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ON FINITE REGULAR RINGS

RoBERT E. HARTWIG AND JIANG LuH

Several new properties are derived for von Neumann
finite rings. A comparison is made of the properties of von
Neumann finite regular rings and unit regular rings, and
necessary and sufficient conditions are given for a matrix
ring over a regular ring to be respectively von Neumann
finite or unit regular. The converse of a theorem of Henriksen
is proven, namely that if R,.x,, the n X n matrix ring over
ring R, is unit regular, then so is the ring R. It is shown
that if R.., is finite regular then ¢ € R is unit regular if and
only if there is z< R such that R = aR + x(a°), where a°
denotes the right annihilator of ¢ in R.

1. Introduction. In [13], Henriksen posed the question whether
a finite regular ring is unit regular. This was subsequently proven
in part by Ehrlich [4] for a particular class of regular rings. An
example of finite regular rings which are not unit regular was recently
given by Bergman (1974) (see Handelman [8]). In his paper [8],
Handelman showed that a regular ring R is unit regular if and only
if, for any finitely generated projective right R-modules A4, B, and
C,APB=A®@C implies B=C. He also characterized unit regular rings
by perspectivity on the lattices of their principal right ideals. The
purpose of this paper, however, is to characterize finite regular rings
and to compare their properties with unit regular rings. Some of
the results of the theory of generalized inverses [1] are used to show
that in a regular ring, the properties of finiteness and unit-regularity
each correspond to a suitable cancellation law for principal ideals.
These cancellation laws are closely related to the substitution property
of Fuchs [5], and the cancellation law of Ehrlich [4]. We shall use
a result by Vidav [15] to show that if the matrix ring R,., is unit
regular then so is ring R. Let us begin by defining our concepts
and by stating some useful general results. A ring R is called
regular if for all a € R, there is a solution ¢~ € R to the equation
axa = a. The element a~ is called as inner or l-inverse of a [1].
Similarly, any solution to axa = a, zax = x is called a reflexive or
1 — 2 inverse of ¢, and will be denoted by a*. For example, a aa"
is always such a solution. An element a € R is said to have a group
inverse a*e R if it is a group member, i.e., a belongs to some mul-
tiplicative group of R. Necessary and sufficient conditions for a* to
exist are that ¢’R = aR, Ra* = Ra, or axa = a, xax = x, ax = xa, for
some 2 € R [10]. A regular ring R with unity is called unit regular
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[3] if every a € R has a unit inner inverse a” € R. R is called von
Neumann or Dedekind finite, finite for short, if it contains a unity
1 and ab = 1=ba = 1. It is easily seen that unit-regular rings are
finite. An idempotent ¢ = ec R is said to be finite if eRe is finite.
The ring of » X » matrices over R will be denoted by R,.,, while
R™ denotes the free module of % X 1 columns over R. Isomorphisms
will be denoted by =, similarity by ~, and internal and external
direct sums by 4+ and € respectively. As usual, the right and left
annihilator of ¢ will be denoted by a° = {xe€R; ax = 0} and °e =
{x e R; xa = 0} respectively, while the Jacobson radical is given by
_#Z (R). Throughout this paper all rings are assumed to have unity 1.

For two idempotents ¢, f € R, ¢ ~ f means that ¢ = pp, f = Pp
for some pceRf and P € fRe, while ¢ < f denotes the well-known
[14] ordering for compatible idempotents defined by e = ef = fe, or
equivalently by eRe & fRf.

We shall make continued use of the following facts which hold
for idempotents ¢ and f in any ring R with unity [14].

(i) e~ f—=—¢eR = fR as right R-modules
—= Re = Rf as left R-modules.
1) (ii) e~ f=—e~fandl—e~1-F1
(iii) eR=fR=—cen~f.
(iv) e = pfq, p, q invertible — e ~ f.

In addition we shall use the result that

LEMMA 1. If R is a ring, and A, B, C, D are matrices in R, ..,
then the following are equivalent inm pairs.

(@) (i) AR,..®® BR,.,=CR,,.,®D DR,.. as R, ,-modules.
(ii) AR BR" = CR"® DR" as R-modules.

®) (i) AR,.,+ BR,.,=CR,., + DR,., as R,.,-modules.
(ii) AR"+ BR" = CR" 4+ DR" as R-modules.

Indeed, if ¢[§‘;ﬂ = 9{‘3]){' + q{%}l’ is the given isomorphism in (a7)
then the mapping ¥, given by

) =0 oL

will be a desired isomorphism for («ii), while conversely if X[By] =

X[‘g]x + x[g—ly is the isomorphism given by (ai¢) then the map ¢

defined by
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A[xly Sty xn] Axl Axn
¢ — X y "ty X
Bly, * -+, Y.l By, By,
is one of the desired R,,, isomorphisms for (at¢). Similar maps can

be defined for case (8). In particular, if & and F are idempotents
in R,.., then

(1.2) E~F—ER,,=FR,,— ER"= FR".

In addition, if for example,E = [81 60] and F = [‘gl JQJ then

(13) E~F— [:g } = Eﬂ — e¢RPeR=fRDSfR.

The dual result for left modules is obvious. Lastly, we note that
in any ring R,

(1.4) aR =bR— Ra = Rb.

Indeed, if ax = b and a = by, then the mapping ra — raz is a desired

isomorphism. Let us now turn to some useful results concerning
finite rings.

2. Finite rings.

THEOREM 1. Let R be a ring with unity 1 and suppose that e
and f are arbitrary idempotents in R. The following are equivalent.

(i) R is finite

(ii) eRS fR,e~ f—¢R = fR.
(iii) Re<S Rf,e~ f— Re= Rf.
(iv) e~1l=—e=1.

(2.1)

Proof. (i)=(ii). Let eR<S fR and e~ f. Thene = feande¢ =
2P, f = pp for some p€eRf, D € fRe.
Consider now

r=Pp+QL-fl—-e=0+1-fy=p+ 1 —e)1 - )
=p+1l—e—f+ef.
Then 2y = 1 and hence, since R is finite, y = &7
But now fy=fp+f —fe—f + fef =fp—e+efefeRf +

¢R =e¢Rf +e¢R ZeR. Thus fceRy™* =¢eR and so fR=¢R. We
may again replace ¢ ~ f by either ¢eR = fR or Re = Rf.

(ii) = (iv). Let e ~ 1l and eR & R. By (ii), ¢R = R, which implies
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that 1 = ex for some %, or ¢ = ¢x = 1.

(iv)=(i). Let ab =1 and set ¢ = ba = ¢*. Then ¢ ~ 1, because
e=pp,1 =pPp where p=>b and p = a. In fact, pceRl = baR as
p="0ab=">0 and pclRe = Rba as P = aba = a. Hence by (iii) e =1
and so ba = 1 as desired. Part (iii) follows by left-right symmetry.

REMARKS 1. The last part should be compared with the result
of Vidav [15], and Fuchs [5], which states that a regular ring is
unit regular if and only if e ~ f = e~ f.

2. The second part is best possible in that neither ¢ nor f may
fail to be idempotent. Indeed, if R is finite then aR = R = aR = R,
as seen from the example of the ring of integers with ¢« = 2. On
the other hand, a ring R with the property that aR=R=aR = R
must be finite, yet need not be regular as seen from the following
counterexample.

ExAMPLE 1. Let R, = [{f g}, where R = R is the real field.

Then clearly R, is not regular since l:g (ﬂ [8’ lc’] [g (1)]:[8 8] Suppose
a Z;]Rlle. We claim that [g ﬂRl:Rl. Let ¢: [g Z]Rl—»

. . . '10]_ ([abd _
R, denote the given isomorphism such that {_0 1= ¢< 0 ¢ X )=
g{a b]. Now a’ # 0 since o’ = 0 would imply that

R

. 0V N[1O]_[10][1L0]_Tf10 .
while ¢<[0 C'D [0 0:\ = [0 1} [0 J = [0 0]. Next we claim that

¢ #0. For if ¢ =0, then ¢<[g' %}[8 ~ 3]) = ¢[8 g] — 0, while

¢([8, 2:])[8 _Z:J = [8 _3'} which implies that @’ = 0, a contradic-

14
tion. Thus o’ # 0 # ¢ and g o is invertible. Hence

now that [

a b a b
R, = R, C JRl C R,
0 ¢ 0 ¢

as desired.

COROLLARY 1. If R is finite ring and if & = ec R, then the
corner ring eRe is also finite.
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Proof. Suppose that (eae)(ebe) = ¢. Then e¢R = e¢aeR and Re =
Rebe. Hence Reae= Rebe(eae) and thus by (1.4) eR = eaeR = ebe(eae) RS
¢R, ensuring by Theorem 1, that ¢R = (ebe)eaeR. This implies that
e = ebe(eae), as desired. We may consequently order the compatible
idempotents with the usual partial ordering relation “<”. The
following corollary is equivalent to the one above.

COROLLARY 2. If R is a finite ring and B is a subring with
unity, then B is finite.

Proof. Let R be a finite ring and let B be a subring of R with
unity e. Suppose that xz,yeB and 2y =e. If f = yx= f° then
(Fef W fyf) = f and thus since fRf is finite by Corollary 1, it follows
that y*® = fyf(fef) = yxz. On premultiplication by z and post-
multiplication by y this yields yx = eyxe = e. It is obvious that
Corollary 2 implies Corollary 1. It should be noted here, that the
latter result can also be proven directly, as pointed out to us by
the referee.

COROLLARY 3. If R is a finite ring and ¢ = ec R, then the
centralizer C, = {x € R|xe = ex} is finite.

COROLLARY 4. If R is a finite ring and ¢ = ec R, then eae is
a unit in eRe if and only if eaeR = eR.

Proof. If eaecebe = ¢ then clearly eR = eacR. Conversely, if
eR = eaeR, then for some «¢€ R, eaex = ¢ = (eae)exe. Since eRe is
finite, it follows that ¢ = exe(eae) implying that eae is a unit in eRe.

We remark that this also follows from the fact that the maximal
subgroup H, containing ¢ is the group of units in eRe and that
H, ={xeR; xR = eR, Rz = Re}. Finiteness shows that eaeR = ¢R =
Re = Reae.

We next obtain as a corollary the result by Kaplansky [14] p.
11, which says that an idempotent e¢ finite if it is not equivalent to
a smaller idempotent.

COROLLARY 5. Let R be a ring and and let e, f be idempotents
in R suchk that fRf is finite. Then

eRe S fRf,e ~f=—=¢= f.

Proof. Since ¢ =ef = fe, eRf = f(eRf)Z fRf. Now eRf and
JRf are isomorphic as right fRf-modules, since the map erfi— perf,
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with e = pp, f = Pp, peeRf = e(fRf)f, Dc fRe = f(fRf)e, is an
example of such an isomorphism. Hence by Theorem 1, eRf = fRYf,
which ensures that f = exf for some z or ¢ = ¢f = f as desired.

We remark that if R is a unit regular ring then eRe = R —
eRe = R, as seen from the example where R = [[Z, R, R, = D(a
division ring) and ¢ = (0,1,1, ---). The following is a partial converse
to Corollary 1.

ProposiTION 0 (Savage). If R is a ring with unity 1 such that
fRf is finite for every idempotent element f + 1, then R is finite.

Proof. Replace B by R and ¢ by 1 in the proof of Corollary 2.

PROPOSITION 1. Suppose R is a ring with unity 1 and let _Z (R)
denote its Jacobson radical. Then R is finite exvactly when R|_Z (R)

is finite.

Proof. =: Suppose we denote B/_#Z(R) by R and the elements
from R by @, b etc. Let @b = 1. Thenl — abe £ (R), implying that
1— (1 — ab)l = ab is a unit. That is abe = 1 = cab for some ¢. Since
R is finite it follows that bca = 1 and so (6&)@ = 1. Hence @ has left
and right inverses and thus is a unit with (@)™ = b.

—: Conversely, suppose R is finite and that ¢b = 1. Then
@b=1—=ba=1=1—bac_#Z(R). And so 1 — (1 —ba)l =0ba is a
unit in R implying that bac = 1 = cba for some c¢c R. Hence ¢ has
left and right inverses and thus is a unit with inverse b = a™*. This
result should be contrasted with the fact that R/_# (R) may be
unit regular without R being regular (cf. [5], Lemma). Indeed, if R
is any nonsemisimple Artinian ring, then R cannot be regular while
R/_Z(R) is semisimple Artinian and hence unit regular.

Finiteness is closely related to the existence of group and Drazin
inverses of the elements in R [2], [10]. We recall that the left (right)
index Ua)(r(a)) of a € R is the smallest value of p(q) for which a**'R =
a’R(Ra"™ = Ra"), and that if both are finite, they have to be equal,
[2]. This common value is called the index i(a) of . A ring is
called strongly n-regular if every a in R possesses a Drazin inverse.
Now « has a group inverse o' in R exactly when i(a) = 0 or 1 that
is exactly when ¢’R = aR and Ra® = Re or when axa = a, 2xaz = %
and ax = xa for some xzcR. The following is a generalization of
the concept of finiteness.

We say that a ring R satisfies property (k, ) where k and [ are
nonnegative integers if, for a € R, ¢*"'R = "R = Ra'** = Ra'!. Clearly
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all strongly z-regular rings satisfy this property [2].

ProposITION 2. Let R be a ring with unity 1. Suppose R
satisfies property (k, 1) for some nonnegative integers k and l. Then
R is finite.

Proof. This follows immediately from the fact that if ab=1
then i(a) = r(a) = l(a) = 0.

It is unknown if the converse is true in general, but we shall
see shortly that this is the case for subrings of finite regular rings.

Presently we do have the following result dealing with the ring
[(I)B g] This ring will be used repeatedly as a source of examples
and counter examples.

PROPOSITION 3. Let R be a ring with unity and let R, = [f)% g]

Then

(i) R s finite 1if and only if R, is finite

(ii) of R has property (1,1) then so does R,, in which case
both R and R, are finite.

Proof. Since part (i) is easily established we turn to (ii). Suppose
that M = [g’ ,ﬁ, X =[g ﬂ and M*X=M. Equating entries shows that

(2.3) (i) wa=wu
(ii) wd=w
(iii) w’c + (uv + vw)d = v .

Since R has property (1, 1), u*R = uR = Ru® = Ru and thus u exists.
Similarly w*e R. Hence

wuu? = 4 and wd = wwd = whw .
Then multiplying (2.8)-iii through on the left by wu* yields
2.4) w’e + uvd + untvrwtw = wutv .

Substracting this from (2.3)-iii gives

(2.5) A — wuhv@d — ww*) =0.
This, however, is exactly thg consistency condition needed for M to have
a group inverse: M* = g wﬂ’ where ¢ = —ufvw? + (1 — uu*)ow® +

w?v(1 — ww?), satisfying MM*M = M, M*MM* = M* and MM* = M*!*M.
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It is clear that M*e R,. For semi-simple rings the first part of this
proposition may be proven with aid of Proposition 1. It is not known
if the (k, 1) property is inherited by R,...

3. Finite regular rings. Let us first give a couple of preliminary
observations for regular rings.

PROPOSITION 4. Let R be a regular ring and let a, b € R.
(3.1) (i) Ra=Rb— aR =bR
(ii) If o= and a= are two imner inverses of a, then

ad” ~aa~,aa~a a1l —ar  ~1—aa~, and 1 —aa~1—a a.

Proof. (i) Let Ra = Rb. Then Ra*a = Rb*b and so a*a ~ b*b.
Hence aa = pp, b'b = pp for some peataRb'd = ¢™Rb, and P€
b*bRa‘ta = b"Ra. If we set ¢ = apb™ and § = bpa’, then clearly
94 = aa™, §g = bb*, while gcaRb™ and §ebRa*. Thus aR = aa*R =
bb*R = bR. The converse follows by symmetry.

(ii) Clearly a¢ R = aa™R, Ra"a = Ra~a and o' = (1 — a @)R =
(1—-a"a)R,’e =Rl — aa”) = R — aa”).

If RS(A) and CS(A) denote the row-space and column space of
a matrix A respectively [1], then we have:

COROLLARY 6. For rectangular matrixes over a regular ring R,
RS(A) = RS(B) — CS(4A) = CS(B) .

For future reference we add the following.

ProPOSITION 5. In a regular ring R,

3.2) (i) abR=aR=—="bNRa=0)——bR+(1—aa)R=R
' (ii) Rab=Rb == a°NbR=(0)== Ra+ R(1—-0b")=R.
Proof. First we 1ecall that abR = aR = °(ab) = ‘a. Now let
z€°b N Ra, that is 2b = 0 and «# = ya for some y € B. Thus if abR =
aR, then 0 = 2b = yab=0 = ya = x. If we now write b6 N Ra =
bN°1 —aa)="0bR + 1 —aa)R) then °bN Ra = (0) = bR +
(l1—-aa)R=R. It is obvious that the latter implies abR = aR.
Symmetry now yields the second result.

THEOREM 2. Let R be a regular ring with unity 1 and let a,
b, ¢ be elements of R. Suppose that I and J are right ideals in R.
The following are equivalent.
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(i) R is finite
(ii) aR < bR together with aR = bR or Ra = Rb—=— aR = bR

(iii) IS bR, I =DbR —— I =0bR
(iv) IS J, I=J,J complemented = J=J
(v) I=zR — =R
8.3) (vi) eR=R == aR =R
(vil) aR@I=cR,cR < aR = ] = (0)
(viil) aREDOR = aR =—b=0
. e 0] e 0
() [o fJN[O OJ — /=0
(x) aR + bR = aR =b=0

(xi) Ra* = Ra*"' = a*R = a*"'R for some k = 0.

An analogous and equivalent result holds for left ideals.

Proof. (i)=(ii): Let ¢ = aa™ and f = bb*. Then e~ f and
e¢eR < fR. By Theorem 1 ¢R = fR and so aR = bR.

(ii) = (iii): Since I = bR = I = aR for some a € R, the result is
clear.

(ili) = (iv): Any complemented one-sided ideal is principal in a
ring with unity. ’

(iv) = (v): Take J = R in (iv).

(v) = (vi): Clear with aR = I.

(vi) = (i): If ab=1 then Rb=R=bR=R. By (vi)bR=R, implying
that b is a unit with a as inverse.

(ii)=(vii): Let ¢: aR@D I—¢R be the isomorphism. Then ¢(a, 0)=
cx for some € R, ¢(0, I) = I, € ¢R and ¢(aR, 0) = cxR. Hence aR =
cxR < aR and so by (iii) aR =ctR<S cR< aR. Now I, =aRNI =
ceR N I, = ¢(aR, 0) N ¢(0, I) = g[(aR, 0) N (0, I)] = 4(0, 0) = (0). Hence
I=1 =(0) and so I = (0) as desired.

(vii) = (viii): Trivial.

(viii) = (ix): By (1-3) [g 19] ~ [3 8] — ¢R@ fR = ¢R and hence
setting ¢ = aa™ and f = bb* yields the desired equivalence.

(viii) = (x): External cancellation laws always imply the corre-
sponding internal cancellation laws since the directness of the sum
aR 4 bR implies that aR 4 bR = aR P bR.

(x)=(): Let ¢ =e¢, then eR = R = ¢R + (1 — ¢)R implies by
(x) that e = 1, ensuring by Theorem 1 that R is finite.

(ii) = (xi): If Ra* = Ra*** then a*R = o*"'R < a*R and hence
a*R = a**"'R guaranteeing that (a*)* exists.

(xi) = (i): This was shown in Proposition 2.
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The left analogue follow by left-right symmetry.

COROLLARY 7. Ower a finite regular ring aR 2 RP R, and
aR = aR @ aR tmplies a = 0. In particular R #% RP R.

REMARK. In Example 2 we shall see that the isomorphic inclusion
law for right ideals:

(3.4) ICg I=J—I=1J,

will not be true in general in a finite regular ring, if J is not a
principal ideal.

PROPOSITION 6. Let R be a finite regular ring. Then
(i) aR < baR = aR = baR and Ra = Rba
(ili) Ra S Rab= Ra = Rab and aR = abR.

Proof. (i). aR S baR=a=ba(ba) 'a= Ra= Rba(ba) a S Ra(ba) a &
Ra. Hence by Proposition 4, aR = a(ba)*aR < aR and thus again
by (8.3) aR = a(ba)taR = baR = ba(ba) aR = aR. Lastly, Rba = Ra 2
Rba and so by (3.3) Rba = Ra. Part (ii) follows by symmetry. We
note in passing that Proposition 5 applies and that, for example, in
(i) eR = b"aR, Ra = Rb"a for all n =1,2, ---.

COROLLARY 8. In a finite regular ring R
(i) aR S bacR = aR = bacR and Rac = Rbac.
(ii) Ra S Rcab = Ra = Rcab and caR = cabR.

PrOPOSITION 7. Let R be a subring of a finite regular ring R*
and let a € R. Then

aR = )R == Ra = Ra*.

Proof. Since aR = a*R, there exists z € R, such that ¢ = o’z and
80 aR* = a*R*. Now R* is finite regular and thus by (3.3) R*a = R*a?,
which implies that ¢ = ya® for some yc R*. Hence ya = y(a*x) =
(ya)x = ax € R. Now let b = ya = ax, then yb = yaxr = bxe R and
also ba = ya? = a. Thus (yb)a* = ya® = a or Ra* = Ra as desired.

COROLLARY 9. If R 1s a subring of a finite regular ring and
ac R, then

*"'R = a*R == Ra*™ = Ra* .

Proof. Since a*"'"R=a¢*R=a*R=0a*R, and R=a""'=Ra*= Ra* =
Ra*, we may apply Proposition 7 to a*.
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It is clear from Corollaries 1 and 3 and the identity eae[e(eae) eleae=
eae, that if R is finite regular, then so is the corner ring eRe, where
¢’ =e¢c R. This should be compared with the following result by
Kaplansky (unpublished), which states that eRe inherits the unit
regularity from a ring E. We add the proof for completeness. [W.
Desch, private communication].

ProrosiTION 8 (Kaplansky). Let R be a wnit regular ring and
e be an idempotent element in R. Then eRe is unit regular.

Proof. Let ere be an arbitrary element in eRe and w=(ere+1—e)”
be a unit. Since (1 — e)u(l —¢) =1 —¢, ereu(l — ¢) =0, (1 — e)uere =0,
eu(l—e)=u(l —e) — (1 —¢) and (1 — e)ue = (1 — e)(w — 1), we have
ere(e(u — u(l — e)u)e)ere = ere and e(u — w(l — e)u)e-eu'e = ¢ =
ewe-e(u — u(l — e)u)e.

Related to the corner ring is the following well-known result
which generalizes a result of [15].

PROPOSITION 9. Let M be a right unital A-modules where A is
a ring with unity 1, and let R = End,(M). If ¢ =¢cR and K =
End, (eM) then eRe = E.

It should be observed here with aid of Corollary 4, that if « is
a unit in a regular ring R and e = ¢*c€ R, then eue is a unit in eRe
exactly when (1 — e)u™(1 — ¢) is a unit in (1 — ¢)R(1l — ¢). Indeed,
from (8.2) we see that

3.5) eueR =eR——ue¢R + (1 —~¢)R=R=—¢R+u'(1—¢R=R
' —1l—-eu'(l—eR=(—eR.

4, Cancellation laws. We begin by defining four strong cancel-
lation laws for internal direct sums of principal right ideals. Let R
be a ring with unity and let a, b, ¢, d€ B. We define,

C*:. aR+ bR = cR + dR, aR = ¢R — bR = dR
C* aR -+ bR =c¢R+dR,aR = c¢cR—bR = dR
C: aR + bR =aR +dR == bR = dR
Ci*: aR + bR = aR = bR = (0).

There are two common ways of weakening these laws. We may
define for a fixed ge R,
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C3(g): aR + bR = gR = ¢R + dR, aR = cR — bR = dR
CMg): e¢R+ bR =gR =cR + dR,aR = ¢cR— bR = dR
Ci(g): aR bR =gR=aR +dR — - bR=dR
C¥(9): aR + bR = gR = aR = bR = (0),

and

7(9): aR+ bR =cR-+dR, aR = gR=cR—bR =dR
"(9): aR + bR = cR + dR, aR = gR = ¢R — bR = dR
C%(9): aR + bR = aR + dR, aR = gR = bR = dR
C(g9): aR + bR = aR, aR = gR — bR = (0).

These laws may be considered as local cancellation laws, specifying
a property of element a, or element g or be considered as a global
cancellation law, (holding for all a) specifying a property of the ring
R. The case g = 1, of course, being of special interest. For any
fixed g it is clear that locally, and hence globally, Ci* and C:» coincide,
while C%, =Ci2, = Ci» for k=0, 1, 2,3. Moreover,

(4.1) e cr cy G .

In fact, if Ci® holds and ¢:aR + bR —c¢R + dR is an isomorphism
then g(a)R + ¢(b)R = ¢R + dR, and so if aR = ¢R then ¢(a)R = cR
ensuring that bR = ¢(b)R = dR. Analogous implications hold for the
weaker cancellation laws.

We may similarly define the corresponding local or global cancel-
lation laws for external direct sums of principal right ideals:

*aRPOR = cRPAR, aR = ¢cR— bR = dR
Ci*:aRPOR = aRP AR, = bR = dR
C&.aRP IR = aR = bR = (0)

Ci¥(9): aRPDOR = gR = cRP dR, aR = ¢cR — bR = dR
C9):aRPOR = gR = aRP IR, = bR = dR
C¥g): aR P BR = gR = aR = bR = (0)
and
C(g): aRPOR = cRPdR, aR = gR = ¢cR — bR = dR
C(9):aRPOR = aR P dR, aR = gR == bR = dR
CZ(9): aREDOR = aR , aR = gR = bR = (0) .
We note that C:* and C¥ are trivial, while Cg* is impossible. Indeed,

if aRPOR=cR@PdAR then aR = cR and bR = dR. It is easily seen
that locally, and hence globally,
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(4.2) O — C* — G5,

with an analogous result for the weak external cancellation laws.
It is always true that the external cancellation laws imply the
corresponding internal cancellation laws, but the converse may not
be true in general. When R is regular we may of course replace
the ring elements in these laws by idempotents. By analogy to the
above, we may define local and global internal and external cancella-
tion laws for right ideals, and for right R-modules. For example,

= APB=ChHD A=C == B=0D,
M)A+ B=C+D, A=M=C—B=D

and
M):A+B=M=C+D,A=C—B=D.

The latter type of cancellation law was used by Ehrlich [4] and

reduces to CI'(1), when applied to complemented (and hence principal)
ideals in R.

If we consider (i"(M) as a condition on the module M then it is
implied by Fuchs’ substitution property for right R-modules, which
states that the right R-module M obeys the substitution property if

A+B=C+D and A=M=C,
implies that for suitable module E,
A+B=E+B=E+D.
Also, when considered as local conditions on A = M, it follows that
4.3) ((* == (M) 1=1,23.

Before turning to our main comparison between finite and unit
regular rings, let us first examine some of the interdependence
between the above cancellation laws. First, it is clear that each
cancellation law for modules implies the corresponding one for ideals
which in turn implies the one for principal ideals.

By analogy to the above, it is easily seen that for right R-modules

(44) Ei' R [:v. = Gi" ’

for internal as well as external cancellation laws for all possible 7.
Also,

(45) o bt — 1

and
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(4.6) bx = [~ — 5%,

with analogous implications for [, and (., and again {; and ;. being
identical.

As mentioned earlier the internal laws for, say (principal) ideals,
may not imply the corresponding external law. We do have however
that for modules,

(.47) R

with analogous results for (,, and (,.. It is exactly the equivalence
of the internal and external laws which appears naturally in the
study of regular rings. Lastly, if we take M = gR in the cancellation
laws (;, © = 1, 2, 3, then because of the much stronger condition we
may conclude that

(4.8) ((gR) = [ (9R) — Ci7(9) = Ci(9) ©=1,2,3.

Indeed if, say, ¢ = 1 all that is needed is that Ci*(g) = (F(g9R).

Therefore, let A@B=gR=C® D, A=C, where A, B, C, D
are right R-modules. If ¢: AP B— gR and +: C@ D — gR are the
isomorphism, then there is a€ 4, b€ B, such that ¢(a, 0) + ¢(0, b) =
#(a, b) = g and hence gR = ¢(a, 0)R + 4(0, )R with ¢(a, O)R = A,
#(0, )R = B. Likewise, there are ccC, d € D such that

gR = (¢, OR + (0, )R 4(c, OR = C, v(0, )R = D .

Since ¢(a, 0)R = (¢, )R, it follows by Ci’(g) that C = ¢(0, )R =
(0, d)R = D.

By analogy to the substitution property of [5] it can be shown
that the cancellation law (, is inherited by internal as well as external

direct sums of modules obeying these laws.
We have now arrived at the following relationship between
finiteness, unit regularity and these cancellation laws.

THEOREM 3. Let R be a regular ring with unity 1, and let e,
[t =1, 2 be idempotents in R.

(@) The following are equivalent.

1. R is unit regular.

2. Cx

LN ——y
4. Ci

5. CQ1)

6. Cir)

7. CF(Q)
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8. [F(R)
9. B(R).

(B) The following are equivalent.
R s finite.
CcE=

S
3

C(1)
Cs¥(1)
b (R)
v (R)

S Al o

Proof. («). (1)«=(2). This has been proven by Handelman [8].
Alternatively, the unit regularity of R,., could be used to prove this.

(2) = (3). This follows from (1.3) on rewriting C;* using idempo-
tents.

(2) = (4) = (5) = (6). This always holds.

(6) = (1). This follows from the result of Ehrlich [4] Theorem
2, which states that if R = End, (M) is a regular ring, where M is
a right A-module, and 1€ 4, then R is unit regular exactly when

M=A +H=A4,+K A=A, —H=K.

Since regular rings are faithful, this includes the cancellation law
(57 (R):

R=IL+J,=L+J,=],—J =J,

for complemented right ideals, which reduces to Ci*(1). An alternative
proof is obtained from Theorem 4 and Corollary 1 of [5]. Indeed,
if R/bR = R/dR and we pick a, ¢ such that aR + bR = R = ¢cR + dR,
then aR = ¢R. Hence by Ci*(1), bR = dR, which by Corollary 1 of
[5] ensures that R is unit regular.

The equivalence of the latter four parts was established in (4.8).

(B) The equivalence of (1)-(4) is contained in Theorem 2, while
the equivalence of (5)-(8) follows from (4.8). Lastly, if Ci* holds
and eR = R = ¢R-}+ (1 — ¢)R, then ¢ = 1 ensuring that R is finite.

REMARK. In his paper [8], Handelman actually showed that
unit regularity is equivalent to the external cancellation law [* for
finitely generated projective modules. It is an open question whether
finite regularity is equivalent to ([ for modules of this type.

We close this section with a counterexample showing that the
isomorphism inclusion law (3.4) as well as the external cancellation
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law [ may mot be valid for non-principal right ideals in a unit
regular ring.

ExAMPLE 2. Let R be a unit regular ring and let

S=<McR...;. M= id L AeR,.,,m=0h,

be the ring of all infinite matrices over R which consist of a direct

(d 0
sum of a finite matrix A and an infinite scalar matrix D = { d.

0 .
It is easily verified that S is again a unit regular ring. Now let

J = {Me S; M = [OA 8}, AeR, o= O}, be the ideal of all matrices

and [ = HJ, where

10---
in S that have zero tail and let a= | 0 0
0 “’ . .
w=|L’.
1 is the infinite row-shift matrix. Then I and J are

right ideals in S such that 7= J, I =J(as S-modules) I+J and aR +1 =
J, I=J, aR + (0).

5. Matrices over regular rings. In this section we shall give
necessary and sufficient conditions for the matrix ring R,,., to be
finite regular or unit regular. We shall need some preliminary results
dealing with 2 X 2 matrices over a regular ring R. If b = pagq, with
p and ¢ invertible, then the sets of reflexive inverses {b*}, {a'} are
related through {*} = ¢ {a*}p™*. Thus each reflexive inverse b* is
of the form g 'a*p~* for some a* c{a™}. Hence bb* = paa*p™ for some
@, but this is not necessarily true for all aa*. We do have, however,
that b = paq = bR = paR = bb"R = bR = aR = aa*R =bb" ~ aa™, for
all choices of a* and b*. It is this “decoupling” of the idempotent
bbt from aa™, this allows us to select suitable ™ and a* independently
from each other.

If M= [g cﬁ is an arbitrary matrix in the regular ring R,.,,

then it can be shown that [10] there exists a reflexive inverse M*
of M such that simultaneowsly
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L& 0 ar fi B ,
(5.1) MM ——[a eJ,MM—[O fz:‘

where

e, = aa” + uut(l — aat), ¢, = sst(1 — vv*) + Vot
fi=aTa + 1 — ata)v™, f, = wtu + (1 — utu)sts
a=(1—ssH)A — vvh)ba™ + zut(l — aa™)]

B =[ate + 1 — ata)v™2](1 — utu)(l — s*s)

(5.2)

and
%= (1—aa")e,v=>01—a’a),z=d—ba’c

with s = (1 — vv*)2(1 — u*u). In these expressions a* is arbitrary
but the same choice of a™ must be used throughtout. Moreover (5.1)-
(5.2) remain valid if (-)* is replaced by (-)~ throughout. Since MM™*
and M™M are triangular idempotents they are similar to diagonal
matrices. Indeed, for example

0 fuJ LO 1 0 £JL0 1 '

We thus may state

(5.3) [

PROPOSITION 10. If M = [g’ g] € R,.., where R is a regular ring,
then

0

(5.4) MR,,, z[el JRM
0 e

for suitable idempotents e, e, given by (5.2).

COROLLARY 10. If E* = EcR,,,, where R is a regular ring,
1
then E ~ l:(e)l (?J for swuitable idempotents e, and e, in R.
2

Because (5.1)-(5.3) also hold for matrices of the form M =
g ﬂ eR,.,, wWhere AecR,,, and DeR,,,, with p + ¢ = n, we may

extend these results by induction to R,,,. In particular, if M =
o

aic

--------- - |, where @ € R, b and ¢ are columns in R*™* and D& R(,_,xu_0)»
b D

then there exists an M* such that MM* ~ [8‘ E(') ] for suitable

1
idempotents ¢,c R and E, e R,_,x-n. Hence by Lemma 1, MR" =
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[%};3”—1] = e¢,RP KR, and so we may now repeat the reduction
1
with E,. By induction we obtain MR" =Z e R --- Pe,R for suitable

idempotents ¢, ¢ R,7 =1, --+, n, and thus we have

COROLLARY 11. If MeR,,,, where R is a regular ring, then

e, 0
€,
MR%X'IL —% Ran ’
0 €,
for suitable idempotents e;c R, ¢ =1, «--, n. In particular if E*=
e, O
EcR,., then E~| "- | for some ¢ =¢,€R,i=1, .-+ n.
0 e,

We now recall from Theorem 2, that if R is regular then R,,,
is finite regular if and only if MR,., = R,., = MR,,, = R,.,. So if
we let £ = MM* be given by (5.1), then ER,., = MR,,,= LR,,, where

I, is the identity matrix in R,.,. From (1.2) we see that this holds
exactly when [81 S]RZ = R? or

(5.5) eRPe,R=RDR.
Since R,., is regular exactly when R is, we have proven the following.
THEOREM 4. If R is a regular ring with unity 1, then R,., is
fintte if and only if for any two idempotents e, ¢, € R,
(5.6) eRPe,R=REPR=—¢,=¢=1.
It is well-known that finiteness for R,,, implies that of R. Let

us now examine the converse question for regular rings. We begin
by noting that

MX = I for some XeR,,, = MM = I for all M~
== MM™* = I for some M*,

and hence using (5.1)-(5.2) we see that

(5.7)

MX = I for some XeR,,, =— (1 —uu")(1 —aa™) =0,

.8
(5-8) A —sstH)L —ovvT) =0
while
(5.9) YM = I for some YeR,,, = (1 —ata)(l —v'v)=0,

1 —wutu)l —s's)=0.
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Thus R,., is finite if and only if these are equivalent. We shall
show now that if R is regular, then R,., will not be finite if there
exist elements @ and « in R, with ¢ not unit regular, such that

(5.10) R = aR + z(a°) .

We begin by noting that (5.8) and (5.9) are, with aid of regularity,
equivalent to

(i) uR=(@1 — aa*)R
(ii) sR=(@1 — vw")R
(iii) Rv = R(1 — a*a)
(iv) Rs =Rl — u*u).

(5.11)

Suppose we select ¢ =1,d =1 + ba*c and b = (1 — aa*)xz. Then
2z=1and v =1 — aa™ is idempotent so that (i) holds. Now if (5.10)
holds, then by (3.2)

(5.12) uR =1 —aa")R = (1 — aa™)2(l — a*a)R = vR.

Hence, by regularity (1 — vv*)u =0 so that s = (1 — v0*)(1 — u) =
1 — vv*, if we pick u* = w. It now follows that (ii) and (iv) also
hold. Indeed Rs = R(1 — vv") = v = *u = R(1 — u). Now consider
the last identity Rv = R(1 — a*a). This implies that

1—-aH)R=vR=(1 — a*a)R,

and so aa” ~ ata since always aa™ ~ ata. But the latter is locally
equivalent to @ being unit regular [12], which is excluded by assump-
tion. The structure of (5.10) should be compared with the represen-
tation B = aR + w(a®),  a unit which is equivalent to @ being unit
regular [12]. We note in passing that none of the “obvious” choices
for » seem to work. For example, x = 1 implies that a’R = aR,
which if R is finite, ensures that a* exists so that a is unit regular.
Let us now turn to unit regular rings.

THEOREM 5. If R 1s a regular ring with unity then R,., 18
um't regular exactly when for any idempotents e, ¢, f,, f,€R,

GLREB%R EfLR @sz — (1 - el)R@(l - 62)R

(5.13) =(1-fIRGL-1IR.

Proof. That (5.13) is necessary is an immediate consequence of
a result of Handelman (see [8, Theorem 2]).

Now suppose (5.13) holds, and that E* = E ~ F' = F* By (5.1)
there exist 1 — 2 inverses E*, F'* such that
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. e OJ PR [fl 0}
EEN[O ol Nofz.

Hence by (1.1)-ii,
1—e¢ 0 1-f 0 }
I - EE* ~ d I— FF*~ .
[ 0 1- 62:! an |: 0 1- fz
But now we may apply (3.1)-ii with £~ = F and E= = E* to show that
1—¢ 0 1-f 0 J
I—E~I—FEE"~ , I — F~ .
[ 0 1-— ej l: 0 1- fz
Consequently if E ~ F, then
fi 0
0 f
and so by (1.3) ¢, RPe,R = fL\RP f,R. Using (5.13) and (1.3) once

more yields [1 0 & 1 3 e |~ 1 _Of 1 — 7 | @s desired. This result
2

is easily seen to generalize to R,.,, With a1d of Corollary 8.

E&m::EEﬂ@wz[s e}%w_wj }Rwﬁzﬁﬂwu

COROLLARY 12. If R is unit regular then (5.13) holds.

We may also use Theorem 3a to characterize the unit regularity
of R,...

THEOREM 6. If R is a regular ring them R, is unit regular
if and only if for any idempotents e, fi 9;, h;€R, 1 =1, 2,

eRD e, RO RDSR =9RD g.RDhRODhR
(5.14) eRPe,R=g,RDg,R
= f1R@f2R;h1R@th-

Proof. By Theorem 3a, R,,, is unit regular if and only if for
all A, B, C, D€ R,,, such that
(5.15) AR,.,®D BR,., = CR,,,® DR,,, and AR,,,=CR,,,,

it follows that BR,., = DR,.,. Suppose now that (5.14) and (5.15)
hold. Then by (5.4) there exist e, f;, g, and %, 2 = 1, 2 such that

e, 0 0
AR, = [01 ) }Rm ~ [gi , ]Rm =~ CR,.,, and
2 2

(1 f10 Nglo hO
& %”®&ﬁ] :&g]m®&h}m'
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With aid of Lemma 1 this implies that ¢ R P e,R = g, R P ¢,R and
eRPeRPFRDSFR=gRP9g.RD MR D h,R. Hence by (5.14)
[g“ ]9 ]RZ = [6”1 hOJRZ which by Lemma 1 ensures that

fi 0 hy 0
-BRX E ZXZ; 2><2g 2% .
o [0 fJR {0 hJR Do

Conversely, if R,,, is unit regular, it suffices to take

e, 0 fi 0 g 0 hy 0
A: B: = e
[0 ej’ {o fj’ ¢ [O gj and D [0 h}

and apply Theorem 8« and Lemma 1.

REMARK. We may replace the idempotents in Theorem 6 by
arbitrary regular ring elements.

Our last result will be the converse of a theorem by Henriksen
[13].

THEOREM 7. If R,., ts unit-regular for some m = 1, then R is
unit regular.

Proof. It is well-known that if R,., is regular with identity
for some n =1, then so is R. So let e~ f with e= pp, f = pp

N e 071 _[» O079[9 071 _ pp
and peceRf,pe fRe. 'Then E—[O I,,,_j—[OI ][O In_J—PP

n—1

and F — [({ I,?_j - [%3 I:)-J [g L?—J = PP where PecER,..F =

[el,?f Z] and PeFR,. E = [f?Re Z} Hence E ~ F and so by the
unit regularity of R,.,, I — E ~ I — F. That is,

l—e 0], _[1-F OJR
0 0 nxXn — 0 0 nXn

as R,.,-modules, which implies by (1.2) that

{(1—6)13]:[1—6 O}Rn;[l-f OJRn :[(1—10)11
0 0 0 0 0 0

as R-modules.

Hence (1 — ¢) ~ (1 — f) as desired.

We remark that this result may also be obtained from Theorem
5 extended to R,.,, which is far less transparent however.

6. Conclusions. We have compared some of the properties of
finite regular and unit regular rings, and have shown that both are
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closely related to the study of generalised inverses on the one hand,
and a study of cancellation laws on the other. We have seen that
the finiteness property may often replace the concept of rank (ef.
Prop. 6) in matrix calculations, and that the finiteness of R,., de-
pends, for a regular ring on the existence of certain nonunit regular
elements.

It will be of interest to study the semigroup and subgroup
structure of finite regular and unit regular rings.

We conclude with several open problems.

1. If R is finite does a’R = aR = Ra* = Ra?

2. Does C™ imply regularity?

3. Does C* = C®* in arbitrary rings? If the answer to 2 is
affirmative, then the answer is yes.

4. Is a finite regular subring of a unit regular ring also unit
regular?

5. Is finite regularity equivalent to [5* for finitely generated
projective modules?

6. When does IS J,I = J=1=J for right ideals?

7. If R is finite regular can RP R = RP R P R as R-modules
hold?

8. Is the (k, l) property inherited by R,..?

9. What sort of finite regular ring satisfy Ci* or Cg?
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