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Let » be a positive integer. A trigonometric series T
of a single variable is said to be summable R, at 4, if the
series obtained by r times formally integrating T has an rth
symmetric derivative at 4,. For even values of 7, sum-
mability R, has been applied to double trigonometric series.
We study here summability E,, for odd values of r, for
double trigonometric series. We obtain a connection between
Bochner-Riesz summable series and series which are sum-
mable R,.

1. Let
(1.1) S 6t

—oo

be a trigonometric series of a single variable. Let » be a positive
integer. Suppose the series obtained by formally integrating (1.1)
r times
(1.2) coﬁ—r- + 3, _Cn_gin

rl  w=o(in)
converges to a function F(6) in a neighborhood of 64,<(0,27). We
will say that the series (1.1) is at 4, summable by the method R, to

sum s if F(f) has at 6, an rth symmetric derivative with value s.
That is, if = is even,

LiFG + 0+ FO.— ) =a,+ B+ . + i'tr + o(t")
r:

13 = 21

as t—0, and if » is odd,
A4 FUFO. +1) = FO. — ) = at + 8¢ + o + Lo+ oft),
! r!

as t—0.
The following result, see [8], p. 66, establishes a connection be-
tween summability (C, «) and summability B, for trigonometric series.

THEOREM A. Let @ > — 1 and assume the series (1.1) is sum-
mable (C,a) at 6, to sum s. Let r be an integer with r > a + 1,
and suppose the series (1.2) converges in a neighborhood of 6,. Then
the series (1.1) is summable R, to s.

2. In two variables we will denote points z ¢ E, by « = (%, 2,) =

433
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te’’ and integral lattice points by n = (n, #,). We write
|| =1Va? + at.
We will say a double trigonometric series

{2.1) T: 3 c.e”

neZy

is Bochner-Riesz summable of order « at w, to sum s, if

1 — m)2>« Ny —
fim 2, (1= () Yo =

Suppose 7 is an even number, » = 2s. A two dimensional analogue
of summability R, is given as follows, see [7], [4].

DEFINITION. Let F(x) be defined in a neighborhood of z,¢ E..
F has at z, a sth generalized Laplacian equal to s, if F is in-
tegrable on each circle | — »,] = ¢ and

Gl S

@1F T @s1y o)

(2.2) -——]'——SZ:F(% + t0")df = a, +
27 Jo

as t— 0.

THEOREM B. Let the sertes T of (2.1) be Bochner-Riesz-m
summable at x, to sum s, where m is a monnegative integer, and
suppose the coefficients of T satisfy

3 In e, < o

% e 22

for some &€ > 0. Let y = 2s be an even integer with » = m + 2. Set

R s )28
2.3 F(x) = co(a/l an 9/2) 4 (=1)° C, ere
@3) ) = BB 1y

Then the gemeralized sth Laplacian of F(x) exists at x, and is equal
to s,.

That is, if the series (2.1) is Bochner-Riesz-m summable to s,
and 7 is an even number with » = m + 2, then the series is also
summable R, to sum s,.

3. The purpose of this paper is to derive a connection between
Bochner-Riesz summability and summability R,, for odd values of
r. We use the following definition, from [5]. This definition extends
the formula of (1.4) to two dimensions in a manner analogous to
the extension of (1.3) to two variables by (2.2).
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DEFINITION. Let » =2s + 1 be an odd positive integer. Let
L(x) be a function defined in a neighborhood of z,€ F,. We will say
L(z) has at z, a generalized symmetric derivative of order » with
value s, if L is integrable on each circle |2 — z,| = ¢, for ¢ small,
and if

3.1) %SL@ + tet%)(cos 6 - sin H)dd

_ 3 S, 28+1 20+1
= at + at’ + - +2——"——28+131( +1),t + o(¢*™)
as t—0.

We are able to obtain the following results which, for odd values
of », form a two dimensional version of Theorem A. We begin with
the case of double trigonometric series which are Bochner-Riesz
summable of integral order, since the statement and proof of our
results are much simpler in this case.

THEOREM 1. Let m be a nonnegative integer. Suppose

(3.2) T: 3, ¢.e™"

ﬂEZz

1s Bochner-Riesz-m summable at x, to finite sum s,. Letr =2s+1
be an odd integer such that r = m + 1. Suppose the coefficients of
T satisfy

3.3) 2 n e, P4 3 (y + ) m T e, F < oo

ny+ng=0 ny+ng=0

Jor some ¢ > 0. Then the series

3.4 ca(xl + wz)?‘ ! / in-
3.4 (1”)!(21")!2"’+l (% ) ’ﬂl%}a =0 !n!“

—1C, HineT

B T ) AT

converges spherically to a function L{x) which has at x, a generalized
symmetric derivative of order r with value s,.

We are able to extend Theorem 1 to include some, but not all,
fractional orders of Bochner-Riesz summability. Let B8 be a non-
negative real number. We denote by [8] the largest integer <28
and by (B) the fractional part of B, (8> =8 — [B].

THEOREM 2. Let B be a nonnegative real number with {8) <
1/2. Suppose the series (3.2) is summable Bochner-Riesz-B to finite
sum s,. Letr =28 + 1 be an odd integer with » = [B] + 1. Suppose
the coefficients of the series (3.2) satisfy formula (3.3) for some ¢ > 0.
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Then the conclusion of Theorem 1 still holds.

In particular, in the two dimensional case, Bochner-Riesz sum-
mability of order B, for 5 < 1/2, is enough to imply summability
R, (which is Lebesgue summability).

4. Although Theorem 1 is a special case of Theorem 2, we give
its proof separately, since its proof is much easier than that of
Theorem 2. We will assume, as we may, that ¢, =0, 2, = 0, and
s, = 0. We set

Sz =8:(0) = X ¢
and for >0

(4.1) Si= 7 )S (R — wyS.du .

Note that S2, as a function of R, is the fractional integral of order
7 of f(R) = Sz, see [6].

Hardy, see [2], has shown that a series >, ¢, is Bochner-Riesz-7
summable to 0 if and only if

5 cn<1 - %)”-»0

inI<R
as R— o. Thus, for the proof of Theorem 1 we may assume
(4.2) 7 = o(E")

as R — oo,
We will need the following lemmas. The first lemma has been

adapted from [7].

LeEMMA 1. Suppose D.cz,c,e™° is Bochner-Riesz-(m + 1) sum-
mable to 0 at x = 0, and suppose the coefficients ¢, satisfy condition
(3.3) of Theorem 1, with r =Zm + 1. Then

4.3) SE = o(R™?),
as R— oo, for k=20,1, ---, m + 1.

Proof. We first note that for =, + %, = 0,

>y + ) m [ e, [

n1+ng#0
1 - -
Z = 3 n|F a7 e,
4 nyfmg#o
1

—_ —2r+ite 2
=1 3 In[ e



SUMMABILITY R, FOR DOUBLE SERIES 437

Thus, from (3.3),
2 ln]—27+1+elcn12 < o ,

nyFng#0

and therefore

Z [n1~2r+1+€lcn[2 < co

neZy

Using Schwartz’s inequality,

ln%R[cnl = WZJR([“’ ll/z(ﬂrﬂﬂ) [cn |)([n |~1/z<—2r+1+s))
=(X ]n]—2r+x+elcn|2)1/2( S| m iy

"e s Inl<R

— C'(R2r+1—s)1/2
— 0(R1‘+1/2)

(4.4)

as R.——> oo,
Now fix an integer j.
e =i+ )" = 3 el — |t] + G
1ZI<R 11| <R+j3
— 3 c(R— i+ ",

R2I{I<R+j

Since 3 ¢,¢™* is Bochner-Riesz-(m + 1) summable to 0 at 0,

> (R — 1] + ) = o(R™)
11I<R+j§
as R— oo,
c(R — || + )™ = o(R™?),

RS|I<BR+]

because of (4.4). Thus,

(4.5) mz(:.Rci,(R — 2| + )™ = o(R™) + o(R+/2)
. — O(Rr—i-i/z) R

as R— oo,

We next use the fact, see [7], that there are number C;,, for
i=1,m+2,k=0,.--,m+ 1 such that for all complex num-
bers z,
m+2
1 Cale + ) = 2

Thus, for 0 =k < m + 1,

?*\v—‘ ?*“|r—‘

~ S ok — |il)

i

=3 03 CalR — |i] + )"
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=320 3 el® — [i] + g

1
k!
= Z _1_0. o(Rr+1/2)
= ik
—_ 0(R'r+1/2) ,
by (4.5). This proves Lemma 1.

LEMMA 2. Let x = (x, ) = te? € B, and n = (n,, n,) € Z,, with
|n] # 0. Define

%(901 + m)e*  if m, + n, =0

(4.6) gul®) =14 . ..
e wf n, +n,#0,
N, + N,
Then
[ gutte)cos 0 + sin o) = ZURE)
27 Jo |7

where J(z) is the Bessel function of the first kind of order 1.
Proof. This is the lemma from [5].

5. Proof of Theorem 1. Let

Tx(z) = 3, (x + @) 2 _gtve 4 z, T ims
i TR T 2 e

The hypothesis (3.3) insures that
L(z) = lim Tx(x)
R—oo

exists a.e. on each circle |z| =¢, see [3], Theorem 1. Also, by
Theorem 2 of [3],

T
S sup | Ta(te)|d6 < oo |
0 R
so, using Lebesgue’s Dominated Convergence Theorem,

-—l—SkL(tew)(cos 6 + sin 6)do
27 Jo

R—co

= lim —I——SHTR(te“’)(cos 6 + sin 6)do
21 Jo

= lim ¢, 1

—-S g.(te?)(cos 6 + sin 6)do
Roeo |l<R | M|* 21




SUMMABILITY R, FOR DOUBLE SERIES 439

where ¢,(x) is defined by (4.6). Using Lemma 2 we get
—1—SzxL(te“’)(cos 0 + sin 0)do
21 Jo

= lim _Cn Ji([n|t)
(5.1) Roe l<R[M[* |0
=1lim S e, J(I’nlt)

Roo |n|<R *fnl"

= ¢ lim >, ¢, 7(|nft),
R— |n{<R
where Y(t) = 277J(2).
We express the last sum as an integral and integrate by parts
m + 1 times.

S e, v(|nlt) = Sy (Rt) — S:Su-c—l%v(ut)du

|nl<R

_ @ i R ) d2
= S1(Rt) — Sp-L(Rr) + S S:-% y(ut)du

adu?
(5.2) :
= SpY(RE) — S;e—d—’Y(Rt) Ct (= 1)"‘S’" V(Rt)
+ (— 1)+ SOR Sm dd"‘m+1 Y(ut)dw .

From Lemma 1,
b=oR*?) for k=0,-, m
Repeatedly using the relations from [1],
(5.3) LT (2) = 2 ?)
dz
and
J(2) = o(z71%) ,

as z— o, we get

(5.4) j—kv(z) = o(z™""'"%)

as z— o, So, for k=0,:--,m

E
(5.5) Sk {R—E’Y(Rt) — O(Rrﬂ/z)O(R_r_l/z)

=o(1),
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as R— o. Thus, returning to (5.2),
lim 3% e(nlt) = (- 1)m+1§ Sr -2 yutdu,

R—oo [n| d

and (5.1) becomes,

L S%L(te“’)(cos 6 + sin 0)do

27 Jo
(5.6) =t'lim 3 ¢, 7(n|t)
R—» |n|<R
:tr(—l)’”“g S d S L ut)du .

Now we make use of the series expansion for J,(z), [1], p. 4.

ki __1)k(1z)1+2k

J(z) = 3 (DG

(5.7) () =3 06+ D
= @R+ R’ e
Then,
1(2) = 277Jy(2)
=22+ @’ + o0+, 2T+ a2+ )

We define a polynomial P(z) as follows. If » =1, let P(z) = 0.
Otherwise, let

PR)=az+ a2+ -+ + a,_,2"°
where the «,’s are given by (5.7). Now we let
(5.8) Mz) = Y(2) — 27"P(2) .

Then \(z) is an entire function in the plane and
7(z) = 27" P(2) + M3z) .
Returning to (5.6),

—1——§2KL(te“’)(cos 0 + sin 6)do

2T
= tr(_l)m-ﬂ S m d ’Y(ut)du
(5.9) = t(=1 | Sr L)) Pt + Mut)du
- t’<~1>”‘“§ Sy m,,m {(ut)~"P(ut)}du
+ t’(—l)'”“g Sz -2 \(ut)du

= A+ t'B().
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Since ¢, = 0, therefore SI =0 for 0 < u <1. Thus we may

replace the interval of integration of the integral involving A by
the interval (1/2, <°).

i

A tf(—l)mﬂg S _O gy Put)du

m+1

I

r(=0 |7 srL (5 aut) du

k odd
1

— r+k—r m+1 m d i k—fr
Zt a(—1) sdmﬂ du

Ic odd

- z tray(— 1)m+1§ o(U™O "~ Ydu

k odd

— 2 tra(— 1)m+1s o(ur = Ndu

1/
k odd

th"

k odd

Returning to (5.9),

1 SZ”L(tew)(cos 0 + sin 6)d6
27 Jo

= A + t'Bt)
= byt byt - oo+ b, - 0.7 + tB(E) .

The proof of Theorem 1 will be complete when we establish B(¢) — 0
as t—0.

B(t) = (~1)m+1§ Sy -8 \(ut)du
(5.10) _ SW N Sw

= B\(t) + Byt) .

To estimate B,(¢) we use the fact that A(z) is entire, so for
lz] =1,

£ kk(z)l <K.

Since |{ut| = 1 in the interval of integration involving B,(t),

T ut)| < K
dur (ut)| =

in this interval.
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1/t
B(t) = (—1)*+ S " o(ument Kdu
0

1/t
= o{t™*) S wmda
0

= o(t"") <—1—>m+1

= o(1)

as t— 0,
For the estimate of B,(t) we use the decomposition

Mz) = 1z) — 277 P(?) .

Clearly, as z— oo

dm+ *q P O g

and by (5.4),

__d’:m Y2y = O ") .

dz
Thus, for z-— oo
dm-H § i
(5.11) = (z) = Oz,
dz'/rH-l
and

BJt) = (—1)m* S S d” \ut)du

= (=1 | oy Otuty
1/t

— O(tm+1~frf1/2) Soo O(u)mrr—l/zdu

i/t

— O(twwr—u/z)o <}—>m—r+1/2
t
= o(1) .

(Note we needed m — » — 1/2 < — 1 to perform the last integration.)
Thus B,(t)— 0 as t— 0, and returning to (5.10), the proof of Theo-

rem 1 is complete,.

6. Proof of Theorem 2. We may assume that the fractional
part of B is not zero. Otherwise Theorem 2 reduces to Theorem 1.
Write 8 = m + «, where m is an integer and 0 < a < 1/2,

We again assume ¢, =0, 2, =0, s, =0. We proceed as in the

beginning of the proof of Theorem 1.
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LS”L(teW)(cos 6 + sin 6)do
27 Jo

=¢lim 3 ev(nlt),
Inl<R

R—o0
with 7(z) = 27"J,(z).
As in the proof of Theorem 1 we integrate the last sum by
parts. We now integrate by parts m + 2 times.

3 er(lnlt) = SR — S:S,,%V(ut)du

dm+1

dR™ 7(Rt)

6.1) — S,(Rt) — s;a%v(m) Foeee 4 (—DmriSne

4 (=1 SRS”‘“ @ ut)du
0o v dum™? ‘
We are now assuming the series (3.1) is summable Bochner-
Riesz-B to 0 at 2, = 0, so it is also summable Bochner-Riesz-(m + 1)

to 0 at z, = 0. Therefore we may again apply Lemma 1. For
0sk=m+1,

dk

Sk
" AR

- ’Y(Rt) — O(Rr+1/2)O(R—-r—-1/2)

=o(1),
as R — <o, so

LY“L(teW)(cos 6 + sin 6)do
27 Jo
(6.2) =" }?1}2 [%E,Rcﬂ(]n[t)
—~ t’(——l)mrS;"“ 4" ut)du .
0 dum+2

We define P(z) and \(z) as in the proof of Theorem 1:

P(2) {O if r=1
9= @R+ A2+ e +a, 2 i r=l

and
Mz) = 7(@2) — 27" P(2) .
Then (6.2) becomes,

LS"L(teW)(cos 6 + sin 6)do
21 Jo

"ty P(ut) + Mut)ldu

= t*r(_l)mgo Srun+1 T
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- t’(-—l)'"S S " [(wty " P(ut))du

'm,+2

dm
dum+2

+ (=1 § gm Mut)du

= A(t) + t"B(¢) .

0 amte | =2
A= (1) Sms;w ( 5:; @ (uty ") du

m+2

bl
o

I

t’H—k—'ra ( 1)m§ O(u)m+1 d k—rdu
1/ au

m—+2

Foda
r—2
= Z bktk

kk:dld
Hence,
(6.3) 2];7: S Lite*")(cos 6 + sin 6)d6 = z bit* + t"B(t)

k Odd
where
o0 m+2

6.4) B@) = (-1 | S Lonut)du .

To complete the proof of Theorem 2 we must show B(t)— 0 as ¢t — 0.
If f(u) is a function defined for » > 0 and % is a positive real
number, denote by

I'f(z) = z — w)y flu)du

r'n )S (

the fractional integral of order 7, see [6]. Now if we set
fw) =S, =3 e,

then by (4.1),

SZ = I’?Su ’
SO
S$+1 — Im+1Su
— Il-—uIm+aSu
— I1-—aS$+a .
Thus,
m+i 1 _— L—-zx-—lSmTad
Sy M—[’(l——a)s (uw — 2) 2
1

= Ty, S
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Returning to (6.4)
d

B = (-1 | s S Mut)du

= lim (— 1)"»5 F_(I.L_)S(u 2 Smedy j Mut)du
_ (=1) mia _
= lim F(l—a')S S S (u — 2L\ (ut)dudz
- (-1 —

}3—137"(1_—_&75 S™H(z, ¢, R)dz ,

where
He t, B) = | (= 9L onwtydu
z du™

_ (=)™ (Y omia
B(t) = lim i )SO S™<H(z, t, R)dz

+ lim =" XP S™H(z, ¢, R)dz
Roee ['(1 — @) Juse

= B\(t) + By(t) .

445

We will make separate estimates of H(z, {, R) for B(t) and for B,(t).
First, in the interval of integration involving B,(f), 0 <z < 1/¢.

H(z, t, R)::S (w — 2)~° d A" \ut)du
(6.5) _ Sw N SR

z 1/¢

=H + H,.

Using the fact that \ is entire,
1/t
|H,| < S (z — u)~*t™*2. Kdu
< Ki*? Sm‘(z — u) " “du
— m+2 __];_ . 17
= O(¢ )( , z) .

We estimate H, by employing (5.11)

art
dum-{-z

= SO: (u — 2)" %™ 0(ut)™"*du
1/t

)\,(ut)du

R
H, = S (w —2)=
1/t
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o= )
t 1/t

- O(tm”-'w)(% _ z)‘“(%)—rﬂ/z

ot o)

Returning to (6.5),
— m-+2 1 . e m+1 i__ -
Hz, t, R) = O(t )<T z> + Ot )(t z> .
and

B(t) = F((l L S/tS:”""“H(z, t, R)dz

@)
_ S’ o(zm ){0(#%2)(_1w — z> + O(t’”“)(% — z>_a}dz

L GE S SR LR
0 { )

o oo o)
=o(l),

Il

ol
1y

as t—0.
It remains to be shown that B,(t)— 0. In the interval of in-
tegration for B,, 1/t < 2 < R, and

dwr[—2
A Mut)du

[l e

“/(ut)du

H(z, t, R) = Sk(u —2z)”

R
+S (w — 2)°¢
:.Hz_}‘.Hb.

d m+2

R dm+2 r—2
H, = — S (w — )= (S au(ut)")du
2 dum+2 =
k odd
R
= S (w — 2)"t™20(ut) ™ *du

= ¢ {S(u — 20wt + g“’(u — z)‘”O(u)‘m“du}
= £2{0(2)" 2" + O(z~)z"%)
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We change variables in the interval for H, by letting 2 = ut.

dm+2

Hye,t, B) = | (=9 -2 vut)n
. tR i _ —a 2 dm+2 _‘%ﬁ
o Stz( t z) ¢ du™t? ,\/(x) t

tR
= t’”“*"s (@ — t2)" "™+ (x)dw
tz

tz+1 tR
— tm+1+a{s + S }
tz tz+1
=H, + Hy .
Recall that 1/¢ < 2, so in the interval of integration for H,, 2 >tz = 1.
Thus, by (5.11)
]ry(m+2)(x)| é Gx—'r~1/2 ,
and

tz+1
H; = t’"“*"‘g (x — tz)" vyt (2)dx

t
tz4+1

— tm+1+a0(tz)—r—1/28 (.’,U _— tz)—adx
tz

= gmeQ(tz) T

We estimate H; by integrating by parts.

tR
HY = t”‘“*“gnﬂ(x — tz) " (p)dw

tR
— tm+1+a(x — tz)—ary)m+1)(x)

tz+1
tR

+ t’”“*“as (x — tz)y vyt (x)da
tz+1

tR
— tm+1+a(x . tz)—my(m-x»l)(x)
t

z+1
4 tm+1+a0(tz)—r—1/2S::l(x — t2)*dw
— (PR — f2) Y mHI(ER) — gty men(gy 4 1)
+ tm+1+a0(tz)—f—w(._La){(tR — it — 1)
— (R — £2) O(t)"TE 4 O (tg) T
— gmrrtaQ(gg) e

Hence, in the interval of integration for B,,

Hb(z! t, R) = -HI: + H;;'
= RO ()T
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and
H(z t, R) = H, + H,
= 1720( ) + trEO(tR) T
So,
B(t) = lim %Sitsrwﬂ(z, t, R)dz
= lim = o@mre(i0e= ) + o)) e
rooe (1 — @) Just

o oo
- t~2 X O(zm+a‘m~a—s)dz + tm+1+a~r—1/2 S O(zm-}-a—r—l/Z)dz
1/t 1/t

o

= t"%0(27%)
=0(1).

+ tm+1/z+a—ro(z1n+a—r+1/2)

1/t 1/t

(Note that the hypothesis a@ < 1/2 is necessary here to insure that
the last integral converge.) This completes the proof of Theorem 2.
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