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Let A be a finite set of integers {a, a, -, a;} and
{(possibly) co. Let X be a nonempty closed subset of CU{oo},
the field of complex numbers together with co, under the
topology of the Riemann sphere. Suppose that X is sym-
metric with respect to the field of real numbers R(i.e. if z€ X
then z € X) and disjoint from A. We are interested in the fol-
lowing two problems:

I. Under what conditions do there exist, for each neigh-
borhood N of X, infinitely many algebraic numbers 6 such
that 1/(0—a,), 1/(0—ay), * - -, 1/(0—a,) are algebraic integers and,
if coc A, 6 is itself an algebraic integer, such that all of the
(algebraic) conjugates of ¢ lie in N?

II. If X has empty interior and connected complement,
then the polynomials are dense in the ring of continuous
functions of X. What is the uniform closure of the poly-
nomials with integral coefficients in 1/(x—a,), 1/(x—as), - -,
1/(x—a,;), and if o€ A, x itself?

Problem I was investigated by Raphael Robinson [10]; however
instead of requiring the 1/(@ — a;) to be algebraic integers, he
required that the b,/(6 — a;) be algebraic integers, where the b, are
integers satisfying (a; — a;)| b, for each j #4. Our methods are similar
to those of Robinson; there are, however, significant differences.

Throughout the remainder of this paper, A will denote a non-
empty finite set consisting of real numbers a, a, ---,a;, and
(possibly) «. We assume that |a, —a;] =1 if ¢+ 5. In §§2, 3,4,
we shall assume that the a, are integers. If o« € A4, we shall some-
times denote it by a@,, By a symmetric closed (SC) A-set X, we
shall mean a nonempty closed subset of the Riemann sphere, sym-
metric with respect to the z-axis, satisfying AN X = @.

If P(z) is a polynomial, we shall denote the leading coefficient
of P(z) by P(c).

1. Classification of SC A-sets. A rational function with real
coefficients ®(z) is said to be an A-function if it is regular except
possibly for poles at @, A. Such a function can be written uniquely
in the form P(z)/D(z) where P(z) is a polynomial, D(z)=1]'-.(z—a,)"
where the »,=0 and P(e;)#0 when r, >0, for1<:=1. If
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co ¢ A put = X!_,7, while if € 4, put »= max(deg P(2), 3}\., ;) and
ro=r—S_r,. Thus, in either case, r is the number of poles (counting
multiplicity) of ®(z). We call {r, r, -+, 7} (or if €A, {r, r, 7,
«++, 7)) the degree sequence of ¢(z) (with respect to A). We shall
say that the A-function ®(z) is an upper A-function if all », are
positive and |P(a)] = 1 for each ac A. (Recall that by our conven-
tion P(e0) is the leading coefficient of P(z).) We shall say that the
A-function @(z) is a lower A-function if all », are positive and
0<|P(@)] £1for all ac A. We shall say that the A-function @(2)
is a mormal A-function if it is both upper and lower; i.e. if all 7,
are positive and |P(a)| =1 for all ac A. We say that the A-func-
tion @(z) is an integral A-function if P(z) has integral coefficients.
An SC A-set X is said to be A-small if there exists an upper
A-function @(z) with ||®||y < 1. (Here and throughout || ||y denotes
the sup norm over X.) The set X is said to be A-large if for each
neighborhood N of X there exists a lower A-function ®(z) satisfying
{z:19(z)| =1} c N and XcC{z:{®(2)| < 1}. Note that if A = {c}
then an A-small set is simply a set with transfinite diameter <1
and an A-large set is one with transfinite diameter =1[3, Theorem IJ.

THEOREM 1.1. Suppose A’ is a non-empty subset of A. No SC
A-set X is both A-large and A'-small.

Proof. Suppose X is both A-large and A'-small. Let f(z) be
an upper A’-function with o = ||f(2)|lx <1. Choose ¢ satisfying
p <o <1l The set N, = {z:|f(2)| < o} is an open neighborhood of
X. Since X is A-large there exists a lower A-function g(z) such
that {z: |g(z)| = 1} © N,. Then, for any z, [¢g(z)| = 1 implies | ()| <
0 < 1. Now suppose that o« € A; the proof is similar and simpler
if «¢A. Let {r,r, -+, 7} be the degree sequence of f (with
respect to A) and let {s, s, -+, s;} be the degree sequence of g¢.
Clearly all s, are > 0. Choose h so that »,/s, = max; (7;/s;); r, is
>0. Put g¢,(2) = g(z)+ and fi(z) = f(2)’*. The degree sequence of
fi 18 Z(componentwise) the degree sequence of g,, with equality at
the 2*" component. Put wu(z) = fi(2)/9.(2); u(z) is regular for all z
for which ¢,(z) = 0; in particular w(z) is regular in D={z:|g,(z)|>1}.
On |g,(z)| = 1, the boundary of D, |f.(z)| < *+» < 1, hence |u(2)| <1;
by the maximum principal this holds for all z€D. But at z=a, e D,
|u(z)} = 1, since f,(2) is an upper A’-function and ¢,(z) is a lower
A-function. This contradiction completes the proof.

(The author would like to thank the referee for providing this
elegant short proof; the original was much longer and more com-
plicated.) We shall need the following.
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LEMMA 1.2, Suppose B = (B;;) is a matrix with real entries
whose off-diagonal elements are nonnegative. Then either (a) there
exists a monzero wvector x = 0 such that Bx =0, or else (b) B 1is
invertible and B~ 15 < 0.

Proof. Choose ¢ so that B + p¢I is = 0 and let A be the largest
eigenvalue of B+ p¢l. By an extension of the Perron-Frobenius
Theorem [4, Chapter XIII, Theorem 3, p. 66}, —B'=(ul—(B+uI))™
exists if # >\ and when that is so is =0, while if g <\, then
B + I has a nonnegative eigenvector x satisfying (B + pl)xr = \x
or Bx =\ — )z = 0.

The following is closely related to the main result of § 4 of [11].

THEOREM 1.3. Let X be an SC A-set. Then either X is A-
large or there exists a monempty subset A’ of A such that X is
A-small. If X is A-large then for every mneighborhood N of X
there exists a normal A-function @(z) and BR>1 such that {{z: |@(z)|=
R} N} and Xc{z:|9()|} < R. Finally, if all finite a,c¢ A are
rational, we may choose P(z) so that its numerator has rational
coefficients.

Proof. We shall prove this when < € A. The case when ¢ A4
is simpler. The complement of X in the Riemann sphere is a union
of components. Let C,C,C, ---,C, be those components which
have a nonempty intersection with A, and suppose they are num-
bered so that «~eC, Put 4,=ANC, and put I, = {i:a,€C,}.
Denote by X, the complement of C, (in the Riemann sphere). Let
N, be a neighborhood of X, disjoint from A. Suppose that «; € A4,.
By Theorem G of [3], there exist polynomials f;(z) with real coefii-
cients such that

. o s AU — e <1t 5> 0
X,C (1) < 1 |
(2) fl 1 £0e = 0) | S BN, i 5> 0]

l{z: | f(2)| = 1} C N,

Since each N, N A is empty, |fia;)| > 1 and |f.(1/(a; — a;))| > 1 for
all #>0 and 7 k. By replacing each f; by a positive integral
power of itself, if necessary, we may assume that the f; all have
the same degree, say d, and that d >1[1. We are going to construct
a function @(z) of the form
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(8) P(2) = f@" T Fi(ll(z = as))
+ 5 I Fitite = a)

where here, and throughout this proof, I; = I, — {0}

. We can write
®(z) in the form

ole) = —LE&
I (2 — a;)"i

’

where P(z) is a polynomial of degree d(t, +t, + --- + t), and is
explicitly given by

(4)  PR) =S II [(z — a))F(1/(z — a))] I (z — a;)"i

JE€I,

+ 3 11 1 — )il — )]

. j]é]lk(z — a;)% .,
Then
P(o0) = fieo)® _H,fj(O)tf ,
P(a)) = fila) 11 ,[(ai — a;)'fi(/(a; — a;))]"
i

xf(eo)i T1 (@ — e it iely,

P(a,) = J_g [(a; — a;)'fi(L/(a; — a;)]
Gt
X fi(o0)tie HI (a; — a;))* if i1el, k+0.
Put

/800 = lOg lfo(oo)] ’
g, = {log\fj(0)| if jeIé}
oo it jel)’
B, = {IOg‘fo(ai)l if iGIS} .
Tl o it 4e¢l)’
if 4, 7 > 0 then put

log [f(e=)]| if i=17

log [(a; — a))'f(1(a; —a;))| if t~7, ©#+7J
Bia’ = [ }
log [(a; — a;)*| if iy
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Here 7 ~ j means 7 and j are in the same I, and ¢ 4 7 means that
this is not so. Since |a;, —a;| =1 if 2% 7, 2, J > 0, we see that
if ¢+ j then B,; = 0; moreover if A lies in the one component C,

and 7 # J, B;; > 0. We have that
4

(5) log | P(a)| = 3, Bust; -
o

We now apply Lemma 1.2 to the matrix B = (8;;). If case (a)
holds, then there exist real ¢, ¢, ---, ¢ = 0, not all 0, such that all
of the sums >; B,;t; are = 0. Let A’ be the union of those A, for
which there exist jeI, such that ¢; > 0. Put I' = {i:a;€ A’}. By
replacing each f, by \f;,, where A > 1 is small enough that (1) and
(2) are still satisfied, we increase B;; when ¢ ~ j. Hence if i eI,
we increase at least one coefficient of a positive ¢; in the linear
form ¥;B.;t;, Thus we may assume that the linear forms X; 8.it;
are positive when ¢cI’. By modifying the positive ¢; for which
j eI’ slightly to make them positive rationals and then multiplying
through by a common denominator, we may assume the t; are posi-
tive integers, and 3, 8,;t; > 0 when 1¢I’. We can multiply the ¢;
by such a large positive integer that if ¢ e I,, 10, then | f,(1/(z —a,))"]
iIs <1/(s+ 1) for all ze X, and is >1 for all z outside of N,.
Similarly we will have |fi(2)| < 1/(s + 1) for ze X, and |f(2)*]| > 1
for z¢ N,. Now, construct ¢ as in (3) substituting A’ for A and
using the same N, and f;. Then @ is an upper A’-function and it
is easy to see that X C {z: |@(2)| < 1} so that X is A’-small.

Next suppose that case (b) of Lemma 1.2 holds. Then B < 0.

Put
(6) t:(to, Ly "':tl)*:B_l(—lr —‘1; ) _1)*‘
Then 3;8,t; = — 1 and each component ¢; of ¢ is > 0, for clearly

t; =0 and if ¢; = 0, then the j*® row of B~ would be 0, which is
not possible. There is a unique polynomial g,(z) of degree <1 —1
such that 2z? + g(2) =0 for z = a,, a,, +-+, @;. Since d > the poly-
nomial fi(2) + 0,(z% + g,(2)) has leading coefficient fi(=<) + 0, and takes
the same values at z = a, a,, -+, a; as f(2). Thus replacing f,(z) by
Jo(2) + 0,(#* + ¢o(2)) would change B, but none of the other B,. If
0, is small enough then (1) and (2) would remain satisfied. Similar
comments apply to f, f, -+, fi;. Thus there exists ¢ > 0 such that
each f; can be modified in such a way that B, is unchanged if
1 # j, while B;; varies over an interval of length 2¢, and at the
same time (1) and (2) remain valid. Choose positive rational ¢; so
close to ¢;, 0 < j <1, that |3\, 8,:(t; — t)/t}]| < e for 0 <3 = 1.
Now put 8.; = B,; if 1 # j and choose B;; so that >\_, Bi;t; = —1
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for 0<1=<1. Then |8, — Bul=|2k0Bult; —t)/ti| <efor0=i =1L
Now modify the f; slightly so that the B,; are replaced by the 5.;
and the t, by the &, still preserving (1) and (2). Thus, after this
replacement we may assume that the ¢, are all positive rational
numbers. Now multiply the ¢; by such a large positive integer =
that they become integers and such that if i€l 70, then
| f(1/(z — a,))] is <1/(s + 1) for ze X, and >2 for z ¢ N,. Similarly
If@)ie is <1/(s + 1) for ze X, and >2 for z¢N,. Then ¢ as
defined in (3) is a lower A-function and all of the |P(a;)| are equal
to 1/e*. By replacing @ by ®* we obtain a lower A-function @
with P(a;) = 1/ for 0 < j < [. For z¢ N, all but one of the terms
in (3) have absolute value <1/(s + 1) while the remaining term has
value >2. Thus |@(2)| is >1 outside of each N,. If zeX,
however, then each term in (8) has absolute value <1/(s + 1) and
[@(z)| < 1. Let Y be the union of X and those components of the
complement of X which are disjoint from A4; i.e., Y is obtained from
X by filling in those holes which contain no a,. If N is any neigh-
borhood of X, then there exist neighborhoods N, of X, such that
N: N, cNUY. The @, as modified above and corresponding to this
choice of the N, is lower, X C {z: |®(z)| < 1}, and {z: |®(2)| = 1}CN.
Thus X is A-large. Then @,(2) = @(2)¢™ is A-normal and X C
{z:12(2)| < €} and {z: [@,(2)| = ¢} C N.

Finally, suppose the a, are rational, and ®.(z) = P(z)/D(z); then
Pa;)=1, 041 =1. We can choose a polynomial C(z) of degree
<deg (P(z)) — ! and with arbitrarily small coefficients such that
Pfz) = P(2) + C(2) TI.-. (z — a,) has all coefficients of terms of degree
=1 rational. Since Py(a;) =1, 0 <1 <, the remaining coefficients
are rational. If C(z) is small enough then @,(z) = P,z)/D(z) meets
the requirements of the theorem.

REMARK 1.4. The A’ in the above theorem is a union of some
of the A,. In particular if all a, lie in one component of the com-
plement of X, then either X is A-large or X is A-small.

We shall need the following theorem in §4.
THEOREM 1.5. A finite SC A-set X is A-small.

Proof. By standard interpolation theory results, there exists a
monic polynomial P which vanishes at each element of X and is 1
at each finite element of A. We may choose P to have degree
=l + 1, and then ¢(2) = P(2)/II'=: (# — a;) is a normal A-function
which has absolute value <1 on X.
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THEOREM 1.6. If X s an A-small set, then there exists a
normal A-function (2) such that ||@p(z)|ly < 1.

Proof. We shall prove this in the case when « ¢ A. The case
when «~ ¢ A is simpler. By definition there exists an upper A-func-
tion Q(z)/D(2) such that || Q(z)/D(2)||x<1. Suppose D(z)=]]}-. (z—a;)"i.
Since z and each of the functions 1/(z — a;) is bounded on X, there
exists an integer » =1 so large that [Q(z)*/D(2)* ||y < 1/(l + 1)
and ||Q(2)"/((z — a;)%D(z)" )y <1/l + 1) for 1 £ j =1. Now put

P@) = @D() + X ;D@ — 4 )"

where the «; will be chosen later. Then P(e)=a,Q(0)* and P(a;)=
&, [1s: (@, — a;)iQ(a,;)". Thus there exist unique choices for the a;
so that P(e«) =1 and all P(a;) =1, and the «; will have absolute
value <1. Put @(z) = P(2)/D(2)"; »(z) is a normal A-function and

19@) s < || - 11Q@ DE"
+ 3ol - Q@Y= — a)iDE) x
<1.

If N(z) is a nonconstant polynomial, then any power series u(z)
can be written uniquely in the form

Wz) = 3 e NG

where the c¢,(z2) are polynomials of degree < deg (N(z)). This is the
special case, A = {c}, of the next lemma. To extend to general
sets A, we must replace N(z) by a rational function which has poles
at each a,€ 4, and allow the c¢,(z) to be rational functions with
poles of bounded order at each a;€ A. In the following lemma,
N(z) is replaced by N(z)/D(z) and the c,(z) by the ¢,(z)/D(z).

LEMMA 1.7. Suppose « € A and D(z) = [[i-.(z — a,)"* where the
7, are >0. Suppose N(2) is a polynomial, relatively prime to D(z),
of degree r = '_,r, where r, ts >0. If u(z) s an A-function
satisfying w(a,) = 0, 0 = ¢ < r, we can write uniquely

wz) = 35 AN E)/D)™

where n is the least integer =0 such that

—orde u(z) = (v + 1)1, — 1
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and
—ord,, u(z) = (n + L)r, for 14151

and where the c(z) are polynomials of degree <r and c,(z) is not 0.

Suppose = ¢ A and D(z) = [, (z — a,), where the r, are >0.
Suppose N(z) is a polynomial, relatively prime to D(z) and of
degree <r = 3\, r.. If w(z) is an A-function satisfying u(a;) # 0,
175 r and vanishing at o, we can write, uwniquely,

w2) = 33 e(AIN @)D"

where n is the least integer =0 such that
—ord,, u(z) = (» + Dr; for 1L=i=1;
and where the c(z) are polynomials of degree < r, and ¢, (z) is not 0.
Proof. We give the proof for the case ¢4, and it is by
induction on n. The result is clear when n = 0, for then D(z)u(z)
is a polynomial of degree <. If n =1, choose the polynomial
c(z) of degree <r and =wu(z)D(2) (mod N(z)); then the polynomial

D(2)"(u(2)D(z) — c(2)) is divisible by N(z). Note that this is the
unique choice for ¢,(z). Then

—ord. (u(2)D(2) — ¢(2))/N(z) < nr, — 1
and
—ord,, (w(z)D(2) — c(z))/N(z) = nr;

for 1 £ ¢ <1. Thus, inductively, we have, uniquely,

(e) — @DENTE = 5 el 2

and then

wz) = 3, e (HNEDE™ .

LEMMA 1.8. Suppose «c A and X is an SC A-set. Suppose
9(2) = P(2)/D(z) s a normal A-function where D(z) = []'-, (z — a,)"
and P(z) has degree r = >/t r,.. Put = |g)||{". Then there
exists M > 0 and for each integer n =0 an A-function 6,(2) such
that when 0,(z) 1s erxpanded according to Lemma 1.7, with N(z) =
20 D(z) + 1,
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0.() = 3, dANR)DE)"

then m =1rs+t, where 0 <t <7, d(z) is a monic polynomial of
degree i, |10,(2)|lx < MA", and [0,(2)| < M|g(2)[""™'" when [g(2)| > 1.

Suppose ¢ A and X is an SC A-set. Suppose g(z) = P(z)/D(z)
18 a normal A-fumction where D(z) = []i.. (z — a,)"* and P(z) has
degree <r =3} .r. Put »=]|9g@)]|¥. Then there exists M >0
and for each integer m =0 an A-function 6,(2) such that when
0,(2) is expanded according to Lemma 1.7, using N(z) =1,

0,(2) = 3 d@)/ D),

then n=1rs+t where 0 =t <r and d,(2) is a monic polynomial
of degree t, ||0.(2)||x < MA", and |0,(2)| < M |g(2)|""'" when | g(2)|>1.

Proof. Suppose first that - € A. Expand ¢(z)™ by Lemma 1.7:
9" = X cl2)N(2)*/D(2)""" .

It is easy to verify that c.(z) = D(2), hence is monic of degree
=1 7. Then g(z)™ will serve for 6,,,,--,, The functions

2 ro—1
zﬁ(m+1)r—r07 Z 6(m+1)r—fro’ R 0 6(m+1)r~—ro

will serve for O nr—rgrtr Oimivr—rorer ** %y Omenr—1, respectively. The
functions Oumisr—ry/(2 — @2), Omsnyr—ry/(@ — @) =+ ¢y Otminr—ry(2)/(2 — @)
will serve £Or 6, 1)r—ry—1y Oimiir—rg—2s** *y Oimsvyr—ro—r,» respectively. Con-
tinuing in this way, dividing next by (¢ — @)z — a,), then
(z —a)(z —a,)? -+-, and so forth will give the remaining functions.
Since all of the functions z, 1/(z — a,), -- -, 1/(z — a;) are bounded on X
and 27/g(z), 1/((z — a)g(z)), ---, 1/((z — a,)"'9(z)) are bounded when
|g(z)| > 1, there exists M >0 as required for the Lemma. If ¢ A,
use the above procedure with », = 0, omitting 2z and 27/g(z) when
defining M.

2. Classification of A-sets—Integral A. In this and succeeding
sections we assume that the a,c€ A are integers and strengthen the
results of §1.

THEOREM 2.1. If X 1is A-small there exists an integral, normal
A-function p(z) such that ||p(z)|y < 1.

Proof. We give the proof in the case that « € A. There exists
an A-normal function P(z)/D(z), where D(z) = II-,(z — a,)" and
|| P(2)/D(z)|lx < 1. Suppose P(z) has degree r = 3_,r, and put
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N(z) = 2°D(z) + 1. Choose m > 0. For any = > m, the function
(P()/D)"A + 1/((z — a)(z — ay)---(z — @;))) is A-normal and by
Lemma 1.7 can be written in the form >.2, ¢{”(2)N(2)//D(z)'*'. It is
easy to verify that c¢®(z) = D(z)(1 + 1/((z — a)(z — @) - (2 — a)))).
We can successively add ¢0,._.(2), €0,,_A2), -+, €ur_mOn(2), Where
the 6,(z) are the functions defined in Lemma 1.8 and the ¢; are real
numbers in the interval [—1/2, 1/2), so as to obtain a function

(7) ha(2) = 3, di"(2)N (@) Diz)

where d™(z) = ¢(z) and dP(z), dir(z), ---, d™(2) have integral
coefficients. Furthermore, with M and )\ as defined in Lemma 1.8,

Hha(2) )l < M"||P(2)/D@) % + MO 4 N5 A eee 4 W) <MINY

where M’ = ||(1 +1/((z — a)(z — @)+ - - (z—0,))) ||x and M" = max (M, M)
/(1 —A). We can choose m so large that M\ < 1/3. For each
n > m, we obtain such a function %,(z) and in the expansion (7), all
of the di{"(z), except those with 7 < m, have integral coefficients.
We can find n, > n, > m so that all of the coefficients of the di"'(z)—
di"'(z), for 0 <1< m — 1, are extremely small modulo 1.

When this is the case put @(z) = 32, ¢, (2)N(z)'/D(2)""* where
¢,(z) is the polynomial with integral coefficients nearest to d\"?(z) —
d{*'(z); here we put d{"'(z) =0 when 7 >n,. If », and n, were
chosen appropriately, ¢(z) will satisfy |[@(z)|lx < 1 and since ¢,,(2)=
A+ 1/((z — a )z — ay)---(z2 — a;)))D(z), ¢(2) is normal.

THEOREM 2.2. Suppose X is A-large. Then for each neighbor-
hood N of X there exists an integral normal A-function @(z) and
an integer S > 1 such that {z: |@(2)| = S}C N and X C{z:|p(z)|<S}

Proof. We give the proof for the case that « € A. By Theorem
1.3, there exists a normal A-function g(z) with rational coefficients
and B > 1 such that {z:]g()| = R}C N and X {2:{g(z)| < R}. We
can write g¢(2) = N(2)/D(z) + ¢(2)/(hD(z)) where, as usual, D(z) =
[Mi.(z — a)%, N(z)=2°D@R)+1, r=3/,7, ¢(2) is a polynomial
of degree < r with integral coefficients satisfying c¢(a,) = 0 for ¢ <
1 <1, and h is a positive integer. We can write

o = (N + ey /D)
=S N ( ;) joen

n
)

+ 3 N(z)”-ic(z)f( ) JoDeyy
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where m < % will be chosen later in this proof.

When the first sum is written as a rational function in z with
denominator IXz)", each coefficient of a power of z in the numerator
will be a polynomial in % with rational coefficients. Since the poly-

nomial (?) in n is divisible by » for each 7 > 0, the numerator

polynomial will have integral coefficients when n is divisible by a
certain fixed integer m,.

Since ¢(z) has degree < 7, the second sum has a pole at o of
order =< (n—m)r+ m(r — 1) — n(r — r,) = nr,—m. Since c¢(z) vanishes
at each a;, the second sum has a pole at a, of order < nr, — m.
By Lemma 1.7, the second sum can be written in the form

302N () /D)

where & is the least integer = 0 satisfying
E+1=n— (m— 1)/r
E+1=zn—mjr; 12451,

Put j = (k + 1)r — 1. Let 6,2), 6.(2), 6,z), --- be the functions con-
structed in Lemma 1.8 using P(z)/D(z) = g(z). By adding succes-
sively e;0;(2), €;_.0;_,(2), --- where the ¢, are chosen appropriately
from the interval [—1/2, 1/2), to g(z)* we obtain an integral normal
A-function f,(z). Choose R, and R, close to B with 1< R, <R<R,
such that Xc{z:|g(z)| < B} and {z2: R, <|g(z)] < R} N. Then
J.(z) differs from g(z)* in the set {z: R, <|g(z)|} by less than
Mig)|(19()"" + [g(=)|“7/" + +-+ + 1) or by less than M’ [g(z)[**?"
where M’ = M/(R!” — 1). Hence if n/j is large enough, f.(z) does
not vanish when |g,(2)| = R,. Similarly, if |g(z)| < R,, then f,(2)
differs from g¢g(z)* by <M"Ri{'". Thus by the maximal principal, if
l9(2)| 2 Ry, |/u(2)| =2 (1 — 0)B; and if |g(2)| = R, |fu(2)| = (1 + O)EY,
where 6 > 0 can be made arbitrarily close to 0 by choosing m large.
If »n is large enough and divisible by #n, there will be an integer S
in the interval ((1 + 6)R?, (1 — 9)Ry); putting @(z) = f,(2) completes
the proof.

3. A-integers. An algebraic number ¢ is said to be an A-inte-
ger if 1/(0 — a;) is an algebraic integer for each a¢,€¢ A and ¢ is an
algebraic integer if o ¢ A.

LEmMMA 3.1. If ¢(z) = P(2)/D(z) is an integral normal A-func-
tion and 0 is a complex number such that o(0) = « is an algebraic
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integer, then 0 is an A-integer.

Proof. The polynomial P(z) — aD(z) has algebraic integer coeffi-
cients and is satisfied by 6. If o € 4, then this polynomial is monic
of degree r and hence ¢ is an algebraic integer. Since P(a,) —
aD(a;) = P(a,) = 1, the polynomial with algebraic integer coefficients
satisfied by 1/(6 — ;) is monic and 1/(¢ — «,) is an algebraic integer.

LEMMA 3.2. If @(z) is an integral A-function and 6 is an
A-integer then p(6) is an algebraic integer.

Proof. We first show that the ring generated by the functions
1, 1/(z — a), 1/(z — ay), -+, 1/(z — a;), and if ~ € A, the function z,
contains all integral A-functions. This is clear if o € A, so suppose
¢ A. Suppose P(z)/D(z) is an integral A-function, D(z) = X\,
(z—a,)% and r = >, r,. We proceed by induction on r. If » =0,
the result is clear. Otherwise some 7, say 7, is >0. Then
P(2)/D(z) = (P(z) — P(a,))/D(z) + P(a,)/D(z). Clearly P(a,)/D(z) is in
the ring and since (z — a,) | (P(z) — P(a.)), (P(z) — P(a,))/D(z) is in
the ring by induction. Since each 1/(8 — a,) is an algebraic integer
and if « €4, 0 is an algebraic integer, (d) is an algebraic integer.

We now give the basic results of this section.

THEOREM 3.3. Let X be a set which is not A-large. Then there
exists a netghborhood of X which contains only finitely many com-
plete conjugate sets of A-integers.

Proof. By Theorems 1.3 and 2.1, A contains a nonempty subset
A’ for which there exists an integral A’-function ¢(z) such that
o)y < 1. Pnt N={z:|9(z)| <1}. If {4, 6, +--, 0,}is a complete
conjugate set of A-integers contained in N, then {@(4,), ¢(4.), ---,
o(0.)} is a sequence of algebraic integers, consisting of repetitions
of a complete conjugate set. Since each ¢@(6,) has absolute value
<1, the norm of each is <1, hence 0. Thus each @(4;) =0 and so
the total number of 4, is <r, the degree of the numerator of @(z).

THEOREM 3.4. Let X be an A-large set. Then every meighbor-
hood N of X contains infinitely many complete sets of conjugate
A-integers.

Proof. Let N be a neighborhood of X. By Theorem 2.2 there
exists an integral normal A-function @(2) and an integer S > 1 such
that {z:|9p(2)| = S} N. The solutions to ¢(z)" = S™ lie in N and
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by Lemma 3.1 are A-integers.

It is probable that if X is an A-large subset of R then every
real neighborhood of X contains infinitely many complete sets of
conjugate A-integers. In the case A = {} and X is a finite union
of closed intervals in R this was shown by Robinson in [7] and [8],
and in the case X is a closed interval and A = {0, 0} this was shown
by Robinson in [9].

4. Approximation. Let X be an SC set with empty interior
and such that each component of the complement of X in C contains
an element of A. A complex valued function f on X is called sym-
metric if f(Z) = f(x) for all x€¢ X. We shall denote the ring of
continuous symmetric functions on X by C,(X). A theorem of
Mergelyan [6, Theorem 2.3] asserts that the A-functions are dense,
in the uniform norm, in C(X). We are interested in investigating
the uniform closure of the integral A-functions in C,(X). For the
case A = {«} see [1] and [5]. If Y is an SC subset of X, we shall
say that the symmetric function f is matchable on Y if there exists
an integral A-function p such that p(y) = f(y) for all ye Y and we
shall say that f is approximable on Y if for each & > 0 there
exists an integral A-function p such that [[p — flly < e.

THEOREM 4.1. If X 1s A-large then the integral A-functions
form a closed discrete subset of Cy(X).

Proof. Suppose ¢, and ¢, are integral A-functions with
o, — @ulle < 1. If @, # @, then @, — @, is an upper A'-function
for some nonempty A’ < A. But this implies that X is A’-small,
contradicting Theorem 1.1.

Now define J(X, A) to be the union of the complete sets of
conjugate A-integers contained in X. Note that if X is not A-large
then, by Theorem 3.3, J(X, A) is finite.

THEOREM 4.2. If X 1s A’-small for some non-empty A’ C A and
each component of the complement of X contains an element of A’
then feC,(X) is approximable on X if and only if it is matchable
on J(X, A).

Proof. First observe that if ¢ is an integral A-function which
satisfies |p(x)] <1 for each zeJ(X, A), then ¢(x) =0 for each
xeJ(X, A). Indeed J(X, A) is the disjoint union of complete sets
of conjugate A-integers. Let z, x,, ---, x. be one such complete set.
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Then J]7-; ¢(x;) is a rational integer with absolute value <1. Hence
the product is 0, and so at least one of the o(zx;) = 0, and since they
are conjugate they are all 0, and ¢ vanishes on J(X, 4). Now
suppose [ is approximable on X and that ||p», — fllr < 1/2 and
llp, — fllx <1/2. Then ||p, — v.|lx <1. By what we proved above
p(x) = px) for all xeJ(X, A). Since ||p, — f||x can be chosen
arbitrarily small, it follows that f(x) = p,(2) for all x J(X, A); hence
that f is matchable on J(X, A).

Assume o« € A’. The proof is similar when « ¢ A’. Since X is
A’-small, there exists a normal integral A’-function @ with ||@||z<1.
Let K be the (finite) set of those zeros of ¢ contained in X. Since
lelly <1, |p(x)] <1 for all xeJ(X, A) and hence @ vanishes on
J(X, A). Thus J(X, A)C K.

Let m be a positive integer. By a standard extension of the
Stone-Weierstrass theorem, the closed ideal generated by o™ in
C,(X) consists of all functions g€ C,(X) vanishing on K. By our
assumption about X, the A’-functions are dense in C,(X). Thus if
€ >0 and g€ C,(X) vanishes on K, there exists an A’-function A(x)
such that ||@(x)"k(z) — g(z)||x < ¢. By Lemma 1.7, we can write

P()"h(@) = 3, (h(@)/ Dep(ay ,

where D(x) = [T, (x — a,)" is the denominator of ¢(x) with A’ =
{ay, @y, ++ -, a;}, and where the h,(x) are polynomials of degree < »'=

orie Put M= 3V5'||2'/D(®)|ly. If HJ(x) is the polynomial
obtained from h,x) by replacing each coefficient of h,(x) with its
integral part, it is immediate that ||(h,(x) — H(2))/D(z)||x < M. Put
o(x) = 2 (Hx)/D(2))p(x); p(x) is an integral A-function and

12() — Pa)"h@) | = M 3 (@)l

and hence

Hg(@) — p(@)||x < ¢ + M- ||p@) {12/ — [lp)]lx) .

Thus if m is sufficiently large, [[g(x) — p(x)|ly < 2¢ and hence g is
approximable on X. We have just shown that if g vanishes on K
then g is approximable on X. If ¢>0 and geC,S) satisfies
llgllx < e, then it is easy to find g,€Cy(X) vanishing on K and
satisfying |lg — ¢,]lx < 2. It is immediate that if ¢ is approxi-
mable on K then it is approximable on X. Thus we must show
that if ¢ is matchable on J(X, A) it is approximable on K. By
replacing g by g — » where p is an appropriate integral A-function,
we may assume that ¢ vanishes on J(X, A). Now we must show
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that if ¢ vanishes on J(X, 4), then it is approximable on K. Choose
fe K —J(X, A). Let 6=26,86, ---, 0, be the conjugates of # which
are contained in K. Since 6¢J(X, A), either § is not an A-integer
or § has a conjugate outside of X. Suppose first that 6 is not an
A-integer. By Theorem 1.5, the set {4, 0, ---, 6,} is A-small and
hence there exists a normal, integral A-function p such that
[p(8;)] <1 for 1 £4 < m. Since 6 is not an A-integer, none of the
»(6,) are 0. Next suppose that at least one conjugate is outside of
X. Since m is less than the degree d of ¢, there exist, by
Minkowski’s Theorem on linear forms, integers b, b, -, b,_, not
all 0 such that |>9250;0i| <1 for 1=<i=<m. If p(x) = >425b;%’
then p(6,) # 0, for the degree of p(x) is less than the degree of 6.
Thus in either case p(x) is an integral A-function with 0 < |p(6,)] <1
for 1 £ 7= m.

By replacing » by p*k where n is a large enough integer and
kh 1s an appropriate integral A-function, we may assume in addition
that p vanishes on all elements of K not conjugate to 4. Let
i Dy ***, D, be the funections obtained for each set of conjugate A-
integers in K~ J(X, A). If » is large enough, o=p7 + pr+---+p7
will satisfy 0<|@(x)] <1 for ze K — J(X, A) and o(x) =0 for
xeJ(X, A). By the earlier part of the proof applied to K instead
of X, any function in C,(K) which vanishes on J(X, A) is approxi-
mable on K. By the earlier comments, the proof is complete.

We now give a characterization of J(X, A4).

THEOREM 4.3. Suppose X s A'-small for some mnonempty
A’ A and that each component of the complement of X contains
an element of A'. There exists an integral A-function @ such that
He(®)|] <1 and the zeros of @ in X form the set J(X, A).

Proof. Let q(x) be an integral A-function whose zeros are the
elements of J(X, A). Choose hecC,(X) satisfying, for all ze€ X: (1)
Ihllz =1; (2) h(z) =1 if gq(x) = 0; (3) |A(x)| < 1/2[q(®)]) if |q(x)| >
1/2; (4) R(z) = 0. Such an A is matchable by 1 on J(X, A), hence
is approximable on X. Any sufficiently good approximation, say,
the integral A-function g, satisfies, for all xe X, Q) |lgll £ 3/2; (2)
l9(x)| < 2/(3g(®)]) if [g(x)! > 1/2; (8) g(x) # 0. Put » = gg to com-
plete the proof.
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