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At the first instant of time when a viscous incompressible
fluid flow with finite Kkinetic energy in three space becomes
singular, the singularities in space are concentrated on a closed
set whose one dimensional Hausdorff measure is finite.

§1. Introduction. Let v:R’XR*"— R’ (where R'=
{t € R: t >0} represents time) be a weak solution to the Navier-Stokes
equations of incompressible viscous fluid flow in 3 dimensional euclidean
space with finite initial kinetic energy and viscosity equal to 1. Our
definition of weak solution coincides with Leray’s definition of ‘‘solution
turbulente” [4, pp. 240, 241, 235]. In that paper, Leray showed that
weak solutions always exist for prescribed initial conditions with finite
energy. He also proved the following regularity theorem:

LERAY'S THEOREM. There exists a finite or countable sequence J,, J,,
Jo, -+ such that J, CR", J,={t: t > a} for some a, J, is an open interval
for ¢ >0, the J, are disjointed, the Lebesgue measure of R*— U o J, is
zero, v can be modified on a set of Lebesgue measure zero so that its
restriction to each R>X J, becomes smooth, and

2, (length (J,))"”

>0
is finite.

It is not known whether there exist v with singularities (Jo= R" is a
possibility). The purpose of this paper is to prove the following theorem
on the nature of possible singularities of v. We assume that v has been
modified to be smooth on each R*x J.

THEOREM 1. Let t, be the right endpoint of an interval J, with

q >0. Then there exists a closed set S C R® such that v can be extended to
a continuous function on

(R*X J;) U ((R*~ 8) X {15})

and the 1 dimensional Hausdorff measure of S is finite.

535
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The definition of Hausdorff measure can be found in [2, p.
171]. We note in passing that Leray’s theorem yields

THEOREM 2. The 1/2 dimensional Hausdorff measure of R* — U 2,
J, is zero.

There is a proof of Theorem 2 in [7]. Research on the Hausdorff
dimension of singularities of fluid flow was started by Mandelbrot
[5]. The conclusion of Theorem 1 resembles the partial regularity
results in [1, IV. 13 (6), p. 126].

Leray’s theorem has been generalized by M. Shinbrot and S. Kaniel
to flows on a bounded domain [8]. 1 do not know whether Theorem 1
generalizes to that case.

NotAaTiION. We set (a,b)={t: a <t <b}, [a,b)={t: a=1t<b},
and so on for (a, b] and [a, b]. If f is a function defined on a subset of
R*X R then f, f;, etc. are the partial derivatives (3/dx;)f, (3% dx:0x;)f,
etc. where x,, x,, x; are the coordinates of R>. The partial derivative
with respect to the R variable is denoted by f,. We set D°f=f,
D'f = Df = (f,, f,, f3), D*f = (f;) for i,j € {1, 2,3}, and so forth for D"f.
We let | D"f(x, t)| be the euclidean norm. If, in addition, f has range R*
then f, is the corresponding component of f for i =1, 2, 3. In that case
we set div (f) = Z}., f,. The summation convention for repeated indices
is used throughout, e.g. div(f) = f,.. If f is a function defined on a subset
of R? then Df(x) and | Df(x)| are the gradient and its norm.

An absolute constant is a finite positive constant that does not
depend on any of the parameters in this paper. The symbol C will
always denote an absolute constant, and the value of C may change from
one line to the next (e.g. 2C = C). The symbols C,, C,, C;, - - - are not
treated in this way, and their value does not change in the course of the
paper.

We begin to prove Theorem 1. Let ¢: R*x{t: t <0}—>R" be
defined by

(1.1) é(x, 1) = @QVm)(— t)y " exp (| x [/(41)).

Since ¢ is just the fundamental solution to the heat equation running
backwards in time, it satisfies

(1.2) bi=—¢,
and

el0

lim | | 1= 60— 5 )y = fx,1)
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if f is continuous at (x, t) and f |f(y, s)|*dy is bounded as a function of
RJ
s. We also define ¢: R>Xx{t: t<0}—> R" by

(1.3) 0= —@my [ 0.0ly —x .
This Newtonian potential of ¢ satisfies the Poisson equation

(1.4) Ui= .
We have the estimates

|ID"¢(x,t)|= E,(|x [?—t)y "2,
(1.5)
|ID"(x,t)| = E, (x| —t) ™2

where E, is an absolute constant for each n.
Two consequences of the definition of weak solution are:

f lo(x, )Pdx=C, it t€ U J,
R3

q=0

(1.6)
J: Dvl=GC

for some C, <, and

1.7) div(v)(x,1)=0 if t€ U J,

qz=0
A third consequence is the following lemma:

LemMA 1.1. If [t, 1] CJ, then fori €{1,2,3} and x € R’ we have

vi(x, 1)

- L, v.(y, )b (y — x, 6 — ,)dy
(1.8)

+f, fRs v (y, t)U;(y,t)qu(y — X, t — t)dydt

—f‘ ng Uf(y’ t)uk(Y7 t)(l’,ijk (y - X, t— tz)dydt.
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Proof. Wefixi€{1,2,3}and x € R®>. Letf: R®*x{t:t<t}—>R?®
be given by

f/(yvt)=¢(Y—X,t—tz)—llf,i,(y—x,t—tz) if j=i,
(1.9)
f,(y,t)=—¢,.~,(y—x,t—t2) if ]7’5!

We were careful not to write ¢ ; in the first identity of (1.9) because there
is no summation over the index i. Using (1.4) we obtain

div(f)(y,t)=d(y —x,t —to))— ¢y —x,t — t)
(1.10)
=¢.(y—xt—t)—d.(y—x,t—t)=0.

Now take 0 < e < t,—t,. The definition of weak solution, (1.10), and the
good behavior of f on R*X[t,,t,— €] allow us to write (see (1.6))

J;; v (y, = €)fi(y, . — €)dy

_ f v (y, 1)f; (9, t1)dy
(1.11)

=f3 () (e + fir)
R7Xx[t1, 12—¢€)

- f Uy U,',kf}.
R>x[1, t2—€]

Integration by parts with respect to the x; and x, variables, (1.6), and (1.7)
yield

| w0 = -5 -y =0,
| 00— -ty =0,
[7] 00w -xi=10)

(1.12)
+ ¢y — x, t — 1))dydt =0,

f Ukvi_kﬁ
R>x[11, 12—¢€]

= _J' Ukvj ke
RX[t1, 12—€]
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Identities (1.9), (1.11), (1.12), (1.2) yield
| 2t 0s0 -5 - o)y
- [ w060 - xn-n)dy

- f“rz—e L’ 0y, 1) (D (y — X, £ — 1,)
(1.13) +¢.(y —x,t—1,))dydt

+ f UUf ik
R3x[t1, 12—€]

=0+f2 J’Ra Uk(y’t)v'(y’t)¢-k(y_X,t—tz)dydt
— j; 2 J’R3 Uk(y7 t)vj(Y3 t)d/,ijk (y - X, t— t2)dydt.

Now (1.13), (1.6), and (1.2) yield the conclusion of the lemma.
For a ER? and 0 <r <= we set

(1.14) B(a,r)={x ER* |[x—a|=T}.
If X is a set and f: X — R is a function we write
(1.15) sup (f, X) = supremum{f(x): x € X}.

LemMA 1.2. Let f: B(a,r)—> R be a smooth function and let
B(b,r/4)CB(a,r). Then

Lw fP=cr (LW, | Df |2>+ Crisup (|f ', B(b, r/4)).

Proof. Let & be the set of lines L passing through b. Let u be the
rotation invariant Radon measure on ¥ that satisfies u(£)=1. For
each L € £ the fundamental theorem of calculus yields

Jurs 11

=cr ( f |Df|2>
(B(a,r)—B(br/4)NL

+ Csup(|f>, B(b,r/4)N L)r.
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o 17262, (1, 197)

gcr‘f (f ;nyz) du
L4 (B(a,r)~B(b,r/4))NL

+ Cr’sup(|f[?, B(b, r/4))

=Cr? Df?
! (fB(a,r)—B(b,r/d) l f' )
+ Cr’sup ([f [}, B(b, r/4)).

Hence

2. The basic estimate. Throughout this section we fix 0 <
dy < (Iength (J,))"?, where J, is the interval in the hypotheses of Theorem
1, and we fix x,€ R®. We define u: R*x[—1,0)— R’ by

2.1) u(x, t) = dov(xo+ dox, to+ dit),
where f, is the right endpoint of J, as in Theorem 1, and observe that u

satisfies the Navier-Stokes equations with viscosity 1 in the same way as
v. Therefore Lemma 1.1 allows us to use the identity

22 w0 = [ u0- 1080, dy

+ ([ uiuid’ ,1>
R3x[-1,t}

- f ujuk(//fijk
R3x[-1,1]

for — 1<t <0, where

(23) ¢’(yas)=¢()’_X,s_t), ll"(y,s): lll(y—x,s—t).
We also set

A, ={(s)ER’XR:|y|=1-272%-1=5s<0}

B, ={(y,s)ER*XR:1-2"?=|y|=1+2"%,-1=5=0}
C ={(y,s)ER’XR:—1=s=t}

D ={(y,s)ER*xR:|y|z3/2,-1=5=0}

E={y€eR’|y|=3/2}
F={yeR|y|=2}

(2.4)
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for p=1,2,3,--- and —1<t<0. In addition we set
(2.5) Ao = Q, B..z = B..l = Bo = Bl.

LEMMA 2.1. There exist absolute constants C,, C; such that
e ]S Ca+ 0™ [ Ju—DFA+]y Dy
+Ca+ 10 [ G, 5P+ |yl tdyds
[0}

+ Oyt +1)7 f | Du(y, — 1)[Pdy
(2.6)

+ O+ 1) ( me. | Du V)

n+l
sl ( 22»[ | Du 12)
=1 By

raf

E B ]

3
2P sup(uf, A, N c,)) + 7
1

p=

holds if (x,t)€ A,.i— A, for n = 0.

Proof. We fix (x,t)€ A,.,— A, and define ¢’, ¢’ as in (2.3).

set

2.7 G, ={(y,s)ER*XR:|y—x|=2'""t-2"%=s=1t}
for integers p 22. We have

(2.8) G..+CG,sCA,.NC.

The integer m is defined by the relation

(2.9 27Hm I > p 1 = 240,

The requirement (x, ) € A,.1, (2.9), and ¢t +1<1 yield

(2.10) 3=m=n+3,G,CC, for p=zm.

541

For p €{2,3,4,-- -} the point x, € R? is defined as follows: If x # 0 then
x,=x—3-2""|x|"x, and if x =0 we choose x, so that |x,[=3-27""*

holds. We then set
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H,={(y,s): |y —x,|=2"7t-2"%=s=1t}.
Then H, C G, holds and (2.9), (2.10), and |x | <1 yield
(2.11) H,CA,NC for pzm.

We set C.= R’x{s}. For s €[t—27%¢] Lemma 1.2 yields

(2.12) fc, nc;l uf

-2, 2 -3p 2 '
=co2 (me|ou| )+ Cc2 sup (|u, H, N C)).
Integration of (2.12) with respect to s and (2.11) yield
@13) [ jupscar (] |Duf)+cresup(ula,nC) it pzm
Gp Gp

Observing G,,,CG, CB, BBUD = C,, DN G, =, welet f,, f,, f; be
smooth functions from C, into [0, 1] such that fi+ f,+ f;=1, fi(y,s)=1
for (y,s)& B,, fi(y,s)=0 for (y,s)&D, fiy,s)=0 for (y,s)& By,
foly, s) = 0 for (y,5) € G, foly,s) =1 for (y,s) & D U G,, | Df(y, s)| =
C for (y,s) € D N B,, | Dfi(y, s)| = C2™ for (y,s) € G, — Gy, fo(y, ) =
0 for (y, s) & G,. and fs(y, s) =1 for (y, s) € G,.: (note that f; is defined
only on C). Using (1.5) and x € A,., we obtain

' fc. b’ fr ‘+ ! L‘ u ' ufy
2.14)

=c[ Juw )Pl dyas
DNG

We use integration by parts, (1.7), (1.5), the inequality ab=
€a’/2+ €7'b*/2, (2.13), and (2.9) to estimate

’f ulu'(bflfz + ’f ulukd’fijku
C G

= ‘ jc wu,d'f, |+ ‘ fc wu:p'fs

+ )f Ui uf> | + lf u;ukl[/flkfz,j
G G

IA

c(f, . lullDulqe1+1D?wD)
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ve([ lup(e+ D))
DNBiNG

wcf quPqe|+1 D2

gc(fsm;uupulz +c<fm lul? +cfm] 2o
e (], lur)rea (] ipur)

MWore ( J | Du |2) +C2msup(ul, An N C)
Gm

=Ct+1)™ < Lm lu 12)

ccn (1o

(2.15)

ore ( f | Du |2> +C2rmsup(ul, An N C).
Gm

We use (2.10), (1.5), (2.13), (2.8), and (2.10) to estimate

[ ]| ] o]

=c| |ur(pg+IDw)

=c(S [ lupepe+Dw))
+C| uPqDs' |+ D)
+C([1De1+[Dwl) sup(uF, Guvo

n+3 n+3
éC(E 22"L [Du|2>+C<E 2‘Psup(|u]2,ApﬂC,)>
p=m o p=m

+C2"sup(ul, A...NC)

=C (:2: 22"pr [ Du |2> +C <:§: 2%sup((ul’, A, N C,)).
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Combining (2.14), (2.15), (2.16), (2.10), 0<t+1<1, and fi+f,+f,=1
we obtain

f u/'uid){/ } + } f ujukwfuk
G G

=+ [ Ju(n )P +]y D dyds

2.17) +C(t+1)" (f . |Du '2>

n+3
+c( 22pf IDu|2>
=m Gp

+c(

E ~

+3
27 sup(ul, A, N c,)).
1

p=

Since (x,t) & A,, we know that either (I) [x|[Z1-2"or (I[) t+1=27""
holds. If (I)is satisfied then G, CB,_,form =p = n + 3 (see (2.4), (2.5),
(2.7), (2.10), and use (x,t) € A,.,) and hence (see (2.5))

n+3 n+1
(2.18) > 22”[ |DulP=CY, 22”[ | Du |?

p=m Gp p=1 B,
if (I) holds. If, on the other hand, (II) holds then (2.9) yields m = n + 2
and hence (2.9), (2.10), and (2.7) yield

n+3

(2.19) 222,,[ Duf= C(z+1)-lf | Duf’
p=m Gp BiNG

if (II) holds. Hence (2.18), (2.19), and 0<t+1<1 yield
n+3 n+1

Q) § 2 L iDup=c(S 2 f |Dul)+ C(e+ 1) f

p=1 BN

| Du [
C

Let g,, g, be smooth functions from R into [0, 1] such that (see (2.4))
g+g=1, g =1 outside F, g,=1 outside E, |Dg,|=C, and |Dg,|=
C. Using (1.1) (not (1.5)) we estimate

e20) | [ wt =080 Dgdy |5 ¢ Tue-nllya.

We use the inequality

[ ire=c([ | o),
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valid for smooth functions f: R’— R with compact support [3, p. 12],
Holder’s inequality, and (1.1) to compute

[ w080 D)y |
éL | 8a(y)u(y, = D[ &'(y,— )| dy

= (] 1aout.=nlay) ([ 1810~ veay)”

G2 =c([ (D), - 1)

#18:0)] 1 Duy, = DlFdy) (1)
=c+ 1 ([ ue-vray)”

L+ 1y (L | Du(y, - 1){2dy>”2

Now we combine (2.17), (2.20), (2.21), (2.22), g, + g, =1, and (2.2) to
write

[u(x, 1)
=C, U lu(y,—l)t!y!"“dy)
+Cy(r+ 1) (f lu(y, — l)lzdyy

+ C(t+ 1) f | Du(y,— 1) dy)ll2
2.23)

(
e+ ([ u )R+ |y Iy dyds)
Uy, 12%F)
(g, o

<'1232"sup(}ul2 A, ﬂC))

+ Cy(t+ 1) f

B1NG

where C, is fixed (see §1). For € >0 we can use the inequality
ab = ea’/2+ € 'b*/2 to write
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| 1wt =iy ay

@249 f (u(y, = DIy ) (y[Pdy

= @) ([ 1ue-0FIydy)+ ) (| 1y1ay)

and, for w = u or w = Du,

e+ 0 ([ 1we=DFdy)”
(2.25)

= (e/2)(t + 1)" (L lw(y, - 1)!2dy) Fel.

Since f |y|™“dy is finite and C, is fixed, we can choose € >0 so that
E

(2.26) C, ((6/2) ( L ly J*‘dY) + e) =C;2"

holds. Now (2.23), (2.24), (2.25), (2.26), and 0 < t + 1 <1 yield (2.6).

LEMMA 2.2. There exists an absolute constant € >0 such that the
following holds: If the conditions

(41 [ Jut P+ Iy tdyds = 6

(2.27) (t+ 1)"[ |[Dul*=e,
BiNG

ZPJ |Dul*=e
Bp

are satisfied forallt € (—1,0) and p €{1,2,3, - -} then u can be extended
continuously to the closure of A, in R’X R.

Proof. We choose € >0 so that

(2.28) (12) Cye = C;'2°°

holds (see Lemma 2.1). Let f: U;_; A, = R" be a continuous function
satisfying
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(2.29) Ci'2" "= f(x, 1) = C5'2"7 if (x, )€ At — A,

where n =0 (see (2.5)). We wish to show that (2.27) implies

(2.30) lu(x, )| = f(x,t) forall (x,1)€E U A

Assume, to the contrary, that (2.27) holds but (2.30) does not. Since u is
continuous on R*X [ — 1,0) (see first paragraph of §2) and the continuous
function f(x,t) tends to » as (x, t) tends to

{(x,- ) |x|=213U{(x,0): |x|=1,-1=¢t <0},
there must exist (x, )€ U, A, such that (2.31) and (2.32) hold:
(2.31) [u(x, )| =f(x,t)

232)  u(y,s)|=f(y,s) i (y,s)EQA,, and s=t.

Taking the limit as ¢ tends to — 1 in (2.27) and using Fatou’s lemma we
obtain (recall (2.4))

[ lutn- DR+ Iy =
(2.33)
[ 1Due - nrdy s e

We define n by the condition (x,t)€ A,.,— A, and use Lemma 2.1,
(2.33), (2.27), (2.32), the inequality ¢+ 1= 272" (which follows from
(x, 1) € A1), (2.29), (2.28), and n =0 to write

[u(x, 1)
n+1
S4C,(t+ 1) e + C, (2 21’6)
p=1

n+3
+C, (2 27 sup (5, A, N c,)) + o
p=1

(2.34)

n+3

< C2"%e + C2" % + C, (2 2"’(C;‘2”‘8)2) Ly
p=1

=GR+ e+ Y
=(3/4)C2" " = 3/4)f (x, 1).
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However, (2.34) contradicts (2.31) since |u(x,t)|=f(x,t) is
positive. Hence (2.27) implies (2.30).

We set A = B(0,1/4)x[—3/16,0) (see (1.14)). From (2.30) and
(2.29) we conclude that | u | is bounded on A,. Hence the integrability of
D¢ and D¢ on A (see (1.5)), the boundedness of D¢, D¢ outside A,
(1.6) and (1.1) allow us to extend the domain of definition of u to include
the closure of A, by substitution of t = 0 in (2.2). The above integrabil-
ity property allows us to construct infinite sequences of continuous
functions "f; and "g,, form =1,2,3,--- and i, j, k €{1,2, 3} such that the
restrictions of "f, and "g, to A converge as m —>® to ¢; and ¥,
respectively, in the L' norm; and such that "f, "g;, coincide with ¢, ¥ ;i
outside A. We use (1.1), (1.5), (1.6) to define

(0= [ w,- 160, Dy
s ) i)
R7x[-1,1]

for —1<t=0, where ¢' is as in (2.3), "fi(y,s)="f(y —x,s — t),
"gix (¥, 8) = "guw(y — x, s — t). The statements in this paragraph and (2.2)
imply that "u converges to u uniformly on the closure of A,. The
conclusion of the lemma follows because each ™u is continuous.

3. The basic estimate and Hausdorff measure. As
before, J, is the interval in Theorem 1, and its right endpoint is ,, We
recall (1.14) and we define S(a,r)={x ER* |x —al|=r} for a € R>
The integral of f over S(a,r) with respect to area measure will be
denoted f(x)dx for simplicity.

S(a,r)

LEMMA 3.1. There exists an absolute constant 6 >0 such that the
following holds: If x, € R? 0<d < (length (J,))"*, and condition

d"zflo j [o(x, )P(1+|x — xo|/d)*dxdt
w-d*> JR?
(3.1)
+ f ’ f | Du(x, t)[Pdxdt < 8d
to-d*> J B(xo,2d)

is satisfied then v can be extended continuously to (R*X J,)U (V X {t5}),
where V is a neighborhood of x, in R>.
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Proof. We fix x,€ R® and 0 <d <length (J,)"?, and define func-
tions k,, k,;: R—{t € R: t 20} by (see first paragraph of §3)

ki(t)= d*zf oG )P+ | x — x| /d) dx

+f |Do(x, t)dx if t€E€(t,—d* 1),
B(x0,2d}
(3.2)
ka(r) = J ' f |Do(x, t)[Pdxdt if r € (0,2d),
to—d* S(xo,r)

k(1)=0=ki(r) if t&(t—d>t) and ré&(0,2d).

We let Mk, be the cubic Hardy-Littlewood maximal function of k, [9, p.
53]. That is,

(3.3) Mk, (a) = sup{(2b)"’ fb k.(c)de: 0< b <o},

We let || ||; denote the L' norm and | | denote Lebesgue measure. The
Hardy-Littlewood theorem for L' [9, (3.5) on p. 55] implies that (3.4)
holds for some absolute constant C,:

|A|=d’/8 where A ={t: Mk,(t)> C,(d*/8)"| k:ll:},
(3.4)
|IB|=d/8 where B ={r: Mky(r)> Cy(d/8)"| k.|.}.

We have |[{e €[d/2,d]: t,—e*€E A}|=d'|A|=d/8. This and (3.4)
imply the existence of d,E€[d/2,d] such that t,—di& A and
d,& B. Now (3.2), (3.3), and (3.4) yield

(3.5) @b)"! f 'O_;Md"z L loG )P+ |x = x| 1d) dxdr

2
to—do+

b
+(2b)™ f | Dv(x, t)|*dxdt
B(x0,2d)

2
to—do

=8C.d?||k,|, for 0<b<dj,

(2b)" f ’ f | Do(x, t) Fdxd
to—d? do—b=|x—xo|=do+b
(3.6)
=8Cd7'||ksf, for 0<b =d,.

Defining u by means of (2.1), using d/2 = d, = d, rewriting (3.5) and (3.6)
in terms of u, and recalling (2.4), we obtain (3.7) and (3.8):
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6 (t+ 17 [ 1uG9)PU+ |y ) dyds
Ce

- 1)*1f | Du(y, s)[*dyds
B\NGC;

=Cd7'||k,|, for —-1<t<0,
(3.8) 2vf |Duf=Cd' k| for p=1,23,-.
Bp

From (3.2) we obtain
ezl = {1 Kl

(3.9) = d‘ano f [o(x, )1+ | x — x| /d) *dxdt
w-a> JR®

fo
+ f f | Du(x, t)|*dxdt.
to—d? B(x0,2d)

Now (3.7), (3.8), and (3.9) imply the existence of an absolute constant
& >0 such that (3.1) yields (2.27). The conclusion of the lemma follows
from Lemma 2.2.

We fix the constant 8 in Lemma 3.1 and set

(3.10) Q ={(x,2d) € R*x (0,2 (length (J,))"*): (3.1) does not hold}.

LEMMA 3.2. There exists a finite constant N that depends only on C,
(see (1.6)) such that the following holds: If

(3.11) 0<d<(length(J,))",BCR’ (b,2d)EQ if bEB,
{B(b,2d): b € B} is a family of disjointed sets

is satisfied then the number of points in B is at most N/d.

Proof. Let (3.11) hold. The disjointedness hypothesis implies that
(3.12) holds for some absolute constant Cs:

(3.12) > (1+|x—b|/d)*=C; forevery x€ R’
bEB

Now (3.11), (3.10), (3.12), and (1.6) yield

éd (cardinality of B)
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=> &d

bEB

=3 df f lo(x, O)[(1+ |x — b|/d)~*dxds

bEB

£ S f f | Do(x, t)[dxd
bEB Jiw-d*> JB(b2d)
< csd*f“ f lo(x, 1)[dxdt
to—d? R?
+f° f | Do(x, 1)['dxdt < C,C, + C,.
to*d2 R?

Hence we can set N = (C;C,+ C,)/é.

The following lemma is a consequence of the Besicovich covering
theorem [2, 2.8.14, 2.8.9].

LemMMmA 3.3.  There exists an integral absolute constant K with the
following property: If 0 <d <~ and A CR” then there exist Y, CA for
k=1,2,---,K such that (I) and (II) hold:

O Acu {B(y,Zd): yE kfj Yk}

(IT) For each k, {B(y,2d): y € Y.} is a family of disjointed sets.

We can now finish the proof of Theorem 1. Let A be the set of
points x,€ R’ such that (3.1) fails to hold for every d satisfying
0<d < (length (J,))?. Lemma 3.1 implies that there exists an open set
U CR’ such that A UU = R’ and v can be extended to a continuous
function on

(R’X ) U (U x {t,}).

We set S=R’— U. Since S CA, all tht remains to show is that the 1
dimensional Hausdorff measure of A is at most 4KN.

It suffices to show [2, p. 171] that for every 0 < d < (length (J,))"
there exists Y C R* such that

A CU{B(y,2d): ye Y}
and

> diameter (B(y, 2d)) = 4KN.

YEY

We apply Lemma 3.3 to find sets Y, C A satisfying (I) and (II). Lemma
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3.2, (3.10), and the definition of A yield Z,cy,(4d)=4N for each
k. Hence, setting Y = UK, Y,, we obtain = cy(4d)=4KN. Theorem
1 is proved.
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