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Given an algebra C over a commutative ring * and an
element (called a C-two-cocyele) 0 = 3:;a;: X b; ¢ in C R
C Qi C satisfying certain relations, Sweedler defined a new
multiplication * on C by xxy = >; axb;yc; for all z,y in C
and denoted C with this new multiplication by C°. This
paper studies three rigidity properties which arise by asking
whether:

(i) C°~C as algebras;

(ii) a certain functor from the category of C-bimodules
to the category of C?-bimodules is an equivalence;

(iii) a certain functor from the category of algebras
over C to the category of algebras over C” is an equivalence.
For certain algebras over a field £ (including finite dimen-
sional algebras possessing a Wedderburn factor), these rigidi-
ty properties are shown to be equivalent to (respectively):
(i) all k-separable subalgebras B of C are commutative and
for a separability idempotent >3, x;Qy; of B, {ce C| >; xicy;=0}
is an ideal with square {0}; (ii) all k-separable subalgebras of
C are central; (iii) & is the only k-separable subalgebra of C.

We recall Sweedler’s basic definitions [7] and determine some
elementary properties of multiplication alteration in §§1 and 2. The
behavior of an algebra under alteration by Waterhouse’s C-two-
cocycle 0, = e @ L+ 1R e — (¢ ® L)L Y e) associated with a k-separa-
ble subalgebra B of C having separability idempotent e is studied
in §3.

Section 4 introduces the notion of dominance: the k-algebra C
is said to dominate the k-algebra D (written C > D) if there is a
C-two-coeyele ¢ with D= C°. C is called rigid if C > D implies
D ~ C. Dominance is a partial order on the class of k-algebras. In
the course of proving this an alternate characterization of a C-two-
cocycle o in terms of the existence of a certain functor F°: A(C)— A(C°)
is given. (For any k-algebra D, A(D) is the category of k-algebras
over D,) We provide a dominance description of the central simple
algebras over a field %k as the “highly nonrigid” algebras and charact-
erize those algebras over a perfect field & with nilpotent Jacobson
radical J(C) and k-dim C/J(C) finite which are rigid. The main step
in our study of rigidity is a theorem which states that if the kernel
of an idempotent algebra endomorphism p of C satisfies a certain
nilpotency condition every C-two-cocyecle o is “equivalent” to the
p(C)-two cocycle p(o) (ef. Theorem 4.7).
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Section 5 deals with a notion of rigidity on the bimodule level.
If 6=3,0,Q0b,Rc; is a C-two-cocycle and M is an object of the
category M(C) of C-bimodules, we define actions of C° on M by
a’xm = 3, a;xb;me;, and mxx° = >, a;mb,xc; for all x in C, m in M.
Denoting the resulting C’-bimodule by M°, we obtain a functor
()°: M(C) — M(C°) taking M to M’ which we show can also be describ-
ed as the change of rings functor associated with a certain algebra
map ¢,: C°R,C°—CR,C°. C is called modularly rigid (modularly
semi-rigid) if ( )° is an equivalence (dense) for all C-two-cocycles o.
If k is a field, we find ( )°’* dense for some separability idempotent
e of BZ C implies B is central in C. We use this to prove: If k
is a field, and C is a k-algebra with nilpotent Jacobson radical J(C)
and C/J(C) locally finite, then C is modularly rigid iff C is modularly
semi-rigid iff all k-separable subalgebras of C are central.

As mentioned above, ¢ being a C-two-cocycle is equivalent to the
existence of a certain functor F°: A(C)— A(C°). In §6 we study
these functors. We show that if C is commutative and ¢ is an
Amitsur (i.e., invertible) C-two-cocycle, then F” is an equivalence of
categories. C is called categorically rigid (categorically semi-rigid)
if F° is an equivalence (dense) for all C-two-cocycles ¢. The paper
concludes with a theorem relating categorically rigid algebras and
algebras with all two-cocycles invertible. This theorem includes:
If & is a field, a k-algebra C with nilpotent Jacobson radical J(C)
and C/J(C) locally finite is categorically rigid iff C is categorically
semi-rigid iff C has no nontrivial k-separable subalgebras iff all C-
two-cocycles are invertible.

The author wishes to thank Moss Sweedler for suggesting the
study of these rigidity notions as a thesis problem and for directing
this research.

1. Review of basic notions. Throughout this paper %k will
always denote at least a commutative ring with unit 1. By an
algebra over k& or a k-algebra we mean an associative, unitary algebra
over k. Unadorned ), Hom represent )., Hom, respectively. For

any k-algebra C, we denote the n-fold tensor product CX - .. X® C by

C®*, Given a map C-Z:D of k-algebras, we have an induced algebra
map C%" — D% for each n given by 2, R +-- 2, — Ax) R --- R f(x,)
for z, in C which we denote by f®" or by f if no confusion seems
likely., If C is a k-algebra, we denote its opposite k-algebra by C°
and we call a left C & C>module a C-bimodule. By an ideal of the
k-algebra C we mean a two-sided ideal of C. J(C) denotes the
Jacobson radical of C and Z(C) denotes the center of C. By a
central simple algebra over the field & we mean a finite %k-dimensional



MULTIPLICATION ALTERATION AND RELATED 141

k-algebra C with no proper ideals and Z(C)=%. Semi-simple means
that the Jacobson radical is trivial and the descending chain eondition
on left ideals holds.

In this section we give a brief review of the theory of multipli-
cation alteration by two-cocycles introduced by Sweedler [7]. Given
an algebra C over the commutative ring k, let 6 = 3,0, ® b, R ¢,
be in CRCRC. We form a new k-algebra C° as follows. As an
abelian group, C’ is equal to C. For any z in C we use the notation
2° to indicate that we are considering x as an element of C°. We
define the product * of any two elements 2° and %° in C° by

Xy = (Ei; a,xbyc,)’ .
DEFINITION 1.1. ¢ is called a C-two-cocycle if
(1.1a) % :a; Qb; Qe;b, Qe = ZZ} a;, ® b,a; ®b; Q cje;
and there is an element ¢, in C with
(1.1b) ; aed Re, =1Q1= Z, a, ® be,c; .

If o is a C-two-cocycle C’ is an associative k-algebra with unit
element e2. This paper may be briefly described as follows: Given
a k-algebra C and an arbitrary C-two-cocycle o, we “compare” C°
with C. In §§4 through 6 we investigate three ways of “comparing”
C° with C, including whether C° ~ C as k-algebras.

ExXAMPLE 1.2. Let C be a commutative k-algebra and o =
Sia; ®b, ®c; be a C-two-cocycle. From (1.1b) (3 a:b.c.)e, = 1 and
hence ¢, is invertible in C with ¢;* = 3, a,b,c;. Since 2°+y° = (xye;')’
for any =,y in C, the k-linear map C— C° given by x— (ve,)’ is a
k-algebra map and is bijective since e, is invertible. Thus C° = C.

Leto = 3,,¢,bQ¢c,and 7 = 3,7, ® s, Q t; be C-two-cocycles.
Associated with any element 6 = 3,4, ® v, in CR C we have a
linear map R’: C°— C° given by z°+— (3, u,av,)".

DEFINITION 1.38. o is cohomologous to = via 4§, denoted o ~’<7,
if

Zn_ u; ®b; ® ev, = 12‘1 ra; & visu; Q vt ,
2,5 B
DLULY; = €.
1

Thus if ¢ ~°7, R’ C°— C* is a k-algebra map.

DEFINITION 1.4. 0 = 3, u, ® v, is called vertible if there is an
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element 6 = 3, %, ® 7, in C® C with

(1.4a) U, QT =1 Q1 = 3, Uu; Qv,7; .
i %3

0 is called the verse of o.

Hence if 0 ~? ¢ with 0 vertible the map C° Fﬁ C* is an isomorphism
of k-algebras with inverse R°. Because of the existence of this nice
isomorphism, we say that ¢ and ¢ are equivalent if ¢ ~°7 with ¢
vertible.

ExAMPLES 1.5.
(a) Let C=k&@k and f=(1,0). Then

0;=1Q01Q1+fRMRL+1RfRfF-fRLRJf-1BFX1

is a C-two-coeycle with e, ;=1L
(b) Let C = k[2] with 2* = 0. Then

0,=1R1RX¥1+2R2R1+1R2Rr—2R1Q

is a C-two-cocycle with ¢,, = 1. In addition, 0, ~°1®@1® 1 with
0=1Q1— xz®ax vertible.

2. Structure of C inherited by C°. Let ¢ be a C-two-cocycle.
If I is an ideal of C, we have an injective map {ideals of C} — {ideals
of C°} given by I I’. Also, (I')?= FxI’< (I-I)° = (I? and by
induction (I°)" < (I*)° for all n. Hence, if J(C) is nilpotent J(C)’ S J(C").
If C—J:D is an algebra map, /®%(0) is a D-two-cocycle with e, = f(e,).
In particular, if I is any ideal of C we may take D = C/I and f the
canonical projection C— C/I. If C < D we may take f to be the
inclusion and in this way view a C-two-cocycle as a D-two-cocycle.
If C/J(C) is commutative and cL C/J(C) is the canonical projection,
{CIH(OY}* = C°/J(C)°, and C/J(C) and C°/J(C) are isomorphic by Ex-
ample 1.2, Thus J{C’/J(C)} = {0} and J(C) 2 J(C°).

For any @ in Z(C) and y in C, (1.1b) implies (xe,) +y’ = Yy *(we,)’.
Therefore (Z(C)e,)’ € Z(C°). The map Z(C) —LZ(C”) given by z +— (xe,)’
is an injective algebra map by (1.1b). Suppose C/J(C) is commuta-
tive and let ¢ = 3, a4, ® b, ® ¢, be a C-two-cocycle. Then

{e, + JOMZ. adie, + J(C)) = 1 + J(C)

by (1.1b). Therefore ¢, + J(C) is invertible in C/J(C) which implies

that ¢, is invertible in C. If we let 7 = >, a2, R eb, Qe.ce;’, T isa

C-two-cocycle with e, = 1 and 7 ~? 0, where § = 1R e, is vertible.
For convenience, we assemble our preceding comments and two
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easy consequences in the following lemma.

LEMMA 2.1. Let o be a C-two-cocycle.

(i) If I is an ideal of C, I’ is an ideal of C°.

(ii) If J(C) is nmilpotent, J(C)y < J(C°).

(iii) If C/J(C) is commutative, J(C°) = J(C)°.

(iv) There is a k-algebra injection Z(C) < Z(C°).

(v) If C° is simple (i.e., has no proper ideals), C s simple.
(vi) If C° has center k, C has center k.

3. Waterhouse two-cocycles. In this section, C is a fixed k-
algebra and B is a k-separable subalgebra of C. We investigate
some properties of a B-two-cocycle discovered by Waterhouse. Recall
that the k-algebra B is separable over k iff there is an element
e=>,a, b, in BXR B (called a separability idempotent for B over
k) with

3.1) Sab, =1
Sre, R0, =30, b for all z in B.

The reader may verify that ,=e¢e®1+1Re— (R AR e)
is a B-two-cocycle with e, = 1.

DEFINITION 3.2. o0, is called the Waterhouse two-cocycle associ-
ated to the separable k-algebra B with separability idempotent e.

The Waterhouse two-cocycle ¢, figures prominently in our work.
In fact, Example 1.5(a) is the Waterhouse two-cocycle for B=Lk Pk
and separability idempotent fFRS+ 1 —HXRXA —F), f=(@,D0).
Using (3.1) it can be shown that ¢? = ¢, in B®%, Since B is a sub-
algebra of C, we may view o, as a C-two-cocycle as mentioned in
§2. We examine the algebra C’: in detail.

Define I',: C—C by I',(x) = 3, axb, for any z in C. I, is a
Z(B)-module endomorphism of C, where Z,(B) = {« in ¢|xb = bz for
all b in B}. We have a Z,(B)-module decomposition C=Z,(B)@Ker I’,.
Let @, b be in Z,(B), z,y be in Ker I',. Then it is easily seen from
the definition of ¢, that

a’exb’e = (ab)’e
@eys = (ay)
a%exb% = (xb)’e

moe*,yoe o Ooe .

Thus (Ker I',)°¢ is an ideal of C’ with (Ker I',)c = (Ker I",)’s = {0}°-.

(3.3)

ExampLE 3.4. Let C be a central simple algebra of dimension
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n over a field & and choose a separability idempotent e for C over
k. If », .-, z,_, are indeterminates over k,

CGB = k[xu *ty xn—1]/<{x1x1}7§;

4. Rigidity. Using the method of multiplication alteration by
two-cocycles, we introduce a partial order on the class of k-algebras
and study a related rigidity property.

DEFINITION 4.1 (Sweedler). Let C and D be algebras over the
commutative ring k. We say that C dominates D, written C > D,
if there is a C-two-cocycle o with D =~ C°, C is called rigid if C > D
implies that D =~ C.

Since for any k-algebra C the element 1 Q®1®1 is a C-two-
cocycle, dominance is reflexive. To prove that dominance is transi-
tive we first develop another approach to C-two-cocycles. Let
A(C) denote the category of k-algebras over C. The objects of
A(C) are k-algebra maps CLD with D a k-algebra. The morphisms
are obvious. Let .%(C) denote the category with objects C '—f>D,
where C, D are k-modules with multiplications (i.e., %-linear maps
CQRQC—Cand D® D— D) and f is a multiplicative k-module map.
Again take the obvious morphisms. Note that A(C) is a subcategory
of &7 (0).

Given any element ¢ = 3,2, ® b, ® ¢, in CR C R C and an object
cL.D of AC), we have an object C°L> D7 of .7(CY) with the
multiplication in D/ given by

2@y = 3 fla)mfb)ufle))

and f"(w”)F= f()’® for z, y in C. In this manner we obtain a func-
tor A(C) — 7 (C").

NotaTiON. For any k-algebra C, we denote the free algebra
obtained by adjoining three noncommuting indeterminants X, Y, Z
by C{X, Y, Z}.

The following lemma gives a characterization of a C-two-cocycle
o in terms of the functor F™.

LEMMA 4.2 (Sweedler). Let C be an algebra over the commuta-
tive ring k and o be in CQCR C. The following are equivalent:

(i) o s a C-two-cocycle.

(ii) The image of F° lies in A(C"), i.e., F° is a functor from
A(C) to A(CY).

(iii) C{X, Y, Z} is an associative unitary k-algebra.
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Proof. (i)=(ii). If o is a C-two-cocycle and CLD is in A(C),
f(o) is a D-two-cocycle and hence C"f—»Df @ ig in A(C°).

(ii) = (iii). CLC{X, Y, Z} where f(c) =c¢ for all ¢ in C is an
object of A(C) and thus by hypothesis C° A C{X, Y, Z} is an object
of A(C°). Hence C{X, Y, Z} = C{X, Y, Z}° is an associative unitary
k-algebra.

(iii) = (i). The unit ¢; of C{X, Y, Z}° must lie in C and we have
X°xel = X° = e7x X" which implies (1.1b). By associativity, X'*(Y*xZ°) =
(X°+Y°)«Z° which implies (1.1a). Thus ¢ is a C-two-cocycle.

PROPOSITION 4.8. Dominance is transitive.

Proof. Suppose we have a C-two-cocycle 0 = 3,2, ® b, X ¢; and a
C’-two-coeyele 7 = 3, 4 R el ® f2. Let z, y be in C. Then writing
out (2°)"x(y°)” shows that we will be done if we can prove that

7= . iz . ailaizai3ai4dibi4 &® ci4bigejci3bi2 ® cizbilfjcil
109218, 74,5
is a C-two-cocycle with e, = ¢. since then C7 = (C°)° via 27— (2°).
By Lemma 4.2 we have functors F°: A(C)— A(C°) and F*: A(C°) —
A((C°). The composite F o F” is just F7. Hence 7 is a C-two-
cocycle by Lemma 4.2. It is easily checked that e, = e..
Therefore dominance is a partial order on the class of k-algebras.

In §6 we study the functors A(C)FlA(C") in detail.

REMARKS 4.4. (a) Example 1.2 shows that commutative k-
algebras are rigid.

(b) If C= M(n, k) and ¢ = g, is a Waterhouse two-cocycle for
C, C° is commutative (cf. Example 8.4). Hence dominance is not
symmetric.

The following two theorems provide a dominance characterization
of central simple k-algebras.

THEOREM 4.5. Let C be an algebra over o field k. If C domi-
nates o separable k-algebra, C is separable over k.

Proof. There exists a C-two-cocycle ¢ with C° k-separable.
Hence by [6, Theorem 3.1] k-dim C = k-dim C° is finite. It then
follows from Lemma 2.1 that J(C)’ < J(C°) = {0}°, proving C to be
semi-simple. Since Z(C) = Z(C°) by Lemma 2.1 and Z(C°) is a com-
mutative separable k-algebra [1, Theorem II1.12], Z(C) is k-separable.
Therefore C is k-separable, again using [1, Theorem III.21].
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THEOREM 4.6. Let k be a field and C a k-algebra with k-dim C=mn.
The following are equivalent:

(a) C dominates a central simple k-algebra.

(b) C is a central simple k-algebra.

(¢) C> D for all k-algebras D with k-dim D = n,

(d) C>k@- - Dk and C > kal/(=").

(e) C dominates a separable k-algebra and C dominates a
purely inseparable k-algebra.

Proof. Recall that an algebra A over the field %k is a purely
inseparable k-algebra [8, Definition 1] if the contraction map A Q
A'— A given by a @b+ ab provides an A & A° projective cover
of A. If k-dim A < «, A is purely inseparable over k iff A/J(4)
is a purely inseparable (in the usual sense) field extension of % [8,
Corollary 13(b)].

(a) = (b). This is clear from the reflexive property of dominance
and (v) and (vi) of Lemma 2.1.

(b) = (c). Let D be any k-algebra of k-dimension n. We may
then identify C and D as k-spaces. Since C is central simple, by
[7, 1.83a and 1.6] we have a linear isomorphism CRC® C =
Hom (C® C, C) given by

2, Q B, Q Ty (Y, Q Yo > T Y, 2,Y,Ts) .

Since a multiplication on D is a linear map C & C— C we have an
element ¢ in C® with C° = D as k-algebras. By [7, Proposition 1.6]
o is a C-two-cocyele, and thus C> D.

(¢c) = (d). Clear.

(d) = (e). Clear since kD . @D k is k-separable and k[z]/(x") is
k-purely inseparable.

(e) = (b). By Theorem 4.5, C is k-separable. In particular, C
is a finite k-dimensional semi-simple k-algebra and Z(C) is k-separable.
We have a C-two-cocycle z with C° purely inseparable over k. Since
Z(C)<=>C* (cf. 2.1 (iv)), Z(C) is purely inseparable % [8, Corollary
7(c)]. Thus Z(C) is both separable and purely inseparable over Fk,
which implies Z(C) = k [8, Corollary 7(a)]. Since C is semisimple
and Z(C) =k, it follows that C is simple.

We now study the structure of rigid algebras. The crucial
theorem is

THEOREM 4.7. Let k be a commutative ring and C be a k-algebra.
Suppose there is a k-algebra map p: C— C such that p*=p and
Ker () RC*+ CQRQ Ker (p))S J(CR C°. Then every C-two-cocycle
18 equivalent to a p(C)-two-cocycle.
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Proof. Let 6 =>,;a,®b, X ¢, be a C-two-cocycle. Since
[p @ L'NZ p(a:e0)b: @ ¢)) = 3 plase)p(bs) @ et
= [p @ LIS aiesb, ® )
=pPRIRIL)=1Q1

and ker (p ® 1°) & J(CR® C°) by hypothesis, >; p(a;e,)b; K ¢} is inver-
tible in C® C°. Thus 4, = 3}, p(a,e,)b, X c; is vertible. Denote its
verse by 3, u, @ v,:7, ~' 0 defines a C-two-cocycle 7, with e = p(e,)
and it follows from the associativity relation for o that

T, = Z p(ai) ® biu’i ® ViC; .

By an obvious analog of the argument used for 4, above, one may
see that 4, = >, ; p(a;,) ® bu;pv(e,v;e;) is vertible, Call its verse
32 Qy,. Note that >, 2, @y, = >, »(x,) @ ¥, by uniqueness of
verse (uniqueness of inverse in C Q) C°).

7, ~%7, defines a C-two-cocycle 7, with e, = e, and it follows
from the associativity relation for 7, that

T, = i;l p(ai)xj Qyibu ® p(vlci) .

Thus 7, is in p(C) ® C&R »(C).

We claim that 7, in fact lies in p(C)®%. To see this, apply the
map L@ m, Q1R p»R®1Q1) to the associativity relation for z,,
where m,: CQ C— C is given by a @b ae,b. Since p*= p, this
yields that 7, is in p(C)%%.

THEOREM 4.8. k verfect field. Let C be a k-algebra with J(C)
nilpotent and C/J(C) locally finite (i.e., every finite subset of C/J(C)
generates a finite dimensional k-algebra). If every k-separable sub-
algebra B of C is commutative and Ker I', is an ideal of square
zero for some separability idempotent e of B, then C is rigid.

Proof. Let 0 =3",0,Qb,&®c, be a C-two-cocycle and let D be
the subalgebra of C generated by {a,, b, ¢;, ¢,}7~, U J(C). Since J(C)
is a nilpotent ideal of D, J(C) < J(D). The locally finiteness of C/J(C)
implies that D/J(C) is finite dimensional. Hence the radical J(D/J(C) =
J(D)/J(C) of D/J(C) is nilpotent. Since J(C) is nilpotent, it follows
that J(D) is nilpotent.

D/J(D) is k-separable. Hence by the Wedderburn Principal
Theorem D = B@ J(D) for some k-separable subalgebra B of C. (cf.
[4, Theorem 72.19]. To remove the finite dimension restriction on
D, induct on the index of nilpotency of J(D).) By Theorem 4.7 ¢ is
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equivalent to a B-two-cocycle, Hence we need only show C° = C if
o isin B®, Since B is commutative by hypothesis, we may assume
e, = 1.

Recall that C = Z,(B)@ Ker I',. By hypothesis we may assume
Ker ', is an ideal of square zero. For a,b in Z(C), x,y in Ker I,
we have

a’xb° = (ab)°
a’xy’ = (ay)’
axb” = (ab)’
xa*ya — Oa — (xy)a .

Thus C° =~ C via ¢’ =ec.
We now study dominance and Waterhouse two-coeycles in order
to prove a partial converse of Theorem 4.8.

LEMMA 4.9. Let C be a k-algebra with J(C) = {0}. Suppose that
B is a k-separable subalgebra of C with separability idempotent e.
If C°e=C, B< Z(0).

Proof. J(C°¢) = {0}°c so the nilpotent ideal (Ker I",)’s must be the
zero ideal. Hence C = Z (B) and B is central.

LEMMA 4.10. Let C be an algebra over the field k, B a k-separa-
ble subalgebra with separability idempotent e. If C°¢=~C, B 1is
commutative.

Proof. Consider the canonical projection C 5 C/J(C). B = n(B)
is a k-separable subalgebra of C = C/J(C) with separability idempotent
¢ = n(e). Since C° =~ C, we have C*? = C. Hence by Lemma 4.9 B
is central in C. Thus for all #, y in B 2y — yx is in BN J(C). Since
B is finite dimensional over k, BN J(C) is a nil ideal of B. Because
B is separable, J(B) = {0} and hence BN J(C) = {0}. Therefore B is
commutative.

THEOREM 4.11. Let k be a perfect field and C be a k-algebra
with J(C) nilpotent and k-dimension of C/J(C) finite. If Cis rigid
every k-separable subalgebra B of C is commutative and Ker ', is
an ideal of square zero for some separability idempotent e for B.

Proof. Every k-separable subalgebra of C is commutative by
Lemma 4.10. Using the Wedderburn Principal Theorem we have
C =B, J(C) for some k-separable subalgebra B, of C. For any
separability idempotent ¢, for B,, C°«% =~ C implies that there is a k-
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separable subalgebra B, of C with separability idempotent e, such
that B, =~ B, and Ker I, is an ideal of square zero. Since any two
Wedderburn factors of C are isomorphic by an inner automorphism
of C (ef [4, p. 491]) and any k-separable subalgebra of C is contained
in some Wedderburn factor, we are done.

Combining Theorems 4.8 and 4.11 we have

THEOREM 4.12. Let k be a perfect field and C be o k-algebra
with J(C) milpotent and k-dimension of C/JHC) finite. Then C is
rigid iff every k-separable subalgebra B of C is commutative and
Ker I, is an ideal of square zero for some separability idempotent
¢ for B.

5. Modular rigidity. Given a k-algebra C, we denote by M(C)
the category of C-bimodules. Let ¢ = 3,0, b, ®c; be a C-two-
cocyele, If Mis C-bimodule, we form a C°-bimodule from M in the
following manner. Starting with an abelian group M’ isomorphic
with M via m° = m, we define left and right actions of C° on M°
by

o’ m’ = (3 a,xbme;)’
mxx’ = (O, a;mbxe;)’ ¢ in C, m in M.
Using the defining relations (1.1) of a C-two-cocycle, it is readily

checked that this provides M’ with a C°-bimodule strueture. Given
a C-bimodule map M —f»N we let M"f-»N" by fe(m°) = f(m)’. These
eonstructions define a faithful functor from M(C) to M(C°) which we
denote by ( ).

We define a linear map

CRC LR C
Q@ y" — > a.0;4h; @ (e;b.yc)”

LeMMmA 5.1. @, is @ map of k-algebras.

Proof. Since @, is linear and @,(e; R e2) = 1 ® 1°, we need only
check that ¢, is multiplicative. This follows from the two-cocycle
associativity relation for o:

2@ @ )+ (27 ® ¥)} = Pol3) (@abwc) ® (@;y,b;9¢,)"}
= 3 0u0,a;2b,3,6D, Q (c.bat;y.b;yc;C,)

%5, myn

= Z amaixbixlcibman®(bnajy1biycjc'ncm)o

$i myn
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= amxbmaixlbian ® (bnajylbjycicncicm)o

i3, m,n

= 3, 0u¥b,a,a,2.b, ® (c.b.a;y.b;yc;c.c,)

4,5, mn

<,

<,

= @ 20n,2;0,%b, & (¢,0;9.¢:b.9¢.,)

63, m,n

= {2 anbna; ® (byc.cn)’H2 a;0,2.0, @ (c.biy.c;)’}

m,t

= @,(2" ® ¥”)- o] @ y7) .

The change of rings functor induced by ¢, is the functor that
we called ( ). ‘

Recall that a functor F' from a category .% to a category <&
is dense if given any object B of <Z there is an object 4 of &
with F(4) isomorphic to B in 7.

<,

REMARKS 5.2. (a) C°®C” is a faithful C° ® C”-module. Thus
if () is dense, @, is injective since @, (3, #! ® ¥!’) =0 implies
2! Q@ y')* M? = (0f for all M in M(C).

(b) If @, is an isomorphism, ( )° is an equivalence of categories.

(¢) If Cis a finite dimensional algebra over a field %, parts
(@) and (b) imply that ( )" is an equivalence iff ¢, is an isomorphism
since k-dim C® C° = k-dim C° ® C*.

DEFINITION 5.3 (Sweedler). Let C be a k-algebra. We say that
C is modularly rigid (modularly semi-rigid) if ( )° is an equivalence
(dense) for all C-two-cocycles o.

Note that modular rigidity implies modular semi-rigidity. We
will later show that for certain types of algebras over a field %, e.g.,
finite dimensional ones, modular rigidity is equivalent to modular

semi-rigidity.

ExampLES 5.4. (a) Let C be a commutative ring and ¢ be a
C-two-cocycle. By Example 1.2, ¢, is invertible. For z, y in C,
2, RY) = (¢ R ¥)e;' ®e;*). Hence C is modularly rigid by
(5.2D).

(b) Let C= U(2, k), the algebra of upper triangular two by
two matrices over k, and take o, to be the Waterhouse two-cocycle
associated with B = ke,, @ ke,, and separability idempotent ¢ = e, ®
e, + €x® e, Since @, (erf ®er’) =0 by direct calculation, () is
not dense by (56.2a). Thus U(2, k) is rigid (by Theorem 4.7) but not
modularly rigid.

The remainder of this section is devoted to studying the struec-
ture of modularly rigid algebras over a field k.
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LEMMA 5.5. Let C be an algebrea over o commutative ring k.
Suppose that ¢ = 3, a; ® b, X ¢; 1s a C-two-cocycle and let

%, = Z a:2; Qzic) 0] & ¢;b; Rz €
%)
M CRzi0)C°RCRz)C°. Then if 2,18 invertible, @, is an isomorphism.

Proof. Let z;'= 3,0 Rz 7 X 8, Rz t2. Define a map 4,
CRC—C°RC”° by

/10(211 2, @ y) = % (D7) ® (slyitl)ao .

Then z;'z, = 1 implies 4,p, = Ipege and 2,2, = 1 implies @, 4, = Iygeo.
Hence 4, = ¢;*.
In preparation for the next theorem, we need the following

LEMMA 5.6. - k field. Let C be an algebraic k-algebra with all
k-separable subalgebras of C/J(C) central. Then every semi-simple
subalgebra of C/J(C) is commutative.

This lemma may be. proved using Wedderburn-Artin structure
theory and the Jacobson-Noether theorem [5, Theorem 3.2.1].

THEOREM 5.7. k field.. Let C be a k-algebra with J(C) wnilpotent
and C/J(C) locally finite. . If.all k-separable subalgebras of C are
central, @, 1s an isomorphism for all C-two-cocycles o.

Proof. - As in the proof- of :Theorem 4.8, let 0 = 37,2, X b, K ¢,
be a C-two-cocycle and let D be the subalgebra of C generated by
{@;, b, ¢, e,}e, UJ(C). If B is any k-separable subalgebra of D/J(D),
we may lift B isomorphically to a k-separable subalgebra BS D < C
by the Wedderburn Principal Theorem. By hypothesis, B < Z(C),
and so also B < Z(D) and B < Z(D/J(D)). Therefore D/J(D) is com-
mutative by Lemma 5.6. ‘

Let D = D/J(D). Since D is commutative and finite dimensional,
there exists a unique maximal %k-separable subalgebra S of D and D
is a purely inseparable §-algebr"a (to see this, use structure theory
to write D as a finite product of field extensions of k). Lift S via
the Wedderburn Principal Theorem to a k-separable subalgebra S in
the center .of C.

C Letz =300, Qsb ®c;b Rscl. We claim that z is invertible.
Once this is established, we would be able to complete the proof by
noting that then theimage z, of z in C®y.0) C°R C Ry C° is
invertible and hence Lemma 5.5 applies.

Thus we need only show that z is invertible. First, we note
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that 2z is in DR DR DR (D°. Since J(D) is nilpotent, z is inver-
tible in (D Q sD"** iff its image Z under the natural map

DR sD"RQD® sD°—» DR3sDR®D®sD
is invertible.

Because D is purely inseparable over S, the kernel of the con-
traction map D ® D' D is contained in J(D ®3D°). JD ® D) is
nilpotent since D ® 5D° is a finite dimensional %-algebra and hence %
is invertible iff its image under the map m ® m is invertible (note

that m is an algebra map since D is commutative). Since {m Q m}(z)
clearly has inverse ¢, ® €, we done.

We use Waterhouse two-cocycles to obtain the converse of the
above theorem.

LEMMA 5.8. Let C be an algebra over the field k and B a k-
separable subalgebra of C with separability idempotent e. Then if
®,, 18 tnjective B is central in C.

Proof. If B were not central, we would have a nonzero z in
Ker I',. Then ¢, (2’ ® 2°) = 0 by explicit calculation.

COROLLARY. k field. If C is modularly semi-rigid, all k-
separable subalgebras B of C are central.

Proof. Since C is modularly semi-rigid, in particular ( ) is
dense for all Waterhouse two-cocycles o,. By Remark 5.2a we thus
have @, injective for all o,. Hence all k-separable subalgebras of
C are central by the lemma.

We have thus shown

THEOREM 5.9. k field. Let C be a k-algebra with J(C) nilpotent
and C/J(C) locally finite. The following are equivalent:

(a) C s modularly rigid.

(b) C is modularly semi-rigid.

(c) All k-separable subalgebras of C are central.

(d) @, ts an isomorphism for all C-two-cocycles o.

6. Categorical rigidity. In this section we take a “functorial”
approach to multiplication alteration by two-cocycles. As in §4 we
let A(C) denote the category of k-algebras over C. Recall that
given a C-two-cocycle ¢ and an object C —]:»D of A(C), flo) is a

D-two-cocycle and C° Eil D’ ig an object of A(C°) with f°(&°) = flz)'*
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for # in C. This map describes a faithful functor from A(C) to
A(C°) which we denoted F“.

DEFINITION 6.1 (Sweedler). Let C be a k-algebra. We say that
C is categorically rigid (categorically semi-rigid) if F” is an equivalence
(dense) for all C-two-cocycles o.

Note that categorical rigidity implies categorical semi-rigidity.
We will later show that for certain types of algebras over a field
k, e.g., finite dimensional ones,-categorical rigidity is equivalent to
categorical semi-rigidity.

Suppose o, 7t are C-two-cocycles with o ~°7, 0 = >, u; @ v,.
Then thes map R’: C°— C* given by 2° — (3); u,xv,)" induces a functor
A(C’)f—e A(C°) by “composition.” For CLD in A(C), define

T4, F(C -1 D) — 2 F*(C—— D)
to be

RI®
Df@ — Df@®

N\ /
N TR
Ca

in A(C°). T describes a natural transformation F° to <#°F<. If ¢ is
vertible the reader may check that T is a natural equivalence. Since
A is an equivalence when d is vertible we have

LEMMA 6.2. Let o, T be C-two-cocycles with ¢ ~*7, 0 vertible.
Then F° is dense (resp. full) iff F* is dense (resp. full).

We now direct our attention to the structure of algebras over
a field £ which are categorically rigid.

LEMMA 6.3. Let C be an algebra over the commutative ring k,
Suppose 0 = 3, a, @b, ®¢; is a C-two-cocycle with e, = 1. Let

W, = >, (ailaizai3ai4)o X bi4 &® (cubis)o ® ci3bi2 X (cizbil)o & Gy,

11,89,13,74

in (C°QC)®. Then if w, is invertible there is a C°-two-cocycle T
with F*o F° = F'®'® which is the identity functor on A(C).

Proof. There is an element

w;lzgug®03®w3®xa®yg®zl
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in (C°Q C)®® with w;*w, = 1. This implies

> ailaizaizauujvjbu ® ci4bi3wﬂ'xici3biz ® cigbilyjzjci1

—1Q1®1.
Thus we will be done if we show that

T= ZJ‘ (uv5)° @ (¥;%;)° @ (¥;2,)° = ; Qe R [

is a C°-two-cocycle with e, = 1.

Let C{X, Y, Z} be the free algebra on noncommuting indetermi-
nants X, Y, Z as in Lemma 4.2. From the last paragraph we have
CX, Y, ZY)y =% C{X, Y, Z} as k-algebras via (2°)°— « for z in C{X,
Y, Z}. In particular, (C{X, Y, Z)°)" is an associative algebra with
unit element 1. This two-cocycle unitary property for ¢ is ‘then a
consequence of (1°)x(X°)" = (X°)° = (X°)"*(1°)". Since (C{X, Y, Z})" is
associative we have

25 (M=)« X7 = 5]+ Yo](fjxeD)]« Z° )+ S
= 2 [[[[[e= X ]x(elxdg) ]« Y7]xe5]xZ71+(f 5+ f7)

The two-cocycle associativity relation for 7 follows from this.

We have left the tedious verifications to the reader since they
are straightforward applications of the two-cocycle relations for o
and the invertibility of w,.

COROLLARY. Let C be commutative k-algebra and o be an
Amitsur two-cocycle (i.e., an invertible C-two-cocycle). Then F’ s
an equivalence.

Proof. Since C is commutative, ¢, is invertible and hence we
may assume ¢, = 1 by Lemma 6.2. w, is clearly invertible so by
Lemma 6.3 there is a C°-two-cocycle ¢ with F< o F° = F'®€, Thus
F* is dense and F” is full. It is easy to see that t is an invertible
Ce-two-cocycle by its construction and another application of Lemma
6.3 proves that F- is full. Hence F* is an equivalence, which im-
plies that F” is dense.

THEOREM 6.4. Let C be an algebra over a field k& with J(C)
nilpotent and C[J(C) locally finite. Then C has no k-separable sub-
algebras (except k) = all C-two-cocycles are invertible.

Proof. (=) If C had a nontrivial k-separable subalgebra B,
any Waterhouse B-two-cocycle o, would be a nontrivial idempotent
element of C® C® C and hence would not be invertible.
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(=) As in the proof of Lemma 4.8, let 6 = 3, a,Xb, Re¢,
be a C-two-cocycle and let D be the subalgebra of C generated by
{a, b, ¢, eJr, UJ(C). If S is any k-separable subalgebra of D/J(D),
we may lift S isomorphically to a k-separable subalgebra S D < C
by the Wedderburn Principal Theorem. By hypothesis, S=% so
S =k. It follows from Wedderburn-Artin structure theory that
D/J(D) is a purely inseparable field extension of k. Since J(D) is
nilpotent ¢ is invertible iff ¢ = p(o) is invertible, where p: D — D/J(D)
is the natural map. But é is a D/J(D)-two-coeycle and hence inverti-
ble [7, 2.15].

Note that D/J(D) commutative implies that ¢, is invertible and
o is equivalent to a C-two-cocycle ¢ with e, = 1 (cf. §2).

THEOREM 6.5. Let C be an algebra over a field k with J(C)
nilpotent and GC[J(C) locally finite. If all C-two-cocycles are inverti-
ble, C is categorically rigid.

Proof. Let ¢ be a C-two-cocycle. By the remark at the end
of Theorem 6.4 and Lemma 6.2 we may assume that ¢, = 1. Let D
be as in Theorem 6.4 and consider the element w, in (D°Q® D)®® as
in Lemma 6.3. Since J(D) is nilpotent, w, is invertible iff @, = p(w,)
is invertible, where p: D — D/J(D) is the natural map. Because o
is invertible and D/J(D) is commutative, w, is clearly invertible.
Therefore. by Lemma 6.3 we have a (C’-two-cocycle 7 with Ffo F’ =
Frewr peojg full, F*© is dense, and we will be done if we show F*
is also full, i.e. F© is an equivalence.

Let E be the subalgebra of C° generated by {dj, ¢}, f3} U J(C).
Noting how 7 = >}; d7 Q ¢ Q f7 arose, we have E = D°. Since J(C)
is a nilpotent ideal of E, J(C) < J(E) and E/J(C)y < D/J(C) =
(D/J(C))y. Hence E/J(C) is finite dimensional and it follows that
J(E) is nilpotent. C° has no k-separable subalgebras and thus E/J(E)
is commutative by Wedderburn-Artin theory. The invertibility of
7 follows easily from the proof of Lemma 6.3 and it follows that
w. is invertible in (F°Q E)**. Thus F* is full by Lemma 6.3.

Now we use Waterhouse two-cocycles to prove the converse of
the above theorem.

LEMMA 6.6. Let k be a field, C be & k-algebra, and B a k-separa-
ble subalgebra with separability idempotent e and associated Water-
house two-cocycle a,. Then, if F°¢ is dense, B = k.

Proof. Let E = End,(C’) and C°* = E be given by 27 — (left
multiplication by 7). There is an object CI»D in A(C) with
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Do — L, g

™\ e
AN
Cv

commutative. In particular, f is injective.

B = f(B) is a k-separable subalgebra of D with separability
idempotent & = f(¢) and associated Waterhouse two-cocycle & = f(o.).
Thus we have D° = Z,(BY @ (Ker I;)’ with (Ker I';)’ an ideal of
square zero. Since J(D°) = {0 and Z(D°) = k, we have f(B)=BCk.
Because f is an injective k-algebra map we have B = k.

Combining the above results we have

THEOREM 6.7. Let C be an algebra over the field k with J(C)
nilpotent.

Consider the following statements:
(1) 0~0,1®1R1 for some vertible 9, for all C-two-cocycles .
(2) C is categorically rigid.
(8) C is categorically semi-rigid.
(4) C has no k-separable subalgebras (except k).
(5) All C-two-cocycles are invertible.
Then
(a) M=@)=@B)=@=05).
(b) If C/J(C) is locally finite, (2)-(5) are equivalent.

Proof. (a) (1)=(2) follows from Lemma 6.2. (2)=(3) is
trivial and (8) = (4) holds by Lemma 6.6. For (5) = (4), see Theorem
6.4, proof of (=).

(b) 2)=@)=(4)=(5) by part (a). (4)=() and (5)=(2)
follow from Theorem 6.4 and Theorem 6.5, respectively.
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