + 24-(1/6)(k — 7) +
20 + 2 =4k — 2. We can now state.

THEOREM 14. Let A=2%+1,d =1, b odd, w* =[A* — (A + V)] —
4A squarefree; let further k = 4(mod 6), k = 4, s, = (1/6)(k — 4). Then
the length of the primitive period in the expansion of w as a periodic

continued fraction equals 4k — 2, and the expansion has the form
k=10,

w = [bo, bu bz; ) b123+3, b12s+4, ) bm+14, Y bmo+3, b1230+4 ’

b12s0+5; b12s0+6; 2; b1230+69 b1230+5y b1230+4y b1230+3y ) bz, bn 2bo]
by=A"~A—2,b,=1;b,=2"DA, , — 2; b1280+3 = b1230+5:1 ;
b1230+4 = 2AVTD — 2 b1230+6 = 2°7A, s-n
1

1
b12s+3 = b123+5' = —2_b128+7 = b12s+9 = b12s+11 = ?b123+13 =1;

(14.20)
Diggps = 2A%7 — 2; bpes = 270 A, 500y — 1

Diggss = 2970 A5y, — 1; biggyy = 2AFTIETH — 25

Digrie = 2970 Ages — 15 bpperre = 297D A 55 — 1.

s=0,1, -, —LA"—1=A—-1DA;u=0,1, ---;
A, =1.

For &k = 4, we obtain the expansion

VA~ A+ )f — 44
(14.21) | =[A'—A—2 1, 27%4, —2,1, 24 — 2, 1, 27 b4, 2,
974, 1, 24 — 2,1, 27 B4, — 2,1, AA — 4 — 9)] .

Let further &k = 1(mod 6); k = 7, s, = 1/6(k — 7). Then the length
of the period in the expansion of w as a periodic continued fraction
equals 4% — 2, and the expansion has the form

w = [by, by by + -+, bigersy bigersy 0y Dizesrny 0, blZso+3 ’

blZso-H! Ty b1230+1z, 2, b1210+12) %y b1230+4’ b1280+3} ) bz, bu 2bo]
Do, by, by, Digersy Diggisy ** 0y biperis @8 in (14.20), s =0, 1, -+ -,
s, —1.
1

‘b12s0+3 = b1230+5 = 'Ebmow = b1230+9 = b1330+11 =1;
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- 1/2(k—5 .  od- .
b12s0+4 = 24V — 2 b1230+6 = 2""DA, ey — 1;
— 9d— . - ‘ )
blZSo+8 = 20A s — 1 b1230+1o = 2AVERTL D -
— 9d-1
b12s0+12 = 29A, ey — 1.

The reader will have no difficulty to formulate the theorem for
the case &k = T.
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