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This paper is concerned with the largest absolute value
taken on by an m-square principal subdeterminant in any
unitary transform of an #n-square complex matrix A. For
m =1 this maximum coincides with the numerical radius of
A. The results obtained constitute generalizations of the
Gohberg-Krein analysis of the case of equality in Weyl’s
inequalities relating eigenvalues and singular values.

Introduction. Let A be an n-square complex matrix with eigen-
values Ny, ++¢, Ny, [N = ¢+ = |\, |, and singular values a,(4) = -+ =
a,(4). The numerical radius of A, r(4), is the maximum absolute
value assumed by a diagonal element in any unitary transform of
of A, i.e., in any matrix unitarily similar to A. Of course,

(1) M= 7(4) .

Matrices for which equality holds in (1) are called spectral. In this
paper we consider 7,,(A4), the largest absolute value taken on by an
m-square principal subdeterminant in any unitary transform of A.
As we shall see in the sequel

(2) e Nl = 1an(A)

For m = 1, (2) collapses to (1). Matrices for which equality holds
in (2) will be called m-decomposably spectral. One of the purposes
of this paper is to examine the structure of matrices A which are
m~decomposably spectral for each m =1, ---, n. Such results are
related to the inequalities of Weyl [5],

(3) {7\’1"')‘%[§a1(A)"'ak(A)’k:1,"',n!

and to the case of equality in (8) for & = 1, ---, n discussed by Gohberg
and Krein [1]. We also examine the case where A4 is m-decomposably
spectral for a particular m and, in fact, show that if A has s eigenvalues
of maximum modulus |),|, s > m, then spectral and m-decomposably
spectral are equivalent. To examine the concept of m-decomposably
spectral we require the machinery of induced maps on the mth
Grassmann space.

2. Preliminary notions and theorems. Let V be an n-dimen-
sional unitary space with an inner product (z,y). Let T:V —V be
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a linear transformation with eigenvalues Ay, «++, Ny, M=+ 0+ 2 [N, ],
and singular values a(7T)= -+ = a,(T). Let E ={e, ---,¢,} be an
o.n. basis of V and let A = [T]%, the matrix representation of T with
respect to . We will consider 4 as a linear transformation on C*,
the space of complex n-tuples. For each m,1 < m < n, let A"V be
the mth Grassmann space over V where the inner product induced
on A™V by (=, y) is defined by

@ N oo ATy Yy A 20 A Ya) = det [z, ¥5)]
for any decomposable tensors z" and ¥ in A™V, i.e., 2" =2, A\ + -+ A Zp,
Yy > =y, A +++- ANy, where z; and y, arein V,7 =1, ---, m. The space
A™V has an ordered o.n. basis E* = {6,y A *+* A €otm = €41 @ E Qp,n}
where @, , is the totality of strictly increasing sequences w of length
m,1 < wl) < -+ < ®(m) < n, and where the w’s are assumed to be

ordered lexicographically. The compound C,(T): A"V — A"V is
defined by

C.T)e, A\ <+« Nxp=Tax, \ -+ N\ T,

for any decomposable 2" € A™V. Let C,(4) = [C.(T)]E>. Then C,(A4)
has eigenvalues N; = Mgy = ** Mgy B € Qn,» and singular values a, =
am)(A) °cc ar(m)(A)y 7e Qm:n'

The numerical radius of A is defined by

r(A) = max |(4Az, x)| .
Hzll=1
and the spectral norm of A by
a(A) = max || Azl .

Hzll=1

The Grassmannian in A™V is the set
G, = {xA € 7\ V:|lz*|| = 1 and z" is decomposable} ,

and the decomposable numerical radius of C,(A) is defined by

(4) 7dCa(4)) = max | (Ca(4)a", 5)] -

In (4) we may assume without loss of generality that for each 2" =
& A -+ A, the vectors z, -+, z, are o.n. Since the @, 8 entry
of C,(4) is det A[a|B], where Ala|B] indicates the submatrix of A
lying in rows @ and columns B, @, B€Q,.., we see that by taking
Ue,=w,1=1, --., m, U unitary, we have

74Ca(4)) = max [(Ca(A)z", 2")]
= max [(Ca(A)C(U)e, N\ +++ e, CalU)er A\ =2+ A €3)]

U unitary
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= max |detU*AUI[L, ---, m|1, ---, m]|
U unitary
= 7rg,n(4) .
Of course if m = 1, 7,(CL(4)) = r(4). In general,
(5) ri(Cu(4)) = r(Cn(4)) .

It is possible to have strict inequality in (5) as the following example
shows. Let

0 01 0
0 0 O

A= L

0 0 0O

0 0 0 0

so that

1, if a=(12), 8 = (34
CA)ws = ) 34

0, otherwise .
If 22 €@, then 2" = Diace,, P(@)er Where
(6) > @ =1

®€Qg,4

and the p(a) satisfy the quadratic Pliicker relations [4]:
(7)  o(@p(8) = 3 plals, t: BDp(BIE, sl 5 =1, -+, m

where afs, t: 8] is the sequence (a(l), -+ -, a(s — 1), B(%), a(s + 1), -+,
a(m)) and p(@) is defined for any sequence @ of length m by skew-
symmetry. We have for 2" ¢@G,

[(C(A)z", &™) | = | p(12)p(34) |
= |p(32)p(14) + p(42)p(31)|, (from (7) with s=1)
(8) = [p(23)] [p(14)| + |p(24)] | p(13)]

< %(uo(zs) 4+ 1D + (D24 + [p(18)[)

_1-— |10(12)|22 — 12GDF " (trom (6)).

Thus

(1p2)] + [pBY [y =1,
(Ip(12)| + [pBY) =c =1,
|p(12)] [p(34)| = |p(12)|(c — |p(12)]) ,
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and

[(p(12)p(34)| =

,p.|H

L
4 =
From (8) we see that

rC{A)) < % .

If we consider t}ie quadratic form evaluated on the indecomposable
unit tensor 1/1/ 2 (e, A e, + e, A e,) We have

(C (4)

1/—(61 A e + e A ey, 1/_(61 Ne +e Ne)=-—

[\

so that

r(C(4)) =

NIH

The explanation of this phenomenon is that not every tensor on the
unit sphere in A*V is decomposable.

The following results are well known [3]:

(i) For M any principal sub-matrix of A,

(9) (M) < r(4) .

(ii) (The Elliptical Range Theorem.) For a 2 X 2 matrix the
numerical range is an ellipse with foci the eigenvalues of the matrix;

if A= B”l )\ﬂ then the semi-minor axis of the ellipse has length |a /2.
2!
(iii)

(10) N = 7(A) < a(4).
We may generalize (10) for 1 = m < n to
(11) N s s M| = 1(Ca(4)) = 7(CrA)) = a(4) -+ an(4) .
The first inequality may be seen as follows. Let

Ay *

U*AU = .

O N

Then C,(U*AU) is also upper triangular and
7\’1 e m - m(U AU)(l ym), (1,000, m) = (CM(A)U’A, ’N/A)

for an appropriate u*¢G,. If A is normal then equality holds
throughout (10) and (11). A proof of the Weyl inequalities (3) is
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now immediate. The first follows from (10) and the subsequent
ones from (11). Since 7;.(4) = r(C.(4)) we will say that C,(4),
1 < m < n, is decomposably spectral if

D"l cre 7\’ml = Td(Cm(A)) .

M. Goldberg, E. Tadmor and G. Zwas [2] have shown that if |)\,| =
coe =N > [ Ngpu| = +-- = |\, | then A is spectral iff A is unitarily
similar to a matrix of the form 7 4 B where

Ay O Ngt1 *
(12a) T = ", ) , B = .
O N O N
and
(12b) (B) £ [\ .

THEOREM 1 (Gohberg and Krein). Equality holds in (3) for
k=1, ..., n tff A is normal.

We include a proof of this theorem based on properties of the
Grassmann algebra which suggests a proof of the following stronger
result:

THEOREM 2. For each m =1, --+, n
(13) Ny oo e Al S 7U(C(A)), m=1, -, m.

Equality kolds in (18) for m =1, -+, n off A is normal. Equivalently,
the largest absolute value taken on by an m-square principal subde-
terminant in any wnitary transform of A is at least |N, +-+ \,|,
m =1, -+, n. This largest absolute value is equal to |\, +++ N, | for
m=1 -+, n iff A is normal.

We will also investigate the case of equality in a single one of
the inequalities in (13).

THEOREM 3. Assume that A has s eigenvalues of maximum
modulus, s > m:

|)“1| = = Ik'sl > l)“s+ll = e = })"n] .
Then C,(A) is decomposably spectral iff A is spectral.

3. Proofs and examples.

Proof of Theorem 1. Clearly if A is normal then |\, -+ \,] =
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a(A)---ay(A), k=1, ---, n. Suppose now that |\, -+« N;| = a(4)}---
a(A), k=1, ---,n. By Schur’s theorem we may assume
N, *
A= .. .
O N
Let
{)"1] = e 2 ]MI >0= I>"t+1l = = |>"n! ’
for some ¢, 1 <¢ < n. We have
(AA%), = M+ [apl + o0 + [l
= ai(4) .
Since |\,| = @(4) we must have a;,, = 0,7 % 1 and
A(x) = N8y .

(A, is the first row of A, i.e., the n-tuple (a,, ---, @,,).) Applying
this argument to C,(4),1 < m =< n, we have

(14) A
Assume now that we have shown
(15) Ay=Nept=1 - k-1, kE=Zt.
Then
Ap A -+ A Ay =Ny ooe Nt A\ co0 A€y A ()\,kek +i=%1a“ei>

(16) )
=M A At M s S me A Al Aey).

Since the representation of A, A --- A Ay with respect to the basis
E* is unique and since A, -+ )\, %= 0, (14) and (16) imply a,, = 0,7 =
E+1,---,n. We have

A= diag(M, "'7>\’t)+B

where

B=| "
O 0

However, |\, ++« Ny | = @(4) - - - @,,(A) implies that
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at+1(A) =.-=a,4)=0.
Thus AA*, and hence A4, has rank ¢ so that B=10,_,. Thus A is
normal.

Proof of Theorem 2. If A is normal then obviously equality
holds in (13) for m =1, ---, n. Conversely, assume that (18) is
equality, m = 1, --., n. Without loss of generality we can assume

Ny *
A= .
O N
Suppose there exists an a,, ¢ #+ 1, such that a, is nonzero. Then
from (9),

LT R EYIN

0 N

so that by the Elliptical Range Theorem a,, = 0 and
Ay = Ne, .

Let

Ml Z e 2 ] > 0= ] = oee = 0,
for some ¢,1 < ¢t < %, and suppose we have shown that
Ay=Ne,t=1,- k-1, k<t
Let 1 <7 =% — k and consider the function

6(“! /U) = (Ck(A)e1 /\ e /\ ek—-l /\ (uek + ’Ue]H_,.) y
e N e Aey A (ue, + veyy,))
where |u* + |v|* = 1. Then

e(u, v)
k+r )
= <>\’1 e )"k—1<u>‘1ke1 Nces Nep Ne, + vgkai,lﬂ—rel N ANe N ei) ’
17 )
WA e Al Aot e A A e A e )

=N Mn{[ WP A+ VB g (VN

Let
C = F\'k a’k,k-{-r:l .
0 )’k+r
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If a4, # 0 then from the Elliptical Range Theorem 7(C) > |\, i.e.,
there exist w and v, |u|* + |v[* = 1, such that the expression in curly
brackets on the right side of (17) has absolute value greater than
[Ni|. Since A, - -+ A,_, is nonzero we conclude that |e(u, v)| > |\, <« N,
But e(u, v) is a value of the quadratic form associated with C,(4) on
a decomposable tensor of unit length, and thus it follows that
r{C(4)) > [N, =+« Ny|. Therefore a4y, = 0,7 =1, -+, n — k and thus

A=diag(\ -+ 2) + B
where
0 *
B=| -
O 0
Next assume a,,,, # 0 for some 2 > ¢ + 1. Thenthe (1, ---, ¢, ¢ + 1),
@, ---,¢t, 1) element of Cy, ,(4A)is N, « -+ M@y, = 0. Letting 2 be the

decomposable unit tensor 1V 2(e;, A *++ AN e Népy + e A= ANe,Ney)
we have

(Cz+1(A)xAy xh) = %(7\’1 AR AN VAN PRVAN <a/t+1,iet+1 +j;t+2ajzea‘> ’

€N\ e Ne, Ne, +e N\ - /\et/\ei>
1
—2“7"1 cv e Nlhyy g

=0.

But then 7,(C,, . (A)) = 1/2[ Ny »  * Mi@iyyyi] > [ Mo+ Mehgys | =0, contradicting
the assumption that (13) is equality for m = ¢ + 1. Thus

A(t+1) =0.
Suppose that we have shown
A(t+fr) :0’7.: 1, ""k—— 1.

If there exists an element ;.. % > t + k, which is nonzero we see
that the (1,---,¢, t+k), (1,---, t, %) element of C,,,(A)is Ny« + Nyllyps,; 70
Leta" =1/ 2(e, A -+ A€, A e+ 6, A = A& Ae)eG,, and note
that

(Ct+1(A)xA’ z") = %)\'1 co e Nylhyig,

#0,

contradicting the fact that r,(C,,,(4))=0. We conclude that B=0,_,
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and hence that A4 is normal.

Proof of Theorem 8. Once again we may assume that
Ny *
A = ) * . ’
O N,

so that C,(A) is also upper triangular. Let a¢¢@,. 7€@,., and
assume Y>a, i.e., ¥ follows @ in the lexicographic ordering. Moreover
suppose that |anv|=m — 1,i.e., Ima and Im~v overlap in m — 1
places. Then if |s|* + |¢]* = 1, se} + te} € G, and
(18) [(Ca(A)(sel + tep), sed +tef)| = [Ny v Npl s

[(C(A)(sel + te}), sed + tel)| = |8 Cu(A)n,x + 8tC(A), .4

+ t8C(A)s,r + [LFCu(A);,;
= |8\ + E8D(Y) + LN, ,

where p(7) = C,(4)..r;

HCa(A)(ser + tep), sex + te))| = [\

3 |
[+ 00 + (8]
where |\;| = |»| and ¢ # 0. From (18) we have

|13+ () + [215

=l

Applying the Elliptical Range Theorem to the matrix

o w_)}
c
0

tells us that unless p(v) = 0 there exists an s and ¢, |s|* + |¢]> =1,
for which |[s|®\; + £5/ep(Y) + |¢]®n;] > [N,]. Thus

Cu(l)y; =0 if aeQ,,v>a, and |aNv| =m—1.

The elements of row a of C,(4) are the Plicker coordinates of the
decomposable tensor A,; A --- A A.m and therefore satisfy the
quadratic Pliicker relations:

(19) p(@)p(7) = é} pals, t: p(1t, s:a]), s=1,---,m.

For v>a,lanv|=m —1, we have seen that p(¥)=0. Let
Y>a, lanY|#=m —1. Pick s in (19) so that a(s)¢Im 7. Then
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lafs, t:Y]Na| = m — 1 so that the first factor in each summand of
(19) is zero. Since P(@) = Ay *** Moty = 0 We have p(7) = 0, i.e.,

(20) (Cm(A))a,T = 0: ac Qm,ss a i v .
From (20),
Auy A =20 A Asimy = Natn *** NatmrCainr N 220 A Caim 5

which in turn implies the equality of the subspaces spanned by the
two sets of vectors, i.e.,

(21) <Aa(1)’ tt Aa(m)> = <ea(1)’ AR ea(m)>, ac Qm,s

((zy +++, ,> means the linear span of z, ---, %,). Since s > m, for
each t€{l, ---, s} there exist sequences «, -+, @, €Q,., such that
fil=Nk.Ime,;. If acQ,, then each a(?)e{l, ---,s},i =1, -+, m,

so that there exist sequences «,, ---, a,, such that {a(7)} = N7, Im «;.
Therefore,

Azx(i) € QL <Aaj(1)’ Ty Aaj(m)> = 1()1 <ea_7-(1)y ) eaj(m)>, (from (21))
= {Car)) »
Hence A = T + B where

Nopr ™
T= dla'g ()\’ly Tty )"s)r B =
A

Finally, suppose there exists u € C* ¢, ||%||=1, such that |(Bu, w)|>[\,].
Let

xi:ei,i:ly”'ym'—ly

meO'{-%: (O’ "',0, W1y "'7un-—s) .
Then
A O
(Co(d)ar, @) = |det| T
# ooo % (Bu, %)
= [Ny oo Mpy(Bu, w)|
> I)"L"')‘-'m| ’

contradicting the hypothesis that C,(A) is decomposably spectral.
Therefore 7(B) =< |»,| and by (12), A is spectral.
To prove the converse, observe that r,(C,(4)) = |\ |™ Suppose
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74C,(A)) > |\ ™. Then there exists 2" € G,, such that
|Cu(A)x, )| > [N [™

Without loss of generality we can assume z,, ---, x,, are o.n. Let
Ue, = z,7=1, ---, U unitary, and compute that

[(Co(A)z", 2M)| = [(Cal(U*AU)e, N\ o+ A lmyer A\ <o A )l
= |detU*AU[L, +++, m|1, ---, m]| .

Letting B=U*AU|[L, ---, m|1, ---, m], we have
|det B > [\,

so that B has an eigenvalue X satisfying |X| > |\,|. There exists a
unitary m-square V for which

A
V*BV = : *
O *
Let W=V + I,_,, and note that

X
. .

O *

WHU* AUW = | i

* _—

Let X =UW; X, the first column of X, is a unit vector and

[(AX®, XV)| = [(X*AX),|
=X >N
But this contradicts the fact that »(A) = |n,|. Therefore, r,(C.(4)) =
[ ™

In the second part of Theorem 3 the hypothesis s = m is necessary.
For, let

S o O

and note that

%(@(A){el Aesteheh{eAe+ene)=1>r=0.
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Also the hypothesis s > m in the first part of Theorem 3 is necessary
as the following examples illustrate:

1 07
A=10 1 of,
0 0 0
o0 0]
C(A) =10 0 0};
10 0 0

then 74Cy(A)) = 1 = A\, but r(4) = r(\:(l) ﬂ) > 1;

11 17
A=lo L o
5
o o o
%00_
Cy(4) = ;
2(4) 0 0 0
Lo o ol

then 74(Cy(A4)) = 1/2 = A, but r(4) = r([(l) 11/2]> > 1. Also observe

that although Theorem 3 implies that if C,(4) is spectral, m <s,
then A is spectral, the converse is false. For example, let

100

.10 2 2
A=|0 1 0+|:0 0:|—i—[g OJ'
0 01

Then 7(A4) =1 but r(CfA)) = 7'([2 8]) — 2 so that C,(4) is not
spectral.
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