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For a triple (h, K, g) of functions and an interval [a, x|, the
author defines a subdivision-refinement-type limit
V(a,x;h K, dg) of the set {V(D,h, K,Ag)} of determinants,
where each subdivision D = {x;}; of [a, x| defines an n X n
determinant of the set and each determinant has the form

hi+ hoKWAg, -1 0 0

h:+ hyKiAg, K- Ag, -1 0

hs+ hoKs0Ag, KyAg, K»Ag: -1
hi+ hoKiwAg, KaAg, KoAgs KuiAgy

The following theorem is proved. If f, g, # and K are functions to
a ring and g has bounded variation on [a, b], then (f, K, g)€E

OA* and f(x):h(x)+(L)fo(t)K(x,t)dg(t) on [a,b] iff

(h,K,g)€E OM* and f(x)= V(a,x;h,K,dg) on [a,b]. The
OA* and OM* sets are defined and sufficient conditions are
proved for (f, K, g)€ OA* and (h, K, g)€ OM™*, and for the
existence of the limit V(a,x;h,K,dg), and for

Viax;h K, dg) = h(x)f(L)J'xh(t)dV(t,x; 1, K, dg).

Although the Volterra equation f(x)= h(x)+J’xf(t)K(x, t)dt has

been studied in depth by many persons, it seems that only Hinton [3],
Reneke [4] [5] and Bitzer [1] [2] have published papers on the Volterra
integral equation in which the integral is a subdivision-refinement-type
Stieltjes integral. In this paper the solution of the Volterra equation and
the development of the related properties do not depend on a Picard
expansion or on the above quoted references. So far as the author has
been able to determine, this subdivision-refinement definition of the
solution V(a, x;h, K, dg) of the Volterra equation has not been pub-
lished previously.

Definitions and notations. The symbol R denotes the set of real
numbers and N is a ring which has a multiplicative identity element 1 and
anorm | -| with respect to which N is complete and [1|=1; f, g and h are
functions from R to N and K is a function from RXR to N. Also,
dg € OB’ on [a,b] means g has bounded variation on [a,b]. All
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integrals are of the subdivision-refinement-type limits; the approximating

sum for (L)fE(t)dg(t) is X2E(t-)[g(t)—g(t-)] and for

(R)f E(t)dg(t)is2XE(t)[g(t)— g(t-1)]- If no misunderstanding is likely,

the symbols K, f, and Ag will be used for K(x, x;), f(x;) and g(x;)—
g(x;-,), respectively.

If {a;};-; is a sequence of elements of N and p and g are integers
such that 1 = p = g = n, then the symbol | a; |? denotes the determinant

a, T Qg

Ay " Gy

and 1s defined by the sum of the (q — p + 1)! products obtained as follows:
(1) each term of the sum is a product, or the negative of a product, which
contains one and only one element from each row and each column of
| a; 'Z’ (2) the factors of each term are ordered so that the second
subscripts appear in the order p,p +1,-- -, q; and (3) the product or the
negative of a product is used as a term according as the number of
inversions of the first subscripts is even or odd. Note that the usual
theorems pertaining to determinants will hold, except where multiplica-
tive commutativity is needed in the proofs. Also, if A =|aq; |, then |A |
denotes the norm of A and, if 1=p=n, A, *A, and *A, denote the
determinants defined as follows: A, =|a; %, *A, = |a; [}, Ac=1,*A,., =
1, and if 1 =k = p, then *A, is the determinant obtained by replacing
the first column of | a; [; with the column {ay }/_, of elements of {a;}7;-,.

A =|a;|tis a Volterra determinant means {a;}},-, is a sequence such
that @; = —1for j=i+1and a; =0 for j>i+1. A =]a;|} is a delta
determinant defined by the sequences {c;}!;-, and {d;}-, means A is a
Volterra determinant and a; = ¢;(d, —d,)) for 1=j=i=n

If D={x}; is a subdivision of a number interval [a, b], then
V(D, h,K,Ag) denotes the n X n Volterra determinant |a; |} such that
ai = h(x)+ h(xo)K(x, x0)[g(x)~g(x0)] for i=1,2,---,n and a; =
K(x, x-)[g(x)—g(x_,)] for 1<j=i=n If no misunderstanding is
likely, V(D) will be used to denote V(D, h, K,Ag).

The limit V(a, b; h, K, dg) exists means there is an element J of N
such that if € > 0 then there is a subdivision D of [a, b] such thatif D'is a
refinement of D then |J— V(D’,h,K,Ag)|<e. The symbol
V(a, b; h, K, dg) will be used to denote this limit J.

If m > 1, the number M is an m-bound for V(, , ,Ag) on [a,b]
means M =Zm and, if |h|<m on [a,b] and |K|<m on [a,b]X[a,b]
and D is a subdivision of a subinterval of [a,b] and A =|a;[}=
V(D, h,K,Ag), then | A| <M and each of |A,|,|*A,| and |*A,] is less
than M for l1=p=nand 1=j=p.
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The triple (f,K,g)€EOA* on [a,b] means that
(L) f " H(0)K (x, 1)dg (t) exists for x € [a, b] and if € >0 then there is a

subdivision D of [a, b] such that, if {#}; is a refinement of D and
0<p=n and x = ¢, then

| @) [ 0K G 0dg ()= 3270 )K 3 1) g 0)- 800 | < e

The triple (h, K, g) € OM™* means V(a, x;h, K, dg) exists for x €
[a, b] and if € > 0 then there is a subdivision D of [a, b] such that, if {x;};
is a refinement of D and 0<p =n and H = {x;}’, then

|V(a,x,; h, K, dg)— V(H, h, K,Ag)' <€

The triple (1, K, g) € OM** on [a, b] means V(x, b;1, K, dg) exists
for x € [a, b] and if € > 0 then there is a subdivision D of [a, b] such that,
if {x;}¢ is a refinement of D and 0=p <n and H = {x;};, then

|V(x,b;1,K,dg)— V(H,1,K,Ag)| < ¢,

where 1 denotes the identity function.

y
In the following three definitions, G(x, y) =f |dg|.

b b
f f |dK || dg||dg| =0 means if € >0 then there is a subdivision D

of [a, b] such that, if {x;}; is a refinement of D, then
P 2;"':1 MjG(xi-h xi)G(xj—la xj) <,

where, for each i and j, M, is the lub of |K(x_, x,-;)— K(x,y)| for
o =x<ux and x;_, Sy <ux,.

b
Ifa=p=hb, j |dK (p, x)|| dg(x)| = 0 means if € >0 then there is a

subdivision D of [a, b] such that, if {x;}§ is a refinement of D, then
2rM.G(x,.,x.) <€, where, for each i, M, is the lub of |K(p, xi |)—
K(p, x)| for x,.; = x < x,.

b
f |dK( ,x)||dg(x)]=0 uniformly on [a, b] means if € >0 then

there is a subdivision D of [a, b] such that, if {x,}; is a refinement of D
and a = p = b, then £ MG (x,_,, x;) < €, where, for each i, M, is the lub of
| K(p, xi-1)— K(p, x)| for x,.; = x < x,.

The set S of functions is bounded uniformly on [a, b] means there is
a number M such.that, if f € § and x € [a, b], then |f(x)| < M. The set S
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of functions is quasicontinuous uniformly on [a, b] means S is bounded
uniformly on [a, b] and if € >0 then there is a subdivision D = {x;}; of
[a,b] such that, if fES and 0<i=n and x._,<r<t<x, then

[f(nN-fO] <e

THeoreMms. In Theorems 1-5 we develop properties of the Volterra
determinant. Theorem 6 gives the solution to the Stieltjes-Volterra
integral equation.

THEOREM 1. If A =|a;|} is a Volterra determinant and 0<p = n,
then

(@) A=a,*A,+*Ay;

(b) A =3 a,*A;, = 27:1 A;—lanj;

(C) if 0 <j = P> then *Apf = api*ApH + *APHJ = EF:P aii*AiH;

(d) A = 2;’:1 Ajfl*Apj - 2;’:] Aj‘l(zf':p a,-,»*A,-H);

() ifp<nand B =|b;|} and b, ,., =0 and b; = a; otherwise, then
B =% A,_a,*A,.; and

(fs if a; =0 whenever 1<j=pand j=i=n, then A =*A,,.

Each item in Theorem 1 can be proved using the definition of a
determinant or by mathematical induction. Note that A,=1and *A,,, =
1.

THEOREM 2. If A is a delta determinant defined by the sequences
{c;}1 and {g}t and |c;|=m for i,j=1,2, -, n, then

|A|=m|g —g|I:(1+m|g —g-l).

Proof. (by induction) If A is a 2 X2 delta determinant defined by
{c;}i and {g}i, then

|A|=]ciAgicnAg+ cuAg]

= [Agi|(Jeullex||Ag|+

cul) =m|Ag|(1+m|Ag)).

Suppose that the theorem is true for n=p and A is a
(p+1)X(p+1) delta determinant defined by {c;}’*' and {g}f*'; then
A=c,Ag*A,+*A, (Th. 1a). Since *A, and *A,, are p Xp delta
determinants which have Ag, and Ag, as factors of each element of the
first columns, respectively, then

|AT=lcullAg]]*Asl + [ A,
= [cul|Agi|[m [Ag| T (1+ m[Ag])]
+m|Ag |17 (1+ m|Ag|)
= m|Ag |12 (1+ m|Ag|).
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THEOREM 3. If m >1 and dg € OB’ on [a,b], then there is a
number M such that M is an m-bound for V( , , ,Ag) on [a,b].

Proof. Suppose that m >1 and k is a bound for |g| on [a, b]. Let
b b
M =P+ Q, where P=m’(1+2k) and O = me ]dg]epr' m|dg]|.

Let D = {x;}[-, be a subdivision of a subinterval of [a, b] and let K and h
be functions such that m bounds | K| on [a, b] X [a, b] and | h | on [a, b].
Let A =|a;|i= V(D,h,K,Ag); then *A,,, is a delta determinant for
i=12,---,n—1. Hence, for i=1,2,---,n and 1<j=i, P=m’
+2m’k >|K, ;1 ||Ag | =|a;| and P =m?*+2m*k >|h|+]|h|| K| |Ag]
=la,|; hence, if 0<i=n and 0 <j = n, then |a;| < P. Therefore,

[A| =2 anl|*Ani] + | an (Th. 1b)
<I'PIFALL|+ P
=X Pm|Ag |- (1+m|Ag|)+ P (Th. 2)

b b
éme Ingexpf m|dg|+P=Q+P=M.

Similarly, [A,| <M, |*A,|<M and |*A,| <M for 1=p=n and
j:l’z’...’p.

THEOREM 4. If {f.}! and {a;}} are sequences of elements of N and
A =|a;|i is an n X n Volterra determinant, then the following statements
are equivalent.

(1) fi=anand fi=a,+%_,f_a; for 1 <i=n; and

2) fi=A for0<i=n.

Proof. If 0<i=n, it follows from Theorem 1b that A, =
a; + 2., A;ay; therefore, 1—2 by induction and 2— 1 by induction.

THEOREM 5. If g is a function and m is a number such that m > 1
and dg € OB’ on [a, b], then there is a number Q such that, if m bounds
the functions H and K on [a,b]X[a,b] and h and k on [a,b] and
D ={x;}i is a subdivision of a subinterval of [a, b], then

’A ~B, = OEI'::lEf:l'an - bprg(po)_ g(xp)lv

where A = ‘a.jl?: V(D» h, H’Ag)’ B = lbii
|Ag,..]=1.

1= V(D,k,K,Ag) and

Proof. Let g be a function and m be a number such that dg € OB°
on [a, b] and m > 1. It follows from Theorem 3 that there is a number M
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which is an m-bound for V(,, ,Ag) on [ab]. Let Q=
b
Mm exp(mf |dg l) Let H, K, h and k be functions which are bounded

by m on [a, b].

First we will consider a special case. Suppose that D ={x}; is a
subdivision of a subinterval of [a,b], A =|a;|}= V(D,h,H,Ag), B =
|b;lr= V(D,k,K,Ag), 1=p=n, and a; = b; for i#p; then A—B =
|a; |1 —|b; |t is an n X n determinant C = |¢; |} such that ¢; = a;, for i # p,
¢y =a,— b, forl=j=p and c,,..=0 for p<n.

If p=n, then
|A-B|=|C|=|%} C-icy (Th. 1b)
=3 Mla,— by | = Q3| ay — by | |Aguii].
If 1=p <n, then
|[A=B|=]|C|=1%_ C.ic;* G, (Th. le)

= 2;:1 Mlapj - bPi 'l*CpH’

b
=37 Mla, ~by|m|Agalexp [ mldg] (Th.2)
= Ozf:]lam‘ - bp/‘ , ,Agpﬂl'

We will now prove the general case. Suppose that D ={x}; is a
subdivision of [a, b] and that A and B are the determinants A = |q; [} =
V(D,h,H,Ag) and B = |b;|} = V(D, k, K, Ag). There exists a sequence
{R,}¢ of n X n determinants such that A=R,, B=R, and A - B =
2;-1(R,-1— R,) and such that, if a<p=n and R,.,=|u;|; and R, =
|v; |7, then w; = v; for i# p. For each integer p, 0<p =n, R,_,— R, is
the difference of two determinants as defined in the special case above;
therefore,

lA - B' = lzsﬂ(R-p*l_ Rp)' = E;=I‘Rp*l - Rp]
= 2;=l Oif;] ’api - bpi I IAng ’ .
THEOREM 6. Given. K is a bounded function from R X R to N and f,
h and g are functions from R to N and dg € OB’ on |[a, b]. Conclusion.

The following statements are equivalent:
(1) (fK,g)€E OA* on [a,b] and, if x €[a, b], then

f&) = h)+ @) [ FOK x 0dg o)
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(2) (h,K,g)€E OM* on [a,b] and, if x €[a,b], then f(x)=
V(a,x;h, K, dg).

Proof of 1—2. Suppose that m is a bound for K and € > 0. Since
(f. K, g) € OA* on [a, b], there exists a subdivision H of [a, b] such that,
if H' ={x,};is a refinement of H and 0<i{ =n and x = x,, then

@) [ FOK (0 0) = 310, £y )K (5,3 )0g | < e/,

b b
where M=4[mj 'dglexpf mldng]. Let x € (a,b] and let H' =

{x,}; be any refinement of H such that x € H'; let x = x, and D = {x,}},
where 0 < p = n. For each integer i such that 0 <i = p there exists an
element ¢ € N such that

Fx) = h)+ (1) [ FOK (3, 1)dg

= h(x,) + 2;=1 f(x/~1)K(xw x,,l)[g(x,) - g(xlfl)] te

= (hx +e€ + foKz.oAgl) + zf:zf,an,.,»lAg,,
where 2/_,( )= 0. Let € be a function such that e(a)=0 and e(x,) = €,
fori=1,2,---,p. Let V(D,h +¢ K, Ag)=|v,[’; then |y, |V is a Volterra
determinant such that v,=h, +¢€ + h,K ,Ag, for i=1,2,---,p, and

v, = K,,,Ag for 1 <j=i=p. Hence, f,=v, and f, = v, + 3, f,-,v; for
1 <i = p. Therefore,

f(x)=f(x,)=V(D,h +¢€ K,Ag) (Th. 4)
=V(D,h, K, Ag)+ V(D, ¢ K,Ag).

Let A =]a,;[’= V(D,e K,Ag), then *A,., is a delta determinant for
i=1,2,---,p—1, and

|A] = [SPe*A,.| (Th. 1b)

b
éEf’IE,lmlAgmlexp] ml|dg|+ e | <e (Th.2).

Therefore, [f(x)— V(D,h,K,Ag)|=|A| < e Since x is an arbitrary
element of (a, b] and H' is an arbitrary refinement of H containing x, it
follows that V(a,x;h,K,dg)=f(x) for x€&[a,b] and that
(h,K,g)€ OM* on [a,b].

Proof of 2— 1. Suppose that € >0. Since (h,K,g)€ OM* on
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[a, b], there exists a subdivision H of [a, b] such that if H' ={x,}5 is a
refinement of H and 0 <i = n, then

[f(x)— V(D, h,K,Ag)| < €/2 <1+ m J;b |dg|) ,

where m is a bound for K and D, ={x;}i. Let x €(a,b] and let
H'={x}; be a refinement of H such that x € H'. Let x = x, and
D ={x;}f, where 0<p =n. Then there is a sequence {¢}’ such that
f(x)—e=V(D,h K,Ag) for 0<i=p, where D,={x}. Let A=
ta;[F= V(D,h,K,Ag); then A, = V(D;, h, K,Ag)forj=1,2,---,p, and
fx)=f(x,)=V(a,x;h, K ,dg)= V(D,h,K,Ag)+ ¢,

=a,+3  Aja,t e (Th. 1b)

= (h, + hoK,Ag)+ 20, V(D;-1, h, K, Ag)K, - Ag + €,

= (h, + hoK,0A8) +30_(fi-i — €-)K, ;.Ag + €,

Since h, = h(x) and h,= f, = f(a), then

[f(x)=h(x)—2f K., Mg | = e |+ 28] 6K, -Ag ]

é]ep]+[e/2/<l+mfab|dg|>] < e

Since x is an arbitrary element of (a, b] and H' is an arbitrary
refinement of H containing x, then f(x)— h(x)= (L)f f()K(x, t)dg(t)

for x €[a, b] and (f, K, g)€ OA* on [a, b}.

In the next three theorems, we prove a set of sufficient conditions for
a function triple (h, K, g) to belong to each of OA*, OM* and OM **
and show that, with appropriate restrictions,

V(a,b; h,K,dg)=h(b)— (L) jb h(t)dV(t, b;1, K, dg).

The following lemma is used in the proofs of these theorems.

LEMMA. Given. fis a function from R to N and if € > 0 then there is
a subdivision D = {x.}; of [a, b] such that, if 0<i=nandx_, <x <y <
x;, then | f(x)— f(y)| < €. Conclusion. The function f is quasicontinuous on
[a, b].

THEOREM 7. Given. (1) The functions f and K are bounded and
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dg € OB® on [a, b] and F(x) = (L)fxf(t)K(x, 1)dg (1) exists fora = x =

b; and (2) if € >0 then there is a subdivision D = {x;}§ of [a, b] such that,
if0<i=nandx_,<x<y<x and {1} is a refinement of D such that
t, E{t:}7 and y = t, then

|25 f(L-)IK (x, 1) — K(y, )] g(t)— g(t-)]] < e

Conclusion. (1) The function F is quasicontinuous on [a, b]; and (2)
(fK,g)€E OA* on [a,b].

Proof of Conclusion 1. Suppose that € >0 and M is a bound for
|f||K|. There is a subdivision D = {x;}; of [a, b] such that, if 0<p =n
and x and y € (x,-,, x,), then ‘[yldg | < €/4M and, if {t};" is any refine-
ment of D and y = ¢, then

12 f(-)[K (x, ) = K(y, 1)) [8(6) ~ g ()] < e/4.

Let p be an integer and x and y be numbers such that 0<p =n and x
and y € (x,-,, x,). There is a refinement D’ = {t,}; of D and integers r and
s suchthatx =,y =, and such that |A | < €/4 and | B | < €/4, where

A =F(x)- X f(t-)K(x, ) [g(t) — g(t-1)], and
B =F(y)= 2 f(t-)K(y, t-)[g (1) — g (t-)]-

Hence,
|F(y)-F(x)|=|A|+|B|+|C|+|E|<¥¢

where

C =X f(t-)[K(y, t)— K(x, t.-)][g(t)— g(t-)], and
E =25 f(t-)K(y, t-)[g(8) — g (t-)),

and|C| <e/4and|E| < e/4. Therefore, F is quasicontinuous on [a, b].

Proof of Conclusion 2. let €>0 and M be a bound for
Ifl|K|. Since F is quasicontinuous on [a, b], then there is a subdivision
H,={z}¢ of [a, b] which is a refinement of the subdivision D defined
above and such that, if 0<p=m and z,,<x<y<z, then
| F(x)— F(y)| < €/4. Let H, be an interpolating sequence for H, and let
H be a refinement of H, U H, such that, if H' = {y,}{ is a refinement of H
and y, € H U H,, then
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[F(y,) =29 f(vi-)K (¥, yi) [8 (v:) — g (yi-)]| < €/4.

We now show that this subdivision H satisfies the definition for
OA*. Let H'={t}’ be a refinement of H and let x =, € H'. If
x € H, U H,, then the OA * inequality |-| < € is satisfied. Suppose that
x& H, U H,; then there exist y = t, € H, and z,_,, z; € H, such that x and
y € (z;-1, z;). For convenience we will assume that x <y. Hence,

|F(x)— 2 f(t-)K(x, ) [g(t)— gt )| = |A|+|B|+|C[+|E[<e

where A = F(x)— F(y)and B, C and E are defined as in Conclusion 1 of
this proof. If x >y, the steps would be similar. Therefore, (f, K, g) €
OA* on [a, b].

THEOREM 8. Given. The function K is bounded on [a,b]X[a,b]
and on {a, b] the functions h and g have bounded variation, the set

{Flaclabl F = [ 1akC .0}

of functions is quasicontinuous uniformly and F(x)= V(a,x;h, K, dg)
exists. Conclusion. (1) F is quasicontinuous on [a,b]; and (2) (h, K, g) €
OM* on [a,b].

Proof of Conclusion 1. Suppose that0 < e <1and m > 1isabound
for h and K; then there is a number M which is an m-bound for
V(,,,Ag) on [a,b] and a number Q >1 which has the properties
stated in Theorem 5. There is a subdivision D = {x,}; of [a, b] such that,
if0<i=n and x,_, <x <y <x, then

LytdK(t,q)l < e/8mM<Lb’dg|+1> for g €[a,b],

fy(dg]< €/8QM, and fyldh!< €/8M.

Suppose that 0 <i =n and that x,_, <x <y <x;; then there is a
refinement {z}; of D such that x =2z, and y =z, and such that
|F(x)— V(P h,K,Ag)| <€/8 and |F(y)— V(R, h,K,Ag)| < €/8, where
P={z} and R={z}. Let A =]qg;["= V(R hKAg); then
V(P,h,K,Ag)=]a;|"= A,

Let B = |b;|? be the q X q determinant such that b; =0 for p <j =
i =q and b, = a; otherwise. It follows from Theorem 5 that
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|A-B|= szl:,z}:l’au‘ —b,|lg(zi)— g(2)|
= Q[ Sl ay||Agl +27 . la,]

1=p+1

=Q[27), 3o | KA g | [Ag]

1=p+1

+ Eq +1 l va!—lAg]' H

1=p

X, 2 Xq
= Q[M(f dg|) +Mf ]dg[] < /4
Also, B,_,=A,_, and *B,; = a, (Th. 1f) for j =1,2,- -, p; therefore,

’B - Ap[ = 'sz:l B,_*B, — 2;’:1 A,-la,,,-j (Th. 1d,b)
= Ef:t IA,-1H*B[,, - ap]l = sz:1 ‘an - aPJ'
= M[Ihq —h, ! +|h0! ’Kqﬂ_ KP()I tAgl’ +27:lequl ,
- K, - 4g]]
b
= M[e/8M+ m2s_ <e/8mM(f ldg |+ 1)) |Ag, |]< €/4.

Hence,

|F(y)—F(x)| = |F(y)—A|+]|A -B|+|B-A,|+|A, - F(x)|
<e€f/8+e€/d+e/d+€/8<e

The proof of Conclusion 2 is similar to the proof of Conclusion 2 of
Theorem 7.

THEOREM 9. Given. The function K is bounded on [a,b]x][a,b]
and on [a, b] g has bounded variation and F(x)= V(a, b; 1, K, dg) exists,
where 1 denotes the identity function. Conclusion. (1) F is quasicontinuous
on [a,b]; 2) (1, K, g) E OM** on [a,b]; and (3) if dh € OB’ on [a, b],

b
then V(a,b; h, K, dg) exists and is h(b)—(L)f h(t)dF(t).

Proof of Conclusion 1. Let € >0, let M be a bound for | K| and let
Q be a number having the properties defined in Theorem 5. Since
dg € OB", there is a subdivision D = {x,}i of [a, b] such that, if 0 <i=m

b
and x, ;< x <y <x, then fy]dg|< e/6QM(1 +f ]dg|>. Suppose that

0<r=m and x,,<x<y<x. Since F(x)=V(x,b;1,K,dg) and
F(y)= V(y,b;1, K, dg) exist, then there exists a subdivision R = {z,}; of
[x, b] and an integer p such that 0 < p < n and a subdivision P = {z,},_, of
[y,b] such that x =z, y=2z,, |F(x)—V(R,1,K,Ag)|<¢€/6, and
|[F(y)— V(P,1,K,Ag)| < €/6.



430 BURRELL W. HELTON

Let A =V(R1,KAg)=|a,{ and C=V(P,1,K,Ag)=]a;[=
*A,; let B=|b;|; be the nxn determinant such that b,=a, for
p=Ei=nb;=0forl<j=i=p b,=0forp<i=nand2=j=p, and
b, = a; otherwise. In the following manipulations, |Ag,.,|=1 and |a; |
denotes the norm of the element g;; hence,

|A—-B|= QXL 3. ]a; — b;||Ag] (Th. 5)
=Ql|an— banEf:z,anf [1+ Q%5 | an — bul|Agin]
+O[27, 3] a; | |Agin| + 215120, | ay | |Agin]]

= Q[|(1+ KuAgi) — (1 + K, ,-iA8,) [+ 37, | K, ;-1Ag ]

+ Q[E'";; (1 + KOAgl) - (1 + I(i.p—lAgpN 'AgiH“
+ O[22, 25| KijmiAg |+ 21551 20, | K j-iAg | |Agin]]

é2Qfoyldg]+ OM(!Ag1|+|A8pl)Lbldg|

+oM["1dg| ["1dg]
<e/3+e€/6+€/6=2€/3.

It follows from Theorem 1f that B = *A, = C; hence,
|F(x)-F(y)|=|F(x)-A|+|A-B|+|B—-C|+|C-F(y)|
< €/6+2€/3+0+€/6=¢€.
Therefore, F is quasicontinuous on [a, b].

The proof of Conclusion 2 is similar to the proof of Conclusion 2 of
Theorem 7.

Proof of Conclusion 3. Suppose that € > 0. Since dh € OB° and F
b b
is quasicontinuous, then (R)f dhF exists. Since (R)] dhF and

V(a, b;1, K, dg) exist and (h, K, g) € OM**, there exists a subdivision D
of [a, b] such that if D' = {x,}; is a refinement of D and 0 < i = n, then

l(R)fb th—E;‘Ah,-E' < €/3
and

|F(x)— V(D,1,K,Ag)| < €/3 (fb | dh |+1)



THE SOLUTION OF A STIELTJES-VOLTERRA INTEGRAL EQUATION 431

fori=0,1,2,---, n, where D, = {x,};... Let D' ={x,}; be a refinement of
D and let D, ={x,};_;for i =1,2,-- -, n. Also, let V(D,h,K,Ag)=A =
|a,|r and let V*(D, h,K,Ag)= B =|b, |} be the n X n Volterra determi-
nant such that (1) b,, = a,,, and (2) if 1 <i = n, then b, = a; — a,_,, for
j=1,2,---,n Note that A =|a; |f can be transformed into B = |b, |} by
adding the negative of the elements of the n — 1st row of A to the nth
row of A, the negative of the elements of the n —2nd row to the n — 1st
row, etc. Hence, A = B, and for i =1,2,3, - -, n, the determinant *B;.,
can be transformed into V(D, 1, K,Ag) by adding the elements of the
first row of *B,,, to the 2nd row, the elements of the new 2nd row to the
3rd row, etc. Hence, there exists an element « of N such that |a | < € and

V(D, h,K,Ag)=|b, 1= 3", b,*B,., (Th. 1b)
= (hy + hoK1oAg,)* Bo+ 37, [Ah, + ho(Kyo— K, _1 0)Ag,])* B..

= ho[(1 + K1Ag))* Bs + S (Kio— K, -1.0)Ag * Bou] + 3, Ah *B,.,

= hV(D,1,K,Ag)+ 3 AhF(x,) + 37, AR [* B, — F(x,)]

b
=h,V(a,b;1,K, dg)+(R)f dhF + «

=h(a)F(a)+ h(x)F(x)

b
z~(L)f hdF + a
b

- h(b)—(L)j hdF + a.

Therefore, V(a, b; h, K, dg) exists and
b
Via b:h, K, dg)=h(a)V(a,b;l,K,dg)+(R)f dhF
b
- h(b)—(L)f hdV(s b: 1, K, dg).

In Theorem 11 we prove a set of sufficient conditions for the
existence of the limit V(a, b; h, K, dg). Theorem 10 is a lemma which is
used in the proof of Theorem 11.

THEOREM 10.  Given. The symbols n, r and p represent positive
integers, p<n, and A =|a;|} is an nXn Volterra determinant and
B =|b;|i""is an (n+r)X(n+r) Volterra determinant such that

(1) if0<j=i=p, then b, = a,;

(2) ifp<i=p+rand 0<j=p, then b; = a,;

(3) ifptr<i=n+rand 0<j=p, thenb,=a,,,;

(4) ifptr<is=n-+r then 77" b; = G, 15

1=p
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®) ifptr+ti<j=i=n+r, then b;=a.,,,; and
6) ifp<j=si=p-+r, then b; =0.

Conclusion. A = B, where A and B represent elements of N.
Proof. Note that A, =B, for i=1,2,---,p and *A, = *B,,, for

i>p+1. It follows from (6) and (4) above that *B,., = *B .., ., for
i = p,p + 1, Tt p +r and Zf’:;*BH] = zf:;*BP+,+1‘,’+] = *Ap+]. Hence,

B =3 B (Si%b;*B..)) (Th. 1d)
=37 B \(S777b,* B+ 310701 b,* By
=2 AL(Ea, B+ R 00,7 AL (2,3,5)
=30 A(ay Ayt 20 a7 A)
=3 AL S, a0 AL = A, (Th. 1d).

THEOREM 11. Given. [a, b] is a number interval, K is a bounded
function from R X R to N and h and g are functions from R to N such that

b (b
dg and dh€OB® on [ab], f f |dK||dg||dg|=0 and
b a a
f |dK (b, t)||dg(t)| = 0. Conclusion. (1) V(a, b; h, K, dg) exists, and (2)

b
ifJ |dK( ,t)||dg(t)| = 0 uniformly on [a, b], then on [a, b] the function

f(x)=V(a,x;h, K, dg) exists, (h, K, g) € OM* and f is the solution of the
equation

f0) = k() + @) | FOK x0dg ),

Proof. We will show that the limit V(a, b; h, K, dg) exists by
showing that the following Cauchy criterion condition is satisfied: if € >0
then there is a subdivision D of [a, b] such that, if D' is a refinement of
D, then | V(D, h,K,Ag)— V(D', h,K,Ag)| < e. Let € >0 and let M be a

bound for (1+]h])(1+]K|)<1+fb|dg!) on [a,b]. It follows from

Theorem 5 that there is a number Q such that, if U, W, u and w are
functions bounded by M on [a, b] and D = {x,}{ is a subdivision of [a, b],
then

‘A - B’ = Ozsslzfz1‘a!’f - bp/Hg(po)_g(xp)"

where A =|aq,|t= V(D,u, UAg), B=|b;|}=V(D,w, W,Ag) and
’Agn+l’ = I
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b b
Since dg and dh € OB° and Jf]dKl]dngg[=0 and

b
J |dK (b, 1)||dg(t)| = 0, there is a subdivision D = {x;}; of [a, b] such
that

1) [ 1dgl [T 1dgl < om0,
lf |dh|ﬁ |dg|<e/90Q, and ﬁ’idg|<e/18MQ;
@) st M, [ gl [* 1dgl<emmo

where for each i and j, M, is the lub of |K(x. .\, x,1)— K(x,y)| for
X, =x<x; and Xy = y < X5 and

G) s [ jdgl<epo,

where for each i, M, is the lub of | K (b, x,;) — K(b, x)| for x,_, = x < x..

Let D' ={z}7 be a refinement of D, A = |a;|f= V(D, h, K,Ag) and
B =|b,|"=V(D', h,K,Ag). Let {n;}; be the sequence of integers such
that x;, = z,, for i =1,2,---,n. We now define an m X m determinant
C =|c; | such that C=A and |B—- C|<e€ and, hence, |A —B|=
|A — C|+|C~ B|<e In the following paragraphs, the symbols h, K;
and Ag; represent h(z;), K(z,z;) and g(z:)— g(z:-,), respectively.

Let P, be the set of integer pairs such that i,j € P, iff j =1 and
1=i<n, Letc;=ay for ij€EP,; then

Sier | by — ¢ |Agi| = 377 2M |Agi| = 2Mf¢ |dg |
< 2M(e/18MQO) = €/90.
Let P, be the set of integer pairs such that i,j € P, iff j =1 and
n=i<m IfijeP,and2<p=n and n,.,=i<n, then ¢; =a,, ..

Let N, ={[n,-, n,). Since x,= z,= a, then

zi,jEPz

by — ¢ ||Agio| = 2ns Zien, | h(2)) + h(20)K (2, 20)(Ag))
= h(x,-) = R (x)K (X,-1, X0) [ (x1) — 8 (x0)] ] | A g ]

=20 2ien | [R(z) = h(x,-)] + h (xo){K (25 20)[g(21) — 8(20)]
= K(x,-1, %0) [8(x1) — g (xo)]} | Agin |
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=205 Eiezvpl h(z)— h(x,,ﬁ,)[ |Agin

+ 2;:321'61%’ h(x0)|| K (zi, xo) — K(x,-1, xo)| | g (x1) = g(x0)||Agi]
+]g(z1) = g(x)| 23 Zien, h (x0)| | K (2 20) || Agini|

= ] idhlff | dg |
+ 'h(xo)]2;:3 ziENpMp.OI g(x)— g(xO)' 'Agiﬂ’

+(eN18MO) (x| | K (2, 20| ([ 1dg|+1)
<€/9Q + M(e/9IMQ)+€/90 = €/30,

where M,, is the lub of |K(x, ), xs)— K(x,y)| for x,._,=x <x, and
=y <x,.

Let P, be the set of integer pairs such that i,j € P, iff 1 <j = n, and
J=i=m. Let ¢; =0 for i,j € P;; then

Sijer by — ¢ | |Agin| = 2130 | K(2, 2-)Ag || Agin

=31 M g(z)—8(z-)| = Mf |dg|
< M(e/9MQ) = €/90.

Let P, be the set of integer pairs such that the pair i, j € P, iff there is
an integer p such that I<p=n and n,.,<j=i<n, Let ¢; =0 for
I,j € P,; then

Sijerd by — ¢ | |Agin| = Zijer. | K(zi, 21)Ag | |Agi]
= M3 3nt 3 al8(2) — g(zi-)] g (zi) — 8(2)]

< Ms1, f

X,

|dg | f |dg| < M(e/9MQ).

Let P; be the set of integer pairs such that i, j € Ps iff i = m and also
j=1lor n,<j=m. Let ¢, = an = h(x,)+ h(x)K(x,, x0)[8(x1) — g(x0)]
and, if 1<p=n and n, ,<j=n, let ¢, = K(x, x,-)[g(z;)— g(z-1)].
Since z,, = x, and z,= x,, then

Siser by = ci| = [bor = G| + 2522 20 1 [ by = G |
= [h(zn)+ h(20)K (2 20)[8(21) — §(20)]
= h(x,) = h(x)K (x, x0)[g (x1) = g (x0)]|
+ 20030, | K(zm 2-)[8(2) — 8(25-1)]
— K(x, x,-1)[8(2) — 8(z-)]]
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= |k (z)|| K (2m 20)|| g (x1) — 8 (21)]
+ 3003, o | K (X 21) — K (X, x,1)|[8(z)— g(z-1)|
=Mlg(x)—gz)|+32;53r, .. M, | g(z)— 8(z-)]

= M(e/18MO)+2,',‘_2Mpfxp |dg| < /30,

where M, is the lub of |K(b, x,_,)— K(b, z)| for x,_, =z < x,.

Let P, be the set of integer pairs such that i,j € P iff there are
integers p and q such that 2= g <p = n and such that n,_, =i <n, and
n<j=n,. If i,j€EP; and n,=i<n,, and n,_,<j=n, let ¢, =
K(xp’ xq*l)[g(zl) - g(zrl)]; then

EI.IEP(\ bij - Cl] l lAgl+Il
=35 | K(z,2,1)A8 — K(x,1, X,1)Ag | lAgml
= ;:? EZ;IZ 27';::,1,—‘ Ejninq—: l K,_]-,l - K(xp—l’ xq-l)l lAg] I I Agi*"
=3, M, |Ag |[Agi]

=53 50:tM, [ 1agl [ 14g] < ero,

where M,, is the lub of |K(x, , x,-1)— K(x,y)| for x,.,=x <x, and
o=y <ux,

The determinant |¢; |7 can be reduced to the determinant |a, [} by
the following steps.

(1) If n,>1, use Theorem 1f and obtain a determinant of lower
order.

(2) For each integer p such that 2<p=n and n,>n,_,+1, use
Theorem 10 and the definition of the determinant |¢; | to obtain a
determinant of lower order. Note that, if 1 <n, =i <n,.,, then

Efninq—lﬂ ¢, = K(xp’ xq—l)[g(xq)_ g(xq—l)] = Qpg-

Hence,

|IB-A|=|B-C|+|C-A|=|B-C|
= Q3,31 |b, —¢;|[Ag.] (Th. 5)
= QE1Zierlb, —¢,||Agn]) < O(e/Q) = €

Therefore, if € > 0 then there is a subdivision D of [a, b] such that if

D' is a refinement of D, then |V(D, h,K,Ag)— V(D', h,K,Ag)|<e;
hence, the limit V(a, b;h, K, dg) exists.
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b
Suppose that f |dK( ,t)||dg(t)| = 0 uniformly on [a,b]. If a < x =

b, it follows from Conclusion 1 that V(a, x; h, K, dg) exists. We now
prove that (h, K, g)€ OM*on[a,b]. Let e >0 and define a subdivision
D of [a,b] in the same manner as in Conclusion 1 except that

b
f |dK( ,1)||dg(t)|=0 uniformly is used in defining D in place of

[(1ax . 0114501 =0.

If {x;}; is a refinement of D and 0 < p = n, then a repetition of the
steps in the proof of Conclusion 1 shows that, if Q' is a refinement of
O ={x;}}, then

|V(Q', h,K,Ag)~ V(Q, h. K, Ag)| < e

Since V(a, x,; h, K, dg) exists, there is a refinement Q' of Q such that
|V(Q',h,K,Ag)— V(a, x,; h, K, dg)| < e; hence,

|V(a,x,; h,K,dg)— V(O, h, K,Ag)|
= ’ Vi(a, x,; h, K, dg)— V(Q')] + ] V(O - V(0)| < 2e.

Therefore, (h, K, g) € OM* on [a, b]. It follows from Theorem 3 that f
is bounded on [a, b] and from Theorem 6 that f is the solution on [a, b] of

the equation f(x)= h(x)+(L)f:f(t)K(x, £)dg (1),
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