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S. SZNAJDER AND Z. ZIELEZNY

Let S be a convolution operator in the space 7%, p > 1,
of distributions in R growing no faster than exp(k|z|?
for some %. A condition on S introduced by I. Cioranescu
is proved to be equivalent to Sx. 77 = 7.

We denote by .9%;, p > 1, the space introduced in [4] and con-
sisting of distributions in R™ which “grow’” no faster than exp (k|x|?),
for some k.

I. Cioranescu [1] characterized distributions with compact support,
i.e. in the space %', having fundamental solutions in .9%;. We
recall that a distribution E is a fundamental solution for Se%’ if

SxE =9,

where J is the Dirac measure and * denotes the convolution. Cioranescu
proved that, if S is a distribution in &’ and S its Fourier transform,
the following conditions are equivalent:

(a) There exist positive constants A, N, C such that

sup | S(¢ + )| C

> 2 __ feR”
zerm lzisdfiose+ieniie (L 4 |&])Y : ’

where 1/p + 1/g = 1.

(b) S has a fundamental solution in .57

In this paper we study the solvability of convolution equations in
. U o2z, 227) is the space of convolution operators in 977,
we ask the question: Under what condition on Se Z(5%;: 5%,) is
Sx2¢7 = 2277 The last equation means that the mapping u — S+u
of .2 into .27 is surjective.

We prove the following theorem which extends the results of
Cioranescu mentioned above.

THEOREM. If S is a distribution in ZU %, 2%,) then each of
the conditions (a) and (b) is equivalent to each of the following ones:
(a’) There exist positive constants A, N', C' such that

sup | S+ 2 ¢

> Z - e R
,eon,|zi§A'[1og(2+xe)n]]1"1 D : ,

where 1/p + 1/q = 1.
() S22 = o77.
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REMARK. For p =1 a similar theorem was proved in [5].

Before presenting the proof we state the basic facts about the

spaces %, and (2%, 2%5); for the proofs we refer to [4].
We denote by 9%, the space of all functions ¢ € C=(R") such that
vP) = _sup VD) <oy k=0,1,--0,

ZERM,|als

where a = (a, @, ---, @,), || =, + @, + -+ + @, and

Do (L 2y(L o). (Loye
1 ox, 1 o, 1 0%,
The topology in 9%, is defined by the family of semi-norms v,. Then
%, becomes a Frechet space.
The dual .2, of .2, is a space of distributions. A distribution

u is in 277 if and only if there exists a multi-index @, an integer
k = 0 and a bounded, continuous function f on R" such that

u = De" f7(@)] .

If we 2%, and @€ >4, then the convolution ux@ is a function

in C~(R") defined by
u*gD(x) = <u'w 97(113 - y)> ’

where {(u, ) = u(®).

The space (5%, : 2%,) of convolution operators in °¢; consists
of distributions Se . %, satisfying one of the equivalent conditions:

(i) The products S,exp[k(l + |2|*)*?],k=0,1,---, are tem-
pered distributions

(ii) For every k = 0 there exists an integer m = 0 such that

S= 3, Df.,

lajsm

where f,, |a| < m, are continuous functions in R" whose products
with exp (k|x|?) are bounded

(iii) For every @ e .%;, the convolution S*@ is in .%%;; moreover,
the mapping @ — Sx@ of 9%, into ¢, is continuous.

If Se 2y %) 2%;) and S is the distribution in .%; defined by
(8, 9> = (8., p(—x)), P, then S is also in Z(%;:.%;). The
convolution of S with u € .9, is then defined by

(1) (Sxu, @) = (uxS, Py = (u, S+p), pe.%; .

For a function @ €.%%;, the Fourier transform

() = Sme":“ “p(x)da
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can be continued in C* as an entire function such that

wi(P) = sup (L + [§)e”""HPQ)| < ey k=1,2 .-+,
fecn
where { = & + t7. We denote by K, the space of Fourier transforms
of functions in .27,. If the topology in K, is defined by the family of
semi-norms w,, then the Fourier transformation is an isomorphism
of 9%, onto K,.
The dual K, of K, is the space of Fourier transforms of distri-
butions in .%;. The Fourier transform # of a distribution u e .
is defined by the Parseval formula

(@, ) = 2r)" (s, P(—2)) .

For Se (.97 .5¢;)), the Fourier transform S is a function
which can be continued in C" as an entire function having the following
property: For every k& > 0 there exist constants C” and N”' such that

(2) lg(f + i) £ C"( + |&])¥ ek,

Furthermore, if Se (2%, : 9%;) and we. .2/, we have the formula

(3) Sen = S0,

whex;e the product on the right-hand side is defined in K, by (Sa, > =
(4, 845, v e K,

In the proof of our theorem we shall make use of the following
lemma of L. Hormander (see [3], Lemma 3.2):

If F,G and F/G are entire functions and p is an arbitrary
positive number, then

FQIGQ)| = sup |FE)| sup |GE) / (sup 16@)1)
where , ze C".

Proof of the theorem. It is obvious that (a) = (a’) and (c) = (b).
The implication (b)= (a) was proved in [1] for Se&’'. If Se
U 2%7;) the proof is the same and therefore we omit it. Our
only task is to prove that (a’) = (¢).

Let S be a distribution in £Z7(2%;': 2¢;") whose Fourier transform
satisfies condition (a'), and let T = S. Then the Fourier transform
of T also satisfies condition (a’). We consider the mapping S*: u —
S+u of 2%, into .2¢;. By (1), it is the transpose of the mapping
T*: 9 — Txp of 97, into 9%,. In order to prove (c) it suffices to
show that T* is an isomorphism of .27, onto T*.27, (see [2], Corollary
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on p. 92).

Since T is in &i(2%;: 2¢;), the mapping T* is continuous, by
(iii). Also, using Fourier transforms and formula (3), it is easy to
see that T* is injective. We now prove that the inverse of T, i.e.
the mapping T*@— @, is continuous. Since the Fourier transformation
is an isomorphism from .9, onto K,, it suffices to prove the equivalent
statement that the mapping T@-—*@ is continuous.

Suppose that

T@ = ”‘[? ’
where &, 4 € K,. We recall that T is an entire function satisfying

condition (a’) and estimates of the form (2). Given an arbitrary
integer & > 0, we pick an integer &’ such that

(4) E > @107 + 1)k .
In view of (2), for k' there exist constants N”, C” > 0 such that

| T@I < C"(L + |6, L =& + ineC.
Hence, setting
(5) o= 7|+ Alog (2 + [£)]""
and making use of the inequality

(@ +b)? =2%* + 09,a,6=0,
we obtain
S |T@)| = sup | TC + 2)]
< C7(L+ [§] + dpy"adn ot

< CL + [EDY(A + [p|)¥r etuormntr@aniios@sisnl/ie
< Cl(L + |g]yyrHeant/e guotantya/!

(6)

where ze C* and C, C; are constants.
On the other hand
sup | T(e)| =sup | TC +2)| 2 sup T+ 2)|

1g—zl<p Iz l21<A’[log(2+161)11/2

(7) - c ’
@+ e

by condition (a'). .

Applying now to the functions +, T and /T = & Hormander’s
lemma with o given by (5) and making use of the estimates (6)
and (7), we obtain
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2
2] = sup 19| sup |T@)| [( sup 1T()1)
[§—z]<4p |§—~z2| <40 [L—zl<p
< Cz(l + 1EI)ZN’+N"+(BA’)q/k'6(10q+1)miq/k' sup l«ff(C + Z)l ,
- lzj<4p

(8)

where C, is another constant. But, for any integer [ >0 and all
z=2a+ weC"” with |z| < 4p, we have

[F(C + 2)| £ w(F)A + [& + x]) lelrtvi?/t
= w(PIL + [2))(E + | &])leInTvbes
< wi(PA + 40)' (L + [g]) Tttt
= Cowy(P)(A + [pD'A 4 |&]) T lettomnirsantiosatiznist
< Cho(§)(L + |gly—soarrigmrsainitn,

(9)

where C; and C, depend only on ! and ¢q. We choose the integer [
so that

L> max {l+ 1+ 2N + N + 2(8A), (10 + 1)/(% 107+ 1)} ,

k'
which is possible because of (4). Then

k+1+2N'+N"+(8A’)q(%+%)—z<o

and

(10q+1)(%+%)—%<0.

Consequently from (8) and (9) it follows that
wi(@) = Cavi(F) = Cawl T9) ,

for some C, independent of &. This proves the continuity of the
mapping 79— & and thus completes the proof of the implication

(@) = (c).
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