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Let Y be a strictly convex Banach space. Then norm
attaining operators mapping L[0, 1] to Y are dense in the
space of all linear operators from L*[0, 1] to Y if and only
if Y has the Radon-Nikodym property.

Bishop and Phelps [1] have asked the general question—For
which Banach spaces X and Y is the collection of norm attaining
operators from X to Y dense in the space B(X, Y) of all bounded
(linear) operators from X to Y. Lindenstrauss in [8] investigated
this question and related this question to existence of extreme points
and exposed points in the closed unit ball of X. In the course of
his paper Lindenstrauss showed that for some space Y the norm
attaining operators in B(L'[0, 1], Y) are not dense in B(L'[0, 1], ¥)
due to the lack of extreme points in the closed unit ball of L0, 1].
Left open is the following question: For which Banach spaces Y
are the norm attaining operators dense in B[L'{0, 1], Y)? Based on
Lindenstrauss’s work, one is led to believe that if the closed unit
ball of Y has a rich extreme point or exposed point structure, then
the norm attaining operators may be dense in B(LY0,1}], Y). On
the other hand the Radon-Nikodym property is intimately connected
with extreme point structure (Rieffel [12], Maynard [10], Huff [6],
Davis and Phelps [2], Phelps [11], Huff and Morris [7]). So there
is some prima facie evidence to support the belief that the norm
attaining operators are dense in B(L'0, 1], Y) if and only if Y has
the Radon-Nikodym property. The purpose of this paper is to verify
this for strictly convex Banach spaces Y.

First a few well known results will be collected.

LEMMA A [4,5]. IFf (@ 2, 1) is a finite measure space and
g: Q2— Y is p-essentially bounded Bochner integrable fumction, then

T(f) = Bochner — S Fad
defines a member T of B(L'(y), Y) with || T = esssup|| g |ly.

LEMMA B [3]. Any one of the following statements about Y
vmplies all the others.

(i) Y has the Radon-Nikodym property.

(i) If (2, 3, 1) is o finite measure space and G:3¥—Y is a
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H-continuous countably additive measure of bounded variation, then
there exists a p-Bochmer integrable

00— Y with G(E) = S gdpt for all Ees .
E

(iii) If p 1is Lebesgue measure on [0, 1], then for each
T e B(L'N0, 1], Y) there is a t-essentially bounded g:[0, 1] — Y with

7(f) = | _fodp for all L0, 1), ¥)

Moreover, if Y has the Radon-Nikodym property statement (iii)
s true for any finite measure space.

The first theorem is a straight forward observation that is based
on the definition of a measurable function.

THEOREM 1. If Y has the Radon-Nikodjm property and if
(2, 2, 1) is a finite measure space, then the norm attaining operators
are dense in B(L'(y), Y).

Proof. Let T € B(L'(¢), Y) and € >0. Then there exists an essen-
tially bounded Bochner integrable g: 2 — Y such that T(f) = S fodp
for all f e LY(#) and there exists a countably valued function

WQ—X, h=ul,, weX,
EeS, WE)>0, ENE =0

for 41 j, such that esssup||g — k|| < ¢/2. Define T.:LY (p)— Y
by T.(f) = Sofhd#, feL(y). Then [|T — T,| < (¢/2).

Now T, will be approximated within ¢/2 by an operator which
attains its norm. If T, = 0, there is nothing to prove. Otherwise
B =sup|ly;|| > 0. Choose %, such that 8 — [y, /| <¢/2 and a >1
such that ¢/4 < (a —1)||y,, |l < ¢/2 and define

rf) =\, frde+ o, sap.

JEq

i

It is easy to verify that || T, — T,|| < ¢/2 and that || T};|| = a |y, || =
|| Tz, /t(E;,)) ||, Hence T, attains its norm and || T — T,|| <e¢, as
required.

The operator T, constructed in the proof of Theorem 1 has two
important properties. First it attains its norm and second there
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exists EeX, (E)>0 and y,e¢ Y with ||y, /=Tl and Ty(f,,) =
g fdpy, for all feL'(y). If Y is strictly convex and real, this
E

property is shared by all norm attaining operators in B(L'(y), Y).

LEMMA 2. Let (2,2, 1) be a finite measure space and Y be a
strictly convexr Banach space. If T e B{LYy), Y) attains its norm
then there exists a set E,eX with () >0, ge L>(t) with |g| =1
on E, and y,€ Y with ||y,|| = || T| such that

(7200 = |, sodrey,

for all f e L ().
If 'Y is a real Banach space, g may be taken as the constant
Sunction 1.

Proof. If || T]| =0, there is nothing to prove.

Otherwise, choose f,e L'(¢) with || T(/)il =T} and ||f,] = 1.
With the help of the Hahn-Banach theorem, choose y*e Y* with
gyl =1 and

yT(S) = 1T/ = 1Tl .
Next choose h e L=(¢) with || & |l.. = || T|| such that
yiT() = | fhdge
for all fe L(¢). A simple computation reveals that & = sgn f,|| T

on the support of f,. (Here sgn f, = f./|f,!.) Let E, be the support
of f,. Thus if fe LY(y),

T Le) = | FSERL1Tdn.

Next suppose K C E,, EcX and ((FE), {E, — E) > 0. (The rest of
the proof is trivial if X, is an atom of z.) Then

yé‘T< Lz sgnﬁ)zg Le_||T|dpu=||T|,

() £y () 1
* Xeg-x _ Xeo—r . T
Ys T<X(E) Sgnf°> = SE B — I I Tlde=1TI,

and

* XEO XE ) 1
yxT sgn £, :S =0 N T|ldye =T .
(o) = oy 0=
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From these equalities, one obtains

T (Eo) = 1| T(XEO sgn f)) || = [| T(xz sgn f,) + T(XEO—E sgn f;) ||
< | T(xz, sgn f) || + || T(Xz,-z 5810 f0) ||
= [| T (E) + || Tl (B, — E) = || T|| ({E,)

This combined with the fact that Y is strictly convex shows that
T(xzsgnf,) and T(xz,_zsgnf,) are multiples of each other. Since
T((z, 580 f)) = T((zsgn fo) + T(Xz,-z 580 fo), T(xzsgn f,) is a scalar
multiple of T(yz, sgn f,); i.e., T(Xzsgnf) = YT()z sgn f,) for some
scalar 7. On the other hand

NT|| ((E) = ys T(xzsgn fo) = Yy (g, sgn fo) = 7 | T || (&) ;
thus v = w(B)/i(E,). Therefore if £ C E, and p(E) > 0,

T(rzsgnf) _ T(xz,sgnf) _
(E) 1(Ey)

Now suppose fe L'(y¢) is a simple function. Let ¢ > 0 and choose
a simple function @ € L*(¢) such that ||sgnf, — @ ||.. <e. (Here sgnf,
is the complex conjugate of sgn f,.) Then T(f) = T(fsgn f, sgn f,) and
IT(f) — T(fesgnf)ll = I T lIsgnfosgnf, — psgnfill, <ell T pa.
Now select sets 4, -+, A, €2 such that

Yo .

f= ;aixf;i and @ = ;B«LXA,- .
Then

T(xa, N E, sgn f,)
WA N Ey)

= la’LB’L#(AL n Eo)yo = SE f@dﬂyo .

1t

AN E,)

T(fp sgn fils) = 3, @b

]

Letting ¢ go to zero reveals that
T(f1s) = |, 50 fdev.

Since simple functions are dense in L*(), the equality
T(fxe) = |, f38R fudw,

obtains for all fe LY(¢). This proves the first statement.

To prove the second statement, note that if Y is real, then
sgn f, takes on only the values +1 or —1. If sgnf,=1 on a set
of positive measure F, in the support of £, take E, = E and proceed



NORM ATTAINING OPERATORS ON L0, 1] 297

as above. If sgnjf, = —1 almost everywhere in the support of f,
multiply f, and y¢ by —1 and proceed as in the last sentence.

With the help of Lemma 2, the main result becomes nothing
but a straightforward exhaustion argument.

THEOREM 3. Let Y be a strictly convexr Banach space. If the
norm attaining members of B(L'[0, 1], Y) are dense in B(L'[0, 1], Y),
then Y has the Radon-Nikodgm property.

Proof. Let T e B(L'0, 1], Y) and ¢ > 0 be given. Define a class
of Lebesgue measurable sets .# by agreeing that EFe._# if there
exists an essentially bounded Bochner integrable g(=g(Z, ¢)): [0, 1]—Y
such that

|71 =\ o] < el pns

Note that if A4 is Lebesgue measurable and A c Fe._# then

|71 = | 7B, a)| = | T(rrans) - | (Froede|
= [ faxe b= e llf2all -

Therefore, if Ec_#; every measurable subset of E belongs to .# .
Now let &« = sup {{(F): E€ _#} and let (E,) C.# be a sequence such
that lim, (E,)=«a. Write A, =F, A,=E,—E, ---, A,=E,— U= E..
Then the A,s are disjoint, U, 4, = U E, and p(Us, 4,) = «.
A,CcE,and E,c _#, A,c _# and there exists a sequence of essentially
bounded funetions g,:[0,1]— Y, n=1,2, .-+, such that for all
FeLyo, 1],

HT(fo,,) - SAnfg,.d#H < el fLanlls -

Accordingly,

I, sodr| < 1 TGLI 1+ 1520 S G T+ DI

By Lemma A,

esssup i 9.0, || = sup ||| foudnl/= (Tl +5.

HA st
Therefore sup,esssup||g,.]| < ||T] + e. Now define ¢:[0,1]— Y by
g.(t) for teAd,
t) = w
o) 0 for te l:j A, .
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Then esssup||g|| < || T + ¢ and if fe LY0, 1],
HT(fng)n - S fgd#fé

< 3\ () — |, foudy]

=Selftalhselflh
Therefore U, 4,€.# Next we shall see that ¢ ({J. 4,) = 1. For,
if #(U.A4,) <1, then (U, E,) =1 and a<1. Set B, =[0,1] —
U. 4. and recall that L'(B,) (Lebesgue integrable functions supported
on B, is isometric to LY0,1]. Define T.:LYB)— Y by T.(f)=
T(fys,) for feL'E). Since LYB,) is isometric to L'0, 1], there
exists an operator T,: L'Y(B,)— Y that attains its norm such that
[!11 - 1&]! =&

An appeal to Lemma 2 produces a %, €Y and set B, c B, with
1(B,) > 0 such that

T4/ = |, o,
for all fe L(B,). Set ¢' = y,X5. Then
| TGtm) = |, fodes| = 11T F2m) = TdFa) |
< 7= Tl 1l < €112,

Therefore B,e _#. Now set § =9 + ¢'. If fe L]0, 1]),

£y

U 4nUBy

HT(flelAnUBl) — S w

< 3|76 — |, fode| + | TGam) -, 0]

< e S f2all + €l 2,1l = 1AL G agon, ] -
Therefore J, 4, UB, = U, E, U B, e _# But
#(UE,UB) = (U E,)+ uB)
2 lim ((E,) + p(B) = a + ((B) >
contradicting the definition of @. Thus ¢ (U, 4,) =1 and
|75 = sedu| s el £ for all reLio,1].

Finally, to check that Y has the Radon-Nikodym property, let
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9.: [0, 1] — Y be a sequence of Bochner integrable essentially bounded
functions such that for all fe LY[0, 1]

|7 - | fedu| s 1niisil

for all n. An appeal to Lemma 1 shows that lim,, ,, esssup || g, — 9. |
Hence there exists a Bochner integrable essentially bounded g: [0, 1] =Y
with lim,esssupl/g, — ¢g]| =0. If feL'0, 1], the dominated con-
vergence theorem guarantees that

(7))~ lim | fodu= fodp.
Thus Y has the Radon-Nikodym property by Lemma B.

The role of strict convexity seems to be crucial in Theorem 3:
for by perturbing co-ordinate functions it is seen easily that norm
attaining operators are dense in B(LY0, 1], ¢,), B(L'[0, 1], I*) or for
that matter B(X, [*) for any Banach space X. See [8, Prop. 3].

On the other hand, the role of strict convexity could be made
even more palatable by an affirmative answer to an old question of
Diestel’s: Does every Banach space with the Radon-Nikod§m property
have an equivalent strictly convex norm?

COROLLARY 4. If X is a strictly convex renorming of L'0, 1],
then the morm attaining operators are not dense in B(L'[0, 1], X).

Proof. Evidently X lacks the Radon-Nikodym property.

This leaves unsolved the question of whether the norm attaining
operators are dense in B(L'[0, 1], L'[0, 1]).

Finally say that a Banach space X has property B if for every
Banach space Y the norm attaining operators are dense in B(Y, X).
Lindenstrauss [8, Proposition 4] has observed that if there is a non-
compact operator in B(c, X) and X is strictly convex, then X lacks
property B. It is not difficult to see that if X has the Radon-
Nikodym property, then every operator in B(e, X) is compact and
that the converse in false. Thus Theorem 3 is a better test for
Property B than [8, Proposition 4]. Of course this brings up a
question that is well beyond the scope of this note. If X is a strictly
convex Banach space, does X has property B if and only if X has
the Radon-Nikodym property?

The author is happy to acknowledge helpful discussions with
Professor J. Diestel and a helpful comment from Professor T. Figiel.



300 J. J. UHL, JR

REFERENCES

1. E. Bishop and R. R. Phelps, A proof that every Banach space is subreflexive, Bull.
Amer. Math. Soc., 67 (1961), 97-98.

2. W. J. Davis and R. R. Phelps, The Radon-Nikodym property and dentable sets inm
Banach space, Proc. Amer. Math. Soc., 45 (1973).

3. J. Diestel and J. J. Uhl. Jr., The truth about vector measures, (in preparation).

4. N. Dunford and B. J. Pettis, Linear operations on summable function, Trans.
Amer. Math. Soc., 47 (1940), 323-392.

5. N. Dunford and J. T. Schwartz, Linear Operators, Part I, Interscience, New York,
2nd Printing, 1964.

6. R. E. Huff, Dentability and the Radon-Nikodym property, Duke Journal of Math.,
41 (1974), 111-114.

7. R. E. Huff and P. D. Morris, Dual spaces with the Krein-Milman property have the
Radon-Nikodym property, Proc. Ames. Math. Soc., 49 (1975), 104-108.

8. J. Lindenstrauss, On operators which attain their morm, Israel J. Math., 1 (1965),
139-148.

9. David G. Luenberger, Optimization by Vector Space Methods, Wiley, New York, 1969.
10. H. B. Maynard, A geometric characterization of Bamach space with the Radon-
Nikodym, Trans. Amer. Math. Soc., 185 (1973), 493-500.

11. R. R. Phelps, Dentability and extreme points in Banach spaces, J. Functional
Analysis, 16 (1974) 78-90.

12. M. A. Rieffel, Dentable subsets of Bamach spaces with applications to a Radon-
Nikodym theorem, Functional Analysis (ed. B. R. Gelbaum) Thompson, Washington,
D. C. (1967).

Received March 12, 1975 and in revised form October 23, 1975. Supported in part
by NSF GP-28577.

UNIVERSITY OF ILLINOIS, URBANA



PACIFIC JOURNAL OF MATHEMATICS

EDITORS

RICHARD ARENS (Managing Editor)
University of California
Los Angeles, California 90024

R. A. BEAUMONT

University of Washington
Seattle, Washington 98105

J. DUGUNDJI

Department of Mathematics
University of Southern California
Los Angeles, California 90007

D. GILBARG AND J. MILGRAM

Stanford University
Stanford, California 94305

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN

F. WoLF K. YosHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA
CALIFORNIA INSTITUTE OF TECHNOLOGY
UNIVERSITY OF CALIFORNIA

MONTANA STATE UNIVERSITY
UNIVERSITY OF NEVADA

NEW MEXICO STATE UNIVERSITY
OREGON STATE UNIVERSITY
UNIVERSITY OF OREGON

OSAKA UNIVERSITY

UNIVERSITY OF SOUTHERN CALIFORNIA
STANFORD UNIVERSITY
UNIVERSITY OF TOKYO
UNIVERSITY OF UTAH
WASHINGTON STATE UNIVERSITY
UNIVERSITY OF WASHINGTON

* * *
AMERICAN MATHEMATICAL SOCIETY
NAVAL WEAPONS CENTER

Printed in Japan by International Academic Printing Co., Ltd., Tokyo, Japan



Pacific Journal of Mathematics

Vol. 63, No. 1 March, 1976

Ralph Artino, Gevrey classes and hypoelliptic boundary value problems . . . .. ... 1
B. Aupetit, Caractérisation spectrale des algébres de Banach commutatives .... 23
Leon Bernstein, Fundamental units and cycles in the period of real quadratic

number fields. I .......... ... e, 37
Leon Bernstein, Fundamental units and cycles in the period of real quadratic

number fields. I1........ ... .o 63
Robert F. Brown, Fixed points of automorphisms of compact Lie groups . . . ... .. 79
Thomas Ashland Chapman, Concordances of noncompact Hilbert cube

MAnifolds . . ... .. ... e 89
William C. Connett, V and Alan Schwartz, Weak type multipliers for Hankel

FPANSTOTIIS © . oottt e e e e 125
John Wayne Davenport, Multipliers on a Banach algebra with a bounded

APPTOXIMALE TACTEILY . . . o oo ettt e ettt e et ettt eeanns 131
Gustave Adam Efroymson, Substitution in Nash functions..................... 137
John Sollion Hsia, Representations by spinor genera.......................... 147

William George Kitto and Daniel Eliot Wulbert, Korovkin approximations in
Lp-spaces ..... ... 153

Eric P. Kronstadt, Interpolating sequences for functions satisfying a Lipschitz
CONAITION . . ..o oo e e 169

Gary Douglas Jones and Samuel Murray Rankin, III, Oscillat
certain self-adjoint differential equations of the fourth o

TakaSi Kusano and Hiroshi Onose, Nonoscillation theorems fd
equations with deviating argument . ..................
David C. Lantz, Preservation of local properties and chain co
COMMULALIVE GTOUP FINGS . ..o oottt
Charles W. Neville, Banach spaces with a restricted Hahn-Ba
J 2 7 2
Norman Oler, Spaces of discrete subsets of a locally compact
Robert Olin, Functional relationships between a subnormal o,
minimal normal extension ...........................
Thomas Thornton Read, Bounds and quantitative comparison
nonoscillatory second order differential equations . . ...
Robert Horace Redfield, Archimedean and basic elements in ¢
distributive lattice-ordered groups . . ..................
Jeffery William Sanders, Weighted Sidon sets . .............
Aaron R. Todd, Continuous linear images of pseudo-completé
SPACES .« o vttt e
J. Jerry Uhl, Jr., Norm attaining operators on L! [0, 1] and the
PIOPEILY . oottt e e
William Jennings Wickless, Abelian groups in which every enj
left multiplication. . ..............c.ccciiiiiiiiin...



	
	
	

