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In this paper "the probability density of path space" is
introduced by the formula

P " ( ' ' M ) = 2 ^ L exp(-iuη-j\η\°)dη, (α > 0).

If a = 2 and λ > 0, pa

λ(t, u) is the normal probability density.
But if a > 2 this density can not be considered as a probability
density. By this generalization, one can generalize the operator
valued function space integral based on the Wiener integral.

Introduction. Cameron and Storvick introduced the operator
valued function space integral in [1]. Johnson and Skoug [9] developed
Cameron and Storvick's theory and improved the results obtained in
[1]. To make the arguments in the following sections comprehensible,
we will quote the operators Iΐ(F) and IT(F) from [1], which played an
important role in [1], [9]. Let B[a, b] denote the space of real valued
functions on an interval [α, b] which are continuous except for a finite
number of finite jump discontinuities. Let F(x) be a functional on
B[a, b] and ψ E L 2 ( - oo? oo), ξe(- », oo). Then for Re A > 0 and any
partition σ: a = to< tx< < tn = b, the operator /X(F) is defined by the
formula

(n) Γ ψ(υm)
J-00

•fσ(ξ, vu , ϋM)exp - 2 -J7J—-Hf-1 dvι • • • dvn

w h e r e υ0 = ξ, fσ(ξ, υ u •• ,vn) = F[z(σ, ξ, v u • • , vm •)],

z ί σ t υ ••• v t ϊ - ί V ' i f '; = ' < ' » > ' / = 0 , l , , n - l ,

and where if n is odd we always choose k"12 with nonnegative real

part. Here I (n) I means the n-fold integral. If λ >0, by using the

Wiener integral, this can be written as
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(n(F)ψ)(ξ)= ί
JCCo[a,b]

where

x(tj-0 if t,.ί^t<th

x(b) if t = b.

As an example important in quantum theory, the functional

is discussed in [1], [9]. In this case fσ(ξ, vu ,vn) is given by

e x P JΣ θ(5,ϋy-i)ds|.
L/=i J//-i J

Let us denote max{tj-tM} by norm σ or | |σ| |. For R e λ > 0 the
operator Ifc(F) is defined by

(0.2) ί Γ ( F ) w f i m ( )

where w lim refers to the limit with respect to the weak operator
topology. [1] proved that for a class of functional F, IT(F) exists by
using the Wiener integral, and furthermore that IT(F) converges in the
weak operator topology as A = p - iq -> + 0 - iq for almost all
q/0. [9] proved that for a class of functional F, /f°(F) exists as the
strong operator limit, and furthermore that IT(F) converges in the
strong operator topology as λ = p - iq^> + 0 - iq for all q ̂  0 by using
the analytic continuation of the Wiener integral. In this paper we
introduce the following operator from L2 to L2 in §2 corresponding to
(0.1),

pi(t2-t1,v2 -v1)dv2\

\ Paχ(tn- tn-u vn - υn-x)φ{υn)fσ{υu υ29 - , υn)dvn,
J-00

for Re A ^ 0, λ ^ 0. We note that if Re A > 0, p\(t, u) and p2

λ(ί, u) are
especially given by
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(0.3) m u ) = \ ή

respectively.
In general pa

λ(t,u) is given by the formula

(0.4) p°λ(t,u) = ̂ j^ exp(-iuη-j\η\a)dη

for a > 0, t > 0 and Re λ > 0. [l]-[3] and [6]-[10] used only
(0.3). Even by this generalization we can also show that for a class of
functional F, ̂ σ(F) converges in the strong operator topology as norm
σ —» 0. Furthermore we can show that the same integral equation as in
[1] [9] holds.

1. Stable density and semigroup. The stable density of
exponent a is

(1.1)

where 0 < tx ̂  2, 0 < t < oo. cf. [12].
It is well-known that (1.1) satisfies the Chapman and Kolmogorov

equation, that is, when λ = 1

(1.2) p;(ί + s,iι) = | β β pa

λ(s,u-y)pa

λ(t,y)dy.

If we consider pa

λ{t,u) in the operator's sense in the Hubert space L2,
(1.2) holds for Reλ >0. We shall denote the Fourier transform of
f EL L2 by Uf and the inverse Fourier transform by U*f9 that is,

(a) (Uf)(y) = (2πΓ^ Γ exp(-iyx)f(x)dx,
J-oo

(b) (U*f)(y) = (27r)-'2<y) Γ exp(iyx)f(x)dx,
J-oo

where (y) denotes the so-called limit in the mean.
In what follows, let us assume that a > 0.
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Let

(1.3) (P5(0/)(y)= U* (exp (-•£ \ξ\ή (!//)(£)) (y),

where /GL 2 and λ ED ={λ: Reλ ^ 0, λ^O}.

THEOREM 1.1. {P?(ί): t SO} is α strongly continuous semigroup of
contraction operators on L2. Furthermore PI (t) is also strongly continuous
with respect to λ on D.

This follows from the fact that the Fourier transformation is a
unitary operator on L2.

LEMMA 1.1. Let Reλ > 0 and t >0. Then

pI (ί, ) is L2- integrable,

and pa

λ(t,u) is continuous in t, λ and u.

Proof Let Re λ > 0. Then

*,.

Let t/λ = δ- iγ, (8 >0). We obtain

where )8 = 1/α and Γ(β) is the gamma function. On using the Domi-
nated Convergence Theorem, we can show that pa

λ(t, u) is continuous in
ί, λ and u. From the above proof, clearly it holds that

(1.4) (27r)-1/2exp (-•£ |τ, | ) E LP, (p = 1,2, • ).

We may write (0.4) as

(1.5) pUt,u)=
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Since the Fourier transformation is a unitary operator on L2, p
a

λ(t, u) is
L2-integrable in u.

LEMMA 1.2. Let R e λ > 0 and ί > 0 . Then pj(f, ) is L Γ

integrable.

Proof. Let

The derivative of f(ξ) is

f'(ξ) = (l-nrΓ2 exp ( - ± | f | ) ( - ± \ξ |»-) α sgn £

where

f - 1 if ξ<0,

H i if |>o.

Then since / is absolutely continuous on each bounded interval and /' is
absolutely integrable, it holds that (Uf')(ξ)= iξ(Uf)(ξ). Therefore in
order to show that Uf is Lrintegrable, by [13. 12.42. p. 382], it is
sufficient to show that Uf G L,(l, + oo) and (Uf)(- )ELq(l, + <χ>) since
1/ξ E Lp(l, + oo), where Up + 1/̂  = 1, p, q > 1. With respect to /', it
holds that

Γ |/f(f)|'d? = 2(2πr/2α'"1 f '
J-oo Λ Jo

where I/a = β and Re(ί/λ)=δ. Hence /' is Lp -integrable if
(β - 1)(1 - p) > - 1 holds. For a fixed α, there always exists a number p
in the interval (1,2] such that (β - 1)(1 - p ) > - 1. Therefore we can
consider that /' is Lp-integrable for some p ( > l ) . When /' is Lp-
integrable, by using [14. Theorem (3.2) p. 254], we obtain that

F(ξ, a) = (2τrr1/2 Γ exp(- iξx)f (x)dx
J -a

converges in mean with exponent q as a -»oo. Since /' is Lrintegrable,
F(ξ, a) also converges for all ξ as α —> oo. Then it follows from [13. 12.5
12.51] that the pointwise limit is equal to the limit in mean with exponent
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q for almost all ξ. Therefore Uf is Lq-integrable, hence (Uf')(ξ) and

LEMMA 1.3. Let Re A > 0 and t > 0. Then for f G L2

pϊ(t,u-y)f(u)du
J —CO

is L2- integrable and continuous in y.

Proof. Let us put

S(y) = jχ pax(t,u-y)f(u)du.

By Lemma 1.1 and the Schwartz inequality, we have

Γ foo -11/2

\g(y)-g(y + h)\*\\f\\[]^ \pUt,u-y)-p:(t,u-y-h)\2du\ .

Hence from [13. 19. p. 397], it follows that g(y) is continuous in y.
It holds that

\pt(t,u-y)\\f(u)\du) dy

= Γ ί" Γ \pl{t,x-y)\\pl{t,u-y)\\f{x)\\f(u)\dudxdy.
J -X J -00 J-00

Let us make a change of variables, x = x , x - y = z, u - y = v. Then we
have

d(x,v,z)

Hence we obtain by Lemma 1.2 that

l l g l N f " Γ Γ \ p l { t , z ) \ \ p l { t , υ ) \ \ f { x ) \ \ f { v + x - z )
(1-6) J - J"« J -

^ I I / I I 2 I I P ; ( < , - ) I B ,

where || ||j denotes L rnorm.

THEOREM 1.2. Let Re λ > 0 and t > 0. Then for fE.L2
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(1.7) (PUt)My)=Γ pl(t,u-y)f{u)du.
J — 00

Proof. Case I. Let fEL1DL2. Then UfGL2. By this and
(1.4), we can change the order of integration of (1.3) by the Fubini
Theorem, therefore it follows from this fact that

pl(t,u-y)f(u)du.

Case II. Let f E L2. Then we put

11 I X I = ft,

if I x I > ft.

Since fnE.LλΓ\ L2, it holds that

(Pmfn)(y)=Γ pl(t,u-y)fn(u)du,
J —oo

and

||P;(0/--P;(0/-II^II/--/II-*O as n-̂

Let us put

Γoo

g(y) = J pl(t,u-y)f(u)du

and

We obtain the following by using the inequality (1.6),

| | g - g π N d | | / - / n | | - > 0 as M-̂ oo.

Therefore (1.7) holds.

COROLLARY 1.1. Let q be a nonzero real number and let

\ 4 ) eχp\ 4t
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Then for f E L2

(y) r°o

(nθ/)(y)= pUu-y)/(«)d«.
J-00

Proof Let Re A > 0 and / E L2. We see that

I ( £ p]q(u u - )f{u)du - {P]q{t)f){ ) I
r °°

as

by Theorem 1.1, Theorem 1.2 and the proof of Theorem in [6. p. 778].

NOTE 1.1. From the assertion of Theorem 1.2, for convenience, we
write (Pa

λ(t)f)(y) as

(1.8) pl{t,u-y)f{u)du

even if A = iq, where q is a nonzero real number. In what follows, we
always use the notation (1.8) instead of P"(t)f for λ E D.

LEMMA 1.4. Let t>0. Then | |pj(ί, )ll a n d
 IIPAO>*)III are con-

tinuous functions of λ on C+ = {A : Re λ > 0}.

. By (1.5) we have

£ dr/.

Therefore | |pj(ί, )ll ̂ s continuous in A. From (1.5) and the proof of
Lemma 1.2, and using / as defined there we have

£
(1.9)

The first term is continuous in A. By [14. Theorem (3.2), p. 254] it holds
that
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|| Uf'l £

where let p satisfy the inequalities (β - 1)(1 — p)> - 1 and 1 <p
and K is constant. By replacing / in the above by

we can show that the second term of (1.9) is continuous in λ. The above
argument can be applicable to the third term of (1.9). Therefore the left
side of (1.9) is continuous in λ.

2. Definition of operator valued function space
integral. Let C[a, b] denote the space of real valued right continuous
functions defined on the interval [α, b] and C0[a,b] denote those
xGC[a,b] such that x(a) = 0. Let σ be any partition of [α, 6], σ:
a = to<t1< - -<tn = b. For any JC E C[a,b], let xσ(t) = x(t}) if t}-λ <
t ^ tp and xσ{a) = x(a). Let F(x) be a bounded functional defined on
B[a, b]. We suppose that F(xσ) has the form

(2.1) F(xσ) = /σ(jc(ί1),jc(ί2), ,x(ί l i)), (x£C[fl,4])

where fσ(vu v2, , vn) is a bounded Borel function on Rn, and that for
each A E D the operator ^T(F) on L2 can be defined by

1=1 PA(h ~ a, υλ - ξ)dυx pl(t2- tu v2- υι)dv2
J —00 J —00

(2.2)

• J Pχ(b- tn-u vn ~ ι>π-i)/<r(t>i, v2, - -', Vn)ψ(vn)dvn,

where ψ E L2.

DEFINITION 2.1. If ^ J σ ( F ) converges in the weak operator topol-
ogy as norm σ tends to 0 for A E D, we denote its limit by 9<1{F) and for
the moment we call 2Fa

k (F) the operator valued function space integral
of F.

We should note from (0.3) that if Re λ > 0, (2.2) corresponds to (0.2)
except the fact that fσ in (0.2) has the variable v0. To compare the
operator valued function space integral with the Wiener integral, it is
convenient to use the following notations;
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JCI Ctl[a, b]

for (2.2) and

= I F(x + ξ)ψ(x(b)+ξ)dpUx).
Jco[a,b]

LEMMA 2.1. Let F(x) be a factorable functional given by

F(x) = f1(x(sί))f2(x(s2)) fm(x(sm)), a<Sl<---<sm = b

where f(v) are bounded Borel functions. Then for λ E A &ΐ
converges to

pl{s,- a, vι-ξ)fι(υ1)dυ1

(2.3)

• p1{b- sn-i, vm - vm^)fm{vm)4i{vm)dvm

in the norm topology as norm σ —> 0, where φ F L2.

Proof Let σ be any partition of [α, b], σ: a = t0 < tx < < /„
b. Clearly F(xσ) can be expressed as

F{xσ) = Mx(triί)))f2(x(tr{2))) fm(x(b))

where tr{jyι < sf ^ tr(j). Then

(9*T{F)φ){ξ)= pa

k(tλ- a,vx- ξ)dvΛ pl{t2- tu v2- vλ)dv2
J— oc J —oo

(2-4) ...f" p'λ(b-tn-uVH-υn-1

Here cPa

λ'
σ(F) is a well-defined operator on L2 for each λ G D. By the

semigroup property of Theorem 1.1 and Note 1.1, we obtain when norm
σ

(9r(F)ψ)(ξ) = I Pl{trw- a, Vl - ξ)f1(υ1)dυ1

• pl(b - ί r ( m_D, wm - ϋ m - i )/ m

J-oc
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Since tr{]) converge to sp (j = 1,2, , m) as norm σ—>0, by using the
strong continuity of semigroup of Theorem 1.1 and the boundedness of fj9

it follows that &Zσ(F)ψ-+ &l{F)ψ in the L2-norm topology as norm
<r->0 for Λ ED.

LEMMA 2.2. If F is a functional to which 5Fa

λ applies, then 2Fa

k (F) is a
linear operator defined on a linear manifold W of functions ψ. Moreover
the operator valued integral 3Fa

κ is linear in the sense that if the linear
operators 3<1{F) and 9^a

λ{G) are defined on the same manifold Wl, then
?Fa

λ{CχF + c2G) is defined on W for each pair of complex numbers cu c2,
and

(2.5) &a

λ(cιF + c2G)=

In particular, if F and G satisfy the hypotheses of Lemma 2.1,
c2G) maps L2 into L2 and satisfies (2.5).

Proof For each fixed σ, we note from (2.1) that fσ depends linearly
on F, and hence it follows from (2.2) that (&ΐσ(F)ψ)(ξ) depends linearly
on F as well as on ψ. Hence the lemma follows from Definition 2.1 and
the linearity of the weak limit and Lemma 2.1.

NOTE 2.1. If Reλ > 0 , by Lemma 1.1, Lemma 1.2 and the Fubini
Theorem, we can write (2.3), (2.4) for all ξ G R as follows

= J Uiv,)- fm{vm)ψ{vm)p«κ{sx- a,vλ- ξ)

pl{b- sm-u vm - vm-ι)dvι dvm,

-pax(tλ- α, vλ- ξ ) - - -pl{b - tn-uvn - vn-x)dvλ dvn.

3. The operator valued function space integral of a
product integral. Let us consider the following functional,

(3.1) F(x) = Π Γ θ,(s,x(s))ds,
j = l J a

where

(3.2) θj(s, u) are Borel measurable functions on [α, b] x JR, and

(3.3) | 0 y ( s , M ) | ^ M ; < * > , 0" = l,2, , m ) .
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LEMMA 3.1. Let F(x) be a functional given by (3.1), (3.2) and
(3.3). Then for each φ in L2, 2Faχσ(F)φ is a strongly continuous function of
λ on D and analytic in C+.

Proof. For a partition σ: t0 = a < tλ < < tn = b and any
x G C[a, b], we have

F(xσ) = (m) θι(su xσ(s0) θm(sm, xσ(sm))ds1 • dsm.
J a J a

Since xσ(s) = jc(ζ-) if ί7_i < 5 ̂  ί;, and xσ(α) = x(a), it holds that

ί * θj(s, xσ(s))ds = ίh θ^xit

Let us denote

by φ{(ϋ). Then we have

(3.4) F(xσ)= Σ ••• Σ Φl(i)(Jc(ίi(.))) Φ"»)(*(ίi(M,)).
i(l)=l i(m)=l

Since φ\(v) are bounded Borel measurable functions on R, we can define
the following operator on L2 for each λ E D,

p"λ(t2-t1,v2-vι)dυ2

Γ °°

P;('» - '""I* ϋ " - U.-l)Φ!(l)(ϋi(l))
J-00

where ψ E L2. As we have stated in the proof of Lemma 2.2, it holds
that

(3.5) (9ϊσ(F)ψ)(ξ)= Σ ••• Σ (KUF)φ)(ξ),
ι(l)=l i(m)=l

and by the boundedness of θh it holds that

(3.6) || Kl(F)φ || ̂  M1(tiiί) - ti(iyι) Mm (ίI(m) - ϋ ( m H
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By using the boundedness of φ\{υ) and Theorem 1.1, we can show that
Kσ

λ(F)φ is strongly continuous in λ on D. Therefore &ΐσ(F)ψ is a
continuous function of A on D. Next we wish to show that Kσ

k{F)φ is an
analytic function of λ in C+ for a fixed ψ E L2. Let g(λ) = (Kΐ(F)ψ, <p),
φ E L2. As we have shown above, since g (A) is a continuous function of
A on D, we show that

g(λ)dλ=O

for triangular path Γ in C+. Then by Morera's Theorem, g(λ) is the
analytic function on C+. We can consider the ordered integration of
Kσ

λ(F)ψ as an n-fold Lebesgue integral by Lemma 1.1 and Lemma 1.2
since A is in C+. It holds that

since φ(^) (K°(F)ψ)(ξ) is integrable with respect to A, ξ over Γ x R by
the Schwartz inequality and (3.6). Moreover by Lemma 1.1, Lemma 1.2
and Lemma 1.4

(3.7) k ( ϋ n ) | | p ; ( ί l - ^ ϋ l - f ) p ;( ίπ-ί«- l ,ϋn-ϋ«- l ) |

is integrable with respect to vu , ϋn, A over J?"xΓ, therefore by using
the Fubini Theorem,

• Φ!d)(^(i)): * * Φn!(m)(vιim))Ψ(vn)dv1 - dυn.

By (0.4) it holds that

ί ΐlpaΛti-ti-ι,Ό,-υM

Therefore we obtain
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Let us put

S(τ) = {(su , sm) E (α, b)m : α < sτ(1) < < sτ(m) < b).

Here r means a permutation of {l,2, ,m} and (s l 5 , s m )E 5(τ)
means that (su , sw) satisfies the order relation a < sτ(i)< < sT(m)

THEOREM 3.1. Let F(x) be a functional given by (3.1), (3.2) and
(3.3). Then for λ E D, &a

λ>
σ(F)ψ converges to

= Σ(B)\ ("01 pa

λ(sτ(1)-a,vι-ξ)θτ(ι)(sτ{1),vι)dv1
τ Js(r) J LJ-oc

(3.8)

• p1(sT(m)- sτ(m-i), vm - υm-ι)θτ(m){sτ(m), υm)dυm
J -3C

I pl{b - sτ(m), vm+1- vm)ψ(vm+1)dvm+1\ dsr dsm

in the norm topology as norm cr—>0, where φ E L2 and the sum is taken
over all m! permutations τ of {1,2, , m] and (B) denotes the Bochner
integral with respect to Lebesgue measure on S(τ). Furthermore

(3.9) || 91 (F) | | 5i (6 - a)mM1M2 Mm.

Proof Let A be in C\ For all ξ E R, (3.7) is integrable with
respect to υu , ϋn over Rn. By this fact, we can change the order of
integration of Kσ

λ{F)φ by the Fubini Theorem, hence we obtain

(Kΐ(F)φ)(ξ)
(3.10)

where

= ['"" (m)ί'"m>

Jίι(l)-1 J fi(m)-l

(Hσ

λ(su - - , sm)φ)(ξ) = plitx-a, vλ - ξ)dυ1 I pΐ(t2-tu v2- vλ)dv2
J —oc ,/ —oc

••' P A ( ^ - ίπ-i,uΛ - ^n-i)βi(5i,fI(i)) θm(5m,ι;/(m))ψ(ί;n)dι;n.
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From (3.5) and (3.10) we see that

= | (m)ί dsr dsΛ] pl{h~ a,vι- ξ)dυ1
Ja Ja LJ-oo

•I pa

χ(t2-tuv2-vι)dv2

(3.H)

• ί pt(tπ - *._., vn - Vn-jfl θ,(sp Vσ(s,))φ(υH)dυH]
J-oo ; = 1 J

= Σ | ("Olf f pl{h-a,v,-ξ)dvA pa

k(t2-tuv2-υ1)dv2
T J S(τ) J LJ-oo J-oo

• pa

λ(tn - tn-u vn - vn-i) Π ΘJ(SP Vσ(Sj))φ(vn)dvn \ds1 " dsm,

w h e r e Vσ(s)= Vi if U-ι < s ^ tx.

By rearranging the product Qx{su Vσ(s1)) βm(5m, Vσ(sm)) of the last
member of (3.11) as

0T(l)(ST(l), K(5 T (1) ) ) ΘT(2)(ST(2), K ( 5 T ( 2 ) ) ) * * * 0τ(m)(Sτ(m), V σ ( 5 τ ( m ) ) )

since (5l5 , sm) E 5(τ), (3.11) can be expressed in the following form,

(sr(F)Mf)
(3-12)

= Σ ί ( w ) ί (HUsu • • sm)ψ)(ξ)dSl •••dsm
T Js(τ) J

where

= 1 pl{tι- a, υλ- ξ)dvλ \ pa

λ(t2- tuυ2- v1)dv2

(3.13)
/* 00

Pλ(^n ~ tι-1, Un - ϋπ-l)βτ(l)(Sτ(l), K (Sτ ( 1 ))) ' ' '
J-00

• 0r(m)(Sr(m), Vσ (5 τ ( m ) ) )ψ (ϋ n )rfi;n, ( s 1 ? ' ', Sm ) E S ( τ ) .

Now we prove that (3.13) is Bochner integrable over S(τ). In order
to show this, it suffices to show that
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(1) Hσ

λτ(su -,sm)ψ is strongly measurable in (su , s w ) o n 5 ( τ ) ,

(2) ί (m)ί\\HUsu -,sm)ψ\\dsr-dsm
Js(τ) J

<00.

Clearly it follows from Theorem 1.1 and (3.3) that

(a) \\Hlτ(sU' ,sm)ψ\\^Mr Mm

for almost all (su , sm)E 5(τ).
In order to prove (1), it suffices to prove by [5. Corollary 2. p. 73] that

Hσ

λτ(sU''',sm)ψ is weakly measurable on S(τ), that is
(Hσ

Kτ(su - - , sm)φ, ψ) is measurable in (sι,-—,sm) for φ E L2. If <p E
LιΠL2, from Lemma 1.1, Lemma 1.2 and the boundedness of θn

[ f t βτ0)(sτ0 ),

is integrable with respect to the variables Sι, — -,sm, ξ, vl9 — -,vn over
S(τ)xRn+1. Therefore it follows from the Fubini Theorem that
(HχtT(su , sm)ψ, φ) is measurable in (su , sm) on S(τ). If φ E L2, let
us put

_jφ(x) if \x\^N,
) if | JC |>ΛΓ.

Then since U ^ - <p | |->0 as N—>oo, it holds by (a) that for almost all

> (HXtT(s!, , sm)ψ, <p) as N-^oo.

By the fact that (Hlτ(su , sm)ψ, <pN) is measurable in (su , sm),
(Hlτ(su- - -, sm)φ,φ) is also measurable with respect to the variables
Sι,- ,sm on 5(τ). Furthermore \\H^τ(sU' - -, sm)ψ\\ is measurable on
S(τ) by [5. Theorem 3.5.2] since L2 is separable. Therefore by (a), (2)
holds. Hence we see that

(b) HXiT(si, , sm)φ is Bochner integrable over S(r) if λ E C+.

Next we wish to prove that H^τ(sU" ',sm)ψ is also Bochner
integrable over S(r) even if A = - iq (q is a nonzero real
number). Here we should note that for A = - iq, (3.13) is well-defined
for almost all (su -,sm)G S(τ) by the boundedness of 0y. In order to
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prove the Bochner integrability, by (a), (b) and [5. Theorem 3.7.9] it
suffices to prove that for almost all (su , sm)E S(τ),

(3.15) \\HUsu * * •, sm)ψ - H\T(su -, sm)ψ\\-»0

as A -> - iq. By using the boundedness of 07 and Theorem 1.1, we can
see that (3.15) holds for almost all (su — ,sm)E. S(τ). Hence we have

(c) H\£su ,sm)φ is Bochner integrable over S(τ),

(d) | |H^, τ(j1, ,5 m )ψ | |^M 1 Mm | |ψ| |, for almost all (sl9 ,

Furthermore, by using the Dominated Convergence Theorem [5.
Theorem 3.7.9] we obtain

(3.16)

lim (B) ί (m) ί Hσ

kr(su , sm)φds1 dsm
λ->-i<? Js(τ) J

= (B)ί (m) ί H%r(sl9 , sm)φdSι - - - dsm.
JS(τ) J

Let φEL2 and λ<ΞC\ Then \φ(ξ)(HlT(su , sm)ψ)(ξ)\ is in-
tegrable over S(τ) x R by (a). Hence by using the Fubini Theorem and
[5. Theorem 3.7.12 and the remark following], we have

(τ) (rn)j(HUsl9 ,sm)φ)(ξ)dsr dsm]dξ.

From this fact, it follows that for λ E C+

(m) Hσ

λτ(sU" ,sm)φdsr •• dsm

JS(τ) J

(3.17)
= (B) ί (m) ί Hlτ(su • • , sm)ψdSι • • • dsm.

JS(τ) J

From (3.12) and (3.17) we have

= Σ(B)( (m)ί HIM, • • sm)Hsι dsm
T JS(τ) J
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for λ E C+. From this equality, by using (3.16) and Lemma 3.1, we
obtain

(3.18) = Σ(B)ί (m) ί Hlr(su , sm)φdsι dsm
T JS(τ) J

for every λ E D.
Now we show that (3.18) converges to (3.8) in the L2-norm topology

as norm σ —»0. For almost all (su - , sm) E S(τ), it follows from (3.13)
that

( H l T ( s u , sm )ψ)(ξ) = J p"λ(ti - a , υ x - ξ ) d υ 1

(3.19) J pa

λ{tn - tn-u vn - ^_i)(9 T ( 1 ) (5 r ( 1 ) , ϋ r ( 1 ) )

• 0τ<m)(Sτ<m), vr(m))ψ(υn)dvn,

where let ir(/)_!< s τ ( / )^ ίΓ(/). By the same argument as in the proof of
Lemma 2.1, for almost all (su , s m ) E 5(τ), (3.19) converges to

Iτ(Sl, ';sm)φ)(ξ)

= J pa

λ(sτW-a, Vi - ξ)θτW(sT(», v^dϋ! • •

(3.20)
Γ °°

* I p{\\ST(m)~ S-r(m-l)? Vm — f m -l)0 T ( m )(5 T ( m ), Vm)dVm

Γ °°

•I PΛ (& - sτ(m), ϋm+i ~ t?m)tA(^m+i)rft;m+1

in the norm topology as norm σ —>0. From this fact and from (a), (b),
(c), (d) and from [5. Theorem 3.7.9], it follows that

(e) | |/τ(s1, ,

for almost all (su ,sO T)E 5(τ),

(f) Iτ(su- - -,sm)φ is also Bochner integrable over S(τ), further-
more

&ΐσ(F)ψ^>Σ (β) ί ( m ) ί ^(si, * * , sm)ψdSι "-dsm
T J S(τ) J

in the norm topology as norm σ —> 0 for each A E D .
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Now we prove (3.9). From (e) and [5. Theorem 3.7.6], it follows
that

^Σ f (m) f \\IΛsu '' , sm)φ\\dSl
τ J S(τ) J

T m!

Therefore we have

COROLLARY 3.1. Let θ(t,u)=θ](t,u)- = θm(t,u) in Theorem

3.1. Then for λ ED

= m\(B)ί ( m ) ί ί ί pa

λ(sι-a,v1-ξ)θ(suvι)dυ1
J Sm(a,b) J U -oc

(3.21)

• I p " ( ^ ~ ^m-i, t;w - υm-ι)θ(sm, vm)dυm

•I /?Λ(ί> ~sm,vm+l- vm)φ(vm+ι)dvm+ι I <i5x dsm,

S m ( Λ , 6 ) = { ( 5 Ϊ , •• ,sm)E(a,b)m: a < s,< s2< sm < b}

and ψ E L2.

NOTE 3.1. Let us denote the right side of (3.21) by
mlβa

λ(F)φ. For convenience, we use a notation β°(F) in place of
when F(JC) = 1.

4. The operator valued function space integral of
x ) = Σ ; β l F m ( x ) .

Let us denote the set of all the functionals satisfying (3.1), (3.2) and
(3.3) by Λo and let us introduce the quantity

(4.1)

where let F satisfy (3.1), (3.2) and (3.3).
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Let

A=\F(X)= J Fm(x):FmEA0 and Σ N0(Fm)< col

THEOREM 4.1. Let F be in A and let F(x) = Σl=ι Fm(x). Then for
λED, &ΐσ(F)ψ converges to &a

x(F)ψ = Σ ; = 1 &
a

λ(Fm)ψ in the norm
topology as norm σ —> 0, where ψ E L2.

(4-2)

NOTE 4.1. We do not assume that F determines Fu F2, * * uniquely
or that Fm determines N0(Fm) uniquely; but we assert that (4.2) holds for
any choice of FUF2, whose sum is F, where each Fm satisfies (3.1),
(3.2), (3.3), (4.1) with the m in those equations corresponding to the
subscript of Fm.

Proof. Let

Fm(x) = f[ Γ Θ7(s,x(s))ds,
j = \ Ja

where each θ™ is bounded and Borel measurable in [α, 6] x R let σ be
any partition <2 = t0 < tλ < < tn = b and let

Φ7i(υ)= Γ θη{s,υ)ds.
Jli-l

Then we have formally that

•φ(Vn)Σ Fm{Vσ)dυn

where ψ G L2 and by (3.4)

F m (v σ )= Σ ••• Σ Φ ί i K ^ Φffm-1)̂ )).
i(l)=l i(m)=l

If necessary, by multiplying by additional functions which are identically
1, we can write Fm(Vσ) as
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FM(Vσ)
(4.3)

= Σ * * * Σ < P 7 O Ί , ' 'Jm'- v λ ) - - φm

n(iχ, - ,/m: υ n ) ,

where notation /7 is made use of instead of /(/).
From the fact that Fm(x) is in Λo, it is clear that for almost all

n n

Σ ••• Σ \φ7(h,-- , L : υι) - - φ m

n ( i u --,im: vn)\
11=1 lm = l

(4.4)

^ N 0 ( F m ) , (m = l ,2, )

From (4.4), we have for almost all Vι, , vn,

Σ ( _ Σ •••Σί \ ψ 7 ( h , - - - , L : υι) - ψ m

n ( i u - - - , i m : υ n ) ή

(4.5)
00

Now we will prove that

(4.6) I" pϊ(b-tn-uΌn-Όn-ι)ψ(υn)ΣFΛVσ)dυn

is L2-integrable with respect to υn-y for almost all υu • , vn-2. By Note
1.1 and (4.3), (4.6) is

m =1 n = l ιm =

(4.7)
{iu - ,/m: η) I ( ϋ n ) | (ϋn_,),

where we use the notations (Uxf)(y) and (£/ΐ/)(y) in place of (a), (b) in
§1. We wish to prove that

m i i i i - - ^ Σ < P T O . , •••,«»:

(4.8)

<Pn-iOΊ, •••,/*: t;n_i)φ"(/i, •• ,ΐm: τ/)J (un

is L2-integrable with respect to υn for almost every vu , un_1? that is,
(4.8) is well-defined.
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Let
, , , (ψ(x) if |x |^N,

*»W = {θ if | X | > N :

Since
χ n n

Ψ N ( V ) Σ Σ *•• Σ <PTO"l, ••', ίm: ^ l ) ' * * ^ n - l O ' l , •• ', ϊ m •' ^n-l)
m = 1 i i — 1 ί m = 1

• 9 » 0 " i , * " S i n , : η )

is Li-integrable with respect to r/ by (4.5) for almost all υu , iVi, we

have for each un and for almost every u l5 , iVi

« M * / ) Σ Σ ••• Σ <pT('i, •••,/«: ϋ i )

m = l i i = l im = l

* * * < - l ( ί b , / m : ϋ π _ i ) φ £ ( ϊ i , * S i m : 1?) ( ϋ n )

(4.9) J

(/1? ' ' ', ίm '.

F r o m (4.4), it f o l l o w s t h a t for a l m o s t al l υu , ϋπ_i

Σ Σ ••• Σ k T ( » i , •••,»»: t>i) <p"-i(«i, •••,!»,: t; B . ,
m = l ii = l im = \

(4.10)

where || ||w means the essential supremum norm.
By using (4.10) we can prove that the last member of (4.9) also

converges in the L2-norm topology with respect to υn for almost every
vu - - , vn-ι. By [13. 12.53. Example (iii)], both limits with the infinite
sum of the last member of (4.9) are equal to each other except on a null
set. Therefore we see that QN(vn) is L2-integrable with respect to υn for
almost every vu , ι>π_,. Next we wish to prove that QN(vn) converges
to a L2-integrable function Q(vn) in the L2-norm topology with respect to
vn as N-^oc for almost all υu , υn-λ. From (4.4), it follows that

3= n n

Σ Σ * Σ < P ? 0 V 'Jrn' Vi)-" ψΐ-xih,' * , ί m : Vn-t)

(4.11) -

^llΆ-v-ΆllΣ N0(Fm)^0 as
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for almost all vu , vn-u where the infinite sum is taken in the L2-norm
topology. Hence we obtain from (4.11) that

l.i.m QN(vn)

= l i . m Σ Σ ••• Σ φ7(iu ,L - «i)

(4.12)
so n n

= Σ Σ ••• Σ Ψ7(h, --,L: ϋO
m = l ,, = l , m = l

• φΐ_i(ii, , L: ^-Ol/Jψίη^ΐίii, , iM: η)] (υn)

= 0(vn)

for almost every υu , un_!. Here the outer sum in the third member
converges in the L2-norm topology. Therefore we obtain the facts that
(4.8) is L2-integrable with respect to υn for almost every vu , υn-λ and in
the sense of L2-equivalence

Σ " Σ ^T(/,, ,«»:«i)
m = l ii = l im = l

' * ' , L : v n - λ ) φ m

n { i λ , --,im: η ) I ( )

for almost every υu , vn-x.
Next we wish to prove that (4.7) is L2-integrable with respect to υπ_i

for almost all υu , υn_2.
Let

if I x I ̂  N,
if | x | > N .

From (4.12) and from the fact that Q is in L2, it follows that

XN(vn)Q(υn)exp(-^-^

(4.13) = X i V ( y n ) e x p ( - ^ = - ^ 1 | ^ | α ) Σ Σ •••Σ <pT0"., , i m :^i)

• φm

n-λ(iu , iw : vn^)Uv[φ(η)φm

n{iu , im: η)](ϋn)

is Lpintegrable in vn for almost all ϋi, , υn-λ. Since the infinite sum of
the third member of (4.12) converges to Q(vn) in the L2-norm topology,
we have for almost all vn and for almost every vu , vn-u
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XN(vn)Q(vn)exp (-

3 0 n n

(4.14) = Σ Σ ••• Σ ? 7 0 Ί , •••,/»:

mn(iw "Jm' v)](vn)

where the infinite sum of the right side is taken in the L2-norm
topology. With the right side of (4.14), from the Schwartz inequality
and (4.4), it follows that

oo n n

Σ Σ * •• Σ < P n - 2 ( l l ,

XN exp ( -

\
^ I I")

/

From this fact and from [13. 10.83], it follows that for almost every
Vι, - , vn-u the infinite sum of the right side of (4.14) converges point-
wisely for almost all vn. Hence by [13. 12.53. Example (iii)], both limits
with the infinite sum of the right side of (4.14) are equal to each other
except on a null set. By the Dominated Convergence Theorem, we
have

ή dυn
( 2 τ r ) - 1 / 2 | " expiiv^v^XMQiυ^ex

= lim (2π)- 1 / 2 Γ exp(ivn^vn)Σ Σ ' " Σ <p7(hr ' L: vj
k~*x J-3c m = 1 ii = l im = l

• ψ:.,

• Uv[ψ(η)φ'nn(iι,- • ;im: η)](vn)dvn

(4.15)
n n

Σ ••• Σ <pT(ί',, , i m : ϋi)
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n n

Σ Σ
n n

= Σ Σ " " Σ < P 7 O V ' , L : v λ ) ' - φ m

n - λ { i u - , i m : u ^ )
m = l n = l ιm = l

in the sense of the pointwise convergence with respect to υn-x for almost
every υu , υπ_2. From (4.4), it follows that for almost all vu , υn-2

Σ Σ •'• Σ I<P7(*Ί> ' - , L : ϋ i ) φ ΐ - 2 ( i i , •••,!«: ^ - 2 ) |
m = 1 /1 = 1 im = 1

., •••,!„:•

By this fact, the last member of (4.15) also converges in the L2-norm
topology with respect to vn-{ for almost all vu - , fn_2. From the fact
that both limits of the last member of (4.15) are equal to each other
except on a null set, by an argument similar to that used in obtaining
(4.12), we can see that for almost every υu , uπ_2, (4.15) converges to

» n n

Σ Σ ••• Σ <P?0'b •••,!»: ϋi)
m = l x 1 = 1 ιm = \

(4.16) φ:_,(/,, , im : υn-x)U*n {exp ( ~ ^

in the L2-norm with respect to υn-u where the infinite sum of (4.16) is
taken in the L2-norm topology with respect to iVi From the above
argument, it follows that (4.6) is L2-integrable in υn-λ for almost every
vu - - , vn-2 and

X n n

( 4 6 ) = Σ Σ ••• Σ < p T ( ί . , , ί m : u , ) < P « - i ( ' Ή - • • > ' » . : ϋ π - i )
m = l ii = l im = l

•J pax(b-tn.uυn -vn-x)ψ(υn)φm

n(iu - ,/m: ϋ n ) d ϋ π

in the sense of the Inequivalence. By repeating the above argument,
we can prove that

= Σ (&r(
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where the sum is taken in the L2-norm topology with respect to ξ. By
using the fact that

(4.17) § | |y*"(Fm)| |S Σ N 0(Fm)<^,
m — \ m = \

we have that

lim &T(F)ψ = lim lim Σ &T(Fm)ψ
||σ ||-*0 f|cr||—>0 N-»oo m = ι

= lim lim 2 &r(Fm)ψ = lim Σ ^Λ(^.)Ά

in the L2-norm. From (4.17), (4.2) follows.

COROLLARY 4.1. Let

where θ(s, u) is bounded by M and measurable in [α, b] x i?. TTzen /or
A E D

vv/iere ψ E L2 and

and where the sum is taken in the norm topology. Furthermore

Proof. By expanding F(x) into a series of the functionals in Ao and
by applying Theorem 4.1 and Corollary 3.1, we obtain Corollary.

5. Integral equation. Let θ(t,u) be a Borel function on
[0, to] x R and bounded by M. For each t E (0, t0], let θt(s, u) be defined
on [0, ί] x JR by θt(s, u) = θ(t - s, u). In what follows we shall consider
the functional
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rpt / \ __

For convenience, let us put

where

FL(x) = {J' θt(s9 x(s))dsy, m = 0,1, .

THEOREM 5.1. G(t, ξ, Λ) satisfies the integral equation

(5.1)

where t0 ̂  t > 0, λ G D and ψ E L2.

Proo/. Let λ E: D and ψ E L2. From Corollary 4.1, we have

G ( U λ ) = Σ gmUfcλ)
m=0

where the sum is taken in the L2-norm topology.
At first we will prove that

2J gm{t,ξ,λ) =
m=0 J-β

(5.2)

Σ f
m=0 JO

where both sums are taken in the L2-norm topology. In order to prove
this, since

go(t,ξ,λ)= ,p°λ(t,u-ξ)ψ(u)du,
J -X

it suffices to prove that
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(5.3) gm+1(ί,£λ)

We prove that the integrand of (5.3) is Bochner integrable with respect to
the variable 5 over [0, ί]. By [5. Theorem 3.7.12 and the remark
following], it holds that

Y(s,ξ)= I pa

λ(t-s,u-ξ)θ(s,u)gm(s,u9λ)du

= (B)ί ( m ) ί dsr dsm\ί pl(t - s,u - ξ)θ(s,u)du
JSm(0,s) J iJ-oc

/* oc C oo

• J pl(su uλ - u)θs(su uλ)duλ J pa

λ(sm - sm-u um - Wm_1)

• θs(sm,um)dum paχ(s~ sm,um+ί- um)φ(um+ι)dum+ι\
J —oc J

for almost all s E [0, t] and hence by using [5. Theorem 3.7.6], we obtain
for almost all s E [0, ί],

(a) | | y | | * Λ f " + ' ^ | | ψ | | .

Furthermore it is necessary to show that Y is strongly measurable in
5. To show this, it is sufficient to show that Y is weakly measurable in s
since L2 is separable. Let φ be in L2. By a change of variables, we
have

ί ( m ) f dsx dsm f f ~£{ξ) \ f pa

λ(t - s , u - ξ)θ(s, u)du
JSm(0,s) J iJ-oo IJ-oc

C oo r oo

•I pl{suux- u)θs(suuι)du1- - J pa

λ(sm - sm-uum - um-x)

• θs(sm, um)dum\ pa

λ(s - sm, um+ι- um)φ(um+ι)dum+1 dξ\

(5.4)

= ί (m)ί dτ2'"dτm+A ί Vίί)\ί paΛτuu-ξ)θt(τuu)du
JSm{Ti,t) J IJ-oo LJ-cc

C oo /* oo

•J paχ{τ2-τuuγ- u)θt(τ2,uλ)dur J Pλ(τm + 1-τm, wm - K ^ )

* β,(τm+i, um)dum pa

λ(t-τm+uum+ι- um)φ(um+ι)dum+ι dξ\
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where let t-s = τu sx = τ2- τu s2 = τ 3 - τl9 , sm = rm+1 - τx. The in-

tegrand with the variables τu τ2, * , τm + 1 of the right side of (5.4) is
measurable in ( r b , τm+i) on Sm+1(0, t) as shown in the proof of
Theorem 3.1 and integrable with respect to τu •• ,τm +i over
•Sm+i(0, 0 Therefore by the Fubini Theorem, the right side of (5.4) is
measurable in τu hence we can say that

(b) Y(s, ξ) is strongly measurable in s.

From (a) and (b), it follows that

(c) Y(s, ξ) is Bochner integrable with respect to s over [0, t].

Therefore by [5. Theorem 3.7.12 and the remark following] and the
Fubini Theorem,

= ί
Jo

•I

sm(θ,s)

l{suuλ- u)θs(sι,u1)du1 -

•J pϊ(s- sm, um+1- um)ψ(um+ι)dum+1 I

ί ( m + 1 ) ί dT l dτw+1 ί ί
JSm+i(O,ί) J U-o -ξ)θt(τuu)du

I P λ ( τ 2 - T 1 ? Mi" U)θt(τ2, Uι)dUι' '

Wm+i)dwm+1l d O
+ h M m + 1 -

From this fact, (5.3) follows. Therefore (5.2) is valid.
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From Corollary 4.1, Theorem 1.1 and from the boundedness of 0, we
obtain that

(5.5)

n Γoo

Σ pl{t-s,u-ξ)θ{s,u)gm{s,u,λ)du
m=0 J-oo

-> I pa

λ(t-s,u-ξ)θ(s,u)G(s,u,λ)du
J —00

in the L2-norm topology as n —> o° for almost all s E [0, t]. Since the left
side of (5.5) is also Bochner integrable in s over [0, t] by (c), it follows
from (a) and [5. Theorem 3.7.9] that the right side of (5.5) is Bochner
integrable in 5 over [0, t]. Furthermore, we have

m = 0
' dsί pUt-s9u-ξ)θ(s,u)gm(s,u,λ)du

O J-oo

ds\Σ \ Paκ(t-s9u-ξ)θ{s9u)gm{s9u9λ)du\
Lτn=0 J-oo J

ds\Σ ί pUt-s,u-ξ)θ(s,u)gm(s9u9λ)du]
Lm=0 J-oo J

= (B) £ ds [ | pl(t -s,u- ξ)θ(s, u)G(s9 u,

where both infinite sums are to be taken in the sense of the norm
topology. By this fact, we see that G(t, ξ, λ) is a solution of the integral
equation (5.1).
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