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Mizel and Sundaresan have given an integral representation
for a class of nonlinear functionals, called additive functionals,
on the Banach spaces L”, p = 1. In this paper, analogous results
for these additive functionals on the spaces L, 0 <p <1, are
presented. The convergence of additive functionals is also
investigated whenever three types of convergence are imposed on
the members of L°: almost everywhere convergence, con-
vergence in measure, and convergence in the metric d, where

d(x,y)= J’ |[x — y|°du. In all three cases an integral represen-

tation for the functional is obtained, and necessary and sufficient
conditions are given for the continuity of the functional.

Introduction. A topological vector space is an F-space if its
topology is induced by a complete invariant metric. This definition
corresponds to that of Rudin [16] and does not assume local
convexity. In fact, if (7,B,u) is a finite measure space, L?=

{x:f | x |Pdu <00}, with the metric d(x,y)'—-f |x —y|Pdu for0<p <
T T

1, is an example of an F-space which is not locally convex. Hence, on L?
there need be no continuous linear functionals. It is known (cf. [3]) that
(L?y* separates the elements of L” if, and only if, n is atomic. However,
even in this situation, L? is not locally convex.

Recall that if (T, B, n) is a o-finite measure space, then T= A U N,
where A is atomic and N is nonatomic. Since there are no continuous
linear functionals supported on N, it is natural to ask what types of
functionals do exist on N. This has led to an investigation of nonlinear
functionals. Representations of nonlinear functionals on various
Banach spaces have been extensively studied (cf. 1, 2, 5, 6, 8,9, 10, 11, 12,
17, 18, 19). In particular, Martin and Mizel [8]} have given an integral
representation for a class of nonlinear functionals, called additive
functionals. A functional F is additive if it has the following properties:

(1) F is additive on functions of disjoint support: F(x +y)=
F(x)+ F(y), provided the intersection of the supports of x and y is of
measure zero;

(2) F is statistical: If x and y are two real-valued functions on T
which are equimeasurable, then F(x)= F(y). Two real-valued func-
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tions x and y on T are said to be equimeasurable if for every Borel set S
on (—,%), x'(S)and y '(S) are measurable and have equal measure.

The major result in [8] is the following theorem which is also basic to
this development:

THEOREM A. Let (T,n) be a nonatomic measure space of finite
measure, uT#0. Let L* denote the set of all essentially bounded,
real-valued measurable functions on T, and F a finite, real-valued,
additive functional on L*. Then there exists a unique continuous real-
valued function f on (— o, %) for which f(0)=0 and

F@)= [ fx)duo),

for all x in L”.

If T is discrete and x € [*(T), then F(x) has the representation
F(x)=Zerf(x()u(1).

A similar integral representation has been given by Mizel and
Sundaresan [11] for additive functionals on the Banach spaces L7,
p=1. We are concerned with obtaining an analogous result for the
spaces L?, 0<p <1. To this end we study the convergence of the
additive functional F whenever three types of convergence are imposed
on the members of L?: almost everywhere convergence, convergence in
measure, and convergence in the metric d, where d(x,y)=

f |x —y|Pdu. In all three cases we give necessary and sufficient
T

conditions for the continuity of F' and obtain the integral representation
for F.

The discussion is divided into two main parts: the finite case where
uT < and the o-finite case where uT = oo,

1. The finite non-atomic case. On the spaces L*(T), 0<
p <1, we define a function d by

a3 = [ 1xO-yOFdu @)

The function d is a complete, invariant metric on L’(T), when uT <
. [4]

The principal result of this section is Theorem 1.1 which gives
necessary and sufficient conditions for an additive functional F on L? to
be continuous with respect to the metric d; that is, d(x,, x)— 0 implies
F(x,)— F(x).
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Before stating Theorem 1.1, we recall three lemmas that are used in
the proof of the theorem. The first is the Vitali convergence theorem [4,
p. 150] for p =1.

LEmMmA 1.1 Let (T, ) be a measure space and {f,} be a sequence of
functions in L'(T) converging almost everywhere to a function f. Then

feL(T)and |f,—f|,= f |f. — f| du converges to zero if and only if for
T
each € >0 there exists a 8 >0 such that if E is a measurable subset of T

and pE < §, thenf [f.] du <€ for all n = 1.
E

LemMma 1.2. If T is a measure space, then the simple functions in
LP(T) are dense in L?(T) with respect to the metric d: given € >0 and
x € L7(T), there exists a simple function ¢ such that d(x, ) <e.

LEMMA 1.3. If there is a sequence {x,} in L"(T) such that d(x,, x)
converges to zero, then for each € >0 there exists a 8 >0 such that if

wE < 8, thenf |x,|Pdu < € for all n = 1.
E

THEOREM 1.1. Let (T,n) be a nonatomic finite measure space,
uwT >0. Let F be an additive functional on L?. Then F satisfies the
continuity condition

d(x, x)—>0 = F(x,)— F(x)

if and only if there exists a continuous function f: R — R such that f(0)
=0 and |f(r)|=k@+|r|y for all r € R and some k =0, and F(x)=

J’ (fex)du for all x in L.
T

Proof. To establish necessity, suppose that F is continuous on
L*. Then the restriction F, of F to L” is an additive functional on
L*. Thus by Theorem A there exists a unique continuous function

f: R— R such that f(0)=0 and F,(x)=J' f(x(t))du, for all x in

L*. We claim that f satisfies the condition [f(r)|= k(1 +|r|)y for all
r € R. Suppose not. Then there exists a sequence {r.} in R such that
|[f(r.)|=2n(+|r.|). Let {E,} be a sequence of measurable sets in T
such that uE, = (1\|f(r.)])»T. Then
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d(nXEnO)=_L_Inxr"”dﬂ =.L; |1, Py = |1, PUE,

=1t ey |31 [mt T

p
=% [—J-Z"—L] ,LLT<71[‘/.LT—>O

1+]|r,]

as n —>o. However,

Fe) = [ (Forae)ds = [()RE, = £RTH0.

This contradicts the continuity of F. Hence f must satisfy the desired
condition.

Next we need to verify that the functional F has the given
representation. First we show that fex is in L' if x € . We know
that |f(r)|= k(1+|r|) for all r € R and some k =0. Choose K > k so
that (K”? — k)= 1 and set ¢ = k'"?(K" — k'?). Whenever |r|>c,

(K= k) r| > k",
K |r|>k"™(1+|r]),
and thus K|rfPz k(1 +|r|f =|f(r)]. Let A,={t € T:|x(t)|<c} and

,=T—A, Fort€A, |[f(x(®)|=kQ+|x@)|]y=k(d+c)y, so fox
is bounded on A, and

J’ [fox|du = k(14 c)Pua <o
Ar

Also, |f(xxa)| = K| xxa,]" so

f | f(xxa,) | dp éKfT | Xxa.]"dp < oo
T

since xya, € L. Thus
[ ifexlan=[ ifexidut| Ifoxldu

= dpexida | ifoxxuldu <=

and fox isin L
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Now let x bein L. By Lemma 1.2 the simple functions are dense in
L?. Thus there exists a sequence {x,} of simple functions such that
d(x, x) converges to zero. Then there is a subsequence {x, } such that
x, converges to x almost everywhere. Thus we could have chosen the
sequence {x,} of simple functions so that it converged to x in the metric d
and almost everywhere. Since the functions x, are simple, they are in
L*. Also F is continuous, SO

F(x)=lim F(x,) = lim L (f ° x.)du.

We must show that limJ' (fox,)du =f (fex)du or that f(x,) con-
T T
verges to f(x)in L'. By Lemma 1.1 it suffices to show that for each € >0

there exists a 8 > 0 such that if uE < §, then J [f(x.)|dn < € forall n.
E

Since f is continuous and x, converges to x almost everywhere, f(x,)
converges to f(x) almost everywhere. Also there exist constants ¢ and
K such that [f(r)| = K|t|> whenever |[t|>c. Let K,=sup{|f(¢t)[: [t|=
c}. The sequence {x,} of simple functions is in L*. By Lemma 1.3, for
€ >0 there exists a §, >0 such that if uE < §;, then f [x,|Pdu < €/2K

E
for all n=1. Given € >0, choose 8 <min(8,€/2K,). Then with

wE <,

[l = plde+ |

EN{t|xn(t)>c

} [f(x.)| dp

<K16+5—€<e

2K

for all n 2 1. Thus, by Lemma 1.1, f(x,) converges to f(x) in L'; so

F(x)=limF(x,.)=1imJT (f o x,)d =fT f(x)dp.

Conversely, if f: R — R is a continuous function satisfying f(0)=10
and [f(r)|= k(1 +|r|y forall r € R and some k = 0, then the functional

F(x)= L f(x)dun is well-defined and additive on L?(T). Let {x,} be

any sequence in L”(T) such that d(x, x) converges to zero as
n —o. Then x, converges in measure to x; that is, given § >0 there
exists an integer N such that for n = N, w{t:|x,(t)—x()|=8}<
6. Since f is a continuous function, it must follow that f(x,) converges to
f(x) in measure. By hypothesis, |f(x,)|= k(1+]x, ), so
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J’ [f(x,,)|du§kf (1+‘xn|)”du§kp,T+kf | x, [Pdpu < o
T T T

since uT < and x, € L?(T). Thus f(x,)is in L'(T). If the functions
{f(x.)} have equiabsolutely continuous integrals, then

lim,.%J f(x.)du =f f(x)dp [14, p. 152]. Now assume for any
T T
measurable set E CT that uE < 8. Then

H f(x")dﬂl éL |f(x)| dp = ka (1+]x, ") dp.

By Lemma 1.3, for each € >0 there exists a § >0 such that whenever

,LLE<8,f |x,|Pdu <e. Thus
E

IL f(x")d,u,[<k‘8+k-e

and the functions {f(x,)} have equiabsolutely continuous
integrals. Therefore,

tim Fx) = tim | f()du = [ f)du = FGx),

In Theorem 1.2 we examine the convergence of F(x,) when the
sequence {x,} in L converges to x almost everywhere.

THEOREM 1.2. Let (T,wn) be a nonatomic finite measure space,
pT# 0, and let F be an additive functional on L?(T). Then F satisfies the
continuity condition

x, converges to x almost everywhere = F(x,) converges to F(x)
if and only if there exists a continuous function f: R — R such that
f(0)=0, fis bounded, and F(x) =j (fex)du, for all x in LP*.
T

Proof. Let f be as described and consider F: L?(T)— R defined by

F@)= [ (Fox)du.

If {x,} is a sequence in L” and x € L? such that x, converges to x almost
everywhere, then f(x,) converges to f(x) almost everywhere since f is
continuous. Then, since f is bounded, we can apply the bounded
convergence theorem and get that
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F(x)= fT (fex)du = L lim (f o x, )du
= limf (fex,)du =lim F(x,).
T

Conversely, suppose F is an additive functional satisfying the
continuity requirement. If, as in Theorem 1.1, we let F, = F|L*(T),
then F; is an additive functional on L*. Thus by Theorem A there exists
a unique continuous function f: R — R such that f(0) = 0 and for all x in

L, F(x)=f (fex)du. Next we need that f is bounded. Suppose
T

not. Then there exists a sequence {r,} of real numbers such that | r, | —
and 1=|f(r,)|—. Since T is nonatomic, there exists a sequence of
measurable sets {E,} such that uE, = uT/|f(r,)|. Then wE,—0 as
n—o©. Letx, =ryxg Foreach n, x, € L” and there is a subsequence
{x,} such that x, —0 almost everywhere. But x, is a bounded
measurable function, and, therefore we can write

Feo) = (oxdn = [ 0 )du
=) [y | = =0T <=

Thus we have that F(x,) does not approach zero even though x,
converges to zero almost everywhere. We have reached a contradic-
tion, so the f must be bounded.

Now let x be any function in L?. Then by Lemma 1.2 there exists a
sequence {¢,} of simple functions such that d(x, ¢.) converges to
zero. Hence there is a subsequence {¢, } such that ¢, converges to x
almost everywhere. By the continuity condition on F, F(¢,, )converges
to F(x). Since f is continuous f(¢,) converges to f(x) almost
everywhere. Finally, since f is bounded, fox is in L' and we can apply
the bounded convergence theorem to get

[ ¢exrda =tim [ (Fod.)du =timF(8,)= F@),

In Theorem 1.3 the sequence {x,} in L converges in measure to
x. The results are analogous to those in the previous theorem, and, in
fact, the necessity condition follows directly from Theorem 1.2 [cf. 19].

THEOREM 1.3. Let (T, n) be a nonatomic finite measure space and
let F be an additive functional on L*. Then F satisfies the continuity
condition
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x, — x in measure > F(x,)— F(x)

if and only if there exists a continuous function f: R — R such that

f(0)=0, f is bounded, and F(x) :I (fex)du, for all x € L".
T

Proof. On a finite measure space, almost everywhere convergence
implies convergence in measure; that is, if x, — x almost everywhere,
then for € >0 there exists an integer N such that for n= N,
u{t: |x,(t)—x(t)| Z €} <e. Hence if the given continuity condition
holds for F, then x, — x almost everywhere implies that F(x,) converges
to F(x). Hence we can apply Theorem 1.1 and conclude that there
exists a continuous function f: R — R satisfying the stated conditions.

Conversely, suppose f exists as described and there is a sequence
{x,} in L? such that x,—x in measure. We must show that

f (fex,)du = F(x,) converges to F(x)=f (fex)du. Since f is
T T
bounded and uT <, f(x,) and f(x) are in L'. Since x € L7,

w{t: |x(#)|>N}—0 as N— o,
We will choose & <1 and partition T into three sets as follows:

A, ={t:|x(t)| =N and |x,(t)— x(¢)| < 8},
A,={t:|x(t)|> N and |x,(¢t)— x(¢)|< 8}, and
As={r:[x, () = x(t)| = 8}.

For € >0 choose N such that 2||f||wA, < €/3, where || f|| = sup.er | f(£)].

The function f is continuous and thus is uniformly continuous on
[- (N +1),N +1]; so there exists &' such that if s, ¢ are in the interval
[-(N+1),N+1] and |s—¢|< &, then |f(s)— f(t)| < €/3uT. Since x,
converges to x in measure, there exists n, such that for n > n,, uA;<
€/6]f]l. So for n>n, and 8 < §', we have

IF) = Fe)|= [ 10 =)l dae = [ 1700~ fx)
1= el di + [ 1500~ fx) du
53:T.“A1+2|'fI’MA2+ZHfHILA3<§+'3E'+§=f-

So F(x,) converges to F(x).
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2. The o -finite nonatomic case. In this section we con-
sider additive functionals on L?(T) where (T, ) is a o-finite measure
space: T=U7~, T, TNT,=J for i# j, and uT = » but uT, <o for every
i. The results in Theorems 2.2 and 2.3 are similar to those for a space of
finite measure. The next theorem, however, is quite different from its
analogue given in Theorem 1.2.

THEOREM 2.1. Let (T, ) be a nonatomic o-finite measure space,
uT =x. Let F be an additive functional on L?. Then F satisfies the
continuity condition

X, —> x almost everywhere => F(x,)— F(x)
if and only if F=0.

Proof. Let x, be an element of L” which is nonzero and has finite
support: x, = xya,, where uA, <. Since uT =0 and T is nonatomic,
we can construct a sequence {x,} of functions in L? in the following way:
Let {A,},=; be a sequence of pairwise disjoint measurable sets with
A, = pA, forn =23 ---; then (cf. [11, p. 108]) let x, = x,xa, in such a
way that x, and x, are equimeasurable functions. Since x, has finite
support, the sequence {x,} must converge to zero almost
everywhere. The functions are equimeasurable, so F(x,)= F(x,)=
0. But x, is an arbitrary function with finite support. So for any
function x in L? with finite support, F(x)=0. Let f be any function in
L*. Then there exists a sequence of functions {f,} with finite support
such that f, converges to f almost everywhere. By hypothesis, F(f,)
converges to F(f). Hence F(f)=0.

THEOREM 2.2. Let (T, ) be a nonatomic o-finite measure space,
uT =c. Let F be an additive functional on L?. Then F satisfies the
continuity condition

X, —> x in measure > F(x,)— F(x)

if and only if there exists a continuous function f: R — R such that
f({—h,h])=0 for some h >0, f is bounded, and

F@)= [ (fox)d,

for all x in L.

Proof. Suppose that F is an additive functional satisfying the given
continuity condition. Let B be any measurable set in T with 0 < uB <
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o, let up be the restriction of u to the set B, and let y'= yxs where
y € L’(T, ). Define a functional Fz on L?(T, ug) by

Fy(y) = F(yxs) = F(y’).

Note that Fj is a well-defined, additive functional on (T, us) and Fjy
satisfies the same continuity condition as F. Thus we can apply
Theorem 1.3 to Fz. There exists a continuous function f: R — R such

that f(0)=0, f 1is bounded, and FB(y)zf (fey)du, for all
B

y € L’(T, ).

We claim that f is independent of the choice of B. Suppose C is
another measurable set in T such that 0 <uC <uB and g is the
representing function for F.. Then, since T is nonatomic, there is a set
B, CB such that uB, = pC and, therefore, rys and ryc are equimeasur-
able for all r& R. Then

FBI(’) = F(rXBl) = F(rXC) = FC(’)'

Fo= [ (ondu = (gendu = ).

Or, f(r)uB, = g(r)uC. Then f(r)= g(r),forallr € R, since uB, = uC.
Now let x be a member of L?(T, n) such that if A =support of x,
then uA <. By the result of the preceding paragraphs, we can write

F@) = F@) = [ (fox)du = [ (ox)du.

We need to verify that f([—h,h])=0 for some h >0. Suppose
not. Then there is a sequence {¢,} converging to zero such that f(e,) # 0
for all n. Since T is nonatomic, we can find a sequence of pairwise
disjoint measurable sets {A,}r-; with 0 < uA, = pA,= - <o,

For any integer m,

F<e,,X q A,)= Z F(e.xa) = mF(€.xa,)
= 1=1
The function h, = €,y U, A, has finite support, so
F(h) = mF(exa)=m | (foexu)dn = mf(e)uA.

Select m so that |F(h,)|=1. We note that a sequence {h,} so con-
structed converges in measure to zero as €, —0, but [F(x,)|=1. This
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contradicts the continuity condition on F. Thus there exists # >0 such
that f([— h, h])=0.

Now let x be an arbitrary function in L?. Let Ec={t € T:|x(t)|=
C} and let x, = xxg,. Then x, — x in measure and u (supportx,)=
wE,, <. So

F(x)=lmF(x,)= lime (fex,)du = lime (f o xx&,. ) At

If 1/n <h, then foxxg, (t)=fox() if t € E,, and 0 elsewhere. So
F(x)=fr (fox)du.

Conversely, assume f: R — R is continuous, f is bounded, and
f({—h,h])=0 for some h >0. If x is in L*, then for each integer m,
u{t: |x(@)|=z1/m}<ew. 1If 1/m <h, then fox = foxxg,. and

f ’fox’dl‘l‘ =J ,foxXEl/m‘d:u’ =f
T T

Ey

|fex|du <o,

since wE,, <~ and f is bounded. So fex is in L'. Thus F(x) is
well-defined and additive. Suppose {x,} is a sequence in L? such that
x, —> x in measure. Then given € >0 there exists an integer N such
that, for n=N, w{t: |x,(t)— x(t)| = €} <e. Furthermore,
w{t: | Xxe. (t) = XX, (1) = €} < €, SO X,XE,.. — XXk, In measure. Since
f({—h,h])=0, f(0)=0. If we choose 1/m < h/2, then we can apply
Theorem 1.3 and

[¢onxetdn =] Goxyau—[ (oxda

Ei/m

= [ Gomxmnrde = [ (Fox)du

Let A, ={t:|x()|[<1/m}=T-E,,. We must verify that
f (f o xpxan)dn — 0 as n — oo,
.

Since x, — x in measure, X,x, —> XXa, in measure. The support of
fox.xa, is contained in C,, ={t € A,,:|x,(t)|=h}, and uC,, -0 as
n — o because C,, C{t: |x,(t)— x(¢t)|= h/2}. Thus

[ Goxonrde = [ (Foxmadn o,

since f is bounded and uC,, —0. Therefore, we have
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F)= [ (Goxdde = [ (oren)+ [ (onne)du

-»L (fox)du = F(x).

THEOREM 2.3. Let (T,u) be a nonatomic o-finite measure space,
wT =o. Let F be an additive functional on L*. Then F satisfies the
continuity condition

d(x,x)—>0 > F(x,)— F(x)

if and only if there exists a continuous function f: R — R such that
f0)=0, |[f(r)|=k|r|° for all r € R and some k =0, and

F@)= [ (fox)du,
for all x in L*.

Proof. Suppose F is an additive functional satisfying the given
continuity condition. As in Theorem 2.2, we let B be any measurable
set in T with 0 < uB < » and define a corresponding additive functional
Fy satisfying the continuity condition. Then we can apply Theorem 1.1
to the functional F; and obtain a continuous function f: R — R such that
f(0)=0, [f(r)|= k@ +]r]|) for all r€ R and some k =0, and

F)= [ (Foy)da.

for all y € L*(T, us). We want to show that f satisfies the condition
[f(r)|=k|r|, or that

Suppose not. Then there exists a sequence {e,} such that €, -0 and
If(e.)|>nle,|”. Let {A,} be a sequence of measurable sets in T with
nA, =1/|f(e,)|. The functions h, = €,xa, are in L* and converge to

zero in d, since
Py = j
An

a0 = [ Ihilrdn = [ e, . Fdu = e, A,

€, | 1

“Tfe)] T n
F(h) = Fulexa) = | (Foexn)dn = f(e) | xadn

=fle)uA, = =1.
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This contradicts the continuity of F,,, so we must have that

sup L) <o,

o |rl?

Next let x be any function L”. As in Theorem 2.2, let E. =
{t€ X:|x(t)] = C}. Define a sequence {x,} by x, = xxz,. ; then

A x)= [ x=xlrdn = [ 13- xxe, du = | |x [Py —0
T T {t:|x(t)|<1/n}

as n >, x € L*. Then there is a subsequence of {x,} which converges
to x almost everywhere. Let us consider only the subsequence which
we call {x,}. Since f is continuous and x, converges to x almost
everywhere, f(x,) converges to f(x) almost everywhere. For all ¢
|x,(t)|=|x(¢)|. Hence [f(x,)|=k|x.[P=k|x[>. By the Lebesgue
Convergence Theorem [15, p. 8§],

F(x)=lim F(x,)=lim Fe,(x,)=lim | (foxxe,.)dp

1/

n—wo

=tim [ (fox)dn = [ tim (Foxan = [ foodu

for all x in L".
To prove the converse we need to show that F(x)=f (f°x)dp,
T

with f as described, satisfies the desired continuity condition. The proof
that F is an additive functional is standard. Let {x,} be a sequence in L’
such that d(x, x) converges to zero. Then x, converges to x in
measure; that is, given 8 >0 there exists an integer N such that for
n=N, p{t:|x.(t)—x(¢t)|= 8} < 8. Since f is a continuous function, it
must follow that f(x,) converges to f(x) in measure. By hypothesis,
[f(x,)| = k|x.]%, so f(x,)is in L' since x, isin L?. If the functions of the
sequence {f(x,)} have equiabsolutely continuous integrals, then

tim | fexde = [ fGodu

[14, p. 152]. Now assume for any measurable set E CT that uE <
6. Then

” f(x~>dﬂ|§f5 |f(x.) | dpe ékL_ |x, [P dp.
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By Lemma 1.3, for each € >0 there exists a § >0 such that whenever

;LE<8,f |x,|Pdu < €. Thus f f(x,)du
E E

{f(x,)} have equiabsolutely continuous integrals. Therefore,

< k - € and the functions

lim Fee)=tim | fx)d = [ f@)de = FGo).
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