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The concept of decomposition basis is essential to the study
of the structure of mixed abelian groups. The main theorem of
this paper uses invariants previously defined by the author to
determine the decomposition bases of a given group. This is
used to extend Ulm’s theorem for mixed abelian groups to the
entire class of affable groups.

1. Introduction. The word “group’” will mean abelian group
throughout. If X is a subset of a group A, [X] denotes the subgroup
generated by X. A, (A,) represents the torsion part (p-component) of
the group A, where p is a prime. Z will denote the integers, while Q
represents the rationals. Standard terminology (refer to Fuchs [1] and
[2]) will be used unless otherwise indicated.

The notation H(a) refers to the height matrix of an element a, while
H,(a) is the p-indicator of a. If M is a height matrix, then M, denotes
the p-row or p-indicator of M. Two height matrices M and N (p-
indicators M, and N, ) are equivalent if there are integers m and n such
that mM = nN (mM, = nN,). M and N are compatible if there are
integers m and n such that mM = N and nN = M. We say the p-height
of 0 is «’, and assume o <o <’ for any ordinal o. A height matrix is
proper if it does not contain ' as any entry. For any group A, the
subgroup generated by the elements that are not proper is A,

If ¢ is an equivalence class consisting of proper height matrices
(compatibility class), p is a prime and e an equivalence class of
p-indicators, the invariant ST(c, p, e, A) is the one defined in [6]. If the
height matrix M € ¢ and M, € e, we say M € [c,p, e].

If o is an ordinal or ®, and G is a subgroup of A, then f7(A) and
fr(A,G) denote the Ulm invariants and relative Ulm invariants
respectively. A torsion group T is called totally projective if each T, is a
totally projective p-group.

Let X = {x;}; be a subset of a group A. X is called a decomposition
basis if [X] is the free group on X, A/[X] is torsion, and, for any
a = 2rx; in [X], where the r, are integers, the p-height of a, h,(a) =
min{h,(rx,)} for all primes p. (All heights are computed in A.) The
subset Y = {y;}; of A is a subordinate decomposition basis to X if y, = nx,
for all i, where the n; are integers. It is shown in [6] that if X is any
decomposition basis of A, then ST(c, p, e, A) is the cardinality of

{x eX: H(x)E[c,p,e]}

549
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Sections 2 and 3 of this paper are devoted mainly to the proof of
Theorem 2.2. This theorem says, in effect, that the main criterion in
switching from one decomposition basis to another in a group A is the
preservation of ST-invariants. Henceforth the term “rank” will refer to
the torsion free rank of a group.

The major application of Theorem 2.2 is to extend Ulm’s theorem
for mixed groups. If A is a group and G is a subgroup, define

A(p,G)={a € A: p*a € G for some k = 0}.

This definition is due to Wallace [8]. His techniques yield the following
version of the generalization of Ulm’s theorem (see Hill [3], Walker [7]).

THEOREM 1.1. Let A and B be groups containing subgroups G and
H respectively such that G, (H), is p-nice in A (p, G), (B(p, H)), and such
that f? (A, G) = fr (B, H) for all primes p, and for o an ordinal or «. If
A/G and B/H are totally projective, and ¢: G — H is a height preserving
isomorphism, then ¢ extends to an isomorphism §: A — B.

In §4, Ulm’s theorem is extended to a class of groups including the
affable groups defined in [6]. Some interesting consequences are also
discussed.

2. Equivalence of decomposition bases. In this section
we begin the proof of the theorem relating basis equivalence to the
ST-invariants.

In a collection of height matrices, the same matrix may be included
more than once. If Sis a collection of height matrices, A is a group with
decomposition basis X, and there is a bijection a: X — S such that H(x)
is equivalent to ax for all x € X, we write H(X)~S. The following
definition, as well as Lemma 2.1, are due to Hunter [4].

DerFiNiTION. Let S and S be two collections of height
matrices. Suppose A is a group having decomposition bases X and Y
such that H(X)~S and H(Y)~S'. Then S and S’ are called basis-
equivalent, denoted S ~,S'.

LemMmA 2.1. Let S and S’ be two collections of height matrices, and
suppose S ~, S', (with respect to a group A). If B is any group with a
decomposition basis X such that H(X)~ S, then there is a decomposition
basis Y of B such that H(Y)~ S'.

Aside from ensuring that the concept of basis-equivalence is inde-
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pendent of a particular group, Lemma 2.1 also guarantees that basis-
equivalence is an equivalence relation.

DEFINITION. Let A be a group with a decomposition basis X =
{x;}her If A =@EPic;A, with x; € A, for all i, then X is called a splitting
decomposition basis.

Given any proper height matrix M, there is a rank one group A with
an element x € A of infinite order such that H(x) = M. Consequently,
given any collection of height matrices S, there is a group A with splitting
decomposition basis X such that H(X)~S. If Sis a collection of height
matrices, then ST(c, p, e,S) denotes the cardinality of the set of height
matrices in S that are also in [c,p, e].

We will now state the main result, and reduce the proof to the
Lemma in §3, and Lemma 7 of [6].

THEOREM 2.2. Let S and S' be two collections of height
matrices. Then the following three conditions are equivalent.

(a) S is basis-equivalent to S'.

(b) For all ¢, p and e, ST(c,p,e,S)=ST(c,p,e,S).

(c) (1) There is a bijection ¢:S—S' such that M and ¢(M) are
compatible for all M € S.

(i) For each prime p, there is a bijection y,: S— S’ such that ,(M)
is compatible with M and (y,(M)), is equivalent to M,. Moreover,
,(M) = (M) for all but finitely many primes p.

Proof. (a) implies (b) is trivial. The proof of (b) implies (c) is based
on the following set theoretical argument. We claim we may write S as a
disjoint union $ =T U (U,T,) subject to the following two properties.

() If MET, with M €[c,p,e], then ST(c,p, e,S) is infinite.

(B) 1If ST(c,p,e,S) is infinite, then ST(c, p,e,S)=ST(c,p,e,T,) =
ST(c, p, e, T).

A similar decomposition §'=T' U (U,T,) is formed.

We now justify our claim that the decomposition can be
accomplished. By transfinite induction we may write S as a disjoint
union of countable subsets, S = U, S,, where each S, has the property
that, whenever ST(c, p, ¢,S) is infinite, then either ST(c,p,e,S,) =0 or
ST(c,p,e,S,) = N,.

For any given o, there are at most countably many [c, p, e] with
ST(c,p,e,S,) =N,. Order these [c, p, e], and let K, be the set of those
elements of S, belonging to the i-th [c,p,e]. We now define subsets T,
(izl,j=i)of S, as follows.



552 ROBERT O. STANTON
Let T, be a subset of S, such that

4y T, CK,

@) Ty = No.

Let M,, be any element of T,;. Suppose that T; along with elements
M; € T; have been defined for all j <n. If

K, NSANU. T ) =8o,  (#)

then we can define T,, from elements in S,\(U,.,T;,-,), so that proper-
ties analogous to (1) and (2) hold. In this case, define T, = T, ,-, (i <n)
and the element M,, (i =n) is chosen in T, to be distinct from any
previously selected element.

Suppose (# ) fails tohold. Then for some i, |T;,., N K, | = N,. Now
T,. will be a countable subset of T,,-, such that

Tnn m {Mi’ M,Hl’ R Ml,n*l} = gy
lTnn ‘ = NO
{Tl,n~1\Tml ' = N0-

Define T, =T,,-)\T.., and let T,, = T,,_, for j# i, j <n. Select arbitrary
elements M, (i = n) distinct from the previously selected elements.

For each i, define V, =1, T, Since M, is in V, for all j =i,
|V,|=N8,. LetV, be adisjoint union of V,, and V,,, where |V, | = |V,,| =
N,. For a fixed prime p, let V,,, be the union of those V,, for which K is
represented by some [c,p,e]. Let T, =U,V,, and let T be the set of
elements not in any T, Note that T contains all V,. Then S=
T U (U, T,) satisfies the required conditions.

By (b) and the above construction, we may define ¢: S— S’ satisfy-
ing (i), and also requiring that the restriction to T (respectively T,) map
onto T’ (T}). It follows from (b) that maps ¢, satisfying the first sentence
of (ii) can be defined. We also claim that the ¢, can be required to
satisfy the condition that if M € T,, and M, = (¢(M)),, then ¢, (M) =
¢(M). This condition clearly allows the second sentence of (ii) to be
satisfied. Let K be the subset of S consisting of all elements in [c, p, e],
and let L be the subset of K such that M Z T, and M, = (¢(M)),. IfKis
finite, then ¢, can be defined as indicated. If K is infinite, define ¢, on L
first. Let K’ be the subset of §’ consisting of all elementsin [c,p,e]. By
the above construction, |K\L|=|K]|=|K'|=|K\¢(L)|, so ¥, can be
defined to map K\L onto K'\¢(L).

We now begin the proof of (c) implies (a). Represent S by a
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decomposition basis X of a group A, where H(X)~ S, and a: X =S is
the corresponding bijection. We will find a decomposition basis Y of A
such that H(Y)~S'. For a fixed prime p, a "', ¢ is a permutation of
X, and so splits X into equivalence classes consisting of countably infinite
cycles, two-cycles, and fixed points. (The element x in X is a fixed point
exactly if y,ax = ¢ax.) Using transfinite induction, X may be written as
a disjoint union of countable subsets, X = U X, such that if x € X, p is
any prime and k is any integer, (a'¢, da)*x is also in X,. We will
replace each X, by a Y, to obtain the new decomposition basis Y.

We proceed from X, to Y, by-introducing a sequence of inter-
mediate sets W, (i =1,2,---), such that (X\X,) U W, is a decomposition
basis for every i. Let S; be the collection of height matrices of W;, and
let a®: W; — S, be a canonical bijection. For each i, we will have maps
P S, =8, yP: S; — 8’ with properties analogous to (i) and (ii). (We
will drop the superscripts when there is no danger of confusion.) An
element x € W, is called permanent if ¢“(a®x)=yyP(a®x) for all
primes p. We will require that if x € W, is permanent, then x € W, and
that ¢Pa®x = ¢PaPx for all j=i. A prime p is said to be repaired
(with respect to W,) if 6@ = ). We require that if p is repaired with
respect to W, then p is repaired with respect to W, for j = i. Essentially,
W.., is obtained from W, by selecting and repairing a finite set of
primes. We will indicate how this finite set is chosen after the proof of
the following lemma.

LEmMMA 2.3. Let F be a finite subset of W,.. Then we may choose
Wi.1 so that each element of F is a linear combination of permanent
elements of W..,.

Proof. First we note that any prime p can be repaired. As
indicated previously, o '¢,'¢a divides W, into equivalence classes
consisting of countably infinite cycles, two cycles, and fixed points. Let
V ={x},ez be the elements of an infinite cycle, with x., =
a "¢, ¢ax,. Then Lemma 3.1 will show that V can be replaced by
V'={yi}iez such that H,(y;)= H,(x.,) and H,(x,)=H,(y;), for
q# p. Additionally, [V]=[V']. Let y: V— V' be defined so that
y(x;)=y,and §: V— V'so that §(x;) = y,-;, and let S* be the collection
of height matrices of V', with canonical bijection a*: V'—S8*. Define
$*: §*—>S§'by % = gay'(a*)", and Y ¥: 8* —§ by ¥ = Y,ay (@),
for g# p. Wedefine ¢3: S*—S' by ¢ = ¢,a8'(a*)'. We show that
yr=¢* If MES* then M =a*y, for some y, € V'. Then

YIM = a8 (a*)'M = Y,ad 'y, = Yax = Yaa Y, dax,
= day (y)= ¢pay (a*)'M = $*M.
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In a similar way, p can be repaired for any two-cycle, using Lemma 7
of [6], which essentially says for two-cycles what Lemma 3.1 says for
infinite cycles. We have thus established the claim in the first line of the

proof.
Call a prime good if y,(ax)= ¢(ax) for all x € F. The remaining
primes are bad and form a finite set {q,, 4, - * ", 4.}. Suppose q, were to

be repaired immediately in the manner described above. Then there
would be a new decomposition basis T, each of the elements of F would
be linear combinations of elements of T which in turn would be a linear
combination of a finite set G, of elementsin W,. Starting with W, repair
all the good primes p for which there is an element x in G, such that
¢(ax)# ¢Y,(ax). A new decomposition basis U, results. Since only
good primes were repaired, the elements of F remain in U,. An
element x of G, is replaced by a new element y such that

b (ax) = ¢*(a’y),
Y,(ax)= ¢ %(a*y), whenever g is a bad prime.

Yr(a*y)=¢d*(a*y), whenever p is a good prime.

(¢*, ¢, ¥} have the obvious meaning.)

Let G7T be the set of elements replacing G,. At this point we
actually repair q,, in the same manner as we did when obtaining T. The
set GTisreplaced by anewset F,. If x € G1, the corresponding y in F,
has the properties

¢*(a*x)=¢**(a™y),
P (@**y)=¢* (a**y),
gi(a*x)=¢3*(a**y), for p#q.

By the construction of G, the elements of F are a linear combination of
elements of F,.

The same routine is continued, with F, replacing F, and the
decomposition basis obtained after the repair of q, replacing W;. The
set of bad primes isnow {q,, - - -, q.}. At the last step, we obtain a set F,,
consisting of permanent elements, such that F is a linear combination of
the elements of F,. The decomposition basis at this step will be W,.,.

We now complete the proof of Theorem 2.2. Write the elements of
the countable set X, ={xo, x,,---}, and order the set of all primes
{pi,p2--+}. Let Wy=X, To obtain W;, let F={x,} and use the
lemma. If n is a positive integer, W,, is obtained from W,,., by
repairing p. The element x, is a linear combination of elements of
W... Let the set of these elements be F, and again use Lemma 2.3 to
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obtain W,,.;. Let Y, be the set of permanent elements of the sequence
{Wi}.

Now Y = UY, is easily seen to be a decomposition basis of A,
because of the above construction. The map y: Y — S’ defined by the
appropriate ¢“a® for each y € Y manifests the fact that H(Y)~S'.

3. Changing a countable decomposition basis. The
following lemma completes the proof of Theorem 2.2.

LEmMA 3.1. Let X be a decomposition basis of a group A, let {x;},c2
be a countably infinite subset of X, in which all elements are pairwise
compatible, and let p be a prime. Then there is a subset {y.},cz of A such
that H,(y;) = H,(x,.,), and for q# p, H,(y:) = H,(x.). Moreover, Y =
(X\{x;}) U{y:} is a decomposition basis and [X]=[Y].

Proof. Let x and y be two elements of infinite order in A. Then
the p-indicator of x is superior to the p-indicator of y, H,(x)> H,(y), if
and only if

@) if h,(p'y)=, then h,(p'x)=»

(i) if h,(p'y)# =, then h,(p'x)>h,(p'y).

For the remainder of the proof, p will be the prime specified in the
lemma, while g will always be a prime not equal to p. We proceed
inductively to define a set of coefficients which will be used to form the y..

A prime q is called one-benign if and only if H,(x_,)= H,(x,)=
H,(x,). We select integers a,, €y, Co, doy, a-,, b_y, ¢, ey, to satisfy
conditions to be listed later. (See (2)-(4).) In particular, e, and a_, are
divisible only by p, and e_, and ¢, are not divisible by p. So there are
integers u, and u_, so that

(1) Uplpa-, — u_le_1C0 = 1

Define b, = use, and d_, = u_e_,.

If n >1 is a positive integer, q is n-benign if

(1) gq is (n — 1)-benign,

(2) Hq ()L,,) = Hq (xO) = Hq (x,,),

(3) ¢q does not divide b,-, and d_,.,.

For n = 1, the integers a,-i, €,-,, a_,, b_, are defined to be powers of
p, and divisible by p. The following conditions must be satisfied.

HP (a"*lx‘") > Hp (xn)a
HP (e""lx"_l) > Hp (xn)7
@)
Hp (a—nxn) > Hp (x—n+1)7
Hy(b-x_,) > H,(X_p+1).
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The integers ¢,.1, d,-y, c_,, e, are divisible exactly by those primes q
which are not n-benign. (There are finitely many such primes.) The
following conditions must hold, whenever g is not n-benign.

H, (¢c,-ix-.) > H,(x,-,),

H,(d,..x.)> H,(x.-1),

) H,(c_.x,)> H,(x_,),

H,(e_.x_..)> H,(x_,).
The identities

b—n = a-,Qn-1,

)

dn‘l = C*ncn‘la

also must hold.
There are integers u,, and u_, (for n >1) such that

5) Un—1€n_10n—20—p + Ul CriiCpsy = 1.

Define b, ;= u,1e,; and d_, = u_,e_,. Note that for n >0, and g not
n-benign, (4,-1,q) =1, so primes that are not n-benign do not divide
b.... Forn>0, (u_,,p)=1, so that p does not divide d_,. If q is an

n-benign prime, then ¢ may divide b,-, or d_,, but not both.
We now define the new elements.

yi = bx, +dx;.,+ acx_, (i<0),
(6)
Vi = acX_i-+ bx; + dix.., (i=0).
We check that y; has the desired height properties.
H,(y:,) = H,(dix:.,) = H,(x:),
H, ) = H, (bx;)=H, (x:),

when i =0 and q is not (i +1)-benign, or when i <0 and ¢ is not
(—i)-benign.

H,(y)) = Hy(dx...) = H;(xi1) = H,(x,)

when i 20 and q is (i + 1)-benign, or when i <0 and q is (— i)-benign.
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We next show that each x, is in the subgroup B generated by
{y.}. Routine calculations using (6), (4) and (1) show that x,=
a_yo—cy-;. We next assume that x; is in B for — k =i = k, and show
that both x,., and x_,_, are in B. Using induction hypothesis on y, and
(6), the element a,c,x_-, + diXi.; is in B. Equations (6) and (4) and
some computation yield

Cha1Y k-2~ Ak-2Yk+1 = Chridog2X -1 — T Y S
Combining terms and using (4) and (5), we find that the term
(dka+1d—k-z+ a-i-2beacc, )X ko1 = CkXogo

isin B. Using y_,_, in place of y, in the above argument, we find that
a_yX_x-; is in B. Since (¢, a-,-,) =1, we have x_,_, € B. Similarly,
x.1 € B. Hence B = [{x;}].

Now it is easy to see that the elements of Y have infinite order, are
independent, that [X]=[Y], and that A/[Y] is torsion. Hence Y will
be a decomposition basis once we establish the height property. Clearly
we need only consider linear combinations involving elements of {y,}.

Well order {y;} as follows:

{Yo’ y-l,}'u )’—2, )’2’ o }

and let y,, represent the k-th term of this sequence. We wish to show,
for any k, that

(7) H (Z miY(i)) = Els‘lg'{ {H(m.yw)}

where the m, are integers. We induct on k. When k =1, we are
reduced to the trivial equation H(m,y,) = H(moy,). When k =2 we
have a special case, and the proof is nearly identical to that of Lemma 7
of [6]. Two more cases remain.

Case A. k iseven, k =4,

Case B. k is odd, k = 3.
In either case, we may assume as induction hypothesis:

(8) H (2 mi)’m) = min {H(myg)}

1=1=k-1

Moreover it is only necessary to prove that = holds in (7), as the other
inequality is trivial.
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We begin work on Case A. Assume that y,, =y, Now each of
the terms in (7) and (8) is a linear combination of terms in {x,}. Since {x,}
is part of a decomposition basis, each height matrix is the minimum of the
height matrices of the {x,} terms. In going from (8) to (7), the terms
H{(mb,x,), H(md,x,.) and H(ma,c.x_,) are added to the right hand
side of (8). The terms

(93) (mkbn + mk-]a~n~lcfn*1)xm
(9b) (md, + my b, + mysa ., 5C2)X,00,
(9C) (mkancn + mk~ldrn*])x7m

must replace

(10a) (M@ 1€)X,
(IOb) (mk—zbnu + mk~3a—n»2c—n—2)xn+1,
(IOC) (mk*ldfnal)x“m

in order to change the left side of (8) to the left side of (7). We may add
(9a), (9b), and (9¢) to the left side of (8) without disturbing the needed
inequality.

It is sufficient to prove the inequality for each indicator, and we will
start with p. It is easy to see that a term may be added to the right side
of (8) if its p-indicator is greater than or equal to a p-indicator of a term
on either side. A term may be deleted from the left side if its
p-indicator is greater than or equal to the p-indicator of a term on the left
side, or superior to the p-indicator of a term on the right side.  Since

Hp(mkb,,xn) > Hp (mkd,lx,,ﬂ)
H,(ma,c.x-,)> H,(md,x,..)
H,((102))> H, ((10c))
by (2), it suffices to prove that the inequality is maintained if (10b) and
(10c) are deleted from the left hand side of (8) and if m,d.x,., is added to
the right hand side.
We show that (10b) may be deleted. If r is an integer, r' denotes
the p-factor of r. We say 0’ =%. Suppose
miob, . =misal, .
Then
H,(10b)= H,(m_3b,.1X,.00) > H, (M 2d, 1 X,.12).
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Since the latter term is on the right hand side of (8) and H,(10b) is
superior to it, (10b) plays no role in determining the p-indicator of the

left side, and so may be deleted.
Now suppose

Mis@r<mib., and mi<mi b, ..
These conditions, along with (4) imply that
H, (M 2@y 11Cnsr + My by + my5d_,5)x20) = Hy(Myosd oy 0X-y),
where the first term is on the left hand side of (8). We also have

Hp(lob) = Hp (mk—3a—n-—zc—n—2xn+l) g Hp (mk—3d~n—2xfn*l)'

So again we may delete (10b).
The last possibility is

(11) misal,,<m;,b,.., and m;s=2m;,b’, .
Then

Hp(IOb) = Hp (mk~3a‘n~26-n*2xn+l) = Hp (mk—3d~n~2x~n41)
= Hp(mk_lb_.,,_lx_,,._l) = Hp(l()c)

Thus if (11) holds, and if (10c) may be deleted, then so may (10b).
We now delete (10c). If ma,# m,.,, we have

H,(10c) = H,(9¢),
so that (10c) may be deleted. If
(12) mia, = my_,
then
H,(10c) = H,(ma.c,x_,) > H,(m,d.x,..).
Therefore, if (12) holds, and if H,(m\d.x,.,) can be added to the right
hand side of (8), then (10c) may be deleted from the left hand side.

We now show that H,(m,d,x,.;) may be added to the right hand
side. If

m; # (mk-zbn+1 + mk~3a<n~26~n—2)’7



560 ROBERT O. STANTON

then H,(m.d,x,.,)= H,(9b), so H,(mid.x,.;) may be added. If m;=
M ->b .1, then

Hp (mkd,.xnﬂ) = Hp (mszbn+1xn+1)

which is a term on the right hand side of (8), so again H,(m,d,x,.,) may be
added. Finally, if '

mi= (M sby+ mesa,oc.) and mi<mib.,
we have m,=m;;a’,,. Then
H,(md.x,.1) = H,(Mi30-n-Cp2Xp11),
which is one of the terms on the right hand side of (8).

For g-indicators, it suffices to show that m,b,x, may be added to the
right hand side of (8) and that (10a), (10b), and (10c) may be deleted from
the left hand side. For an integer n, n’ now denotes the g-factor of n.

We add m,b,x, to the right side. If

M # M iChy,
then H,(mb,x,)= H,(92). If

M= M C i,

then H,(m:b,x,)= H,(10a). So if (10a) may be deleted from the left
side, m:b,x, may be added to the right. Now (10b) will be deleted. If

(My—2bpir + My _3a_,5c_02) # mid,,
then H,(10b)= H,(9b), so the former may be deleted. If
(mk42bn+1 + mk~3a—n—2c—n—2), =md,,

then H,(10b) = H,(m.d,x,)> H,(mb,x,), and this can be added to the
right side provided that (10a) may be deleted.

We complete this case by showing that (10a) may be deleted. The
argument for (10c) is similar to that for (10a), and will be omitted. If q is
not (— n)-benign, then

H,(10a)> H,(m,_b_,_,x_,_,),

which is one of the terms on the right hand side of (8). Hence (10a) may
be deleted.
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Now assume ¢ is (—n)-benign. If mi,# m,, then H,(10a)=
H,(92), and (10a) may be deleted. Therefore assume that my_, =
m. At least one of the terms b_,_, or d, is not divisible by q. If d, is
not divisible by g, then

Hq(l()a) = Hq (mkd,,xﬂ,,l)

because m;., = m; and q is (— n)-benign. Unless
(13) my= (mk—3a—n—2c—n—2 + mk—zbnﬂ)/’
H,(md.x_,-,) = H,(9b), and (10a) may be deleted. If (13) holds, then

m = min{m_,, m.}.

If d, is divisible by q, then b_,_, is not divisible by g, and a similar
argument shows that either (10a) may be deleted or

M= m, = min{m;_;, m_}.

Using the term on the right and continuing the above process we find that
unless

mi=m,  Zmin{mj_;, m,.} = min{m, s, m;_,}
(14)

=.--Zmin{m|, ms},
we may delete (10a). (Note that we have assumed that k iseven.) If
H,((m,b,+ m,d_,)x,) = min{H,(m b,x,), H,(m,d_ x,)},
then
H,(10a) = min{H,(m,b,x,), H,(m,d_,x.)} = H,((m b, + m,d_,)x,)

with the latter term in the left hand side of (8), and so (10a) is
deleted. So assume (14) and

(15) H,((mb, + m,d_))x,) > min{H, (m,byx,), H,(m,d_,x,)},

are true. Because of (15), m;=m). Calculations using (1) show that
b_(mby+m,d_))—d_(m,co+ m,a_,)=m,, and since (m,b,+ m,d_) >
mi, we must have
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mi=(mco+m,a_,)a;= (maco+ m,b_\)

and

mi=(m,co+m,a_)c,=(mdy+mya_c.).
If mi;>m,, we have

H,((mdy+m,a_c_,+ m3b1)x1') = H,((mdo+ m,a_c_,)x,)

= H,(m.x,) = H,(10a).

(16)
Since the first term of (16) is in the left hand side of (8), we may delete
(10a). In a similar way, we may delete (10a) if m ;> m 1, using

(17) H,((ma,co+ m,b_,+ m,d_,)x_,) = H,(m,x,) = H,(10a).

So, considering (14), we are reduced to

!

mi=m>=mi=m;,.

Furthermore, from the first terms of (16) and (17), we have no difficulties
unless

(myapcy+ myb_  +m,d_y) >m;|
and

(mdy+ mya_c .+ msb)) >mi.
Now

ao(mxdo +m.a_c,+ mzbl) - C~1(mlaoco +m,b_, + m4d~2)

= msa)b, — m,c_,d_,,
and, using (5),
ab(msc,+ mya_,)— ci(msaph, — mic_d_y) = m,.

’

Arguing as before, we are finished unless m ;= m{= m/{. Thiscontinues
until we have

m{=m§=-~—mk2 mklb»nl mkd/

Because m ., =m,, we must have b’,_,=d,= This implies that
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H,(9a) = H,(m x,) = H,(10a), and so (10a) may be deleted from the left
side of (8).

In Case B, (k is odd, k = 3), we add m,a,c,x -, and m,d,x, ., to both
sides of (8). These terms cause no problems. Additionally, mb,.x, is
added to the right side, and

(18) (mk'*zdn'l + )nk *la'wlC--n )xn
is replaced by
(19) (mkfldnfl + My 1a-p,C-, + mkbn )xn

on the left side. As before, adding (19) to the left side presents no
problems.

We begin with p-indicators. Since H,(mb,x,)= H,(md,x,.,), we
may add mb.x, to the right side. When

(Miady o + myianc ) # mib,,
H,(18)= H,(19), so (18) may be deleted. When
(mkfldrrl + mk‘ Iafncfn), =m l’(b :w

H,(18)= H,(mb,x,) = H,(md,x,.,). The last term has been added to
the left side of (8), so (18) may be deleted.

Finally, consider g-indicators. If (m, .d,.,+m_a_.c_,) # mb,
we may add m;b,x, to the right and delete (18) from the left. So suppose
(my.d,-, + my_,a_,c_,) =m;b,. If g is not n-benign, then g is also not
(n — 1)-benign and H,(m, .d,_,x,) > H,(m, b, x,.,), H,(m,_a_,c_.x,)>
H,(my_b_,x,), follow from (3). So  H,(mb.x,)=H,/(18)=
min{H,(m,_.d,_,x,), H,(m,_,a_,c_,x,)} and is equal to one of these terms,
which in turn is superior to a term on the right hand side of (8). So both
mb,x, and (18) are dealt with in this case. If ¢ is n-benign, the
argument is similar to the deletion of (10a), and will be omitted. This
completes the proof.

4. Ulm’s Theorem for mixed abelian groups. Theorem
2.2 plays a key role in the structure theory of mixed abelian groups. The
following concept, due to Warfield [10], (announced in [9]) is necessary.

DEFINITION. A decomposition basis X of A is a lower decomposi -
tion basis if, whenever the Ulm invariant f? (A) is infinite, then f5(A) =

5 (A [X]).
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LEmma 4.1. If A has a decomposition basis X, there is a decomposi -
tion basis 'Y subordinate to X which is a lower decomposition basis.

Proof. The local version of this lemma, (i.e., for modules over a
discrete valuation ring) was stated and proved by Warfield ([10],
Theorem 5.1). Warfield’s proof, with some minor changes, may be used
here.

DErINITION.  Let X be a decomposition basis of a group A. If, for
every decomposition basis Y subordinate to X, [Y] is p-nice in
A(p,[Y]), then we call X a strongly nice decomposition basis.

We are now ready for Ulm’s Theorem for mixed abelian
groups. A slightly different formulation appears in [6], Theorem 10.

THEOREM 4.2. Let A and B be groups having strongly nice decom -
position bases X and Y, respectively, such that A /[ X] and B/[Y] are both
totally projective. Then A = B if and only if, for all p, o, ¢ and e,
fr(A)=ft(B) and ST(c,p,e,A)=ST(c,p, e, B).

Proof. By Lemma 4.1, there is a lower decomposition basis X
subordinate to X, and by Theorem 2.2 there is a decomposition basis X,
of A such that [X,] = [X,] and H(X;)~ H(Y). Choose a lower decom-
position basis Y, subordinate to Y, and decomposition bases X; subordi-
nate to X, and Y, subordinate to Y,, so that there is a bijection
v: X;— Y, such that H(x)= H(yx)forall x € X;. Since X;and Y, are
decomposition bases and [X;] and [Y,] are free, y extends to a height
preserving map &: [X;]—[Y.]. (Note that [X;] =[X,] for some lower
decomposition basis X, of X, so [X;] has the required niceness
properties.) A/[X;] and B/[Y;] are totally projective, and f% (A, [X;]) =
f?(B,[Y.]) for all p and o because X, and Y, are lower decomposition
bases. Using Theorem 1.1, A = B. The converse is trivial.

We list four standard consequences in the following corollary.

CoroLLARY 4.3. Let A, B and C be groups having strongly nice
decomposition bases X, Y and Z respectively such that A /[X], B/[Y] and
C/[Z] are all totally projective. Then:

i) IfAPA=BEDB, then A =B.

(ii)  If the Ulm invariants and ST-invariants of C are all finite, and
ABC=B@PC, then A =B.

(iti) If A is isomorphic to a summand of B and B is isomorphic to a
summand of A, then A = B.

(iv) If ST(c,p,e,A)=ST(c,p,e, B) for all c, p and e, then there are
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totally projective torsion groups T and T' such that AQT=BOT'.
An important class of groups, defined in [6], is the following.

DErINITION. A group A is affable if it has a splitting decomposition
basis X such that A/[X] is totally projective.

It is easy to see that A is affable if and only if it is a totally projective
torsion group, or if it is a direct sum A = &5 A, where each A, is of rank
one and contains an element x, of infinite order such that A, /[x,] is totally
projective. Since a splitting decomposition basis is strongly nice, the
following is immediate from Theorem 4.2.

THEOREM 4.4. Let A and B be affable groups. Then A = B if and
only if, for all p, o, ¢, and e, f5(A)=fr(B) and ST(c,p,e,A)=
ST{(c, p,e, B).

The next theorem demonstrates that an affable group has enough
splitting decomposition bases. The proof is the same as that of Theorem
13 of {6].

THEOREM 4.5.  For each decomposition basis X of an affable group
A, there is a subordinate decomposition basis X' of X that is a splitting
decomposition basis.

The following follows from Corollary 4.3.

CoroLLARY 4.6. Let A be a group with a strongly nice decomposi -
tion basis X such that A /[ X] is totally projective. Then there is a totally
projective group T such that A @ T is an affable group.

Proof. There is an affable group B such that ST(c,p,e,A)=
ST(c, p, e, B) for ail ¢, p and e. By Corollary 4.3 (iv), there are totally
projective groups T and T' such that A T =B @ T', and the latter
group is still affable.

It is known (see Rotman-Yen [5], p. 251) that a summand of an
affable group is not necessarily affable. It is an open question whether
summands of affable groups can be classified by Theorem 4.2. If they
could be so classified, then the class A consisting of summands of affable
groups would be the largest class of groups that can be classified via Ulm
invariants and ST-invariants. For suppose C is a larger class and
G €C. Then there is an affable group H such that ST(c,p,e, H) =
ST(c,p,e, GP H) and fL(H)=fr(G P H), for all ¢, p, e and o. By
the classification theorem we would have G 5 H = H, so that G € A.
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