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We consider two classes of functions, univalent and
meromorphic in the unit disk 4. The first class is normalized
by requiring that the functions be nonzero in 4 with f(0) =1
and a pole at a fixed point, p, 0 < p < 1. In the second class
the functions are allowed to have a zero with fixed magni-
tude. Theorems concerning the integral means of functions
in both classes are proven and consequences of these
theorems are considered.

1. Introduction. Let X (p), 0 < p < 1, be the class of functions
f(z), univalent and meromorphic in 4 = {z:|z| < 1}, with a simple
pole at z = p and such that f(z) = 0 for z in 4 and f(0) = 1. Also,
if 0<p<land 0<q<1, we let X(p, q) be the class of functions
f(z), univalent and meromorphic in 4, with a simple pole at z =p
such that f(z,) = 0 for some 2, with |2,| = ¢ and f(0) = 1. Recently
Libera and the author [4] and the author [5] have studied a sub-
class of X(p), namely the class of weakly starlike meromorphic func-
tions A*(p) which have the representation

flz) = z (2)
? (1—%)(1—pz)gz

where g¢(z) is in X*, the class of normalized meromorphic starlike
functions. In this paper we will extend many of the results obtained
for A*(p) to the class 3(p). In particular it was proven in [5] that
if fis in 4*(p) and F(z) = (1 + 2)}/1 — z/p)(1 — pz), then

| 1srenpdo = |7 | Fore)ido

for 0 <r <1land A>0. Using a powerful method of Baernstein
[1], we will extend and generalize this result to the class X(p).
Similar results are also obtained for the class X(p, q).

2. The class X(p). The proof of the theorem concerning the
integral means of a function in X(p) follows the proof given by
Kirwan and Schober [3] who consider the class S(p) of functions
J(#), univalent and meromorphic in 4, with a simple pole at 2 = p
and such that f(0) = 0 and f’(0) = 1. The proof relies on results of
Baernstein [1] which we now state.
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168 ALBERT E. LIVINGSTON

For this purpose we need to introduce some notation. If ¢ is
a measurable, extended real valued function on [—7, 7], then we

define
g*(0) = sup | g(0)d0
E E

where the supremum is taken over all Lebesque measurable sets
Ec|[—=r, ] with measure m(E) =26. In particular, if u(re®) is
defined in an annulus 7, < |2| < 7, and the * operation is performed
in the ¢ variable, then u*(re') is defined in {re*’: r, < »r < 7, 0 < 0 < 7}.
Baernstein [1] has proven the following.

ProPOSITION 1 ([1, Theorems A and A’ and Proposition 5]).

(i) Let D be a domain containing v, > 0 and having a clas-
sical Green’s fumnction. Let u be the Green's function of D with
pole at r,. (It is assumed here that « is defined on the extended
plane by defining it to be zero on the complement of D.) Then

uH(rei?) = u*(re’’) + 21 log* -
7o

is subharmonic in the upper half-plane.

(ii) Let D and w be as in (i) and suppose further that D is
circularly symmetric. Let D™ = DN {z:Imz > 0}, Then uf(re’) is
harmonic in D*.

ProOPOSITION 2 ([1, Proposition 2]). For ge L|—m=, 7],
g
¢'® =\ @iz, o0so=x,

where G(x) ts the symmetric nonincreasing rearrangement of ¢.
(For the definition of G(z) see [1] and [2].)

ProposiTION 3 ([1, Proposition 3]). For g, helLY{—=x, x| the

following are equivalent.
(a) For every convex mondecreasing function @ on (— oo, co),

| otondo = | amonas .
(b) For every tc(—oo, ),
| 190 — rdo = | 1o — t1as .

(e) g*@) = h*@), 06 7.



THE INTEGRAL MEANS OF UNIVALENT, MEROMORPHIC FUNCTIONS 169
We can now state and prove the following theorem.

THEOREM 1. Let @ be a conver nondecreasing function on
(— o0, o0). Then for all feX(p) and 0 < r < 1,

|| o= tog I fre)pdo < " 0k log | Fy(re) o

where
Fg=—4+a
(1 - i)(l — p2)
D

Proof. We first consider the inequality.

@.1) S d(log | fire") 6 < S O(log | F,(re'%)[)d6 .
With /! denoting the inverse function of f we define
M —1 1 , 4
(2.2) w(w) = og | f7H(w)| w € f( )
.0 ) otherwise
and
r_logle‘,‘l(w)l, WGFP(A)
v(w) = .
.0 , otherwise .

According to Proposition 1(i) the function u*(re'’) = u*(re*) + 2r log™ r
is subharmonic in the upper half-plane and by ([1, Theorem A’]) is
continuous on the real line with 0 deleted. The function F, maps
4 onto the extended plane slit along the interval [—4p/(1 — p), 0].
Thus F',(4) is circularly symmetric and according to Proposition 1(ii)
the function v¥(re‘?) = v*(re'’) + 2w log™ r is harmonic in the upper
half-plane and by [1, Theorem A’] is continuous on the real line with
0 deleted. It follows then that w* — v»* = u* — »* is subharmonic in
the upper half-plane and continuous on the real line with 0 deleted.

The inequality (2.1) will follow from Proposition 3(b=a) if it
can be proven that for fe2(p), 0 <r <1l and 0 < p < o,

(2.4) S_ log* m;ﬁﬂda < S_ log* i_Fp(%fﬁi_dg .

At this point we have need of a lemma analogous to Proposition 4
in [1] and one which appears in [3].

LEMMA. Let feX(p), 0<r <1l and 0 <p < . Then,
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SE log* I—jﬁi%mdgs + 2 log* % = Sﬁ [u(oe?) + log r]*d¢ + 2r log™ % .

—-x

Because of this Lemma, we see that (2.4) is equivalent to the
inequality

(2.5) S” [u(pe?) + log r]*de < S” [v(pe*?) + log r]*dg .

However, applying Proposition 3(c = b) we see that (2.5) will hold
provided

(2.6) (w* —v*)(ee?) =0, 0<p<ee, O0=f0=m.

As we have already noted u* — v* is subharmonic in the upper
half-plane and continuous on the real line with 0 deleted. In a
neighborhood of w =0 both #u(w) and v(w) are continuous with
#(0) = v(0) = 0. Thus given &> 0 there exists 6 > 0 such that
|w(w)| < ¢/2r if |w| < 6. Thus if |w| <08, w= 0e*0=¢ <7m) and
m(E) = 2¢ we have

S w(pe’)do < S m(E) < ¢ .
E 2r

Therefore
u*(pe**) = sup S u(pe’)dd < ¢ .
E E
It follows then that w*(w) approaches 0 as w approaches 0. A
similar statement holds for v*(w). Thus

@2.7) lim (u* — v*)(w) = 0 .

We also have

lim u(w) = lim v(w) = —log p .

w—roo w

Thus given ¢ > 0 there exists 6 > 0 such that |u(w) + log p| < /2%
and |v(w) + log p| < ¢/2r if |w| > d. Thus if |w| > 5, w = pe”?(0 <
¢ = ) and m(E) = 2¢,

], utoe”) + log p)as| < Lmim) < ¢
E 2

It follows that
—& = u*(pe”) + 2plogp < €.

Similarly, we have
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—e S v*(pe*) + 2plogp < €.
Thus

—2¢ = (u* — v*)(pe*?) < 2¢.
It follows then that
(2.8) Llﬂ (u* —v*)(w) =0.

From (2.8) and previous remarks it follows that the subharmonic
function u* — v* is bounded in the upper half-plane. Thus, by the
maximum principle, it is enough to prove that (u* — v*)(s) < 0 for
s on the real axis R.

For this purpose we let

D; = sup |w|
wef(d)

and divide the real line into 3 intervals,

R = (‘00, "“.Df) U[—Dfr 0) U [07 +°o> .

Case (i). se€[0, +). Because of (2.7) we need only consider
s€(0 + o). But then u*(s) = v*(s) = 0 by definition, if s > 0.

Case (ii). se(—co, —D;). We first note that u(w) is harmonic
for max {1, D;} < |w| < « and v(w) is subharmonic in the same
region. Thus (¥ — v)(w) is superharmonic in max {1, D;} < |w]| £ .
In general, u(w) + log |w — 1| is harmonic in |w| > D, and »(w) +
log |[w — 1| is subharmonic in [w]| > D;. It follows that (w — v)(w)
is superharmonic for D; < |w| £ . Thus we have

(w* — v*)(s) = S(u — v)(|s]6")df = 2m(u — v)(e0) = 0.

Case (iii). se[—Dy, 0). Following Kirwan and Schober [3], for
a given ¢ > 0 we introduce the subharmonic function

Q(oe'?) = (u* — v*)(pe?) — &g 0=p<oo,0=9=7).
From previous cases we have,

(2.9) lim sup Q(w) < 0

w8

for all se{R —[—Dy, 0)} U{cc}. Suppose SUDPim.,>0 @wW) =M > 0.
Then as in [3] we have by the maximum principle and (2.9) the
existence of some §€[—Dy, 0) such that

(2.10) Q3 = Q(|8le”), O=¢=m.
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Thus,
Oélim Q(‘é\‘ew)”‘Q(é\)
(2.11) o *fﬁ?ﬂ - . B
= lim % (18]e”) —u*(5) _ lim Y (18]e*?) — v*(8) ..
poom ¢"“TC g ¢“—TC

From Proposition 2 and the definition of G(z) [1] it follows that

2.12) lim 22(81€™) — w*(8) _ 5 min u(i5]e%).
por ¢ — T 0s¢sn

A similar equality holds for v*. Combining (2.11) and (2.12) we
obtain

(2.13) 0 =< 2 min u(|§|e”?) — 2 min »(|§|e”?) — e £ —¢.
[ ES 4 0SP=m
Inequality (2.13) follows since the circle |w| = |§| intersects the

complement of f(4) and thus wu(/§|e’¥) =0 for some ¢ and since
v(]8]e'*) = 0 for all ¢.

However (2.13) is obviously contradictory and thus we must have
SUPmwso @W) = 0. Letting ¢ — 0 we obtain (u* — v*)(s) < 0 for all
se[—Dy, 0). This then completes the proof of (2.6) and hence (2.1).

The proof that

[ o(~tog | fire)pds < " a(~1og | F,re) pds

follows the proofs given in [1] and [3]. The only difference is that
(52) of [1] is replaced by

Sivlog‘L (0| f(rei?))do = 27r<10g o — log* %) + S_ log* mdﬁ

This then completes the proof of Theorem 1.
We have the following theorem as an immediate consequence of
Theorem 1.

THEOREM 2. Let feX(p), then for all N, —oo <N < o, and
0<r<l,

2.14) S | fire") 1d6 < S \F(re)[2dd .
3. Applications of Theorem 2.

THEOREM 3. Let fe X(p) and 0 < r < 1, then for |z| = 7.
(3.1 F (=7 = /)| = [Fy(r)|.
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REMARK. Inequality (3.1) was obtained earlier by Libera and
the author [4] for the class 4*(p) C X(p).

Proof. The right side of (8.1) follows upon taking the Ath root
of both sides of (2.14) and letting »— 4 co. To obtain the left side
of (3.1) we note that 2.1 gives for » > 0

1

K,ﬁﬁﬂlwéxl

Taking the \th root in the last inequality and letting A — -+ we
obtain

1 _
Fy(re”)

.,
PRI ) (1 + 5>(1 + pr) .
| f(2)] — ei=r | f(R)] T i=r [ Fy()] X —nry F,(—7)"

The last inequality is equivalent to the left side of (3.1).

1 1 .1

IA

Let feX(p) and f(z) =1+ >, a,2" for |2| < p. It has been
proven [4] that if fe€ 4*(p) C 3(p), then

(L=2f _ (<@t
p ~ T p

The inequality |a,| = (1 + p)}/p can be obtained for the class X(p)
by considering the case » = 2 in Theorem 2 and letting » — 0. How-
ever, making use of some results of Kirwan and Schober [3] we
can obtain both the upper and lower bounds on |a,]|.

THEOREM 4. Let felX(p) and f(z) =1+ 32, a,2" for |z| <wp,
then

(3.2) A=pr g <@+
p y

The inequalities are sharp.

Proof. 1t is easily seen that if fe X(p) with f'(0) = a,, then we
can write f(z) = a,0(z) + 1 where g € S(p). According to Kirwan and
Schober [3], g(4) contains {w: |w| < p/(1 + p)*} and {w: |w| > p/(1 — p)*}.
It follows that f(4) contains

{w: |w— 1] < pla,|/1 + )%}
and

{w:lw — 11> pla, /A — )} .
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Since 0 ¢ f(4) we must have 1 = ple,|/1 + p)* and 1 < pla,|/A — p),
which gives (3.2).

The function F,(2) = A + 2)*/(1 — z/p)(1 — pz) gives equality on
the right side of (8.2) and f(z) = 1 — 2)*/(1 — 2/p)(1 — pz) gives
equality on the left side of (8.2).

REMARK. Using Theorem 4 and the representation f(z) =
a,9(z) +1 where geS(p), estimates |a@,| similar to those given in
[3] may be obtained. Estimates may also be obtained by using
Theorem 2 directly.

In [4] sharp estimates on the quantity |f'(z)/f(z)| were obtained
for fe A*(p). Making use of Theorem 4, we can now extend the
results to the class X(p).

THEOREM 5. Let feX(p) and wed, w # p, then

(3.3) 1 (1—{a|)2§If’(w)§ 1 1+ alp
A—=lwP) o fw)y ! — A —|wi) el

where @ = (p — w)/(1 — pw).

Moreover, given wed, w = p, there exists a function feZ(p)
Sor which equality is obtained on the right side of (3.3) and similarly
for the left side of (8.3).

Proof. Let feX(p) and wed, w # p, and let
1 6% + w
9@ = 757 (1 n we“’z)

where 0 = arg (p — w)/(1 — pw). Obviously g is univalent in 4 with
g(0) = 1 and letting a = (p — w)/(1 — pw) we see that g has a simple
pole at z = |a|. Thus ge 3({e|). Therefore by Theorem 4 we have

1 —lal? < g0 < 1+ |a])? .
la] - al

A straightforward computation now gives (3.3).

Suppose we are given wed, w # p. Let a = (p — w)/(1l — pw)
and 6 = arga. For ze4, let

(1 + we‘“’)a + |a|we )1 + A(2))
f(z) = la]

(L — we (1 - —‘Ii‘gl’—))a — la] A()
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where

z— W
Alz) = e(1 — Wz)
The function f(z) is univalent in 4, different from 0 and f(0) = 1.
Moreover, f has a pole at that value of z for which A(z) = |a].
That is, when 2 = p. Thus fe X(p) and a straightforward computa-
tion gives equality on the right side of (8.3).
To obtain sharpness on the left side of (8.3) for a given w # p,
we set

<1 + we_w)(l + lalwe- "Y1 — A(2))

flz) = o]

1+ we“”)2<1 — %%2)(1 — la| A(2)

where a, , and A(z) have the same meaning as before. Again it is
easily seen that feJX(p) and that equality is obtained on the left
side of (8.3).

4. The class 3(p, q¢). In this section we extend the previous
results to the class 3(p, q) where the functions now take on the
value 0. Here the function playing the role of F,(z) is the function

(1 + i)(l + g2)
6@ = — :
(1 - ;)a — p)

It is easily seen that G, ,, € 2(p, ¢) and maps 4 onto the extended
plane slit along the interval

[—p( + ¢¥/g(l — B, —p — g¥lg(l + )] .

THEOREM 6. Let @ be a convexr mnondecreasing function on
(—oo, w). Then for all fe3(p,q) and 0 <r <1,

[ oCelog | ftre))as = | a(zlog |Guntre) o .
Proof. We first consider the inequality
@n " etogsreyao < " atog Gy utrenas .

Let

—log | f7(w)|, wef(4)
0, otherwise

w(w) = [
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and

[—1Og 1G(7zvl,q>(w)[ ) we G(p,q)(d)
v(w) = .
0, otherwise .

Arguing as in Theorem 1, inequality (4.1) will be proven if we can
prove that

(4.2) (w* —v*)s) £ 0, SER.
For this purpose we let

d;, = inf |w]| and D; = sup |w]
w € f(4) we f(d)

and

R = (=, =D))U[—Dy, —ds;]U(—ds 0)U[0, +c0).
Case (i). se€[0, + o). This case is exactly as in Theorem 1.

Case (il). se(—oo, —D;). The argument is the same as the
corresponding case in Theorem 1.

Case (iii). se(—d; 0). Since {w: |w| < d;} C f(4), we have that
w(w) + log |w — 1| is harmonic in |[w| < d; and v(w) + log |w — 1]
is subharmonie in |w| < d;. (The term log |w — 1| is only necessary
when 1 < d.) It follows that (w — v) is superharmonic for |w| < d;
and therefore

(" — v*)(s) = S (u — v)(|s|?)dh < 2m(u — v)(0) = 0 .

-7

Case (iv). s[—D; — d;]. The argument in this case is the same
as the argument given in case (iii) of the proof of Theorem 1.

This then proves (4.2) and hence (4.1).
The inequality

|7 o(—1og | fire") s = |* a(—log |Go,n(re) a0

is obtained as in Theorem 1 except that (52) of [1] is now replaced
by

gi log™ (p|f(re?))do = 271'[105; o + log* % — log* %}

i 1
logt ————df .
+ | es S
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We have the following as an immediate consequence of Theorem

THEOREM 7. Let fe3(p,q), 0<r <1, —c0c <N < oo, then
|7 1soenian < S |Gy (e 8 .

5. Applications of Theorem 7. Arguing as in Theorem 3 we
obtain the following.

THEOREM 8. Let fe 2(p, q), then for |z| = r.
|G —7)| = [f(R)] £ [Gpa()] -

THEOREM 9. Let fel(p,q) and f(z) =1+ o, a2 2] <D,
then

(5.1) IP—QI(]-—Z’Q)S|al|£(p+Q)(1+pQ).
g - B g

Both inequalities are sharp.

Proof. Let fe X(p, q) with f(z,) = 0 where |z,]| = q. Let g(z) =
(f(z) — 1)/a,, then g€ S(p). We therefore have [3]

2| < o) < 2|
(1 +El)a + iz 1-Ela—ppap
Since ¢(2,) = —1/a, and |z,| = q, we immediately obtain (5.1).

Equality on the right side of (5.1) is attained by the function
G,,(2) and on the left side by the function

fz) = 1 — 2/9)A — q2)/(1 — 2/p)1 — p2) .

REMARK. The right side of (5.1) could also be obtained by
considering the case A = 2 of Theorem 7 and letting = approach 0.

REMARK. We may obtain estimates on |a,|, » = 2, by either
using the case A = 1 of Theorem 7 or by using Theorem 9 and the
fact that f(2) = a,9(2) + 1 where g € S(p) and then using the estimate
on the coefficients of a function in S(p) [3].

As an application of Theorem 9 we obtain the following analogue
of Theorem 5.

THEOREM 10. Let fe X(p, q) with f(z,) =0, |2, = q, then for
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wed, w+# 2y, WH*D,

1 [lal—1ba@ —lallb) ] — | fw)
62 1= [Pl 18] 1= 155
<L Tlal+ 18D+ lalibh ]
ST jwpl @[]
where
_ | b—w | z—=w
ol = [P | and 1= [0

The left hand side of (5.2) is sharp and the right side 1is sharp at
least for |w| < q.

Proof. Let fe X(p, q) with f(2,) =0, |2,| =q. For wed, w =+ p,
w# 2y let @ = (p — w)/(1 — pw) and 6 = arga. Let

1 ez + w
Wz) = f(w)f[l + ﬁw”z] :

The function % is univalent and meromorphic in 4 with A(0) = 1.
Moreover % has a pole at z = |a| and h(z) = 0 when

2= (2, — w)/e(1l — wz,) = b .
Thus he2(Jal, |b]). By Theorem 9 we then have

lal = 11— 1all) _ [ < (al + 16D + lalb])
o] =K = alt]

which gives (5.2).

With » and ¢ fixed let w % » be such that |w| <q. Let a=
(p — w)/(1 — pw) and 6 = arga. Choose z, with |2, = ¢ such that
(2, — w)/e?®(1 — wz,) < 0. Such a choice is possible since |w]| < q.
With this choice of z, let b = (2, — w)/e*(1 — Wz, and define

(1 + w"'”)(l + |alw e‘”)(l + M)(l + 5] A(2)

o] 2]
flz) = .
_we U\ _inf1 _ A®)\q _
(1= #Em)a = 3l we(1 ~ £2)aa — ol 4G
where
Az) = 2= W

el — wz)

The function f is univalent and meromorphic in 4 with f(0) = 1.
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Moreover, f has a pole when A(z) = |a|, that is when z = p. f has
a zero when A(z) = —|b|. By the choice of z,,

A(Zo) = (2, — wo)/ew(l — Wz,) = "|b; .

Thus f(z,) = 0 and fe X(p, q). A straightforward calculation gives
equality on the right side of (5.2).

For equality on the left side of (5.2), let |w| < ¢, w+* » and @
and 6 be as before. Choose z, so that (z, — w)/e*(1l — wz,) > 0 and
set b = (2, — w)/e(1 — wz,). With this choice of z, let

(1 + we‘”)(l + lal we~w)(1 _ M)a — 15| A2))

fla) = —— oL —— .
(1 + )(1 Y we"”‘)(l —~ W>(1 — la] A®z))

It is easily seen that fe X(p, q) and that we get equality on the left

side of (5.2).
Suppose ¢ <r<p. Leta=(p—7r)/1L—pr)and b= (¢ +7)/(L+qr)

and let

(1 + i)(l + ow)(l + él(f_))(l + bA®R)

flz) = e -
(1 — ?>(1 — br)
where
Ay =2—"" |
@ 1—17rz
The function f has a pole at 2= and a zero at z = —q. Thus

feX(p,q) and a straightforward computation gives equality on the

right side of (5.2) when w = 7.
Let p and ¢ be fixed and » > 0. Let a = (p + 7)/(1 + pr) and

b= (g + 7)/A + qr) and

(1 - ;_')u — ow)(l - fil()ﬁ)a — bA®2))

&) = r AQ)
(1 — F>(1 — br)(l — T)(l — aA(2))
where
_ 2+
AR =1

The function f has a pole at z=p and a zero at z=¢q. Thus
feX(p, q) and we get equality on the left side of (5.2) when w = —r.



180 ALBERT E. LIVINGSTON

REFERENCES

1. A. Baernstein II, Integral means, univalent functions and circular symmetrization,
Acta Math., 133 (1974), 139-169.

2. G. H. Hardy, J. E. Littlewood, and G. Péyla, Inequalities, Cambridge Univ. Press,
Cambridge, 1959.

3. W. E. Kirwan and Glenn Schober, Extremal problems for meromorphic univalent
Sunctions, J. Analyse Math., to be published.

4. R.J. Libera and A. E. Livingston, Weakly starlike meromorphic univalent functions,
Trans. Amer. Math. Soc., 202 (1975), 181-191.

5. A. E. Livingston, Weakly starlike meromorphic univalent functions II, Proc. Amer.
Math. Soc., 62 (1977), 47-53.

Received October 11, 1976.

UNIVERSITY OF DELAWARE
Newark, DE 19711



PACIFIC JOURNAL OF MATHEMATICS

EDITORS

RICHARD ARENS (Managing Editor)

University of California
Los Angeles, California 90024

C. W. CurTIs

University of Oregon
Eugene, OR 97403

C.C. MOORE

University of California
Berkeley, CA 94720

J. DUGUNDJI

Department of Mathematics
University of Southern California
Los Angeles, California 90007

R. FINN AND J. MILGRAM
Stanford University
Stanford, California 94305

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN

F. WoLF K. YosHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA
CALIFORNIA INSTITUTE OF TECHNOLOGY
UNIVERSITY OF CALIFORNIA

MONTANA STATE UNIVERSITY
UNIVERSITY OF NEVADA, RENO

NEW MEXICO STATE UNIVERSITY
OREGON STATE UNIVERSITY
UNIVERSITY OF OREGON

OSAKA UNIVERSITY

UNIVERSITY OF SOUTHERN CALIFORNIA
STANFORD UNIVERSITY
UNIVERSITY OF TOKYO
UNIVERSITY OF UTAH
WASHINGTON STATE UNIVERSITY
UNIVERSITY OF WASHINGTON

* * *
AMERICAN MATHEMATICAL SOCIETY
NAVAL WEAPONS CENTER

Printed in Japan by International Academic Printing Co., Ltd., Tokyo, Japan



Pacific Journal of Mathematics

Vol. 72, No. 1 January, 1977
Kazuo Anzai and Shiro Ishikawa, On common fixed points for several
CONLINUOUS AffiNe MAPPINGS . . . . oottt et e e eeeiieeee e 1
Bruce Alan Barnes, When is a representation of a Banach x-algebra
Naimark-related to a x-representation.................cccoeeeeeenn.. 5

Richard Dowell Byrd, Justin Thomas Lloyd, Franklin D. Pedersen and
James Wilson Stepp, Automorphisms of the semigroup of finite

complexes of a periodic locally cyclic group ........................ 27
Donald S. Coram and Paul Frazier Duvall, Jr., Approximate fibrations and a

movability condition for maps . .............coueeeiiiiiiiain. 41
Kenneth R. Davidson and Che-Kao Fong, An operator algebra which is not

closed in the Calkin algebra................. ... .ccciiiiiiiiiiiinn. 57
Garret J. Etgen and James Pawlowski, A comparison theorem and

oscillation criteria for second order differential systems.............. 59
Philip Palmer Green, C*-algebras of transformation groups with smooth

OFDIESPACE . .. oo e e 71
Charles Allen Jones and Charles Dwight Lahr, Weak and norm approximate

identities are different. ... ... ... ... . i 99
G. K. Kalisch, On integral representations of piecewise holomorphic

JURCHIONS . . .\ e et 105
Y. Kodama, On product of shape and a question of Sher .................. 115

Heinz K. Langer and B. Textorius, On generalized resolve
Q-functions of symmetric linear relations (subspaces

Albert Edward Livingston, On the integral means of univa
JURCHIONS « o oo oot
Wallace Smith Martindale, III and Susan Montgomery, Fi
Jordan automorphisms of associative rings .........
R. Kent Nagle, Monotonicity and alternative methods for
boundary value problems .........................
Richard John O’Malley, Approximately differentiable func
1OPOLOZY . ..o
Mangesh Bhalchandra Rege and Kalathoor Varadarajan,
aNnd pUre-exactness . ..............ccouueinuiiea.n
Christine Ann Shannon, The second dual of C(X).......
Sin-ei Takahasi, A characterization for compact central d
of C*-algebras..............c...cciiiiiiiinann..
Theresa Phillips Vaughan, A note on the Jacobi-Perron al
Arthur Anthony Yanushka, A characterization of PSp(2m,
PQ©2m +1, q) as rank 3 permutation groups . . ... ..


http://dx.doi.org/10.2140/pjm.1977.72.1
http://dx.doi.org/10.2140/pjm.1977.72.1
http://dx.doi.org/10.2140/pjm.1977.72.5
http://dx.doi.org/10.2140/pjm.1977.72.5
http://dx.doi.org/10.2140/pjm.1977.72.27
http://dx.doi.org/10.2140/pjm.1977.72.27
http://dx.doi.org/10.2140/pjm.1977.72.41
http://dx.doi.org/10.2140/pjm.1977.72.41
http://dx.doi.org/10.2140/pjm.1977.72.57
http://dx.doi.org/10.2140/pjm.1977.72.57
http://dx.doi.org/10.2140/pjm.1977.72.59
http://dx.doi.org/10.2140/pjm.1977.72.59
http://dx.doi.org/10.2140/pjm.1977.72.71
http://dx.doi.org/10.2140/pjm.1977.72.71
http://dx.doi.org/10.2140/pjm.1977.72.99
http://dx.doi.org/10.2140/pjm.1977.72.99
http://dx.doi.org/10.2140/pjm.1977.72.105
http://dx.doi.org/10.2140/pjm.1977.72.105
http://dx.doi.org/10.2140/pjm.1977.72.115
http://dx.doi.org/10.2140/pjm.1977.72.135
http://dx.doi.org/10.2140/pjm.1977.72.135
http://dx.doi.org/10.2140/pjm.1977.72.135
http://dx.doi.org/10.2140/pjm.1977.72.181
http://dx.doi.org/10.2140/pjm.1977.72.181
http://dx.doi.org/10.2140/pjm.1977.72.197
http://dx.doi.org/10.2140/pjm.1977.72.197
http://dx.doi.org/10.2140/pjm.1977.72.207
http://dx.doi.org/10.2140/pjm.1977.72.207
http://dx.doi.org/10.2140/pjm.1977.72.223
http://dx.doi.org/10.2140/pjm.1977.72.223
http://dx.doi.org/10.2140/pjm.1977.72.237
http://dx.doi.org/10.2140/pjm.1977.72.255
http://dx.doi.org/10.2140/pjm.1977.72.255
http://dx.doi.org/10.2140/pjm.1977.72.261
http://dx.doi.org/10.2140/pjm.1977.72.273
http://dx.doi.org/10.2140/pjm.1977.72.273

	
	
	

