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In this paper ‘the probability density of path space” is
introduced by the formula

a 1 * . t a
pituw) == [ exp(~iun—£nl)dn,  (a>0)

If «a =2 and A >0, pi(t,u) is the normal probability density.
But if o > 2 this density can not be considered as a probability
density. By this generalization, one can generalize the operator
valued function space integral based on the Wiener integral.

Introduction. Cameron and Storvick introduced the operator
valued function space integral in [1]. Johnson and Skoug [9] developed
Cameron and Storvick’s theory and improved the results obtained in
[1]. To make the arguments in the following sections comprehensible,
we will quote the operators I{(F) and I5°(F) from [1], which played an
important role in [1], [9]. Let B[a, b] denote the space of real valued
functions on an interval [a, b} which are continuous except for a finite
number of finite jump discontinuities. Let F(x) be a functional on
Bla,b] and ¢ € Ly(— o, ®), ¢ €(—,»). Then for Re A >0 and any
partition o: a = t, < t,<---<t, = b, the operator I{(F) is defined by the
formula

@EWE =1"1Crt=a) =11 [ 0 [ pw)

0.1) . o
fo(& vy, -+, va) €xp <— > Mlﬁl) dv, - dv,
=204~ )
where 00= £ f,(6 0, 02) = F[2(0, £ 01, -, 0 )],
_[v if 5=t<g,,  j=0,1,---,n-1,
Z(o-, §, Ul’ ’ v"’ t) {Un if t = b, ,

and where if n is odd we always choose A"? with nonnegative real
part. Here f (n) f means the n-fold integral. If A >0, by using the
Wiener integral, this can be written as

561



562 ‘KATSUO TAKANO

EEWE=[ | FO+ U5 (b)+ £)ds

where
x(t-) i taSe<y,
X, ()=
x(b) if t=0>b

As an example important in quantum theory, the functional

F(x)=exp {f 0(s, x(s))ds}

is discussed in [1], [9]. In this case f,(§ vy, - - -, v,) is given by

exp {2 Jﬂi 0(s, v,-_l)ds}.
i= 4—1

Let us denote max{t —¢-,} by norm o or |o|. For ReA >0 the
operator I5°(F) is defined by

0.2) BEF) = w lim I3(F),

where w lim refers to the limit with respect to the weak operator
topology. [1] proved that for a class of functionals F, I$°(F) exists by
using the Wiener integral, and furthermore that I5°(F) converges in the
weak operator topology as A =p-—ig— +0—ig for almost all
q#0. [9] proved that for a class of functionals F, I5°(F) exists as the
strong operator limit, and furthermore that Iy(F) converges in the
strong operator topology as A = p — ig — +0— iq for all q# 0 by using
the analytic continuation of the Wiener integral. In this paper we
introduce the following operator from L, to L, in §2 corresponding to
0.1),

FE0E = [ pr-av-edn [ pi=nv, - o)ds,

te f pz(tn - tn—l, U, — vn—l)‘ll(vn)fa(vly UZ, c v,,)dv,,,

for ReA =0, A#0. We note that if ReA >0, pi(t,u) and pi(t, u) are
especially given by
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1 tA
1 = ——
pitu)= 7T+ (AU
A 172 Au2
0.3 2 = (-2 _Auw
©.3) Pt u) (4m) exP( 4t )
respectively.

In general p5(t, u) is given by the formula

o

04 piu) =3 [ exp(=ium — |n|*)dn

for >0, t>0 and ReA >0. [1]-{3] and [6]-[10] used only
(0.3). Even by this generalization we can also show that for a class of
functionals F, #5°(F) converges in the strong operator topology as norm

o — 0. Furthermore we can show that the same integral equation as in
[1] [9] holds.

1. Stable density and semigroup. The stable density of
exponent « is

©

(L.1) piu) == [ exp(—iun—t|n[)dn

—o

where 0<a =2, 0<rt <o, cf. [12].
It is well-known that (1.1) satisfies the Chapman and Kolmogorov
equation, that is, when A =1

(12) pit+s = pilsu=ypscy)dy

If we consider p5(t, u) in the operator’s sense in the Hilbert space L,,
(1.2) holds for ReA >0. We shall denote the Fourier transform of
f € L, by Uf and the inverse Fourier transform by U*f, that is,

@ UH) = @my ™ [ exp(~ipm)f(x)a,

®) U =@y [ expliyn)fx)a,

where (y) denotes the so-called limit in the mean.
In what follows, let us assume that a > 0.
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Let
a3 EONe) = Ut (e (-1 1€1) WH©) 0,

where fE L, and A ED ={A: ReA =0, A # 0}.
THEOREM 1.1. {P5(t): t =0} is a strongly continuous semigroup of
contraction operators on L,. Furthermore P5(t) is also strongly continuous

with respect to A on D.

This follows from the fact that the Fourier transformation is a
unitary operator on L,.

LEmMMA 1.1. Let ReA >0 and t >0. Then

pi(t,+) is L,-integrable,
|p1'(t, u)l éM(a, L, /\)<°°,

and p5(t,u) is continuous in t, A and u.

Proof. Let ReA >0. Then

exp () | dn

Let t/A =6 — iy, (6§ >0). We obtain

PG wls5s [

P wl=5= [ ep(=lnidn =L [“exp (= ono)an

1 s .
=~ B5PT(B) <,

where B = 1/a and I'(B) is the gamma function. On using the Domi-
nated Convergence Theorem, we can show that p5(¢ u) is continuous in
t, A and u. From the above proof, clearly it holds that

(1.4) Q)" exp (—Xt In |") EL, p=12,-).

We may write (0.4) as

15) pitu)=U[@mmexp (= £ 1-1°) ).
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Since the Fourier transformation is a unitary operator on L,, p5(t, u) is
L,-integrable in wu.

Lemma 1.2. Let ReA >0 and t>0. Then p5(t-) is L;-
integrable.

Proof. Let

f©=@myexp (-1 1€F).

The derivative of f(§) is

F©)=@uyexp (=5 l€l) (-5 1) asent

where

_[—=1 if ¢&<0,
Sgn‘f_{ 1 if £>0.

Then since f is absolutely continuous on each bounded interval and f' is
absolutely integrable, it holds that (Uf’)(¢) = i¢(Uf)(¢). Therefore in
order to show that Uf is L,-integrable, by [13. 12.42. p. 382], it is
sufficient to show that Uf' € L,(1, + «) and (Uf')(—-) € L,(1, + ») since
1/6 €L,(1,+>), where 1/p+1/q =1, p,g>1. With respect to f', it
holds that

t

me If(&)PdE =227 ) P Par™! N 'pfm VP exp (— 8pr)dr,
0 0

where 1/a=f and Re(t/A)=86. Hence f' is L,-integrable if
(B—1)(1—-p)> —1holds. For afixed a, there always exists a number p
in the interval (1,2] such that (8 —1)(1-p)> —1. Therefore we can
consider that f' is L,-integrable for some p(>1). When f' is L,-
integrable, by using [14. Theorem (3.2) p. 254], we obtain that

a

F(6.a)=@n)" [ exp(~igo)f (x)dx

—a

converges in mean with exponent q as a — . Since f' is L;-integrable,
F(¢, a) also converges for all £ as a = . Then it follows from [13. 12.5
12.51] that the pointwise limit is equal to the limit in mean with exponent
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q for almost all ¢ Therefore Uf' is L,-integrable, hence (Uf')(¢) and
(Uf')(— &) are in L,(1,+ ).

LEMMA 1.3. Let ReA >0 and t >0. Then forfEL,

[ psu - y)rwdu

is L,-integrable and continuous in y.

Proof. Let us put

gy)= f:c pi(t,u —y)f(u)du.

By Lemma 1.1 and the Schwartz inequality, we have

80 -g0+mISIf [ ptu-y-piu—y—hyrda] .

Hence from [13. 19. p. 397], it follows that g(y) is continuous in y.
It holds that

lgl= [~ ([ Ipsex—wlisax) ([ 1p36u = yllse]du) ay

:f f f Ips (6 x =)l ps(t u—y)|If(x)||f(u)| dudxdy.

Let us make a change of variables, x =x,x —y =z, u —y =v. Then we
have

a(x,y,u)_
a(x,v,2z) ’

Hence we obtain by Lemma 1.2 that

lsP=[" [ [ Ipreo)lips o)l fol £ + x - 2)| dedodz
= fPlps s,

(1.6)

where || - ||, denotes L,-norm.

THEOREM 1.2. Let ReA >0 and t >0. Then for fEL,
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(1.7 PN = [ piu=y)f(u)du

Proof. Case 1. Let f€L,NL, Then Uf€ L, By this and
(1.4), we can change the order of integration of (1.3) by the Fubini
Theorem, therefore it follows from this fact that

PxOHG)= [ prlu—y)iw)du
Case II. Let fE€ L,. Then we put
_[f(x) if |x|=n,
f"(x)‘{ 0 if |x|>
Since f, € L, N L,, it holds that

PIORO)= [ p3u=y)fi()du

and
IP3@)f = PL@f | =lfi = fll>0 as n—w.
Let us put
8= [ pitu—y)fudu
and

8= [ pitu=y).(w)du
We obtain the following by using the inequality (1.6),
lg—g.=dllf - £l >0 as n—>e.
Therefore (1.7) holds.

CoroLLARY 1.1. Let q be a nonzero real number and let

. 12 H
Pl x)= (ﬁ;) exp <_7:,% x2>.
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Then for fE L,
() o
PLONO) = | plalu = y)fw)du
Proof. Let ReA >0 and f€ L,. We see that

() foo
” Pl u = )f(w)du = (PR (ON() ”

)= -

=[ " - erda - [ pitu - fGds
HIPAON )= (PO ()—=0 as A —ig,

by Theorem 1.1, Theorem 1.2 and the proof of Theorem in [6. p. 778].

Note 1.1. From the assertion of Theorem 1.2, for convenience, we
write (P5(¢)f)(y) as

(1.8) f pi(t,u—y)f(u)du

even if A = iq, where g is a nonzero real number. In what follows, we
always use the notation (1.8) instead of P5(¢)f for A € D.

LEMMA 1.4. Let t >0. Then ||p5(t,-)| and |p5(t, )|, are con-
tinuous functions of A on C*={X: Re A >0}.

Proof. By (1.5) we have

J: ‘Pi(t,§)l2d§=2—17r-f_i exP(‘XIM!")

Therefore || ps(t, )| is continuous in A. From (1.5) and the proof of
Lemma 1.2, and using f as defined there we have

2

dm.

| peold= [ 1wn@ide+ [ §lunelde

(1.9)
o
+[ Lol

The first term is continuous in A. By [14. Theorem (3.2), p. 254] it holds
that
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[C1wm@eae= ([ evae)” 1up, =K1,

where let p satisfy the inequalities (8 —1)(1—p)> —1and 1<p =2,
and K is constant. By replacing f in the above by

h(&A,A0)=(Q2m) 2exp (—)\ e lf!“)-exp(—x’lfl“),

we can show that the second term of (1.9) is continuous in A. The above
argument can be applicable to the third term of (1.9). Therefore the left
side of (1.9) is continuous in A.

2. Definition of operator valued function space
integral. Let C[a, b] denote the space of real valued right continuous
functions defined on the interval [a,b] and Cy[a, b] denote those
x € Cla, b] such that x(a)=0. Let o be any partition of [a, b], o:
a=t<t<--<t,=b Forany x € Cla,b], let x,(t)=x(t) if <
t=t, and x,(a)=x(a). Let F(x) be a bounded functional defined on
Bla,b]. We suppose that F(x,) has the form

2.1) F(x,)=f(x(t:), x(82), -, x(8.)),  (x € Cla, b])

where f,(v,, 02, -+, v,) is a bounded Borel function on R" and that for
each A € D the operator #57(F) on L, can be defined by

(F(F))(§)= J:Z pi(ti—a, v, — €)dv, f:c pi(t—t, v, — vy)dv,
(2.2)

a .f p(;(b N tn—l, U — v"—l)fa(vl’ Uy "7y Un)w(vn)dvm
where ¢ € L,.

DEerINITION 2.1, If F$7(F) converges in the weak operator topol-
ogy as norm o tends to 0 for A € D, we denote its limit by &% (F) and for
the moment we call %3 (F) the operator valued function space integral
of F.

We should note from (0.3) that if Re A > 0, (2.2) corresponds to (0.2)
except the fact that f, in (0.2) has the variable v,. To compare the
operator valued function space integral with the Wiener integral, it is
convenient to use the following notations;



570 KATSUO TAKANO

ECENEO= [ Fe+ Oxb)+Hdpi)

for (2.2) and
FEWE©) = Flx+ 0 (b)+ )dpio)

LEmMA 2.1. Let F(x) be a factorable functional given by

F(x)= filx(sDfa(x(s2) -+ - fu (X(50)), @< <---<s, =D,

where f.(v) are bounded Borel functions. Then for A € D, F3°(F){
converges to

FEWE = [ p16- a0~ Of(w)do, -+
2.3)

[ Pt = su = v () (02,
in the norm topology as norm o — 0, where ¢ & L,.

Proof. Let o be any partition of [a,b], o:a=t,<t,<---<t, =
b. Clearly F(x,) can be expressed as

F(x,) = fix (o)) fa(x (£) - - - fm (x (D))

where t,;,<s =t;. Then
@ ENO= [ piti-av-0do [ pia-n, - v)de,

.4) S (ORI AR T

= fu (0)¥ (0 )d0,.
Here %$°(F) is a well-defined operator on L, for each A € D. By the
semigroup property of Theorem 1.1 and Note 1.1, we obtain when norm
o < Min {Sg - Si—l}

F EW)E)= [ p3o=an=Of(w)dv,

f P5(b = L1y Un = On=)fon (0 ) (U ) V.
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Since t,,, converge to s, (j =1,2,--+,m) as norm o — 0, by using the
strong continuity of semigroup of Theorem 1.1 and the boundedness of f,
it follows that F3°(F)y — F5(F)y in the L,-norm topology as norm
o—0 for A €ED.

LemMma 2.2, If Fis a functional to which F5 applies, then ¥5(F) is a
linear operator defined on a linear manifold M of functions . Moreover
the operator valued integral % is linear in the sense that if the linear
operators F5(F) and F5(G) are defined on the same manifold I, then
F5(¢,F + ¢;G) is defined on M for each pair of complex numbers c,, c,,
and

(2.5) Fi(c,F + ¢,G) = ;. F(F) + . F5(G).

In particular, if F and G satisfy the hypotheses of Lemma 2.1, #5(c,F +
¢,G) maps L, into L, and satisfies (2.5).

Proof. For each fixed o, we note from (2.1) that f, depends linearly
on F, and hence it follows from (2.2) that (¥5°(F)¢)(£) depends linearly
on F as well as on . Hence the lemma follows from Definition 2.1 and
the linearity of the weak limit and Lemma 2.1.

Note 2.1. If ReA >0, by Lemma 1.1, Lemma 1.2 and the Fubini
Theorem, we can write (2.3), (2.4) for all £ € R as follows

FEWEO=] m [ @) f @ @pisi—a v -8
c pi(b = Sty U — Op1)doy - - vy,
@FENEO =[] few )
-piti—a,v,— &) - pi(b—t,y, 0, — V,_,)dV, -+ - dU,.

3. The operator valued function space integral of a
product integral. Let us consider the following functional,

m b
(3.1) Fx)=[]| 6(s x(s))ds,
=1 a
where
(3.2) 6,(s,u) are Borel measurable functions on [a, b] X R, and

(3.3) 16,(s,u)| =M, <o, (G=1,2,---,m).
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LemmA 3.1. Let F(x) be a functional given by (3.1), (3.2) and
(3.3). Then foreach ¢ in L,, F3°(F)y is a strongly continuous function of
A on D and analytic in C*.

Proof. For a partition o:t,=a<t<---<t,=b and any
x € Cla, b], we have

F(x,)= J;b (m)Lb 0:1(51, X, (51)) " * * 0y (S X5 (S ))dsy « - - ds).

Since x,(s)=x(¢) if t,_,<s =1, and x,(a)= x(a), it holds that

fb 0,(s, x,(s))ds = J’ll 6,(s, x(t,))ds + - - - + ft" 0,(s, x(t,))ds.

Let us denote

fi 6,(s, v)ds

by ¢i(v). Then we have

BG4 Fr)=3 - D ¢l ¢Tm(x ().

i(h=1 i(m)=1

Since ¢/(v) are bounded Borel measurable functions on R, we can define
the following operator on L, for each A € D,

KiFW)© = [ piti—av—6)do, [ pit=t, 0= v)dos- -

. f_m Pty = tuoyy, U, — Uu) iy (Vi)
= @ Tom (Viem)) ¥ (02 ) A0,

where ¢ € L,. As we have stated in the proof of Lemma 2.2, it holds
that

6:3) FEWE= 3 - > KIEW)E),

(H=1

and by the boundedness of 6, it holds that

(3.6) [KS(F) | = My(tiy— tiy-1) -+ * M (tigm) = timy-D) [ & |-
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By using the boundedness of ¢’(v) and Theorem 1.1, we can show that
K5 (F)y is strongly continuous in A on D. Therefore F7(F)y is a
continuous function of A on D. Next we wish to show that K{(F)y is an
analytic function of A in C* forafixed ¢y € L,. Let g(A)= (K3 (F)¢, ¢),
¢ € L,. Aswehave shown above, since g(A) is a continuous function of
A on D, we show that

fr g(A)dr =0

for triangular path I' in C*. Then by Morera’s Theorem, g(A) is the
analytic function on C*. We can consider the ordered integration of
KS(F)y as an n-fold Lebesgue integral by Lemma 1.1 and Lemma 1.2
since A isin C'. It holds that

[ swma-[ s@[[ ®imwyea|d

since ¢ (¢) - (K{(F)y) (&) is integrable with respect to A, £ over I' X R by
the Schwartz inequality and (3.6). Moreover by Lemma 1.1, Lemma 1.2
and Lemma 1.4

(3.7 W’(Un)‘ lps(ti—a, v - E)  pi(ty = by, U — v,,_l)\

is integrable with respect to v, - - -, v,, A over R" X I, therefore by using
the Fubini Theorem,

fr (K5 (F)d)dA =f (n)J: U pe(ti—a,v,— &)
PR v v )
“ (Vi) 7 BT (Vi)W (Va)do, - - - v,
By (0.4) it holds that

[T psCt =600, —v-)dA =0.
r ;=1

Therefore we obtain

fr g(A)dr =0.
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Let us put

S(T)z{(sb”.asm)e(a’b)m: a <sr(1)<"'<s7-(m)< b}

Here 7 means a permutation of {1,2,---,m} and (s;, -+, 5.)€E S(7)
means that (s, ---,s,) satisfies the order relation a < s,;)<-:* < $;m
<b.

THEOREM 3.1. Let F(x) be a functional given by (3.1), (3.2) and
(3.3). Then for A € D, #5°(F)y{ converges to

(F(F)W)(€)

= 2 (B)Lm (m)f [f_i pi(Siy= @ 1= §)0:) (8,01, V1) AV,
(3.8)

e f p(;(sr(m) - Sf(mfl)a vm - vmvl)e‘r(m)(s-r(m); U )dvm

. J’_ p‘/)\l(b - S‘r(m)y Upm+1— vm)ll/(vm+1)dvm+l] ds1 PR dsm

in the norm topology as norm o — 0, where y € L, and the sum is taken
over all m! permutations 7 of {1,2,---, m} and (B) denotes the Bochner
integral with respect to Lebesgue measure on S(t). Furthermore

(3.9 |F5s(F)|=(b—-a)"MM,---M,,.
Proof. Let A be in C*. For all ¢ €ER, (3.7) is integrable with

respect to v, - -+, v, over R". By this fact, we can change the order of
integration of K$(F)y by the Fubini Theorem, hence we obtain

(KS(F)¥)(§)
(3.10)

= fll.(,) (m) fm) (HS(s1, -+ -, S, )W) (€)ds, - - - dSp,

(1)~ 1 tigm)—1

where

(HK(SI’ T Sm)l//)(§)= J'_i piti—a,v,— f)dvlf:c pi‘(tz— t, 0, — v,)dv,

f_ Pt = taets U — 0 1)B1(S1, Uigty)** * O (Sumy Vi)W (0, ) AL,
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From (3.5) and (3.10) we see that
(F(F) (6)
= Lb (m)f: ds,---ds, [,E, pi(t,—a,v,— £)dv,
f: pi(t,— t, v,— v))dv,

(3.11)
v f_m Pi'(t,. — b1, Uy — Un—l)jll Oj(s,, Vo(sj))(//(v")dvn]

:Efs ) (m)J’[f p:(h—a,w—g)dl)lf pi((tz_tlyvz_v])dvz
T (r o .
f pilt =t v = v) [T 65, Vc,(s,-))(/;(v")dvn] ds, - ds..

where V, (s)=v, if t_,<s=1t.
By rearranging the product 6,(s;, V,(s1)) " * * 6, (S V. (s.)) of the last
member of (3.11) as

6 1x(S:p Vo (8:))) - 0-0(8:00 Vo (8:20)) * * * Orimy(Seimyy Vo (S:0m))

since (81, +, $») € S(7), (3.11) can be expressed in the following form,

(F37(F)¢)(€)
(.12)

=3[ om [ s, s @)dsi - ds,
T S(7)
where

(H:,.(Sl, T sm)d’)(g)

EJ: p;-.(tl—a7 Ul_g)dvl": P‘;(tz—tl, Uz"vl)dl)z"'
(3.13)
) f_ p:(tn - tn—la vn - vn—l)a'r(l)(s'r(l)? Va-(s-r(l))) tte

: or(m)(s‘r(m)a Va(sf(m)))d,(vn)dvm (SI, ) sm)E S(T)'

Now we prove that (3.13) is Bochner integrable over S(). In order
to show this, it suffices to show that



576 KATSUO TAKANO

(1) Hf.(s1," ", S»)¥ is strongly measurable in (s;, - - -, s,,) on S(7),

2) J'sm (m)f [H. (s1, " - 80| ds, - - - ds,, <.

Clearly it follows from Theorem 1.1 and (3.3) that

(a) ”H:{,f(sl, o ':Srn)wuéMl Tt Mm ”lﬂ”,

for almost all (s,,---,s,) € S(7).

In order to prove (1), it suffices to prove by [5. Corollary 2. p. 73] that
HS (s, -+, s,)¢ is weakly nmeasurable on S(r), that is
(H3 (51, *, $»)¥, @) is measurable in (s, ---,s,) for o EL,. If ¢ €
LN L, from Lemma 1.1, Lemma 1.2 and the boundedness of 6,

o @ [T (s Valso)) | #(@p3 (01— 0, 0= ©)
=
e pi(tn - tn—l: U, — Un-l)
is integrable with respect to the variables s, -, s,, & vy, -, v, over
S(r)x R"™'. Therefore it follows from the Fubini Theorem that

(HS. (81, " ", Su )&, ) is measurable in (s, - - -, s, )on S(7). If ¢ € L,, let
us put

_[e(x) if [x[=N,
9"”(”’{ 0 if |x|>N
Then since ||y — ¢ ||—0 as N —, it holds by (a) that for almost all
(Sl’ T sm)E S(T)’
(H():T(sb...’sm)(rh’ ¢N)_>(H:,T(s17...7sm)¢, (P) as N_—)OO
By the fact that (H{,(s;," ", S.)¢, ¢n) is measurable in (s, -, s,),
(HS.(s1,- ", s»)¢, @) is also measurable with respect to the variables
S1,°* ", Sm on S(7). Furthermore |HY,(s1," -, S»)¥| is measurable on

S(r) by [5. Theorem 3.5.2] since L, is separable. Therefore by (a), (2)
holds. Hence we see that

(b) HS.(s,, -, s»)¢¥ is Bochner integrable over S(7) if A € C".

Next we wish to prove that HY,(s,- "', s.)¢¥ is also Bochner
integrable over S(r) even if A= —ig (q is a nonzero real
number). Here we should note that for A = — ig, (3.13) is well-defined

for almost all (s;,- -+, s.) € S(7) by the boundedness of 6. In order to
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prove the Bochner integrability, by (a), (b) and [5. Theorem 3.7.9] it
suffices to prove that for almost all (s, -, s,) € S(7),

(315) ”H:,r(sb Yy Sm)(l’ - Hziq,r(sl; v "y sm)d/ ”-_)O

as A —> —iq. By using the boundedness of 6, and Theorem 1.1, we can
see that (3.15) holds for almost all (s;, - - -, s,) € S(v). Hence we have

(c) HZ,(s:," -, s.)¢¥ is Bochner integrable over‘S(r),

(@ H(s, s |=M,--- M, | ¢], for almost all (s,,---,
S ) € S(7).

Furthermore, by using the Dominated Convergence Theorem (5.
Theorem 3.7.9] we obtain

lim (B) o (m)fH;',,(sl,---,s,,,)dfdsl-“ds,,.

A——iq

(3.16)
= (B)L(T) (m)f H, (S1," "+, Sy )ds, - - ds,.
Let ¢ €L, and A € C*. Then |@(&)(H.(s1, ", Su )W) (£)] is in-

tegrable over S(7) X R by (a). Hence by using the Fubini Theorem and
[5. Theorem 3.7.12 and the remark following], we have .

f Wi—)Usm (m)J(HZ',T(Su'",S,,,)¢)(§)d$1~~dsm]d§

—x

o«

ZL @[(B)LT) (m)f (H‘:,,(sl,---,s,,,)lp)(g)dsl--mm]dg,

From this fact, it follows that for A € C*

f (m)J HS . (s1," -, Sp)¥ds, - - - ds,,
S(r)
(3.17)

= (B)Lm (m)f HS . (51, -, Sp)¥ds, - - - ds,.

From (3.12) and (3.17) we have

F(F)y = Z (B)fsm (m)f H3, (51, -, Sx)¥ds, - - - ds,,
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for A € C*. From this equality, by using (3.16) and Lemma 3.1, we
obtain

(3.18) Fio(F)y = Z (B)L(T) (m)f HS. (81, ", S )ds, - - - ds,,

for every A € D.

Now we show that (3.18) converges to (3.8) in the L,-norm topology
asnorm o — 0. For almost all (s, - * -, 5,) € S(7), it follows from (3.13)
that

(H‘I,T(Sl’ Tt SM)'J’)(§) = J:: pi(tl - a, v, — g)dvl et

(3‘19) ) f_ pi{(tn - tn417 Un - Un—l)e-r(l)(s‘r(lb vr(l)) tre
O (Sem), Vrm)) ¥ (Va ) A0,

where let £, <s,,=t. By the same argument as in the proof of
Lemma 2.1, for almost all (sy,- -, s,) € S(7), (3.19) converges to

Ir(sla Y Sm)d’)(g)

= Ji pi(s.y— a, v, &)0.)(5.q), V1)V, - - -
(3.20)

f P (Srom) = Seim-1) Um = Um=1)Or(m(Sr(my» U ) A0
J' pi‘(b = Simy Um+1 ™ vm)(!/(vm+1)dvm+1

in the norm topology as norm o — 0. From this fact and from (a), (b),
(¢), (d) and from [5. Theorem 3.7.9], it follows that

© [L(si, - s)¥l=M,--- M, [y],
for almost all (s, -+, s,)E S(7),

(f) L(s,---, sx)¥ is also Bochner integrable over S(7), further-
more

Fi (P~ 3 (B) f) () [ L(si- -y 5a)uds, - ds,

in the norm topology as norm o —0 for each A € D.
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Now we prove (3.9). From (e) and [5. Theorem 3.7:6], it follows
that

[FEWI=S [ om [ sowlds, - ds,
=St M) = b M M
Therefore we have
|F5(B)| = (b - a)y"M, -+ M,

CoroLLARY 3.1. Let 0(t,u)=6,(t,u)=---=0,(t,u) in Theorem
3.1. Then for A € D

(FFW)(E)

=m!(B) . (m)J’ U:c pi(si—a,v,— £)0(sy, v)dv,

(3.21)
e f pf\!(sm ~ Sm—1y Um — vm—l)o(sm, U )dUm
J’ p‘:(b — Sy Ups1 — Um)l,b(vmﬂ)dl)mﬂ] d51 e dSm,
where
Sm(a,b):{(sn'",Sm)E(a,b)’": a<s;<s§;<---5,<b}
and Y € L,.

Note 3.1. Let wus denote the right side of (3.21) by
m! #5(F)y. For convenience, we use a notation #5(F) in place of
F5(F) when F(x)=1.

4. The operator valued function space integral of
F(x)=2,.,F,(x).

Let us denote the set of all the functionals satisfying (3.1), (3.2) and
(3.3) by A, and let us introduce the quantity
4.1) Ny(F)=(b-a)"M,---M,,

where let F satisfy (3.1), (3.2) and (3.3).
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Let
A E{F(x)= S Fu(x): F.€A, and NO(Fm)<oo}.

THEOREM 4.1. Let F be in A and let F(x)=Z;,_, F,.(x). Then for
AE D, Fy(F)Y converges to F5(F)Y =Z,_,F(F,)¢ in the norm
topology as norm o — 0, where € L,.

Furthermore

“2) |F2(FYl= 3 N(ED ]l

NoTE 4.1. We do not assume that F determines F, F,, - - - uniquely
or that F,, determines Ny(F,,) uniquely; but we assert that (4.2) holds for
any choice of F,, F,,--- whose sum is F, where each F, satisfies (3.1),
(3.2), (3.3), (4.1) with the m in those equations corresponding to the
subscript of F,,.

Proof. Let
F,(x)= Im] fb 6" (s, x ())ds,

where each 67 is bounded and Borel measurable in [a, b] X R; let o be
any partition a = ¢, < t,<---<t, = b; and let

d)’?’f(v):f 07 (s, v)ds.

Then we have formally that
(F(Fy)(€)= J_ pi(ti—a,v,— §)dv; - 'J’, pi(tn = tamry Un = V)
Y(0,) 2 Fu(V,)do,

where € L, and by (3.4)

F.(V,)= E": e i (Vi) « - B (Vigm)-

i()=1 i(m)=1

If necessary, by multiplying by additional functions which are identically
1, we can write F, (V,) as
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F.(V,)
(4.3)
:2 2 lla 7mzvl)'.'ga':(il,”'aim:vn)7
=1 =
where notation j; is made use of instead of i(j).

From the fact that F,(x) is in A,, it is clear that for almost all
Uy, "7 Uy

2 Zl‘Pl(lla am' 1)”'()0':(1.1".'71‘"1:0")

m=1

(4.4)
=No(F,), (m=12,--").

From (4.4), we have for almost all v,, -+, v,

21<2 Z [ @7 (i, s i 1)~-'qo',','(i1,~--,im:v,,)f)

= m=1

(4.5) ]
= 2 Ny(F,,) < 0.

Now we will prove that

(4.6) f pi(b = tor, vn — Ba)b(00) 2 F,(V,)dv,

is L,-integrable with respect to v,_, for almost all v, ---, v,_,. By Note
1.1 and (4.3), (4.6) is

Ut fexe (<2552 0 ) U s S 3 S et a0
(4.7) "
Tk )R Gt )| ()] (00,

where we use the notations (U,f)(y) and (U%f)(y) in place of (a), (b) in
§1. We wish to prove that

[w(n)ZZ 2¢1(11,"',m- D

m=1 iy tm=1

(4.8)
¢’:~1(i17 Y irh: vnfl)(p,:(ily S im: T’)] (vn)

is L,-integrable with respect to v, for almost every v,,-- -, v,,, that is,
(4.8) is well-defined.
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Let
(x) if [x|=N,
‘p”(x)‘{ if |x|>N.
Since
‘/’N(W)E 2 Z QT (i, im: 0) @N i,y bt V)

m=1 1= im=1
"QD:‘(ll’. ) lm: 7’)

is Li-integrable with respect to i by (4.5) for almost all v, -+, v,_,, we
have for each v, and for almost every v, -, v,

0= U, [ T 3 3 ot 0)

m=1 i1 im=1

t (P'r':~l(il’ Y im: Un—l)(P':(ila Y im: n)] (vn)

Z 21 @7 (i, s bz 1)
go':ﬂ(l], R im: U"—I)Uﬂ[le(n)(P’:(il, e im: 7])] (U").

4.9

Il
“Mx

From (4.4), it follows that for almost all v, -, v,

2 E 2 "Pl(lb SR U1)"'(P':—1(i1""aim5 Un—l)'

m=1 i1=1 im=1

(4.10) )
H‘Prr':(ilv SR )”Dc : ” P H = “ 1101\” Z} Ny(F,.),
where | - |l. means the essential supremum norm.

By using (4.10) we can prove that the last member of (4.9) also
converges in the L,-norm topology with respect to v, for almost every
Uy, Ueye By [13. 12.53. Example (iii)], both limits with the infinite
sum of the last member of (4.9) are equal to each other except on a null
set. Therefore we see that OQy(v,) is L,-integrable with respect to v, for
almost every v,,- -+, v,.;. Next we wish to prove that Qx(v,) converges
to a L,-integrable function Q(v,) in the L,-norm topology with respect to
v, as N — o for almost all v, -+, v,.,;. From (4.4), it follows that

2 Z 2 (Pl(lla ) by : 1)"'@':—1(1.17"',%:Un—l)

m=1 i1= im=1

(U, [on(m)e (s iz 1) ()
@11 SU )Gy b M- ) H

=low— ¥l 3 N(F)—0 as N—w
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for almost all v, - - -, v,_,, where the infinite sum is taken in the L,-norm
topology. Hence we obtain from (4.11) that

Lim On(v.)
=11.r£12: Z 2= (PT(ib.'-,im:vl)“'

c@ iy b V) U [ @ (i, - - o5 i m)]'(00)

(4.12)
=E:Z Z.l(PI(ll, 7m- )'.
: (P’:fl(ib Y im: Un—x)Un[‘l’("l)fp':(iu Y I - 77)] (1),,)
= Q(v.)
for almost every v, -+, v,.,. Here the outer sum in the third member
converges in the L,-norm topology. Therefore we obtain the facts that
(4.8) is L,-integrable with respect to v, for almost every v,, - - -, v,-; and in

the sense of L,-equivalence

0()=U,[sm T 33 et imiv) -

m=1 n=1 im=1

) GD':—i(ih Tt im: vn—l)‘p’:(il; T im: 77)] ( .)

for almost every vy, -+, ...
Next we wish to prove that (4.7) is L,-integrable with respect to v,.;
for almost all v,,- -+, v,_,.
Let
_ {1 if |x|=N,
Xn(x)= {0 if |x|>N.

From (4.12) and from the fact that Q is in L,, it follows that

Xy (v,)O(v,) exp <_ b_—;Aﬁ;l |0, ’a>

b—1, = m
(4.13) =XN(U,,)exp<————1[ ) Z Z P,y i Uy)
(P’:-l(il’” I [¢’(”’7)<P (ll’ "im: U)](Un)
is L,-integrable in v, for almost all v,,-- -, v,_;. Since the infinite sum of

the third member of (4.12) converges to Q(v,) in the L,-norm topology,
we have for almost all v, and for almost every vy, - -, U,-,
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Xn(v,)O(v,) exp <— % o, ’a)

(4'14) = 2 2 Z ¢1(11, Sy lmt 1)"'40':41(1‘1,"‘71..": Un—l)

m=1 i1= im=1

KXo exp (=25 o, °) Uylpn)en i s )l (01)

where the infinite sum of the right side is taken in the L,-norm
topology. With the right side of (4.14), from the Schwartz inequality
and (4.4), it follows that

2 Z Z [Ty bm: ) @7 ity s Ut V)]

m=1 = im=1

lom i(in, -y int )
| X exp (<2551 1) Glw eI ) |

= NYA U] S NoFa) <.

From this fact and from [13. 10.83], it follows that for almost every
Uy, " **, Vs, the infinite sum of the right side of (4.14) converges point-
wisely for almost all v,. Hence by [13. 12.53. Example (iii)], both limits
with the infinite sum of the right side of (4.14) are equal to each other
except on a null set. By the Dominated Convergence Theorem, we
have

(277)'”2[; exp (1,0, ) Xn(v,)Q (v, ) exp ( —Q:XE’Q | v, 1“) dv,

=lim (277)-'/2f exp (iv,- .U)Z 2 D T it v)

—x m=1 i1= im=1

o (s Ua) X (U, ) €XP <— b _/\t"’l v, [")
U [ ()@ (in, -5 i 1)) (va)du,
4.15)

—hmzz Zgol(z,, el )

ke m=1 i1= im=1

m . b—1t,
'(pnfl(l],'.',lm: Unfl)Ut,. {XN(vn)eXp<_ A : vn ’a)

U5 @) (0000
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ol n n
=Z Z ..'2 (P'In(ily...7im:vl)...go':-l(ih..')im:vn~l)
m=1 =1

m=1

Ut X e (=B o) U wmen G- i o)
X (Un-1)

in the sense of the pointwise convergence with respect to v,_, for almost
every vy, - -+, U,-,. From (4.4), it follows that for almost all v, - - -, v,_,

x

; 2 szn ,4’1 P A ) IR A ( PR Uno)|
* {XN(vn)exp <— b _/\t”“‘ o [“)

U mentin i M)} () |2 3 NEDI L

Hgor:*l(il’ T im: : )”x

By this fact, the last member of (4.15) also converges in the L,-norm
topology with respect to v,, for almost all v, -+, v,_,. From the fact
that both limits of the last member of (4.15) are equal to each other
except on a null set, by an argument similar to that used in obtaining
(4.12), we can see that for almost every v, - - -, v,_,, (4.15) converges to

ZZ Z(Pl(lh"’rn‘ )

m=1 1= tm=1

(4.16) c@m (i i U, U, {exp (— b _At"_l Un f”>

UL )T it M) (80

in the L,-norm with respect to v,.,, where the infinite sum of (4.16) is
taken in the L,-norm topology with respect to v,_,. From the above
argument, it follows that (4.6) is L,-integrable in v, , for almost every
vla * U and

(46):212 .'.E (P'ln(il,."aim:UI)".¢':~1(ila-"’im:vn——l)
m=1 =1 m=1
T Pt =t v = v @R ),

in the sense of the L,-equivalence. By repeating the above argument,
we can prove that

(F2= () = 3 (F5* () €),
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where the sum is taken in the L,-norm topology with respect to £&. By
using the fact that

(4.17) 2 1 F(F)l= X No(Fn) <,
m=1 m=1
we have that

N
lim 2o (F)¢ = lim lim >, %5 (F, )¢

o0 lol>0 N—w &

N
=lim lim > F37(F)¢ =lim X F5(F,)y

—w®
m=1

in the L-norm. From (4.17), (4.2) follows.

COROLLARY 4.1. Let

F(x)=-exp {fab 0 (s, x(s))ds},

where 6(s, u) is bounded by M and measurable in [a,b] X R. Then for
AED

Fs (P =3 F5(F)b

where ¥ € L, and

b m
Fuo)= ([ 06 x(sas)”
and where the sum is taken in the norm topology. Furthermore
Eel R

Proof. By expanding F(x) into a series of the functionals in A, and
by applying Theorem 4.1 and Corollary 3.1, we obtain Corollary.

5. Integral equation. Let 6(t, u) be a Borel function on
[0, %] X R and bounded by M. For each t € (0, t,], let 6,(s, u) be defined
on [0,2] X R by 6,(s,u)=0(t —s,u). In what follows we shall consider
the functional
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F'(x)=exp {f 0,(s, x(s))ds}.
0
For convenience, let us put

Gt & X)) = (FI(F))(£),
8n(t, & 1) = (FX(Fo)¥)(£),

where
Fnﬁ(x)={L' 0,(s,x(s))ds}m, m=01,-

THEOREM 5.1. G (1, & X) satisfies the integral equation

GaeN= [ priou -
(5.1)
+ (B)f' [fi ps(t—s,u —&)0(s,u)G(s, u,)\)du] ds

where t,=Zt>0, A € D and ¢ € L,.
Proof. Let A €D and ¢ € L,. From Corollary 4.1, we have

GLEN =S gn(tE1)

where the sum is taken in the L,-norm topology.
At first we will prove that

S gnheN= [ ptlu=vwdu
(5.2)

+ mi:o (B)fol ds U: pi(t—s,u—&)0(s, u)g.(s, u, /\)du]

where both sums are taken in the L,-norm topology. In order to prove
this, since

gt 60)= | i u— e

it suffices to prove that
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(53) gt EA)= (B)for ds [f:c ps(t—s,u—£€)0(s,u)g.(s, u, A)du].

We prove that the integrand of (5.3) is Bochner integrable with respect to
the variable s over [0,¢]. By [5. Theorem 3.7.12 and the remark
following], it holds that

Y(s, &)= ﬁ: pi(t—s,u—&)0(s, u)gn(s, u, A)du

=(B) (m)f ds,---ds, {J: pi(t—s,u—£&)0(s,u)du

Sm(0,5)

-fA pa(s, uy—u)6,(sy, uy)du, - - f Pi(Sm = Smets Um — Uy )

. es(sm9 um )dumf p‘:(s - Sm’ um+1 - um)l/f(umn*l)dunﬁrl}

for almost all s € [0, t] and hence by using [5. Theorem 3.7.6], we obtain
for almost all s € [0, ¢],

@ [YI=M Ly,

Furthermore it is necessary to show that Y is strongly measurable in
s. To show this, it is sufficient to show that Y is weakly measurable in s
since L, is separable. Let ¢ be in L,. By a change of variables, we
have

J’Sm«m (m)f ds, - - - ds, {r 5@“1 pa(t—s,u —&)0(s, u)du

—x

-f_ pi(sy, ui—u)0, (s, u)du, - - f P (Sm = Sm—t, U — Up—1)

- 0, (s, um)dumfw Pi(S = Sy Uit — u,,,)d/(umﬂ)dumﬂ] dg}
(5.4) -

.J’ p;‘l(TZ— 7-17 ul - u)01(727 ul)dul o 'f pz(7m+l - Tm7 um - umfl)

: 01(7m+17 um )dum Ji pi(t - Tm+l) um+1 - um)d’(um-f—l)dum-#l] dé:}
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where let t—s=17, $,=T,— T, $S=T3— T4, s 8n = Tws1— T1. The in-
tegrand with the variables 7, 7, -+, 7., of the right side of (5.4) is
measurable in (7, -+, Tny1) On S,..(0,¢) as shown in the proof of
Theorem 3.1 and integrable with respect to 7, 7,4 OVer
S.+1(0,¢). Therefore by the Fubini Theorem, the right side of (5.4) is
measurable in 7,, hence we can say that

(b) Y(s, £) is strongly measurable in s.
From (a) and (b), it follows that

() Y(s &) is Bochner integrable with respect to s over [0, t].

Therefore by [5. Theorem 3.7.12 and the remark following] and the
Fubini Theorem,

@

f_m (&) {(B)Ll ds U: pi(t—s,u —£)6(s, u)gn(s, u,)\)du]} d¢

:_—J: ds{fsm(o‘s) (m)f ds, - - - ds, U: <p—(§_)[[:c pe(t—su

—&)0(s, u)du

.J, pi'(sx, U, — u)gs(sl, u1)du1 T

f_i Pi(S = Spy Upsy — um)‘/’(”'"“)d”'"“] df]}

- jsmﬂ(o,r) (m + l)f dry - dn {f‘: ¢ (6 [f_: pi(ti,u
—§)6.(7,, u)du

.f‘ p;(TZ— Ty, Uy — U)O,(Tz, u1)du1 s
: f_ pit(t - Tm+1, um+1 - um)w(um+1)dum+1] dg}

= J:x —qo_(g_)gnwl(t’ ga A)df

From this fact, (5.3) follows. Therefore (5.2) is valid.
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From Corollary 4.1, Theorem 1.1 and from the boundedness of 6, we
obtain that

i_ f pi(t—s,u—&)0(s, u)g.(s,u, A)du
(5.5)
‘*f_w ps(t—s,u—£)0(s,u)G(s,u, A)du

in the L,-norm topology as n — « for almost all s € [0, ¢]. Since the left
side of (5.5) is also Bochner integrable in s over [0, ¢] by (c), it follows
from (a) and [5. Theorem 3.7.9] that the right side of (5.5) is Bochner
integrable in s over [0,¢]. Furthermore, we have

20 (B)L[ dsf_i pi(t—s,u—&)0(s, u)g.(s, u, A)du

= lim (B)fO' ds [;0 f Pt =5, u—£)0(s u)gn(s, u,A)du]

n—o

= (B)Lt ds [20 f_i pi(t—s,u—&)0(s, u)gn(s, u,A)du]
= (B)fo‘ ds U: pi(t—s,u—£)0(s,u)G(s, u,A)du],

where both infinite sums are to be taken in the sense of the norm
topology. By this fact, we see that G (¢, & A) is a solution of the integral
equation (5.1).
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