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The purpose of this paper is to present a coherent ap-
proximate picture of the representation theory of Gl, over
a p-adic field.

In §2, two very general structural results about representa-
tions of GIl, are proved. In §3, certain specific series of representa-
tions are constructed and analyzed fairly completely. In §4 the role
of these representations in the whole of the representation theory
of Gl,, particularly in regard to the Plancherel formula, is discussed.

In writing this I have tried to present an overall picture as
directly and simply as possible. 1 feel this goal is reasonably achieved
in §2. In §3, there is an unfortunate amount of technicality in the
main construction. Balancing this, however, are three considerations.
First, we have stuck to the simplest case sufficiently general to permit
the conclusions at the end of §4. For an example of an attempt at
a more complete result in a special case, see [12]. Second, the
technicalities do reveal the essential features of what so far is the
main technique for constructing representations of semisimple p-adic
groups. Third, the precision of the results is hopefully some com-
pensation for the effort required to obtain them. In §4, we have
been fairly sketchy with the main result. However, we have
presented more or less completely the argument in the supercuspidal
case, as this is not only much simpler, but reveals the main ideas
and the connections with classical notions.

We will now preview the results of §2. We fix for the rest of
the paper a non-Archimedean local field . The ring of integers of
F will be written R and = stands for a prime element of R. We
put G = Gl,(F) and K, = Gl,(R). Then K, is a maximal compact
subgroup of G, and is open. Furthermore, any compact subgroup of
G is conjugate to a subgroup of K,. The subgroups K, = 1+ n*M,(R),
for vy = 1, are open normal subgroups of K, and form a neighbor-
hood basis for 1eG.

The question we will be mainly concerned with in §2 is how a
representation of G decomposes when restricted to some K,. Thus
let K denote the collection of equivalence classes of irreducible
unitary representations of K,. Let p be an admissible (see [16])
representation of G on a vector space X. Then we may write
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X = 3k, X;, where X, is the K, -invariant subspace of X such that
any K, irreducible subspace of X, defines a representatation of the
class 6. The X, are all finite-dimensional by the definition of admis-
sibility. Of course, some X, may be zero. We will call X; the
isotypic component of X of type 6, and will say any nonzero z € X,
is of K,-type 6. Thus our goal is to make statements about the
K -types in X: which types occur, and with what multiplicity. (The
multiplicity of the K,-type ¢ is (dim X;)/(dim ), where dim § is the
dimension of any representation of class §.) From these statements,
a rough over-all picture of the representation theory of G will hope-
fully emerge. It is worth remarking here on the difference between
the real and the p-adic cases. Knowledge of the decomposition of a
representation of a semisimple Lie group on restriction to a maximal
compact subgroup says very little about the representation. The
case of the pair GI,(R), O(n) illustrates this phenomenon especially
well. Almost all the representations of O(n) almost always occur
in a representation of GI,(R). The sub-quotient theorem of Harish-
Chandra |9} may be interpreted as follows: given any irreducible
representations of GI,(R) then one may find finitely many other
irreducible representations of GI,(R), such that their direct sum
decomposes under O(n) in one of finitely many pre-specifiable ways.
No analogous statement is even remotely true for p-adic groups,
and while GI,(R) is extreme among real groups in this sort of
behavior, it is not unique—the other real Chevalley groups act
similarly. The reason for this difference, of course, is that in our
p-adic group, K is open and so in an essential way sees already the
most “rigid” aspects of the structure of G. One way of saying this
is to note that K is Zariski-dense in @, while the maximal compact
subgroup of a semisimple Lie group is a proper algebraic subgroup.

The usefulness of the K -decompositions of representations of G
has another face. Since the representation theory of K, does reflect
quite well the representation theory of G, it is quite hard in itself;
harder than the representation theory of a compact Lie group. It
seems unlikely that we will ever have an explicit calculations of all
the representations of any K, for » larger than 4 or 5 at most.
Fortunately for us, it is possible to ignore the fine structure of K,
and still arrive at meaningful statements. We may figuratively
describe the situation as follows. We divide K, into two sets of
representations. Members of one set we refer to as “essential”
representations, the other as “inessential” representations. The es-
sential K,-types may be thought of as controlling the details of
structure of the representation theory, while the inessential K, -types
relate to asymptotic behavior of characters and so forth. To help
make these suggestions more precise, we state one result which we
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will obtain. In the following statement, we do not always take our
representation 0 of G to be admissible. If p is not necessarily
admissible, we take p to be smooth in the sense of Harish-Chandra:
if p acts on X, then X is a direct sum >};.x X, of its K, -isotypic
components, but the dimension of a given X, may be infinite.

THEOREM 1. (a) Any representation of G contains at least
one essential K, -type.

(b) For a given K -type 0, there are only finitely many essential
K, -types which can occur with 0 in any irreducible representation
of G. In particular an irreducible representation of G contains at
most finitely many essential K, -types.

(¢) The multiplicity of any K,-typve 6 in an irreducible re-
presentation o of G is bounded by a constant depending on o times
the sum of the multiplicities of the essential K -types in p.

COROLLARY. A finitely generated admissible representation of
G has o finite composition series.

REMARK. Casselman [5] has proven this corollary for any reduc-
tive group by very different methods.

It follows of course that almost all of the K, -types occurring
in a given p are inessential. From this comes their role in the
asymptotics. This is a more difficult topic which we will essentially
ignore here, except for the very crude result (c) of Theorem 1, and
a result on characters which we will now discuss.

In Harish-Chandra’s theory of semisimple Lie groups, the
characters of representations play a crucial role. It is in terms of
characters that the Plancherel theorem is formulated, and until re-
cently the only proof of the existence of discrete series ([8]) produces
their characters, not the modules. The point is that the characters
seem to provide the most accessible definitive labeling of the re-
presentations, besides being the appropriate objects with which to
do Fourier analysis. In the p-adic case, the characters seem likely
to be of less practical importance because they are harder to com-
pute and more complicated in structure, because other data, such
as spherical functions, is easier to come by than in the real case,
and because reasonably effective constructions of discrete series exist
though there is room for much improvement. However, characters
are still important for a complete theory, and it is of interest in
any case to compare their behavior in the real and p-adic cases.

Let us recall the basics of character theory. Let C2(G) denote
the space of locally constant, compactly supported, complex-valued
functions on G. A distribution on G is any linear functional on
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C>(@). Convolution on G defines the structure of associative algebra
on Cy(G). If p is a representation of G, then in an elementary
fashion o0 may be “integrated” to yield a representation of CI(G).
If p is admissible, it is easy to see that o(f) has finite rank for any
feC2(G), so the trace of o(f) is defined. The mapping f— tr o(f)
then defines a distribution, denoted 6,, on G. This distribution 6,
is called the character of p. It has the property of being invariant
under inner automorphisms of G. That is, if ¢, g.€G, define
Ad g.(g:) = 9.9.97". If feC7(G), define Ad* g,(f) by Ad* g,(f)(g.) =
f(Ad g7'(g,)). Then 0,(Ad* g(f)) = 6,(f) for all feC(G) and g <qG.
Now let 4 be a distribution on G and let U £ G be open. Let
h be a function on U, locally integrable with respect to Haar measure
restricted to U. We say 4 equals % on U if, for any feC2(U),

A(f) = SUf(w)h(x)dw, dx denoting Haar measure. Recall that G’, the

regular set of G, consists of those elements of G which are semi-
simple and whose centralizer is a Cartan subgroup. (In terms of
our G = Gl (F), G' consists of those elements whose characteristic
polynomials have n distinct roots.) G’ is an open dense subset of
G. Its complement is a proper closed subvariety.

For semisimple Lie groups Harish-Chandra [7] has proved the
fundamental theorem that the character of an irreducible representa-
tion is a locally integrable function on the whole group which is
analytic on the regular set. Of these two properties the first is
very difficult to establish, while the second is quite simple. On the
other hand, in [9], Harish-Chandra expends some effort to show that
the character of a supercuspidal representation of a characteristic
zero reductive p-adic group is locally constant on the regular set.
(He then goes on to show it is locally integrable on all of G.) Here
we will show, for our G (which may be of characteristic p) that
the character of an admissible irreducible representation is a locally
constant function on G’. In view of the corollary of Theorem 1,
this also holds for finitely generated admissible representations.

Our method of establishing the result on characters uses the
notion of “partial traces”, which we now detail. Let the admissible
p act on X, and let X = >,.%, X, be the decomposition of X into
K -types. Let E, denote the projection of X onto X;. For feC2(G),
define 6, ;(f) = tr (B,0(f)E,). Then it is clear that 0,(f) = 3; 0,,5(f).
6,; is called the o-component of 6,, or the partial trace of p with
respect to 4.

0, as a distribution on @, is obviously very well-behaved. In
fact, for xe€ G, define 6, ,(x) = tr (E,0(x)E,). Then 6,, is obviously
a locally constant function on G. Moreover, 6,,(x) is just the
distribution 6,, by the identification defined above. That is, for
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FeCa (@), 0,(f) = SG Ax)0, (x)de. Now we may state

THEOREM 2. Let 6, be the character of the irreducible admissi-
ble representation o of G. Then 6, is a locally constant function
on G'. Also, 0, = D} 0,,; on G', the sum being taken as a uniform-
on-compacte, limit. More precisely, on a given compact set w S G,
all but o finite number of the 6,; vanish identically.

Theorems 1 and 2 do not convey the coherence of the picture
of which they form some of the highlights. The complete picture,
though, is somewhat diffuse and hard to describe succinctly. Rather
than draw out the introduction interminably, it seems preferable to
begin the proofs. We will give more introductory remarks in §§3
and 4. Our last comment: the analysis here will be seen to have a
distinetly geometric flavor, and is clearly related to what I have called
Kirillov theory (see [14]). Here, however, by looking for sufficiently
qualitative results, we are able to avoid the exponential map, which
has in the past been essential. It is interesting that, in this highly
attenuated form, Kirillov theory applies even to semisimple groups
of characteristic p; these groups are those seemingly farthest from
its natural domain.

2. Dual blobs and essential K-types. We will write M,(F) or
more briefly & for the % X n matrices with coefficients in F.
Similarly L = M,(R) is the maximal open compact subring of &
consisting of matrices with entries in R. For veZ, we put
L, = n"L.

We regard & as the Lie algebra of G. As such we have the
adjoint action of G on ® defined by the formula Ad g(m) = gmg™.
Here ge G, me®, and the product is matrix multiplication. We
also have the bracket operation on &:[m,, m,| = mm, — mym,. Let
tr (8/F) be the trace on &. Let {(m, m,y = tr (&/F)(m, m,), for
m;€®. Then {,) is a symmetric, nondegenerate bilinear form on
® and it is invariant under Ad G. That is, (Ad g(m,), Ad g(m,)> =
{m,, m,y. Another way of expressing this is <{Ad g(m,), m,) =
{(my, Ad g7'(m,)). Also note (m,, [m,, m,;]) = {[ms, m.], m,).

Let ® denote the Pontryagin dual group of ®. It is well-known
that ® is isomorphic to @ and we may define a convenient isomor-
phism as follows. Let £, be a nontrivial character of F. For con-
venience, we assume that largest fractional ideal in F' on which 2,
is trivial (the conductor of 2,) is R itself. For m, m,c€®, define
2(m,)(my) = 2({my, myy). Then 2(m,) is a character of &, and the
mapping 2: ® — @, given by m — 2(m) is an isomorphism between
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® and 8. R

There is defined on & an action Ad* of G, the co-adjoint action,
by the formula Ad* g(v)(m) = 4(Ad g~'(m)), for ge G, me®, ycG.
We note that 2 is equivariant with respect to the actions Ad and Ad*.
That is, Ad* go 2 = 20 Ad g; for Ad* g(2(m.))(m,) = 2(m,)(Ad g7 (my)) =
2,({my, Ad g7 (me))) = 2((CAd g(m,), my)) = 2(Ad g(m,))(my).

If XC @ is any subset, let X* ={me@®, 2(m)x) =1 for all
xe X}, X* will be a closed subgroup of &, and X < X**, If Xis
a subspace of @, then X* is too, and in fact X* is just the orthogonal
complement of X with respect to {,). If X is an R-module (i.e.,
closed under scalar multiplication by elements of R), then so is X*.

By a lattice 4 in a vector space V over F we understand an
open, compact B submodule of V. A will then be a free R-module
of degree equal to the dimension of V over F. If 4 < @ is a lattice,
then by our normalization of 2, we see 4* = {me®, (m, 4) S R}.
Thus A* is a lattice also, and is canonically isomorphie to Homj (4, R).
It is easy to demonstrate that A4** = 4, that (4, + 4)* = 4F N 4¥,
and dually (4, N 4)* = AF + A¥. Also, if 4, & 4,, then (4,/4,)" is
naturally isomorphic to 4*/4¥. Finally we note that the L, are
lattices, and L* = n7*L, = L_,.

If 4 < @ is alattice, let 4* be the lattice generated by products
Mhgy My €A, If A2 S 7wd, we will say 4 is a small lattice. Note that
the L,, v = 1 are small lattices, and L? = L,. If 4 is a small lattice,
then 1 + 4 £ G is an open compact subgroup. We havel + L, = K,
as a special case.

If AS ® is a small lattice, then (1 + 4)/(1 + 4?) is abelian. A
linear character of 1 + A4 which is trivial on 1 + 4% will be called a
shallow character of 1 + 4. The shallow characters of 1 + 4 clearly
form a group, the Pontryagin dual group of (1 + 4)/(1 + 4%). The
mapping A—1 + A from 4 to 1 + 4 sends cosets of 42 in 4 to cosets
of 1+ 4% in 1 + 4, and the factored mapping 4/4* — (L + A)/(1 + 4
is easily checked to be a homomorphism. Thus we may identify
(£2)*]A* =~ (4)4%)" with the shallow character group of (1 + 4)/(1 + 4%).
If 4 is a shallow character, and M e (4%)* is mapped to 4 by means
of the above identifications, we say A represents +r, or is a representa-
tive of .

If 4 and N are two small lattices in @ then 4 N N is clearly a
small lattice also. Moreover (4N N)* < 42N N2, so that the restric-
tion of a shallow character of 14+ 4 or 1+ N to 1+ (AN N) is a
shallow character of 1+ (AN N). In this regard, we have the
following very simple observation.

LEMMA 2.1. Let @ and + be shallow characters of 1+ 4 and
1+ N respectively. Let e (4)* and ne(NH* represent @ and
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respectively. Then @ and + agree on 1+ (AN N) of and only if
A —ned* + N* if and only if (M + A4*) N (n + N*) = @.

Proof. By our definitions above, we have ¢(1 + z) = 2(\)(z) for
zed, and +(1 + y) = 2(n)y) for ye N. If » and + are to agree on
1+ (4N N), then 2(\) and 2(n) agree on 4 N N, so 2(n — n) is trivial
on AN N, or in other words A —ne(ANN* = A4* + N*, If v —n=
N+, with A, € 4%, n, e N*, then A — N, =n+n,e W+ 4%) N (n+ N*).
Going backward is equally easy and proves the lemma.

It is completely clear that the property of being a small lattice
in © is invariant under Ad G. Moreover, if 4 is a small lattice, and
g€ @G, then Adg(1 + 4) =1 + Ad g(4), and Ad g(4?) = Ad g(4)*. From
the second formula, we see that if @ is a shallow character of 1 + 4,
then Ad g(p), defined by Ad* g(p)(Ad g(x)) = p(x) is a shallow charac-
ter of Ad*g(1 + 4). Using the fact that 2 is Ad, Ad*-equivariant,
we see that if \ e (4*)* represents ¢, then

Ad g(\) € Ad g((49*) = ((Ad g(4)))*

represents Ad* g(p).

Now we focus attention on the K, = 1 + L,. We shall be much
concerned with the intertwining properties of representations of the
K,. We review the notions involved. Let §, and 4, be irreducible
representations of K, and K, respectively on vector spaces V, and V,.
By an intertwining distribution on G for 4, and §,, we mean a func-
tion f from G to Hom (V,, V) such that f(k,yk,) = 0.(k.)fy)o,(k, for
k,eK, k,eK, yeG. We will discuss the function of intertwining
distributions later. For the moment, we content ourselves with
describing them. The transformation law for f implies f is locally
constant. It is also clear that fy) determines f on the whole double
coset KyK,, so that there are at most dimd,-dimd, linearly in-
dependent f supported on a given (K,, K,) double coset. On the
other hand, the product of f with the characteristic function of any
collection of (K,, K.) double cosets is again an intertwining distribu-
tion for 6, and 6,. The collection of intertwining distributions for
0, and é, forms a linear space under pointwise addition and scalar
multiplication.

We will call the dimension I(6,, d,, ¥) of the space of intertwining
distributions supported on K, y¥K, the intertwining number of 4, and
0, on K,yK,. We also say y intertwines 6, and 4§, I(6,, J,, ¥) times.
If I, 6, y) >0, we say ¥ intertwines 0, and 4, If some yeG
intertwines ¢, and 0,, we say ¢, and §, intertwine.

There is a way of describing the intertwining number of 4, and
0, on K yK,, originally due to Mackey [18]. Let C be a compact
group, and 7z, and 7, two finite-dimensional representations of C on
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U, and U,. An intertwining operator between 7, and 7, is a linear
map T: U,— U, such that T-7,(¢) = 7,(¢)-T for any c¢eC. The
intertwining number of 7, and 7, is the dimension of the space of
intertwining operators between 7, and 7,. As is well-known [3], if
7, = Ya,0, and 7, =~ 2b,0, where the o, are irreducible representations
of C, then the intertwining number of 7, and 7, is Ya;b,. In parti-
cular, it is symmetric in 7, and 7z,.

Now consider the double coset K,yK,. Put Ady(K,) = yK.y™,
and let Ad* #(d,) be the representation of Ady(K,) given by the
formula Ad* y(0,)(yky™) = d,(k) for k€ K,. This notation is of course
consistent with that we introduced earlier for shallow characters. Let
C=K,NAdy(K,), and let 7, and 7, be the restrictions to C of d,
and Ad* y(6,) respectively. Let f be an intertwining distribution
for 6, and §, supported on K,yK,.. Then f(x)eHom(V, V,), and if
kyk,=1v with k,eK,, k,cK,, then the transformation law for f
says 0,(k)f(y)0,(k,) = fly). We may write k' = yk,y e (C, and then
the above equation becomes f(y) = 7.(k)f(y)r (k") so that fly) is an
intertwining operator between z, and z,. Conversely, if T is an
intertwining operator between 7, and 7,, then putting flkyk,) =
0,(k)- T+ 0,(k,), we see f is a well-defined function on K,yK,, and is
an intertwining distribution for &, and §, supported on K,yK,.. Thus
we see that the intertwining number of 4, and J, on K,yK, is equal
to the intertwining number of 4, and Ad* y(d,) restricted to K, N
Ad y(K,). In particular, if ¥ intertwines 6, and §, then the restric-
tions of 4, and Ad* (0, to K,N Ady(K,) contain some common
irreducible representation of K, N Ad y(K,).

For our immediate purposes, the main significance of intertwining
distributions is this very elementary result.

LEMMA 2.2. Let 6, and 8, be irreductble representations of K,
and K, respectively. If there is an trreducible representation o of
G such that J, and 0, occur in the restrictions of o to K, and K,
respectively, then 6, and 0, intertwine.

Proof. Assuming that 6, and 0, appear in o, let V, and V, be
two subspaces of the space of p, such that V), is invariant and
irreducible under K, and of the class of d,, and V, is invariant and
irreducible under K, and of the class of §,. Let P, P, be projections
onto V,, V, which respectively commute with the actions of K,, K,.
Since p is irreducible, there is geG such that P,o(g)P, is nonzero.
Then f(k.gk.) = o(k,)P,0(g)P,0(k,) is clearly an intertwining distribu-
tion between 6, and é,.

Now consider by itself the irreducible representation 4, = 6 on
K,. Let p be the smallest integer =y such that K, is in the kernel
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of §. Then K, will be called the conductor of 6. Set 7 equal to
max (v, #/2) or max (v, (¢ + 1)/2) according as y is even or odd. Then
clearly the restriction of d to K, is a direct sum of shallow characters
of K,. We associate to 0 the collection of cosets of Lj in L} which
consist of representatives for the shallow characters of K, occurring
in the restriction of § to K,. We denote this subset of & by B(d),
and refer to it as the dual blob associated to 6. The main use for
the dual blob is to give convenient criteria for intertwining. This
next lemma is a simple consequence of the first two lemmas.

LEMMA 2.3. Let 6, and 0, be irreducible representations of K,
and K, respectively. Then if geG intertwines o, and 0, B(5,) N
Ad g(B(5,) + @. It follows that ¢f 0, and 0, intertwine, B(0,) N
Ad G(B(5,) = @, where Ad G(X) = U,q Ad g(X) for X <= G.

Proof. We have seen that if g intertwines 6, and d,, then the
restrictions of 9, and Ad* g(d;) to K, N Adg(K,,) must contain a
common subrepresentation. Let K, ue the conductor of 9, and let
7, = max (v, [(¢: + 1)/2]), where [x] denotes the greatest integer less
than z. Then a fortiors, the restrictions of 4, and 9, to K, N Ad g(K,,)
must intertwine. Thus there are shallow characters ¢; of K, such
that ¢, occurs in the restriction of d; to K,, and ¢, and Ad* g(p,)
agree on K, N Adg(K,,). Now applying Lemma 2.1, and the discus-
sion immediately following concerning how representatives of shallow
characters transform, the result immediately follows, from the
definition of B(9,).

In view of this lemma, it is desirable to know something about
the geometry of the Ad G orbits in &. In fact, for our present
arguments, we do not need to know much, only their very rough
shape. To express this, let us introduce the standard ultrametric
norm on ®&. Let | | be the usual absolute value of F. That is, if
ord, is the standard valuation on F' with ord, (x) = 1, and if F = R/zR
is the residue class field of F', and F has ¢ elements, then [z|, = g "
for x e F. Now if m € ®, and m = {a,;}, a,; € F, put ||m|| = max, ; |a;;|,.
Then M,(R) = L, is the “unit ball” of ®, that is, L, = {me®, ||m|| < 1}.
Since Ad K, preserves L,, || || is Ad K-invariant.

Let N denote the set of all nilpotent matricesin &, If X, Y £ @,
X+ Y={x+y:xecX,ycY}. The basic fact about the geometry
of Ad G in which we are interested is that all Ad G orbits stay close
to M. Precisely:

LEMMA 2.4. AdG(L,) S L, +RN. That is, for geG, me@®,
min, . {||Ad g(m) — n[[} = min, . |[Ad h(m)|].



488 ROGER E. HOWE

Proof. As is well known, we may write G = K,D'K,, where
Dt is the semigroup of diagonal matrices with diagonal entries
{mh, &'2, <+, wn}, with [, <1; for 1< j. We have AdDVK(L,) =
Ad D*(L,). Now Ad D* shrinks subdiagonal matrix entries, leaves
diagonal entries alone, and stretches super-diagonal entries. Thus
we see Ad D*(L,) € L, + N*, where N™ is the set of upper triangular
nilpotent matrices. Finally Ad G(L,) € Ad K(L, + N*) & Ad K(L,) +
AdK(NT)S L, +RN. The second statement is clearly simply a
reformulation of the first. It will be convenient later on.

Thus the shape of Ad G orbits is determined by . On the other
hand, standard linear algebra says the orbit Ad G(m) is more or less
labeled by the eigenvalues of m, so the various Cartan subalgebras
of & form a system of transversals to the Ad G orbits. We want
to show that, indeed, a given Cartan subalgebra % & ® is transverse
to the Ad G orbits passing through it in a strong global geometric
sense.

As is well known, a Cartan subalgebra % of & is isomorphic to
a direct sum @, F; of separable field extensions F; of F, with
S dim (Fi/F) = n. Also the restriction of tr (&/F) to U is just the
direct sum of the traces of the F;. These are nonzero, by a standard
result in field theory [20]. We conclude that the form {,) is non-
degenerate on . Hence we may write ® = A P A*. We are con-
cerned with how the points of N look in this decomposition. Specifi-
cally, for me®, we write m = m, + m, with m, € ¥, m,cA*.

LEMMA 2.5. Given U, there is a constant ¢ > 0 such that for
neM, ||n.f| = elinl.

Proof. All three of U, A*, and M are homogeneous closed
algebraic subvarieties of &. Hence they define closed projective
varieties in the projective space of &. The statement of the lemma
is equivalent to the assertion that the projective varieties defined
by % and by R do not intersect. But that they do not is clear,
since U consists of semisimple elements, N of nilpotent elements.

Having got an idea of the shape of orbits, we return to our
study of the intertwining properties of K, ,-types via dual blobs.
Take me€® and define ord (m) by the formula ¢~ = ||m||. Then
of course ord(m) = minord, (a,;) if m = {a,;}. We have L, =
{m: ord (m) = v}. Thus for v = 1, we see m is a representative for
a shallow character on K, if and only if —2v < ord (m), and m does
not represent the trivial character of K, if and only if —v > ord (m).
More precisely, if m represents the shallow character +, then if
ord (m) = —u, K, is the conductor of .

Now take a shallow character + of K,, and consider the set of
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all representatives of +, that is, B8(y). We will say + is inessential
if there is g€ G such that [|Ad g(m)|| < ||m| for all m e B(y). The
following alternative description of inessential + is very easy, but
it seems worthwhile to make it explicit since it is a key link in our
reasoning.

LEMMA 2.6. Let 4 be a shallow character of K,, with conductor
K,. If + is inessential then there is g€ G such that Ad g(K,)N K,
contains K,_, and Ad* g(y) ts trivial on K, ,. Hence the only re-
presentations of K, which g intertwines with « are shallow characters
whose strictly contain K,.

Proof. Since the conductor of  is K,, we have ord (m) = —pu
for meB(v). (We exclude the trivial character from consideration.
It is easy to see it cannot be inessential.) Choose g€ G such that
ord (Ad g(m)) > —p for every m € B(yr). Choose 7 as small as possible
so that K, £ K, N Ad g(X,). Then Ad* g(4) agrees with some shallow
character ¢ of K,. By Lemma 2.1 and the discussion following it,
we have B(p) N Ad g(B(¥)) # @. Hence B(p) contains elements y
such that ord(y) > —g#. If ¢ is nontrivial, then necessarily
ord(y) < —7. Inthiscasev < g —1,s0 K,_, < Ad g(K,), and ¢ and
Ad* g(y) agree and are trivial on K, ,. Thus the lemma holds in
this case. If @ is trivial, then K, , £ Ad g(K,), and Ad* g(+) is trivial
on K,. Therefore we may find a nontrivial shallow character of K,_,
which agrees with Ad* g(v) on K,_, N Ad* g(K,). Following the same
line of reasoning as in the first case, we see the lemma holds in this
case too, so it is true.

Since Ad K, preserves || || and K, is normal in K,, we see that
if 4 is inessential, then Ad* k(y) is inessential for any k€ K,. Now
let 6 be an irreducible representation of K, and let K, be the con-
ductor of 6, and put 7 = max (v, [(# + 1)/2]) as before. Then B(9) is
by definition the union of B(yr) for the shallow characters + of K,
occurring in the restriction of 6 to K,. By standard representation
theory for finite groups (“Clifford theory”, see [3]), if 4~ and 4, are
two shallow characters of K, occurring in the restriction of 4, then
s = Ad* k(ap,) for some k€ K,. We say ¢ is inessential if one, and
hence all, of the 4+ occurring in the restriction of 6 to K, is ines-
sential. If 0 is not inessential, then we will say ¢ is essential. This
division of K, into essential and inessential representations will be
another aid in the study of intertwining properties of the d’s. One
reason the essential representations are useful is brought out in this
next lemma.

LEMMA 2.7. Let p be any representation of G. Then for any
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K,, essential K,-types occur in p. In fact, suppose tt is the smallest
integer such that K, is a conductor of a K,type occurring in p.
Then all K,types in o of conductor K, are essential.

Proof. As usual, put 7 = max (¥, [(# + 1)/2]), and consider the
K,-types occurring in po. By hypothesis and choice of 7, there is a
shallow character + of K, of conductor g occurring in p. Let v be
a vector in the space of o such that o(k)(v) = v(k)v for ke K,. Then
for ge @, and ke K, N Ad g(K,), we have

o(k)o(9)(w) = p(9)0(9™'kg)(v) = ¥(g7kg)o(9)(v) = Ad* g(v)(k)0(9)(V) -

Thus under K,, v must transform according to representations which
agree with Ad* g(y) on K, N Ad* g(K,), in other words, representa-
tions which g intertwines with . ‘But if « is inessential, we may
find g € G such that the only representations of K, which g intertwines
with 4 are shallow characters of conductor strictly containing K,.
By choice of y, such characters do not occur in o. Hence + cannot
be inessential, and the lemma is proved.

We note that Lemma 2.7 is a slightly sharpened version of state-
ment (a) of Theorem 1. We will prove the rest of Theorem 1 in
the next few lemmas. The next step is a geometric criterion on ¢
which is necessary for o e K, to be essential.

LEMMA 2.8. Let 4 be a shallow character of K, and let m € B(:fr)
be a representative for . Let K, be the conductor of . Then if
p=zv+n+1, a necessary condition for + to be essential is
llm|| = ¢" min, e [|Ad g(m)]].

REMARK. Lemma 2.8 may be sharpened by assuming m belongs
to some particular parabolic subgroup of G. The constant bounding
m in terms of its “spectral radius” may be made to depend on the
parabolic in question, and is smaller for smaller parabolics. For the
Borel, the constant is 1.

Proof. By Lemma 2.4 we may write m = m’' + y with [|m/|]| =
min,.q ||Ad g(m)|| and yeN. Since G = K,AU, where AU = B is the
Borel subgroup of upper triangular matrices, we may, up to con-
jugation by K, assume ye N*, the upper triangular nilpotent
matrices. Let g be the diagonal matrix with entries (z*, z*7, ---, 7).
We have B(y) =m' +y + L_,. If 2 = {a,;} then Ad g(x) = {n''a,;}.
We conclude Adg(L_,) < L_,_,, ord(Ad g(m')) = ord (m’) — n, and
ord Ad g(y) = ord (y) + 1. Therefore, if

ord (¥) + n + 1 < min (—v, ord (m") ,
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we see ||Ad g(x)|| < ||#]| for every x e B(4), so + is inessential. As-
suming  is nontrivial, and |lm'|| < ||m||, as we may without loss of
generality, we see ord (m) = ord (y) = —p¢. Therefore, if we have
—p+n+1=Z —y and ord(m) + n 4+ 1 < ord (m’), then + is ines-
sential. The conditions of the lemma are direct translations of these.

We have two corollaries of Lemma 2.8 which by Lemma 2.2 are
sharpenings of statement (b) of Theorem 1. For purposes of the
second corollary, we define the conductor of an irreducible representa-
tion p of G to be the group K, which is minimal with respect to
the property of containing the conductors of all K,-types occurring
in p.

COROLLARY 1. Let de K, have conductor K, Let &eK, be
essential and have conductor K. Then in order for d to intertwine
with 0’ it is necessary that ¢ < max (), ¢, n) + n. In particular
d can intertwine with only finitely many essential K, -types.

Proof. If 6 has conductor K,, then B8(6) € L_,. In order for o
and ¢’ to intertwine, therefore, it is by Lemma 2.3 necessary that
Ad G(B(¢")) intersect L_,. Suppose g’ = max (¥, )+ n + 1, and
consider meB(¢’). By Lemma 2.8, max,.,ord (Ad g(m)) < —p¢ +
n < —p, so Ad G(m) does not intersect L_,. Since m was arbitrary
in B(d"), the corollary is proved.

COROLLARY 2. Let p be an io’reduciblf representation of G, and
let K, be the conductor of o. Let é' €K, be essential, and let K,
be the conductor of 8'. Then tf 6" occurs in p, ¢ < max (v, ¢, n) + n.

Proof. By the definition of the conductor of p, there exists a
Kytype 6 of conductor K, occurring in p. If &’ occurs in p, § and
¢’ intertwine by Lemma 2.2, and then Corollary 1 gives the result.

Since there are only finitely many K,-types with given conductor,
it is immediate from Corollary 2 that only finitely many essential
K.-types occur in p.

We will now finish proving Theorem 1. We have left part (c)
and the corollary. Take de K, and let K, be the conductor of é.
Let o be a representation of G. We want to bound the multiplicity
of 0 in p in terms of the multiplicities of the essential K,-types
occurring in p. We will assume that for 8" e K, of conductor K.,
with ¢/ < ¢, we have such a bound. (If ¢ is sufficiently small, then
&’ is essential by Lemma 2.7, and the desired bound is trivial there,
s0 this assumption amounts to an inductive hypothesis.) Put
7 = max (¥, [(# + 1)/2]) and let « be a shallow character of K,
occurring in the restriction of § to K,. Then the multiplicity of &
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in o is no larger than the multiplicity of 4 in p. If 4 is essential,
then so is 0 by definition, and there is nothing to prove. If + is
inessential, then by Lemma 2.6 we may find g € G such that Ad* g(v)
intertwines only with shallow characters of K, of conductor K, with
¢ < pt. These shallow characters can only appear in the restrictions
of K,-types ¢ such that the conductor of ¢’ is K, with g < g
Therefore, the multiplicities of each of these shallow characters of
K, are bounded by some constant times the sum of the essential
K,-types in p. Since there are only finitely many of these shallow
characters, and the multiplicity of «+ is at most the sum of their
multiplicities, the desired bound on the multiplicity of +, and hence
of & follows. This establishes part (¢) of Theorem 1.

To prove the corollary, suppose p is admissible and let X be
the space of p. Let X = @,.x, X, be the decomposition of X into
K-types. If p is finitely generated, there are vectors {v}i., such
that the vectors {o(¢g)(v;)} span X. We may find finitely many K-
types {0;}i=, such that the v, are contained in the direct sum of the
X,;J.. Now exactly the same reasoning as in Lemma 2.2 shows that
if 6’ occurs in p, then ¢’ must intertwine with one of the J;. Since
each §; can intertwine with only finitely many essential K -types,
there are only finitely many essential K;-types occurring in p. Let
X, be the direct sum of the X, with ¢’ essential. Then X, has finite
dimension since o is admissible. Now let Y < X be an invariant
subspace. Then Y N X, # {0} by Lemma 2.7. Suppose among all
invariant subspaces Y’, Y minimizes dim (Y N X;). Then Y must
be irreducible. For if Y, = Y is invariant, then YN X, =Y N X,
by the minimality of dim (Y N X;). Therefore the quotient representa-
tion Y/Y, contains no essential K-types and so is trivial. So Y, =Y.
Considering now the quotient representation X/Y, we have

dim (_X/Y)o < dim Xo;

so by induction, we may assume X/Y has a finite composition series.
So, then, does X.

We should point out that the above result may be made more
precise in a useful way. Namely, since X, is defined as the direct
sum of certain K -isotypic components of X, the projection E of X
onto X,, whose kernel is the sum of the remaining K -types, is the
image under p of some function in Cy(K,). It follows that, if
Z,< X, is a subspace invariant under the operators Epo(g)E, and if
Z is the G-invariant subspace of X generated by Z,, then Z N X, = Z,.
Clearly ZNX,=2 Z,. On the other hand, suppose for some z,€ Z,
some feCP(G@), and some z,€ X, the equation X, = o(f)(z,). Then
also z, = Ex, = Eo(f)E(z,). Since the isotropy group of any z,€ X,
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is open in G, we may find constants @, and elements g,€G such
that Eo(f)E = >, a,Eo(g9,)E. Hence z, = >, a,Eo(9,)E(2,), s0 x,€ Z,,
as desired. Since conversely, every G-invariant subspace of X must
intersect X, nontrivially as we have seen, we conclude: there is a
one-to-one correspondence between G-invariant subspaces of X and
subspaces of X, which are invariant under the operators Ep(g)E.
We note in particular the length of any composition series for p is
at most the length of a composition series for the operators Eo(g)E
acting on X,. We may trivially majorize this length by the length
of a K,i-composition series for X,, or by dim X,.

We would now like to give some complements to Theorem 1.
‘One concerns series of induced representations, and is an application
of the discussion of the previous paragraph. The other concerns the
structure of spherical function algebras. We will have to recall
some general notions (see [1], [9]) in order to formulate them.

A parabolic subgroup P of G is a group containing a conjugate
of B, the Borel subgroup of upper triangular matrices. A nested
family of subspaces {0} =V, SV, EV,Z---CV,=F" in F* is called
a flag. A parabolic group is describable as a group which preserves
some flag in the sense that, if P is the group preserving the flag {V},
then p{V;} = V, for any pe P and all <. The unipotent radical of
P, denoted U,, is the set of w e P such that u acts as the identity
on each quotient V;/V,_.. Then U, is normal in P, and P/U, =

L GUVV,_). We may find a “Levi component”, a subgroup
M,.< P such that P= MU, and M,N U, =1{1}. Then M,=
@, GI(V,/V,_,) also. For each 7, we get a map det;: M, — F* by
considering for m € M,, the determinant of the linear transformation
m defines on V,/V,_,. Then we may combine the det; to obtain a

homomorphism log: M, — Z*, where
log m = (ord, det, (m), - - -, ord; det, (m)) .

We extend log to P by letting it be trivial on U,. By a quasi-
character of P, we mean a homomorphism of P into C*, the multi-
plicative group of complex numbers. We denote by L the collection
of quasicharacters @ of P of the form ¢ = ¢’-log, where ¢’ is a
quasicharacter of Z*. Obviously Q is a group, isomorphic to (C*).
We refer to elements of Q as principal quasicharacters of P.

Let ¢ be an irreducible supercuspidal representation of M.
‘Supercuspidal means the matrix coefficients of ¢ are compactly sup-
ported modulo the center of M,. We extend o to P by letting it
be trivial on Up. We consider the collection Q(o) of representations
0, =0Q @, for peQ. We see Q(o) is in an obvious manner a
homogeneous space for Q, and the isotropy group of ¢ must be
finite, as one sees by looking at the restriction of o ® ¢ to the center
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of M,. Hence we may endow Q(o) with the structure of complex
manifold, isomorphic to the quotient of (C*)* by some finite subgroup.
Now we consider the series of representations of G induced from
the collection (o). More precisely, let X be the space of o, and
consider the space Y = Y(o, @) of all locally constant functions f
from G to X such that f(gp) = o(p)'e(p)"*f(9). The natural left
action of G on the space of X-valued functions on G preserves the
space Y(o, ), and the presentation of G thus defined on Y{(o, @) is
called the representation induced from o® o, and denoted ind§ (¢ ® @),
or 7(o, ). It may be seen easily that for a certain collection of o,
filling out a real subvariety (actually, a real k-dimensional torus) of
(o), the representations =u(o, ) are unitary with respect to a
natural inner product. Furthermore, Harish-Chandra [10] has shown
that almost all of these unitarizable representations are irreducible.
Here we are concerned with the non-unitarizable representations.

PROPOSITION 2.1. The collection of representations o @ @ in (o)
such that (o, ) is reducible form a proper complex analytic sub-
variety. There is a finite bound on the number of components into
which any w(o, ) may decompose.

Proof. We have G = K,P. We see that fe Y(o, ¢), by virtue
of its transformation law, is determined by its restriction to K.
Moreover, since @ €Q is trivial on K,, the space of functions on K,
which are restrictions of functions in Y(o, @), is independent of .
Call this space Y(o). Then z(o, ) may be regarded as acting on
Y(s). From this point of view, it is not hard to convince oneself
that, for fixed g€ @, the operator z(c, ¢)(g) varies holomorphically
in @, in the sense that, if E is the projection of Y(o) onto some
finite-dimensional subspace, then E7r(c, ¢)(g)E is holomorphic in ¢ in
the obvious sense.

Since K, acts on Y(o) in the obvious way, by left translation,
the restriction of 7(o, ) to K, is independent of ¢. Since at least
one 7(0, @) is irreducible, the same reasoning as in the proof of the
corollary of Theorem 1 shows that the space Y(o),, consisting of the
span of the essential K,-types, is finite-dimensional. It is of course
independent of @. By the discussion after the proof of Corollary 1,
the length of a composition series for z(o, @) is bounded by dim Y{(o),,
the second statement of the proposition is proved.

Now let E be the projection of Y(o) onto Y(o),, with K -invariant
kernel. Then E7n(o, ¢)(9)E is, as a function of ¢, a holomorphically
varying operator on Y(o),. The condition that the Er(g, p)(9)E, for
all g€ G, have a common proper invariant subspace of Y(o), is clearly
a holomorphic condition on @, which is not identically satisfied, since
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for at least one ¢, n(0, ) is irreducible. Hence the set of ¢ for
which there is a proper subspace of Y(o)-invariant under Ex(c, ¢)(9)E
for all g € G defines a proper analytic subvariety of Q(o). But by the
discussion following the proof of the corollary to Theorem 1, this is
the subvariety for which 7n(s, ) will reduce. This finishes the
proposition.

REMARK. The fact that the invariant subspaces of Y(o) under
7(o, @) may be determined by looking at the operators Ex(o, )E on
the finite-dimensional space Y(o), could be of use in calculating for
specific ¢ when 7(o, p) reduces and what its components are.

The second complement to Theorem 1 is essentially a reformula-
tion of part (¢) of Theorem 1 in terms of spherical function algebras.
Again we must recall a few nottons. Let 6 be an irreducible re-
presentation of K,. Denote by 2S#°(0) the space of all compactly
supported intertwining operators between § and itself. An element
of 2#(9) is a compactly supported function from G to Hom (V, V)
(where V is the space of §) satisfying a certain transformation law.
Now the space of all compactly supported functions from G to
Hom (V, V) is an algebra under convolution, and it is easy to see
that S#°(6) is closed under multiplication, and so forms a subalgebra.
We refer to 5#°(6) with this algebra structure as the Hecke algebra,
or spherical funection algebra of 4.

It is well-known that a representation p of G gives rise to a
representation p(d) of 5#7(9). We sketch how this happens. Let Y
be the space of p, and V the space of 6. The convolution algebra
Cy(G,Hom (V,V)) of compactly supported locally constant Hom (V,V)-
valued functions on G is naturally isomorphic to C2(G) ® Hom (V, V).
Consequently, we get a representation 0 of CP(G, Hom (V,V)) on
Y® V. The explicit formula giving the representation is O(f) =
SG 0(9) ® flg)dg, for fe C7(G, Hom (V, V)). Note that 0 is irreducible
if and only if p is.

Now let ¢;€C2(G, Hom (V, V)) be defined by e,(k) = d(k) for
kc K, and ¢, = 0 outside K,. Then, assuming Haar measure to be
normalized so that K, has measure one, ¢; is an idempotent, belongs
to and is the identity of Z#%(9), and f—e¢,*f xe¢; is a projection of
Ce(G, Hom (V, V)) onto 5#°(6). Thus for fe 5£(8), we have p(f) =
BedB(f) = B(£)P(e). On the other hand, one has f(e) = | p(6)®
d(k)dk. Therefore (o(k) ® o(k)d(e,) = Ple,) = Ples)ok) ® d(k)), and
one sees that p(e,) is the projection of Y ® V onto the space E of
fixed vectors for the representation p @ 6 of K, on Y ® V. Further-
more P(S#(d)) consists of all operators in 9(C2(G, Hom (V, V))) which
preserve E and annihilate the K, -stable complement of E. Thus o
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gives rise essentially to a representation of S£#7() on E. If p is
irreducible, then so will S#7(6) act irreducibly on E, by a standard
argument. But now we may regard V as (V*)*, which gives Y ® V =~
Hom (V*, Y). From this point of view, E is precisely the space of
intertwining operators between the representations ¢* and o of K,,
where ¢ indicates the representation of K, on V* adjoint to 6. In
summary: a representation p of G gives rise to a representation of
S#(0), which is irreducible if o is, and which is of dimension equal
to the multiplicity of ¢* in p.

Thus we see the degrees of the representations of the 5#7(d)
control the multiplicities with which ¢ can occur in representations
of G and conversely. (It is easy to see that enough representations
of 57(0) arise from representations of G in the above way to separate
the points of 57#(6) — consider 5#°(0) acting on L*G).) We will say
an algebra A is mildly non-abelian if for some integer s, A has
sufficiently many representations of degree at most s to separate
the points of A; that is, no element of A is in the kernel of the
representations of A of degree at most s. This is known [4] to
imply that all irreducible representations of A have degree at most
3, because A then satisfies a certain polynomial identity. In Harish-
Chandra’s terminology [9], if A is mildly non-abelian, A is s-abelian
for some s. With this lengthy recollection finished, we may quickly
dispense with our result.

PROPOSITION 2.2. If 57(0) 1s mildly non-abelian [oq‘ all essential
seK,, then 57(6) is mildly non-abelian for all 6 c K,.

Proof. Suppose de K,. Then by Theorem 1(b), 6! can occur in
an irreducible representation o of G with finitely many admissible
K -types {0:}i=, and the multipliciy of 6 in p is bounded by a constant
¢ times the sum of the multiplicities of the 6;.. If 5267 is mildly
non-abelian for each 7 (note that é* is essential or inessential accord-
ing as 0 is since B(0%) = —B(9)), then J; can occur at most some finite
constant m,; times in p. Thus ¢* can occur at most ¢(3i., m,) times
in p, and so the representation of 5#°(9) derived from o has dimension
at most ¢(C i, m;). Since as p varies, these representations separate
S7(9), 57(0) is indeed mildly non-abelian.

REMARK. By virtue of this proposition, it becomes interesting
to know the structure of 2#°(0) for essential . In the next section
we will show that for many essential 4, 5#7(6) is abelian.

We turn now to the consideration of characters. Let o be an
irreducible representation of G on a space X. Let X = Y.z X; be
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the decomposition of X into K,-types. Let H; be the K,-commuting
projection of X onto X,. As we said in the introduction, we are
concerned with the partial traces 6,,(9) = tr E,0(¢9)E;. The main
observation we use in our analysis is the following slight refinement
of Lemma 2.2, which we simply state: If 6,;(¢9) is nonzero, then
E,0(9)E; + 0, and hence ¢ intertwines ¢ with itself. As a corollary
to this, suppose K, & K,, and ¢ intertwines no irreducible component
of the restriction of 6 to K, with itself. Then 6,;(9) = 0. Thus
we are led to look further at the intertwining properties of K, -types.

Let 4 be a shallow character of some K,. If the conductor of
is K, or K,,_,, if 4 is inessential, and if B(y) contains a nilpotent
matrix, then we will say «+ is highly inessential. By Lemma 2.8,
if the conductor of +r is K,,, and if B(«) N N # @, then in order for
4 to be inessential, hence highly inessential, it is sufficient that »
be =n + 1. Let 6 e K, have conductor K,, and put

7 = max (v, [(¢ + 1)/2]) -

Then B(6) is the union of B(+y) for certain shallow characters + of
K,. If ;= 2y — 1, then these characters have conductor K,, or K,,_,.
Thus we will say, if the conductor of Belﬁ is K, with =2y —1,
that ¢ is highly inessential if one, and hence all, of the shallow
characters « of K, occurring in the restriction of 6 to K, is highly
inessential. Equivalently, if v > n, dc K, is highly inessential if
the conductor of ¢ is K, with £ =2y —1 and BO) NN+ @. With
this terminology, we may state two lemmas which together will
imply Theorem 2.

LEMMA 2.9. All but a finite number of K -types appearing in
o are highly inessential. More precisely, 1f K, is the conductor
of o, and if the conductor of o ek, is K., and o occurs in p, then
8 s highly inessential ¢f p > 2max (n, v, ().

Proof. If 6e K, occurs in o, then § must intertwine with the
trivial representation of K,, which means B(d) intersects Ad G(L_,).
Thus B(0) intersects L_,, + %N. Now B(6) is a union of cosets of L_,,
with 7 = max (¥, [(¢ + 1)/2]). If » > ¢, then evidently B(0) intersects
MN. Since 27 = g, our hypothesis on x# shows indeed 7 > ¢/, and also
guarantees that the other criteria given just above for ¢ to be
highly inessential are satisfied.

LEMMA 2.10. Let X be a compact subset of regular elements of
a Cartan subgroup A of G. Then there is v > 0 such that no x in
X will intertwine any highly inessential K, -type with ttself.
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Proof. Let U be the Cartan subalgebra of & corresponding to
A. Write ® = AP U*. Since X is compact, we can find an integer
b > 0 such that ord (Ad x(y)) = ordy — b for z in X and ¥ in G.
Since X consists of regular elements, if we choose b large enough,
we will also have ord (Adx(y) — y) < ordy + b for ¥ in U*. Hence,
by Lemma 2.5, we can also choose b large enough so that if yisin
N, then ord (Adz(y) —y) =ordy +b. Put v=2b+ 1. Let é be a
highly inessential K,-type of conductor K,. Choose y in B(0) N N.
If » = [(# + 1)/2] (so that, by definition of highly inessential K,-type,
we have 7 =v), we know that B(6) = Ad K,(y) + L_,. We have
ord (y) = —¢. Thus AdK(y) Sy + L,,.. Hence B() Sy + L,_p.
Therefore, for z in X, we have Ad x(8(6)) & Adx(y) + L,_,.,. If =
intertwines ¢ with itself then B(6) intersects Ad x(5(d)), which means
Adxz(y) — vy is in L,_,._,. But by choice of b,

ord(Adx(y) —y) = —p+b.

Whence —p+b=v— ¢t —b, or v < 2b, which is false. Thus the
lemma is proved.

It is standard that if X & U is a compact open set of regular
elements, then Ad K,(X) is an open set in G. Therefore if w S G’
is a compact set of regular elements, we can find a finite number
of Cartan subgroups A, and compact sets X, contained in 4, N G,
such that w € Ad K,(U; X)).

From Lemmas 2.9 and 2.10, and the discussion preceding the
definition of highly inessential K,-type, we see that for any irreduci-
ble admissible p, we have 6, ,(x) = 0 for z in U, X,, for all but a
finite number of K,-types 6. Since each 4, ; is invariant under con-
jugation by K,, it follows that #,, =0 on ® for all but a finite
number of 4, so Theorem 2 is proved.

3. Fourier analysis of sufficiently regular K-types. In the
previous section we distinguished certain classes of K,-types and
tried to illustrate the different roles they played in harmonic analysis
on G. In particular we saw that the essential K,-types served to
partition the representations of G into relatively small sets, with a
given K,-type occurring only in a few representations of G. This
section expresses this fact in a more quantitative way. We will
select a certain set of essential K,-types and describe in some detail
the representations of G in which these K,-types occur. Actually,
in our construction, we will not deal directly with the K,’s, but
with certain subgroups constructed from the K,’s. The groups we
construct have a more convenient shape for computational purposes
than do the K,’s. The substantive differences are slight. Specifically,
we will construct a certain representation, denoted by §’, of a certain
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open compact subgroup J'. We will give an explicit parametrization
for those representations of G in which 4’ occurs, and we will give
explicit realizations of these representations as induced representa-
tions. We will show that the unitary representations in which ¢’
occurs are all irreducible. We will show 6’ occurs at most once in
any representation of G. On the basis of these results, we will
give the Fourier analysis of the algebra £77(6’*), where 6" is the
representation of J' contragredient to o’. We will show 5£7(6") is
abelian and isomorphic to an affine algebra. We will compute ex-
plicitly the o¢"*-spherical functions and the Fourier transform on
27(0"). From this we will compute the Plancherel measure of the
representations in which ¢’ occurs. The unitary representations of
G in which ¢’ occurs will be parametrized by a certain finite number
of real tori (e.g., products of circles), and the Plancherel measure
on these tori will be ordinary Lebesgue measure suitably normalized.

The considerations of this section are “local” in the sense that
they concern first the construction of a single representation ¢’, then
a study of the properties of ¢’ in relation to harmoni¢ analysis on
G. In the next section we will deal with more “global” aspects of
representation theory for G. We will show that in a certain sense,
the ¢’ of this section account for “most” of the Fourier analysis of
G. Of course, in another and very important sense, it is precisely
the representations for which we cannot account that are most
interesting. We will discuss this and similar problems in the next
section.

We want to emphasize what will no doubt be apparent: the con-
siderations of this section represent only the next stage in precision
beyond §2. They are still quite crude. Nevertheless the arguments
are noticeably fussier than in §2. The crudity is partly to ease the
exposition, but also partly from present lack of understanding. In
various favorable cases (see [12] and [13] for examples) refinements
of the techniques used here lead to quite complete results on certain
series of representations. From the point of view implicit in these
methods, it is an important problem to extend the list of favorable

cases.
We have seen that, roughly speaking, the dual blobs of essential

K, -types lie along Cartan subalgebras of &, whereas inessential X, -
types lie along 9. Therefore we fix a Cartan subalgebra % of &
and look at those K, -types intersecting 9. By imposing a geometrical
condition on ¥ and by looking at a certain subset of 2, consisting
elements which are “sufficiently regular” in a certain sense, we will
arrive at a set of representations we can'analyze. In the next sec-
tion, we will show our conditions are not too restrictive. Before
going into the details of the conditions, which are somewhat techni-
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cal, let us describe their value. One may roughly say that if one
could analyze 5#(6) for most or all K, -types o, the Fourier analysis
of L¥G) would follow. Thus given 6 ¢ K,, one might try to find out
the structure of 57(6). As a first step, one could try to determine
which (K,, K,) double cosets support nontrivial elements of S#(6).
As an approximation to this, guided by Lemma 2.3, we could try
to find those g€ G such that Ad g(8(6)) N B(d) is nonempty. Clearly
if Adg fixes some point in B(6), then indeed Ad g(B(d)) N B©) # .
Thus, making another approximation, we could try to determine
the isotropy groups of the points of B(6). The point of our condi-
tion on YU and of the notion of sufficient regularity is that they
make this latter problem very easy and simultaneously make it
essentially equivalent to the original problem. We now plunge into

the details.
Let A be the Cartan subgroup of G corresponding to %U. In A

there is a unique maximal compact subgroup A4, and A/A, = Z" for
an appropriate integer 7, called the split rank of A. Also in A is
A,, the maximal split subtorus of A. We have A, = (F*)" and
A/(AA,) is finite. Let M be the centralizer of 4, in G. It is a
standard fact that M is the Levi component of a certain finite
number of parabolic subgroups, which are in one-to-one correspondence
with orderings of the roots of A,. (See [1].) Let P be one of these
parabolics, and let P be the “opposite” parabolic to P — that is, P
corresponds to the ordering of the roots of A, opposite to the
ordering defining P. We have P = M-U,, where U, is the unipotent
radical of P, i.e., the maximal normal unipotent subgroup of P.
Likewise P = M- Uz, where Us is the “opposite” of U,. Let & M,
%, and Z be the Lie algebras of P, M, U,, and Us respectively.
Then @ = M P % P Z, and all three spaces are invariant by Ad A4.
Let M,, P, etc., be the intersections of M, P, etc., with K,. Let
n,, A, ete., be the intersections of M, &, ete., with L,. Then we
assume that for v=1, L, =Z, P M, P %,, or what is equivalent,
since it is easily seen that M, =1+ I, and so forth, that K, =
(Us),*M,-(Up),. It is easy to see by setting up coordinates that any
conjugacy class of Cartan in ® contains an % for which these de-
compositions hold. Harish-Chandra [10] has shown similar decomposi-
tions are obtainable in any semisimple p-adic group.

Now we say what conditions an element of 9 must satisfy in
order to be sufficiently regular. Recall A’ denotes the set of regular
elements of . The group .+~ & G consisting of those g€ G such
that Ad g() = U clearly contains A4, and it is well-known [1] that
AA =W is a finite grdup, called the Weyl group of . Since
Ad A leaves U pointwise fixed, W may be regarded as a group of
linear transformations on . It is known that for a €W we have
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w(a) # a for any we W. Since W is finite we can choose a constant
7, so that [[w(@)|| < Y,||e|| for all ac®, we W.

Let {x,}%., be a set of coset representatives for 4,4, in A. Since
A, is compact, we see that if the constant 7, of the preceeding
paragraph is taken large enough then we will also have ||Ad z,a,(m)]| <
Yollmil for 2=1,.--, k, and every a,c¢4,, me®. Put ¢ =
[log, 7] + 1.

Write @=UAPA*. Given m e ®, write m=z+y with ze ¥, y e A*.
We have by the ultra-metric inequality that ||m|| < max (||z]|, ||¥l])-
On the other hand, we may find a positive constant 7, such that
llm]] Z v, max (|[z]|, [l¥|). Put ¢, =[—log, 7] + 1.

Recall for m,, m,€® the formulas ad m,(m,) = [m,, m,] = m,m, —
mem,. If a €W, then A and A* are invariant under ada. If ac?,
then ¥ = ker ad (@) and ad (a) is nondegenerate on A*. For &> 0,
we define %'(e) to be the set of ¢ ¢ satisfying the following two
conditions. First, |jad (a)(®)|| = ¢llall||ly]] for all yeA*. Second,
lw(a) — a|| = ¢||a|| for all we W. Clearly %'(¢) is an open and closed
subset of %', and it is not hard to see that U = U.., W (e).

Now take ac®, and suppose ord(a) = —pg, with ¢ > 0. For
the purposes of this paper, we will say a is sufficiently regular if
for some ¢>0, aecW(), and px=6(e+ ¢ + ¢, + 1), where e¢=
[—log,e] + 1. It is not hard to see that the set of sufficiently
regular elements of 9 is quite large. Indeed, for any z e, rzx is
sufficiently regular for all » € F' with [r| sufficiently large.

Let us now derive some properties of sufficiently regular ele-
ments, It is well-known that the conjugacy classes of elements in
an open set in 9 fill an open set in ®. Our first lemma is a
quantitative expression of this fact. Compare [12], Lemma 6.

Lemma 8.1. Take acW, and suppose for beWU*, ||[a, b]|| = 7|b]|
Jor some constant ¥ > 0. Put ¢ =[—log, 7]+ 1, and let ¢, be as in
the definition of sufficient regularity. Then for any 1 > 0,

Ad K, (@ + Wproa) 2 @ + Lioyzogs -

REMARK. Note that 7, <1, so that ¢, = 1. Also note that if
e, and ord (x) = ¢ + ¢, + 1, then [|z|| <7, and so ||[z, b]|| < 7||bl|
for any b e U*. Thus ||[e + «, b]|| = 7||b|| and in particular a + z .

Proof. Consider m € ® of the form m = x + y, with z e, y e A*,
and ord (z) and ord (¥) = ¢ + ¢, + I. By the hypothesis on a, we can
find z € A* such that [a, 2] = ¥ and |[z|| < 77*||y||, or ord () = ord (y) —
¢=zc¢ + 1. We compute
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AdA +2)0a+m)=0Q+ 2)e + 2+ y)A +2) :
a+ 2+ y+(za] +[z,m)1—20+ 27"
o+ x—yzx(l + 27+ [z m]Q + 2)
=a+x+ m,

1l

Il

where
m' = ([z, m] — y2)(1 + 2)".

Hence ord (') = min (ord (z), ord (¥)) + ord () — ¢ = ord (y) + ¢, + L.
Thus if m’ = o’ + ¢’ with 2’ ¥, y’ ¢ U*, since

llm'|| = 7, max ({l&']], [l%']]) »

we have ord (z') = ord (m') — ¢, = ¢ + ¢, + I; and similarly ord (¥') =
ord (m') — ¢, > ord (y). It follows that we may successively move
@ + m closer and closer to ¥, so that it is eventually conjugated
into an element of o + %, ;.. Moreover, we note that, again by
the relation ||m|| = 7, max (||[|, [|¥]|), we may, with  and ¥ in L.,
express any m € L.y, ;. Finally we observe that to do our con-
jugating we only required elements of the form 1 + z with ord (z) =
¢, +!. This concludes the lemma.

We may now state the main properties of sufficiently regular

elements.

LEMMA 3.2. Suppose acU is sufficiently regular, and choose
e > 0 such that a €¢W(e), and ¢t = —ord (@) = 6(e + ¢, + ¢, + 1), where
these constants are all as in the definition of sufficient regularity.
Then a has the following properties. Put 7 = [(¢t + 1)/2] and v =
(¢ + 2)/3].

(1) lad (@)®)]| = eq*(y) for y eU*. In other words ad (a)RF) 2
W oo

(ii) AdK( (o +UA_y_. ) 2a+ L_y,,.

(iii) For any nontrivial we W, w(e + A_,_,,_.,) 18 disjoint from
@&+ U y_cp—eye

(iv) Every element of a + A_,_, ., s regular.

Proof. Statement (i) is a trivial calculation from the definition
of A'(e). From Lemma 3.1, using ¢ = e — g, as derived from (i),
for (ii) we see we must have v < ¢, + I, where ! is determined by
the equation —%7 — ¢, =¢e — ¢t + 2¢, + 1. Substituting in this the
inequality for v, we see we need ¢t — 9 — v = e + ¢, + ¢, and this
is satisfied if g = 6(¢ + ¢, + ¢, + 1).

For (iii), we note that for any nontrivial we W, we have
ord (w(a) — a) £ —u¢ + e, by part of the definition of A’'(c). On the
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other hand, if 2 €9_,_.,_.,, then ord (w(x))= —7— 2¢, — ¢, by part of the
original definition of ¢,. But —n —2¢,— ¢, = —pt+3(e+ ¢, +¢) —
2¢,—¢,> —p+e Henceord(wle+z)—a)S —p+e< —n—c¢c—ecy,
so w(a + A_,_,—.,) is indeed disjoint from a + A_,_, ., and (iii) is
proved. Finally, (iv) is an immediate consequence of the remark
following the statement of Lemma 3.1. This finishes the lemma.

We now turn to harmonic analysis. We fix for the rest of this
section a sufficiently regular element @ €. Let ord (@) = —p with
Lt >0 and let » = [(# + 1)/2] as usual. Then @ represents a certain
shallow character + of K,. The conductor of « will be K,, and the
dual blob of 4 will be @ + L_,. In this section  will always denote
this particular shallow character of K,.

Let {x,})i_, be the representatives for 4,4, in A used in the
definition of sufficient regularity. Put v = [(¢ + 2)/3]. Let J, =

t=1 Nages, Ad 7,0((K,). Then K,2J, 2 K,,,, 2 K,. Moreover, since

K, = (Us),*M,-(U,),, and Uz, M, and U, are normalized by A, we
see that J,=(J, N Us) -, N M)-(J,N Up). By construction J, is
normalized by A4,, and J,N M is even normalized by A since A, is
central in M. Also note

D=

Ad Jy(‘i + 91—’1—00-—01) = Ad (xia’o)(Ad Kv<[i + m—’]—-co—ol))

0

Ad (z;a,)(@ + L, . )2a+L_,.

ap€ Ay

k2

Il
-
1S

ap€

>

Il
1A

=2

Let 60 be a representation of J, lying over 4+ That is, the

restriction of 6 to K, contains 4. From the inclusions given above,
we can deduce the support of S#(6).

LEMMA 3.8. The only (J,, J,) double cosets which support mon-
zero elements of S#°(6) are of the form J,bJ, with be A.

Proof. If ge @G intertwines ¢ with itself then g certainly inter-
twines the restriction of d on K, with itself. Thus for some &, k, € J,,
we have that Ad* k,(y) and Ad* g(Ad* k,(4)) agree on K,N Ad g(K,).
(Recall 6 restricted to K, will consist of a direct sum of shallow
characters of K, of the form Ad* k(y) with keJ,.) If we apply
Lemma 2.3, we see that for some z,, ,€ L_,, we have Ad k,(@ + ) =
Ad g(Ad k(@ + x,)). Now by the inclusion given above, we have
@+ z, = Ad h(a;) for ©=1,2, and h;eJ,, a,ea@ + A_,_,,_,. Thus
Ad kb (a,) = Ad g(Ad k.ho(ay)), or Ad (hi'k'gk.h,)(a,) = @,. Since a,
and a, are regular in A by statement (iv) of Lemma 3.2, we see
Ad (b7 ghohy)(A) = A, and so hkigk,h, defines an element w of W.
Since w(a,) = @, w does not transform @ + A_,_,,_,, out of itself,
so w must be the identity. Hence h %% igk,h,c A, or geJ,AJ, as
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was to be proved.

As this point it seems worthwhile to point out that if A is
minisotropic, which in our case means A4 is the multiplicative group
of a field extension of F' of degree %, then we have just constructed
a series of supercuspidal representations of G associated to A. Indeed,
in the case when A is minisotropic, A, consists of constant matrices
and M = G. Hence J, is normalized by A, and A-J, is a subgroup
of G, compact modulo the center of G.

PROPOSITION 3.1. Let ¢’ be any representation of A-J, lying
above 6 on J,. Then &' induces an irreducible supercuspidal represen-
tation of G.

Proof. Indeed, by Lemma 3.3, the only (A-J,, A-J,) double coset
which supports an intertwining distribution for ¢’ is A.J, itself. In
these circumstances it is known [18] and easy to see that the re-
presentation induced to G from ¢’ is irreducible.

For general A, the supercuspidal representations of Proposition
3.1 must be replaced by series of representations induced from P.
The construction of these series requires close examination of the
structure of 6. Define J, analogously to J,. That is
k
J.= N N Adza(K,) .
i=1 age 4y
Define J,, similarly. By the analogous statements for K,, K,,, and K,,
we see J,/J, is abelian, and J,/J, is central in J,/J,. Thus J,/J, is
a two-step nilpotent group. Since J, & kerd, J is a representation
of a two-step nilpotent group. Also, the restriction of 6 to .J,, is
some multiple of + restricted to J,,. Since A* 2 M* = % P Z, both
U,NJ, and Uz N J, are contained in the kernel of -, hence of é.
Put I''=MnNnJ, and I, = (UsNJ)-(UsNJ,) ;. Then I',-T, =J,.
Also I', normalizes U, N J, and Uz N J,, and centralizes them modulo
the kernel of 6. Thus I, and I', commute modulo the kernel of 9,
and I, NIy = dJ,, N M is central modulo kerd. It follows that the
restriction of ¢ to I'; is a multiple of some irreducible representa-
tion 6, Moreover ¢ is the direct image of the outer tensor product
of the d;, in the following sense. If § acts on V and 4§, acts on V,,
then V= V,® V, in such a way that the following diagram com-
mutes.

I, X Ty— J,

s

Hom (V,) ® Hom (V;) =~ Hom (V) .
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The upper horizontal map « is the product of the inclusions. That
is, if xel S J, and yel',< J, then a(x, y) = xy. Although « is
not a homomorphism, it is a homomorphism modulo the kernel of 4.

Under the action of Ad A, it is obvious that the above situation
is stable in the following sense. For any be A, we have Adb(I",)=1T",,
and the restriction of Ad*b(0) to I, is a multiple of Ad* b(6,).
Similarly Add(",)NJ, = Adb(I,)N T, and the restriction of Ad* b(d)
to Adb(I,) is a multiple of Ad*b(6,). Finally, I, N I", is normalized
by b, and 6 and Ad* b(6) agree on I',NI,. These facts immediately
lead to the conclusion that the intertwining number of 6 and Ad* b(d)
on J,NAdb(J,) is equal to the product of the intertwining numbers
of 6, and Ad*b(6;) on I'; and Adb(l";). Since Adb(I",) = I',, the in
tertwining number of 6, and Ad* b(6,) on I', is one or zero according
as 6, and Ad* b(6,) are equivalent or not. Let us now look more
closely at 6, and Ad* b(6,).

We recall some facts about computing intertwining numbers in
terms of characters. Let C be a compact group, and o, and o, two
distinct irreducible representations of C. Let y(o;) denote the
character of o0,. Let dx be Haar measure, and let C have total
measure m(C). Then the Schur orthogonality relations for C say

|, 1)@ @ = 0
and
|, 100wz = m(C) .

Here — indicates complex conjugation. From this it is immediate
that if 7z, and 7, are any finite-dimensional representations of C,
with characters y(z;), then

|, 1) @EI@ds = m(C)Ie, 7)
where I(z,, 7,) is the intertwining number between 7, and z,. For
as we have seen, if 7, = Ya,0, and 7, = XYb,0, with a,, b, € Z where

the o, are distinct and irreducible, then I(z, 7,) = Yab;, while y(z,) =
Say(o;) and x(z,) = 3b)(0;), so that

|, )@@ = | (Saao)@)Eoa@ @
= Sab; | 2GR = mC)Tab) .

If now C, and C, are open compact subgroups of G, and 7, is
an irreducible representation of C,, let I(r, 7, g) be the number of
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times ¢ intertwines 7, and z,, We have seen I(z, 7,, g) is equal to
the intertwining number of the restrictions of z, and Ad* g(z.) to
C.N Ad g(G;). Let x(z;) now denote the function on G which equals
x(z;) on C; and vanishes off C,, The formula Y(Ad* g(z,))(zx) =
Yz )9 'xg) is immediate from the definitions. Therefore we have
the formula -

(1) o o) =m(CNAdg@C) | @) @RET e

Cyn Adyg
Here now dx is the restriction to C, N Ad g(C,) of some fixed Haar
measure on G.

Now we apply the above remarks to d,, Let 4Z I', be the
inverse image in I', of the center of I',/kerd,. The restriction of
0, to 4 will then be a multiple of a character ¢(d,). Of course ¢(d,)
agrees with + on J,. (Note 42 .J,.) Since I',/kerd, is two-step
nilpotent, it is known and easy to verify that x(d,), the character
of 0., is supported on 4. There it is given by the formula ¥(5,) =
(dim 6,)®(0,). Thus if be A, then from (1) we may calculate

13, 0, ) = m(T, 0 AQBI) | 3(0)(@ GG e

= m(l"; N Ad b(I";))"(dim 4,)* S P(0:)(%)(0:)(b " xb)dx .

40 Ad b(4)
The last integral is either 0 or 1 times m(4 N Adb(4)). Another
elementary fact about two-step nilpotent groups is that (dim d,)* =
#Iy/4), the index of 4 in I',, Thus I(d,, 0., b) is either 0 or 1 times
the quantity

m(I"y N Ad (L))~ m(4 N Ad b)),/ 4)
= (I N AdB(I.))/(4 N Ad B(A) KT/ 4) .

We want to show I(0,, d,, b) is either 0 or 1; hence we will try to
show the two indexes above are equal.

Write U, NI, =1+ Y where Y is a lattice in %. Similarly
write Us NI, =1+ Y. Consider the function By on I', X I', given
by the formula By(x, 2) = y(xzx"'27") for =,2¢€l,. Simple checking
shows that for fixed , By(x, -) is a linear character on I',; similarly
for fixed z, By(-, #) is a linear character or I',, Moreover By(x, 2) =
By(z, ). Thus By is a T-valued antisymmetric “bilinear form” on
I',, Moreover, since ¢ is a multiple of + on .J,,, which contains the
commutator subgroup of I',, it follows from the definition of 4, that
By(z, +) is the trivial character of I', if and only if ze4. That
is, 4 is the “radical” of By. Let =14+ 9, +%, z2=1+9,+ %,
with ;€ Y, #,€Y. Then an easy computation shows By(z, z) =
Yy + [% + ¥y ¥ + 7)) = 2@) (%, + 7y, ¥. + 7.]). Thus let us define
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the antisymmetric, T-valued bilinear form B on % @Z by B(u,v)=
2(@)([u, v]) = 2@, [u, v])), for u, ve % 69?/ Here 2, is the “basic
character” of F used identifying & and ®. Thus if u,veYPY,
B(u, v) = By(L + u, 1 + o).

For a given lattice AC % @ %, let A ={uem @ %, Blu,v) =1
for all ved). Since, Z P Z < M* < A*, ad « is nondegenerate on
% @ %. Also, Z and Z are paired nondegenerately against each
other by {, ) (see [10]). Therefore, rewriting (@, [«, v]) = (@, u], v},
we see this is a nondegenerate bilinear form on % @ Z. Since A
is obviously an R-module, and since ker 2, = R, we see an alterna-
tive description of Ais 4 = {ue % @ %, {a, [u, v]) < R for all v e 4).
It follows that J is also a lattice, and the usual duality relations
hold: (A~ = 4, (4, + 4,)~ = 4,N4, and (4,N4)~ = 4, + 4,. Now put
A=Y @Y. From the relation between B and By on 4, we conclude
ANA+4)=1+UNJA). Since I', =1 + 4)-M,,, we see ¥I',/4) =
HA/4n A).

Now take be A. Since @, v, % @ % and B are Ad b invariant,
we see that if we repeat the same analysis for Ad* b(6,) and Ad b(I",),
we will get *(Ad b(I"y)/Ad b(4)) = HAd b(4)/Ad b(4 N 1)), and Ad b(A)~ =
Ad b(4). Combining the two situations, we get

(I, N AABI)/(4 0 Ad b(4)) = (4N Adb(A)/(4 N AN Ad b4 N D)) .
Now I claim that actually 4 < 4. If this is so, then the desired
equality of indexes holds, as we calculate, putting Adb(4) = N. We
have
AN NN N)) = ¥44/40 N)™¥4/1n N)

= ¥A/A 0 N)Y“#4J A A)An Ny .
Similarly (4N N)/(An N)) = 4{N/4 0 N)Y“#(N/N¥N/An N). Multi-
plying these equations gives

(A0 N n W)y
= (4 + N)[(4 N N (A DHN/NY(A + M)A n NY) .
Now the two outer factors cancel by duality. Since N = Adb(4),
we have #4/4) = ¥N/N). Hence taking square roots gives
(AN NN NY) = *4/1) .

Translating this into terms involving I", gives the equality of indexes
we sought.

REMARK. The above equality of indexes is related to the re-
presentation theory of Heisenberg groups, and may be proved in
those terms.
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It remains to show 4 < 4. We recall that by virtue of a string
of definitions, 4 = N, Nayes, Ad @2 X%, B %,). Here the {w}i,
are as in the definition of sufficient regularity and %, = % N L,,
%.=2 N L, as usual. Therefore 1 is the lattice of % @ %
generated by the lattices Ad (z.a)(% @ %)) where (% @ %), =
%, @ %,. Let us calculate (% @ %');. Because of the expression
of B in terms of (,), we have ( @ Z); = (ada(% ® %).)* N
(% @ %). Since Zx @ Z < AU*, we may apply statement (i) of
Lemma 3.2, and conclude ada@a(% @ %), 2 (% ® % )sro—s- Thus
(% DXy S (% @® % )y—r.. Therefore we get 4 S (% B X uoro—op
On the other hand, the expression for 4 given above implies 42
(% ® % )s—o,» Therefore if v—¢, <p—v—e—c, we are done.
But ¢ —2v = 2(e + ¢, + ¢,), by part of the definition of sufficient
regularity, so we are indeed done.

We record one result of the foregoing discussion,

LemmA 3.4. Notations as above. The coset J,bJ,, for be A,
supports at most ome montrivial intertwining distribution for o.
That ts I(6, 6, b) < 1.

Now we want to show how to choose 6, so that I(,, 0, b) =1
for all be A. Consider I'y = (J, N Up)-J,,. Modulo the kernel of q,
(J, Up) is normal in I';. Since +r is trivial on U, N K,,, we may
extend + to a character "' on I, by letting " be trivial on
(J, N Up). Let I'; be the annihilator of I'y with respect to the form
By on I', introduced above. That is I, = {x € ['y: By(z, y) =1 for
all ye I';’}. Since 4 extends to a character of I';, we see ['; contains

Y. Since I', = I')-(I',N Uz), we may write I'y = I') - (I';N Us). Now
B, is trivial on I', N Us, so I'; N Us annihilates itself as well as I,
Hence I'; is commutative modulo ker 4. Therefore on I'; there is a
unique character ' which is trivial on I"; N U and agrees with "
on I'y. Now it follows from elementary facts about representations
of two-step nilpotent groups that +' induces an irreducible represen-
tation 6, of I',, and any other irreducible representation of I, lying
above 4 on J,, is of the form §,X¢@, where ¢ is a linear character
ofl",/J,,. From now on, we will let d, stand for the representation
of I', induced from ' on I,

We want to express the intertwining properties of d, in terms
of those of +'. To do this, we must once again recall some facts
about intertwining numbers. (See [18].)

Again let C, and G, be open compact subgroups of G, and let
7, and 7, be irreducible representations of C, and C, respectively.
Suppose C; S C; are open subgroups and suppose the 7, are induced
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from representations o; of C;. We have the Frobenius formula for
induced characters: x(z)(®) = >.; x(0.)(¥:;2y7). Here yx(z;) is the
funection on G which is the character of z, on C; and zero off C,,
and x(o;) is defined analogously. The {y,;} are a set of coset re-
presentatives for C; in C,. That is, C, = U; Ciy.;, the union being
disjoint. If we plug this into formula (1) for I(z, 7., g), g€ G, we
obtain

m(C, N Ad g(C)I(zy, 73 9)

- (51 20) w2 NS K@) et 5905 e
01N Adg(Cy) 3 k

= S x(0) (@)X x(0:)(97%%g;:))da  (Where g;;, = ¥,;9Y:)
C;N Ad g(Cy) gk

., Wo)@ (@) (g5 zg ) dw

7,k SC]’_H Adg;1(05

= Zk m(C; N Ad g;,(C)I(0,, 02 g31) -
Taking first C; = C,, then C, = C], one may reduce this in stages to
(2) I(Tl! Ty §) = ; I(o,, 0y h,) ,

where C,9C, = U, Cih,C;, and the union is disjoint. (The reduction
is very simple, when, as in our case, C; is normal in C,.)

Apply this to J, and +'. For any be 4, we know I(d,, 6, b) < 1.
On the other hand, «' is trivial on I';N U, and on I';N Uz, and
equals « on I';N M. Since 4 on I';N M is Ad* A-invariant, we
conclude I(y', ¥, b) = 1. Then equation (2) shows I(d,, 6, b) = 1, and
I(', 4, y) = 0 for any double coset I'yyl’; == I';bI", for some be A.

Now consider I'y = I',-I';, and let 6, be any irreducible represen-
tation of I'; whose restriction to /; is a multiple of +’. Then it is
obvious that 6, induced up to J, is an irreducible representation
whose restriction to I, is d,, We see from this that ¢, restricted
to I', is an irreducible representation 4, of I',. Summarizing the
discussion since Proposition 3.1, we find we have established the
following result.

LEMMA 3.5. The only (I',, I';) double cosets which support non-
zero intertwining distributions for 6, are those which contain re-
presentatives in A. Moreover of be A, I(0,, 0;,, b)) < 1, and is equal
to one or zero according as Ad* b(o,) is equivalent to é, on I', or not.
Furthermore 6, and Ad* b(d,) restricted to I'y; N Ad b(I";) are both ir-
reducible.

Now we look at 0, and put it in good shaps. Then the con-
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struction of our induced series of representations will be a simple
matter. Let X denote the set (1 +A*)NI,.. Then (ANT)-X=
(1 + QIV)'X 21+ 9 + (mu+c0 n Q{*) =21+ 2D""xa+r:o+01; 1+ ?‘IR’? = Mv-
Since ANr)-X<r,&s M, and M,=1+ IM,, and M2 < M,, < IM,,
it follows that ANI)-X =T, is a group, and a normal subgroup
of I',. Since A normalizes I', and Ad A preserves M N A*, we see
A normalizes I'.. I claim the representation é, of I', may be induced
from I']. In fact, more is true. Let 4. be an irreducible component
of §, restricted to I';, and assume the restriction of é; to M, contains
the restriction of 4 to M,. Such a é; clearly exists. We notice that
in the proof of Lemma 3.1, the only elements used for conjugating
€@ + Lyippq into @ + Aoy y, were of the form 1 + z with ze 9 ,,.
It follows from this and the discussion before Lemma 3.3, that
Adri@+%,..)2a + M_,. Here @ is, as it has been, our fixed
element of 9, a representative of 4 on K,. Now the proof of
Lemma 8.3 applies to I” and shows that the only (I';, I'}) double
cosets in M which intertwine §; with itself are of the form I':bI;
withbe A. Since AN I, & I, it follows that in particular ¢, induces
an irreducible representation of I',, and since ¢! is contained in o4,
this irreducible representation must be 4,. .

So now forget o, and look at 6. Let A, be the subgroup of A
such that Ad*a(d]) = 6! if eeA,. I claim 4, = A and 4, may be
extended to a representation of A-I';. To see this, let By now be
defined on I'' X I'; by the formula By(h,, h,) = (hh,hi*h:Y). As with
the previous By, one verifies easily this By defines an antisymmetric
bi-additive T-valued form on I';. Let 4 be the radical of By, e.g.,
Ad=1{hel: Byh, I'Y) =1}, Since one easily calculates for 1 + z,
1+ yel] that By(l + 2,1+ 9) = ‘Qo(<dr [x9 '_l/]>) = ‘QO(<[d—’ w]: y>)r we
sece AN S 4, forif xe¥, then [@, 2] = 0. Iclaim 4 S (ANT))-M,.
In fact, we see this would be implied by the inclusion 4N X & M,.
In view of the form of By, precisely the same calculation that in
the discussion of 6, showed 4 < 4, shows in this situation that indeed
AN X S M,.

From the elementary theory of two-step nilpotent groups, the re-
striction of 9; to 4 is a multiple of some linear character y of 4, and
y determines 4. Since 0; lies over 4 on M,, the restriction of ¥ to
4N M, must agree with 4. Since (ANTI1)-(4dN M,) = 4, we see ¥,
hence 4;, is determined by the restriction of ¥ to ANIi Since
Ad* b clearly leaves ¥ on A N I'; unchanged, it also leaves 4, un-
changed, so 4, = A as claimed. Since §; is Ad* A-invariant, ker o;
is normalized by A. Again by the representation theory of two-
step groups, we have kerd, & 4, and so kerd; = kery. It follows
that XN 4 < kerd,. Therefore X/X N 4 forms a set of coset re-
presentatives for 4 in I'}, and since A normalizes X, these represen-
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tatives have the property that, if Ad A centralizes them modulo 4,
it centralizes them modulo kerd,. Now the theory of Weil’s re-
presentation for finite groups (see [12], [15], [24]) tells us the
following fact: there is a well-defined one-to-one correspondence,
involving no arbitrary choice of basepoint, between the extensions
of ¥ from ANTI; to A, and the extensions of 4; from I'| to A-I.
For a given character $ of A extending ¥, let 7($) denote the cor-
responding extension of 6 to A-I'; given by Weil’s representation.
If we fix a character @, of A, then the relation 7($,%) = 7(%,) ® $
holds for any character of A/ANI';. We may also use this formula
to define 7($,®) for an arbitrary quasicharacter @ of A/ANTI,. Let
us note for completeness’ sake that an arbitrary representation of
A-TI'; lying above 4 on M, has the form 7($,) Q $ where & is now
any character (or quasicharacter) of 4/A N M,, extended to A-I'; by
letting it be trivial on X-M,.

Now define J' = I'};-I";, and let 6’ be the representation of J’
whose restriction to I'; is a multiple of +' and whose restriction to
I} is 6;. (We note that these conditions do indeed define an irreduci-
ble representation of J'.) It will be our business from here to the
end of the section to analyze the representations of G containing
the J'-type ¢'. First we will construct them. To thisendlet # =
A-I'l-U,. We consider the set A(d") of all quasicharacters @ of A
which agree with y on AN7I; = ANJ', and we denote by /() the
representation of _# which is trivial on Up, and which agrees with
7(®) on A-T;.

Although we have thus far spoken of intertwining only in the
context of compact open subgroups of G, we can extend this
terminology easily to noncompact, nonopen subgroups. Specifically,
if H,, H, are any closed subgroups of G, and if o, are finite-dimen-
sional representations of the H;, then for g € G, we define I(o, 0, g)
to be the intertwining number of the restrictions of o, and Ad* g(o,)
to H,N Ad g(H,). There is an interpretation of I(c,, 0, 9) in terms
of intertwining distributions between ¢, and ¢,, where these are also
defined in analogy with the case of H; open and compact. We say
¢ intertwines o, and o, if I(g,, 0,, g) = 0. We say the o, intertwine
if some ge G intertwines them. Applying these concepts to J' and
&, _Z and 7'($) we get the following result.

LeEmMA 3.6. (a) Theonly ge G which intertwine &' with itself
belong to JJAJ'. For every be A, I(d’, ¢',b) = 1.

(b) The only (J', _#) double coset which supports an inter-
twining distribution for o' and t'(P) is J_Z itself. We have
I(0, 7'(®), 1) = 1.

(e) The only (5 _Z) double coset which supports an inter-
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twining distribution for /(@) with itself is _& itself.
(d) If @, #+ & T'(P,) and T/(P,) do not intertwine.

Proof. The statements that I(6', 8, b) = 1 and I, 7'(®),1) =1
are clear from the construction of ¢’ and ¢'($). Just observe that
() and ¢’ are irreducible and equivalent on [I'j, and that A
normalizes I'; and leaves di-invariant there, and use Lemma 3.5,
plus the construction of §; from d,. The fact that only double cosets
of the form J'bJ" with b e A support intertwining distributions for §’
with itself is almost immediate from Lemmas 3.4 and 3.5. We leave
the details to the reader. Now consider the intertwining properties
of 7’($). The group M,-Up, =1+ (M, P %) is a subgroup of _~
The function (1 + z) = 2(@)(x) can easily be verified to be a linear
character on M,- U, trivial on M, -Up. Of course 4 coincides with
A on (M,-Up)NK,. Precisely the same reasoning as used in Lemmas
2.1 to 2.3 tells us the following two facts. First if ge @, then ¢
intertwines  with itself if and only if @ + (I, P %)* intersects
Adg@ + M, D %)*). Second, ¢ intertwines - and + if and only
if @+ L_, and Ad g(@ + (M, P %)*) intersect. But if g intertwines
(P) with itself, or 7'($,) with 7'(®,), or o’ with 7/($), then some
element of _Fg_g or J'g_Z must intertwine o with itself or
with 4. A simple calculation gives (I}, P % )* = M_, P Z. In the
discussion since Lemma 3.5 we have seen that AdI (@ + A_,_.,—.) 2
@+ M_,. Since ad @ is nonsingular on %/, we see Ad U @) = a@ + %.
Combining these facts gives Ad _F(@+A_,_,,_.,)2a+(M_,PZ%). Now
exactly the same proof as used in Lemma 3.3 shows g must belong to
FAZ = _Z tointertwine 4 with itself, and must belong to J'A_Z
to intertwine + with 4». From this the lemma follows immediately.

We are now in a position to construct the series of induced
representations attached to §’. For each @ in A(d), we let (d’, @) =
7(®) be the induced representation 7($) = ind% 7'(¥).

PROPOSITION 3.2. Those of the w(P) which are unitary are
wrreducible. Those of the w(®) which are trreducible are pairwise
inequivalent.

Proof. Using LLemma 3.6, this result is immediate from Bruhat

[2].

At this point I would like to digress briefly and comment on
the relationship of this result to Harish-Chandra’s philosophy of cusp
forms, and more particularly to his theory of the Fisenstein integral
on p-adic groups [10]. First let us give an alternate description of
the 7($) in terms of series induced from P = M-U,. Recall the map
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log: P— Z" as defined in §2. In the present situation, » is the split
rank of A and log (4) has finite index in Z’. Recall that & was
the group of quasicharacters of P which factored through log. By
restriction, & is mapped into the group of quasicharacters of A.
The kernel of this restriction map is finite, of order equal to the
index of log (4) in Z. Since (kerlog) N A = A,, the image of &
under the restriction map is the group of quasicharacters of A/A,.
If pe, let $ be its restriction to A. We see that if @oeﬁ(é’),
then ¢, e A(¢’) also for pe & Thus & acts on A(5"). Under this
action A(d’) clearly breaks up into finitely many orbits, each orbit
being a set of quasicharacters with fixed restriction to A, Let
(@), with 1 =*%A,/ANJ), be a set of unitary characters of A,
one from each orbit of & in A(5"). Then every element of A(5")
may be written in the form ¢,9, with pe«&” and $; uniquely
determined. Define o, = ind% 7'($;). Then the series of representa-
tions & (0,) = {0, Q ¢ for p e &}, as defined in §2, is the same set
as {ind’, (z'(%) ® P)} = {ind% '(@.#)). Thus Ui, @(0,) = {ind’, 7'@):
@' e A(0)}. By transitivity of induction we have ind o, Q @ = 7(P;P).
By the same reasoning as in Proposition 3.1, we see that the o, are
all irreducible unitary supercuspidal representations of P. Therefore
we conclude that the #(@), for @ e A(d’), are equivalent to the
representations of finitely many series of representations of G induced
from supercuspidal representations of P. Thus this construction of
the 7(®')’s falls within the scope of the philosophy of cusp forms.
In this connection let us also note that Harish-Chandra has formulated
a version of Bruhat’s theory which applies to representations induced
from supercuspidal representations of parabolic subgroups. It would
follow from Lemma 3.5 that the 0, Q ¢ would always be unramified
in Harish-Chandra’s sense, so that his results would also imply
Proposition 3.2.

With the above description of the #(®'), we may identify the
@' which yield unitary representations. Indeed, for y e P, define
dx(y) = |det (Ad %,,)|. Then it is well-known [9] that if ¢ is a
unitary representation of P, ind$ o & dz? is a unitary representation
of G. Therefore we conclude that w#(#'dzV?) is unitary if @' is
unitary. In a while, we will see the converse is also true.

We end this digression with some further remarks on the ir-
reducibility of the 7(%’). What the techniques of Bruhat and Harish-
Chandra show is that z(®') allows no intertwining mappings with
itself, and that there are no intertwining mappings from =(%;) to
(@) if @, = @,. These results are true for arbitrary &, &, &, < A(d").
However, it is only when #($’) is unitary, or when the #($;) are
irreducible that one may deduce irreducibility or inequivalence
directly from the lack of intertwining opsrators. Nevertheless, it
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is to be expected that =(®’) irreducible for all #. We will not
attempt a proof here, but we will comment on the methods available
for such a proof. They appear to be at least three. One is that
used by Wallach [23] in his study of reducibility of nonunitary
principal series for semisimple Lie groups. This method uses cyclic
vectors. As we will see shortly, the J'-type 6’ occurs with
multiplicity one in each #n(®'). It seems it would not be hard to
demonstrate that vectors of type ¢’ in n(®’) are cyclic. The second
possible method is that of ¢c-functions. We will give explicit formulas
for the o6'*-spherical functions. These formulas will probably imply
the c-functions Harish-Chandra [10] attaches to the series £°(o;) will
be constant, or perhaps exponentials. When Harish-Chandra’s theory
is completed, this should in turn imply irreducibility for all & e A(5").
The third possible method which would necessitate taking @ to be
very nondegenerate would involve an analysis of all essential J'-types
which might possibly occur in the #(¢’). Execution of any of these
three methods of attack would yield interesting additional informa-
tion on the w(@).

We now return to our main concern, the Fourier analysis of

S7(0").

LEMMA 3.7. The representation 6 of J' occurs exactly once in
the restriction of w(P') to J', for any &' € A(d').

Proof. This lemma follows from Lemma 3.6 together with some
general considerations [18] concerning the quantitative relation
between intertwining and multiplicities, which we now review.

Suppose C is a compact open subgroup of G, and choose &€ C.
Let H be some closed subgroup of G, and = an admissible representa-
tion of H. Let p = ind% = be the representation of G induced from
7 on H. Explicitly, if V is the space of 7, then X, the space of
o, is the space of all locally constant functions f from G to V,
compactly supported modulo H and satisfying the transformation
law f(gh) = T(h)™*f(g) for all g€ G, he H. The action p of G on X
is given by p(g)f(z) = flg7'z) for g, zc G. We want to consider the
restriction of p to C, and in particular, to compute the multiplicity
of 6 in p. The first observation is that if fe X and « is any right
H-invariant complex-valued function, then af€ X. In particular we
could let a@ be the characteristic function of a (C, H) double coset.
Then we see that the subspace X, of X consisting of functions
supported on the CgH is invariant by o(C), and that X is the direct
sum of the spaces X,.

Consider the action of C on X,. By virtue of its transformation
law, fe X, is determined by its restriction to Cg. The function f’
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on C defined by f'(x) = f(xzg) for x €C is easily seen to satisfy the
transformation law f'(xy) = Ad* g(z)(y)"'f"(x) for yeC N Adg(H).
Conversely given f': C — V satisfying this transformation law, define
f on CgH by flxgh) = z(h)™'f'(x). Then fe X,, and the correspon-
dences f «— f’ are mutually inverse. In this manner one concludes
that the representation of C defined on X, is equivalent to
ind§ Ad* g(z), where B = C N Ad g(H). Since C is compact, we may
apply Frobenius reciprocity to conclude that the multiplicity of é in
ind§ Ad* g(z) is equal to the intertwining number I(9, 7, g) of the
restrictions to B of 6 and Ad* g(z). Note that this will be finite by
admissibility of ¢ and openness of B in Ad g(H). Therefore the
total multiplicity of ¢ in p is the sum of I(9, 7, g) over all (C, H)
double cosets.

Now taking C = J', d =¢', H =_J, and © = 7/(®) for any $ e A%,
we see that Lemma 3.6 implies Lemma 3.7.

Recall from the discussion in §2 that the occurrence a times of
0’ in a representation of G leads to a representation of S#(6"%) of
degree a. Therefore, attached to each #($) we have a one-dimen-
sional representation of 2#(6"), that is, a homomorphism from
S7(0") to C. We will now explicitly calculate the spherical functions
attached to these representations. This will yield the Fourier de-
composition of 5#(6"%) and will allow computation of the Plancherel
measure of the {n(®)}. For the usual principal series, this analysis
was done in [12]. Again we must begin with recollections of the
general context of our discussion.

If Z is the space of ¢’, then Z*, the complex vector space dual
of Z, is the space of 6. If T'eHom (Z), let T®° € Hom (Z*) be the
transformation adjoint to T, and likewise if S € Hom (Z*), S* € Hom (Z)
is the adjoint of S. Remember 5#(6") is the space of all compactly
supported functions f:G— Hom (Z*) such that for geG, x, and
z,€J’, the formula f(x,92,) = 6"(x,)f(g)0"(x,). Since §"*(x;) = (0'(x,)™)?,
we see that, defining f%(g) = (f(g))’, we have

FH@ges) = 6" (@) f*(9)0" ()™

for fe25~(6"). By a d’*-spherical function we mean an intertwining
-distribution @ for 6" with itself, such that there is a homomorphism
A 572(0") — € such that for any fes5#2(6), f+@® = NMS)P. Here
f+ @ indicates the convolution of f with @. There is a well-known
method (see [6]) to construct from z(¥) a 6"*-spherical function whose
associated homomorphism of 2#°(8") is the same as the homomorphism
defined by #(#). We will now perform that construction.

We remember 7($) = ind% /() for & ¢ A(d’). For convenience,
we suppose 7'(P) acts on the space Z of & in such a way that
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0'(x) = 7'(@)(x) for x € J' N _Z Then the space X of n($) is the space
of locally constant functions a: G — Z such that a(gy) = 7'(@)(¥)'a(g)
for ge G, ye_4% and such that a has compact support modulo _Z
To construct our spherical function, we consider X ® Z*. We see
X® Z* is the space of locally constant functions a:G— Hom (V)
such that f(gy) = 7"(®) (¥ )f(9), for ye _# and ge G, and which are
compactly supported modulo _Z Let X’ = {@*:@ec X® Z*}. Then if
BeX’, we find for geG, ye_Z that Blgy) = B)(T(P)(y™) =
B(g)7' (@) (y). The action 7(P) of G on X was given by n(P)(g9)a(u) =
a(g~u) for g, ue€ G, and e X. Transferring this action to X ® Z*
by letting G act trivially on Z*, and thence to X® by letting the
isomorphism a — a® for ¢ € X ® Z* be an intertwining map, we still
find #(®)(g)B(w) = B(g~u) for g, u G, and Be X°.

Denote by X(0') that subspace of the functions B e X® such that
n(P)(x)B=06"%(x)B for x€J'. Then B*c XQZ* is an intertwining map
between 6’ and the restriction of #(®) to J'. Thus Lemma 3.7 shows
X(6") is one-dimensional. Alternatively, by virtue of the transforma-
tion law defining X° any Ge X(¢’) is an intertwining distribution
between 6’ and 7'($)’, so Lemma 3.6, which applies as well to ¢"
as it does to ¢’, shows dim X(¢’) = 1. In any case, we see that if
By: G — Hom (Z*) is defined to be zero of fJ'_# and on J'_#Z to be
given by the formula By(xy) = ¢"(2)c'($)"(y) for weJ’, ye S then
B, is a well-defined nonzero function in X(0'). Since X(é") is one-
dimensional, and since, as is easily checked, left convolution by
fe o780 preserves X(8'), it follows that for any fe 22(0"), f+8, =
M)B, for some complex number A(f). Then f— \(f) is by definition
the homomorphism of 5#7(8"") associated to w($). There is a very
simple way to produce from £, an intertwining distribution for &”
with itself. Namely, define

D(P)g) = 2(9) = SJ, By(gx)d" (@ )dw ,  for geG.

Since right convolution commutes with left convolution, we still
have @(xg) = 0" (x)®(g) for x € J, g € G, and we still have fx @ = \(f)D
for fe 27(0"). Moreover, if yeJ', we compute

ogy) = | Bloyn)o"(w )z = | B(gm0" (0 s
= (|, Bl de ) w) = 0(9)"w)

Hence @ is a d'*-spherical function with associated homomorphism .

Let us compute @ explicitly. By Lemma 3.6, @ is supported on
J'A'J’, and because of the transformation law @ satisfies, it will be
enough to compute @(b) for be A. We fix Haar measures dg, du,
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dm and du on G, Up, M, and U, respectively, such that the measures
of K,, UsNJ’, and M N K, are one, and so that dg = dudmdu. All
integrations below are taken with respect to the restrictions of these
measures to the sets appearing in the integrations. We get

o) = | Bbw @iy
=§ (), by e @)
=a vap By(by,)dy, ,

where a = m(J’ N P) is the measure of J' N P, since ¢’ is trivial on
J NUs and ¢ and 7'(®)! agree on J'NP. Write J'N Uz =C.
Continuing the calculation we get

|, B:uddy, = | £Gub By, = m(C 0 AdB(C)E®)

since for w € Uz, B,(ub) is equal to B,(b) or zero according as « is or
is not in J’. Since B,(b) = 7'($)!(b), we finally get

(3) 9(b) = m(J" N Pym(C' N Ad b(C))T'($)4b) .

Now we may compute the Fourier transform on .577(6"%), some-
times called the spherical (Fourier) transform. If @($) denotes the
spherical function assoc1ated to w(®) for & e A(d'), then for feor(d")
we define a function f on A(3) by the formula f * O(P) = f((p)d)(sv)
Since A(3") has the structure of a finite union of complex affine
varieties, each isomorphic to (C®)", there is defined on A()') a
preferred ring of functions, the affine functions. Denote this ring
PA@"). We see FP(A(S)) contains the functions b gotten by
evaluating @ e A(d") at b — that is, 5(®) = #(b). In fact as b ranges
over A, the b form a basis for ZP(A(d)).

PROPOSITION 3.3. (a) For fes7 ("), fe P(AWE)).

(b) The resulting map ~: S7(0") — F(A(S)) is an isomorphism
of algebras.

(¢) In particular, 57(0") is abelian, and tsomorphic to an
affine algebra. ~

(d) The homomorphisms f— F(P) for @< A(d’) are the totality
of complex homomorphisms of 57 (0").

(e) IfforbeA, f,c57(0") is the function which s supported
on J'bJ' and given there by fi(x,bx,) = 0" (x)T (p,)"(b)0" (,), where
x, €J and ¢>oef~1(§') 18 o fived unitary character, then

(4) fy = a®)b,
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where the constant a(b) is given by

(5) a(b) = m(C N Ad b(C))m(J'bJ")P;(b) .

Proof. Clearly (e) implies (a) and (b), since the f,’s form a basis
for 27(¢""). But (c) follows from (b) and (d) follows from (b) and
(c) and Hilbert’s Nullstellensatz. So we need to prove (e) and to do
this we see it is enough to compute f, * ®(P)(1). We get

fuo@®) = | f@0@adg = | f00@) g g

= alazs (0" ()T (Po) (B)8"(w,))(0" (w5 )T (P)H(6™)0" (i )) A, A,

JIxJ!

= ,2,0.P5:(b) ,

where the constants a; are given by: a, = m(J' N Pym(C N Ad b(C)),
and a, = m(J'bJ")m(J")2, and @, = m(J’).. Combining these constants
and plugging them into the definition of 7 5, using @(P)(1) = m(J' N P),
we get F,(@) = m(C N Ad b(C))m(J'bJ )3 (b)P(b). This equation is by
inspection equivalent to (4) and (5).

COROLLARY. Any irreductble representation of G containing
the J'-type 0’ is isomorphic to a sub-quotient of some w(P). In parti-
cular & can occur at most once in any representation of G.

REMARK. When the #($)’s are shown all to be irreducible, then
this sub-quotient result may be replaced by an isomorphism result.

Proof. The reasoning that leads from Proposition 3.3 to this
corollary is standard. In fact, if the irreducible representation p
contains ¢’, then the representation of 5#7(¢"*) associated to p produces
some O($) as a matrix coefficient of p, by (d) of the proposition.
Then @(®) generates under left translations by G a space Y of func-
tions, and G acts on Y by a representation equivalent to p. See
Harish-Chandra [10] for details. But we may map the space X of
7(o,, @) into Y by right convolution with the identity of 5#(6"), in
the same way as we constructed the @(®)’s, and this mapping is
clearly an intertwining operator for the left action of G on X and
Y.

In order to establish “Fourier inversion” for 2#7(¢"*) and compute
the Plancherel measure on A(d’"), we must establish an inner product
on 27(0"). Here we use the fact that ¢’ and 7'(®,) are actually
unitary representations. Thus choose a 7(%,)-invariant Hermitian
inner product on Z*, the space of ¢’¢. For T eHom (Z*), let T*
denote the adjoint of T with respect to this inner product. If
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f:G—Hom (Z*) is a function, then the function f* is defined by
S*9) = (lg™)* for geG. We say T or f is self-adjoint if T = T*
or f = f*. We note that since 6" will be a unitary representation
with respect to our inner product, 5#7(6") is self-adjoint in the sense
that if fe 52(0"), then also f* e 29£(8").

If T, T,eHom (Z*), then tr (T.Ty) is the usual Hilbert-Schmidt
inner product of T, and T, We use this to define an inner product
on s~ (8. If f, f.e 570", then their inner product is given by

(fu fo) = tr (fy » Q) = SG tr (fi(9)(fx(9))*)dyg .

If f, is as in Proposition 3.3, part (e), we compute
(f3 1) = (dim 6" )ym(J"bJ")

since fy(x) is unitary on J'dJ’, and zero off J'bJ’. We also note that
for b,, b, not congruent modulo AN.J’, f;, and f;, are orthogonal, so
the f;’s form an orthogonal basis for 5#(6"") with respect to (,).
Certain of the 7(%) are unitary. Let Z/(A(8")) denote the set
of @ for which n(®) is unitary. If we identify ® and =(®) for the
present, then the Plancherel measure on A(6') is by definition a
measure d®, supported on Z(A(d)), such that with respect to it,
the spherical Fourier transform becomes a unitary map. That is,
the equation
(6) =\ .  ®feas
should hold for all fe€5#(0'). The Plancherel measure is known to
exist uniquely [4]. We will now determine Z/(A(5")), and then
determine the Plancherel measure.
If n(®) is unitary, then @($) must be self-adjoint. From formula
(8), we deduce the necessary and sufficient condition for @(®) to be
self-adjoint is

(7) m(C N Ad b~H(C)z($)'(b) = m(C N Ad b(C))(z(P)*(b~)* .
Suppose O($,) are self-adjoint for ¢+ = 1, 2. Then dividing equation

(7) for &, by equation (7) for &,, we get $,57(b) = (P;'®,)(b). That
is, ¢,9;* must be unitary. But we already know, from the digres-
sion following Proposition 3.2 that if & e A(d’) is unitary, then
7($dz?) is unitary. Thus we conclude Z/(A(9)) = {Pdz"%: @ e A(D'),
@ unitary}. Thus as one would expect, no “complementary series”
occur among the 7(®). Also note if § is unitary, then (z(®)Y(d~"))* =
7(®)(b). Plugging this in (7), we get the relation

(8) m(C N Ad b7(C))d»(b)* = m(C N Ad b(C))dx(b)* .
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The unitary characters in A(¢’) fill up #4,/A N J') real r-dimen-
sional tori. We see ?/(E(B’)) is simply the translate of this set of
tori by dz¥2%. Thus Z(A(5")) also is the disjoint union of ¥A4,/4 N J')
real r-dimensional tori. We may now state the final result of the
section.

PROPOSITION 3.4. The Plancherel measure on any component
torus of Z (A(d")) is ordinary Lebesgue measure, normalized so that
the total measure of the torus is equal to

7Y = *A,/JANJ) " 'm(J) " dim 6" .

Thus the total Plancherel measure of the representations {w(P)} is
equal to v = ¥A,JA N J)Y = m(J) dim o'

Proof. We note that if the Plancherel measure d® is as stated,
then for b, and b, in A, not congruent modulo AN J', part (e) of
Proposition 3.3 plus the usual orthogonality relations for characters
of abelian groups shows that f,,l and f,,z are orthogonal in

L7 (A(9), dP)

Since f;, and f,, are orthogonal in 57(9'") as we have already
remarked, we see if we verify (6) for f = f,, the proposition will
follow.

From (4), and our knowledge of which & belong to 2 (A(D")),
we see that on Z(A(Y)), f,, fb has the constant value a(b)a(d)dz'(b),
with a(b) as in (5). Using the known value of (f;, f;), we may
translate (6) into the relation

(dim 8"ym(J'dJ") = ¥'m(C N Ad b(C)y*m(J'bJ"}*dz'(D) .

Now recall J ' =C-(MnJ)-D, where C=J" (N Uz as before and
D=J"NUp, We see m(J'bJ) = m(J)m(J N Adb(J"))™*. Since b
normalizes M N J’, and since by our normalization of Haar measures
dg = dudmdn, we see

m(J" N Ad b(J")) = m(C N Ad b(C))m(D N Ad b(D))m(J' N M) .

IfC=1+Yand D=1+ 7, then 4= Y@ Y is, by the construc-
tion of I'; = J’, a self-dual lattice in % @ Z with respect to the

form B used in the discussion preceding Lemma 3.4. Since Adb
preserves B and m(C) = 1 by agreement, it follows that

m(D N Ad b(D)) = m(D)m(C N Adb7'(C)) .

Therefore we finally get



QUALITATIVE RESULTS ON THE REPRESENTATION THEORY 521

m(J" N Ad b(J")) = m(J")m(C N Ad b(C))m(C N Ad b*(C)) .

Putting this back into our equation for ¥’ and simplifying, we get
dim 6" = ¥ m(C N Ad b(C))m(C N Ad b~ (C))*m(J")dz*(b). Now using
(8), this becomes simply dim 6’ = 7Y'm(J’), and the proposition is
proved.

4. 99(44/100)% of the Plancherel formula. In the previous
section we constructed a single representation ¢’ of a single compact
subgroup J’, and essentially performed an analysis of ind$ ¢’. In
this section we will consider many ¢”’s and J'’s simultaneously. We
will try to get a picture of how they interact, try to see how much
of the harmonic analysis of L*(G) they account for, and try to see
the nature of the portion unaccounted for and some of the difficulties
to be overcome in obtaining it.

If we take feC»(G), we can decompose it into its Fourier com-
ponents with respect to the action of K, on G by right translations.
In this way we get the easy decomposition

C2(G) = >, (dim 9) ind%, 0
se Ky

Thus if we could perform for arbitrary é the kind of analysis carried
out in §3, we would in some sense have done the harmonic analysis
of G. In this form, however, the problem is both too hard and the
wrong problem. It is too hard because, as we said in the introduc-
tion, it seems unlikely that we will even enumerate all b‘elfo, let
alone decompose ind% d. It is the wrong problem because it gives
a decomposition of C?(C) into left-invariant subspaces, rather than
bi-invariant subspaces. Upon right translation the above decomposi-
tion will not be preserved. There will be a great deal of mixing.
This mixing will be precisely expressed by the intertwining of the
0’s. As a simpler, more appropriate, and vaguer problem, one might
ask if there is a subset S < K, which has the following properties:

(i) The subspace of Cr(G) consisting of functions whose
Fourier coefficients under right translations by K, lie in S generates
all of C7(G) under right translations by G.

(ii) For o€, ind%, 6 is analyzable.

(iii) There is only a small amount of mixing between different
elements of S.

All three conditions are subject to interpretation of course. In
(i) we can specify in what sense (algebraically, uniformly-on-compacta
limits, in L?, ete.) C(@) is to be generated. Condition (ii) depends
on the degree of explicitness you require. Small is clearly the key
word in (iii). As a minimal requirement, we should demand that
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any element of S intertwine with at most finitely many others. If
this is all we ask, then Sections 1 and 2 show that the essential
K,-types more or less satisfy Conditions (i) and (iii). On the other
hand, for the rough results of those sections we needed only a very
rough decomposition of K,, and on closer inspections one sees many
superfluous representations of K, have been labeled essential by that
classification. Thus it seems unlikely that the essential K;-types
will satisfy (ii).

On the other hand, in §3 we found some representations which
satisfy (ii) extremely well. We will see in this section they also satisfy
(iii) very well. They do not satisfy (i), but we shall see that in a
certain sense, they fail to do so only by terms of lower order. I
would hope that the set of representations of §3 and this section
could be enlarged suitably so as to satisfy (i) while still satisfying
(ii) and (iii).

Conditions (i) and (iii) together say that elements of S mix only
weakly with each other, but very strongly with K,-types not in S.
In order to discuss these conditions intelligently therefore, we should
have some quantitative measure of the amount of mixing between
two K,-types. We will now develop such a measure. To do this,
we will have to discuss the Plancherel measure. Since G is known
[11] [21] to be type I (in fact C(G) acts on irreducible modules by
finite rank operators) this entails no difficulty.

Let G denote the dual space of (G, that is, the space of
equivalence classes of unitary representations of G. There is a
standard topology and compatible Borel structure on G for which G
becomes a reasonable Borel space. For a nice G such as ours, G,
or many parts of it, should even be endowable with the structure
of real analytic space.

Then it is known [4] that there is unique measure dp on G such

that for feC2(G)
(1) = |, 0o -

The measure dp is called the Plancherel measure. For our purposes,
there is a somewhat more suggestive way of writing (1). For

feC2(G), define f* by the recipe f*(g9) = f(¢g™), g€ G. Then we note
that (£, £) = | £ @dg = | £(0)f1a)dg = £+ F3(1). Hence we
may rewrite (1) as

@) s =, 0 i = |, o erinde

Thus the usual inner product in L*G) is decomposed into an integral
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over the Hilbert-Schmidt inner products in the spectrum of G.

Now suppose C £ G is an open compact subgroup, and take
some de¢C. For each pe@, let ®(p, 6) be the multiplicity with
which 6 ccurs in the restriction of p to C. Then ®(p, 9) is a positive,
integer-valued, tolerably well-behaved (semi-continuous) function on
G. Let %(6) be that function on G which is equal to the character
of 6 on C and is zero off C. Let m(C) denote the measure of C with
respect to the Haar measure on G. Then E(6) = m(C)™* (dim 8)x(d)
is an idempotent in C?(G), and for each peC:', ©O(E(d)) is projection
onto the d-isotypic component of o restricted to C. Hence 6,(E(9)) =
(dim 0)w(p, 6). Thus in this case, equation (1) specializes to

(3) m(C)(dim 3) = |, (o, d)dp .

Compare this with Proposition 3.4. Also, note that if we integrate
(p, 8) only over some subset of G (for example, the discrete series)
we get an inequality. Compare [9], Chapter 1.

Now suppose C, and C, are two open compact subgroups of G,
and take ¢, e¢C,. Then we define .#(5, 0,), the interaction of 4, and
J;, by the formula

(4) 0,80 = |, 00, )0, 0)dp .

It is fairly clear intuitively that .#(d,, 6,) will measure how often
9, and 0, appear in the same representation of G. It is a sort of
weighted intertwining number for 6, and d,. It also can be of use.
Suppose that we know the function w(o, 6,) very well. Then .#(9,, 0:)
gives us some knowledge of w(o, d,). Let G(6,) be the support of
(0, 8,) — that is, G(5,) is the closure of the set in G where (o, 5,)
is nonzero. Then a weak form of Frobenius reciprocity says that
it is essentially the representations pe@(b‘l) that occur in ind§ o..
Suppose for instance that (o, d,) is always zero or ome. Then
(0, d,) gives an estimate of what portion of information about the
spectrum of 257(o%), (where ¢; is the representation of C, contra-
gredient to 9,) we could expect to derive from decomposing ind§ o,
into C,types. To be extreme, if we had _#(9,, d,) = m(C,)"*(dim 4,),
then we should be able to perform the complete (L?!) Fourier analysis
of 27(0,) from knowledge of indZ o,. If on the other hand .#(3,, 8,) =0,
then indg, 0, for © = 1, 2 give essentially irredundant information about
harmonic analysis on G. We may also state the ideal form of Con-
ditions (i) and (ii) in terms of interactions. Is there a set ScK,
such that: (i) for 9, 0,€8, #(9, d,) = 0; (ii) for 6¢€S, w(p, d) < 1;
for any ek, Sises (0, 0") = m(K,)*dim 6’? To this extreme



524 ROGER E. HOWE

form of the question the answer is no. It is no already for Gl,;
the trouble comes from the special representation. However, it is
conceivable that a slightly weaker form of the question would have
an affirmative answer.

Our first item of business will be to see how in certain cases
to compute _#(0,, 0;). Specifically, we shall consider the case where
one of the 6’s is an arbitrary shallow character and the other is a
shallow character related to the representations we considered in §3.
For finite groups, the main tool for computing .“(f,, d,) is the
Frobenius formula for induced characters. Although we must tread
more lightly here, the idea is the same. Our main goal (see Theorem
4,1) will be an interesting, useful, and suggestive expression for
#(6,, 0,) in terms of the geometry of dual blobs. To those familiar
with Kirillov theory [14] this will come as no surprise, although
again it is interesting to see these principles working so far from
their apparent home turf. We remark in this regard that considerably
more precise results are obtainable in characteristic zero.

The general computation we have in mind is somewhat laborious.
Before treating it in all its technicality, we will illustrate the main
ideas of the argument by dealing first with the supercuspidal case.
As in the constructions of §3, this case is much simpler than the
general case. Also, it gives us the opportunity to do some general
calculations of related interest. Specializing these computations step
by step will lead us to the desired formulas.

First we give an integral formula for the actual (unweighted)
intertwining number of two finite-dimensional representations. Take
an open compact subgroup C of G and a representation deC. Let
H be another closed subgroup of G, not necessarily compact, and
let = be a finite-dimensional representation of H. (We could also
take for 7 an admissible representation whose character is a locally
integrable function on H.) Following the discussion in Lemma 3.7,
‘we see that the total multiplicity I(d, ) of é in ind%z is given by
the sum over the (C, H) double cosets of the intertwining numbers
10, z, g9), for ge@G, of 6 with ind§, Ad* gz, where C, = Cn Ad g(H).
Although it has not been our custom, we could also compute I(d, 7,g)
as the multiplicity of Ad ¢g7'(d) in ind3isX9) .z 7. Let us fix a Haar
measure dg on C and a right Haar measure d,h on H. Let x(0) be
the function on G which equals the character of 6 on C and is zero
off C. Let x(z) on H be the character of z. Then the parallel in
the present situation of formula (1) of §3 is

(5) 16,7, 9) = mu(Adg™(C) N H) | 70)(ghg A,

Here m;(X) indicates the measure of the set X & H with respect to
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the measure d,h. Note that this expression is independent of g c CgH
even though H may be nonunimodular. Summing (5) over (C, H)
double cosets we obtain:

(6) I(o, 7) = geg\_“GHmH(Ad g (C)n H)™* SH 1) ghg™x(z)(h)d,h .

As a special case we can take H = I7-H’, where H’ is an open
compact subgroup of G and /7 is the subgroup of the center of G
generated by a prime element 7w € F. Then we can take d.h to be
the restriction of dg to H. Then for any ge@G, Adg (C)NH =
Adg™(C)N H'. Thus, if m(X) denotes the measure with respect to
dg of X < G, we have the relation

my(Ad g7(C) N H) = m(C)m(H")m(CgH')™ .

Also, the restriction of ¢ to H’ will be an irreducible representation
7' of H', and we have I(9, 7, g) = I(9, 7/, g) for any g €G. Hence we
see that in this case (6) may be rewritten

(1) 16,9 = m@ m@) | dg(| 10)Xghg AENRIR) -

Here d¢g denotes the Haar measure on G/II which makes the natural
projection of G onto G/II measure preserving on sets which are pro-
jected one-to-one into G/II. Note that the projection of G onto G/II
is locally one-to-one since IT is discrete. Note also the integrand of
the integral over G/II is a nonnegative function, so the integral
either is convergent or properly divergent to +c. Compare [9],
Chapter V. Since the contribution to the integral from any (C, H’)
double coset in G/II is a finite integer, the integral will be convergent
if and only if it has compact support.

Let us now specialize further and assume C=1+ 4 and H =
1 + N for certain small lattices 4, NS &. Let us take 6 and 7z’ to
be shallow characters of C and H respectively. With these choices,
we see the inner integral in (7) has the value

m(Ad g~(C) N HH1(, 7', 9) ,

and I(3, 7', g) is one or zero according as o and 7 coincide on CN H
or not. We see we can choose a Haar measure dz on & such that,
if _#(X) denotes the measure of X & & with respect to dz, then
A(X)=m(l + X*) whenever X is a small lattice. Since if X, C X,
are two lattices in ® we have #X,/X,) = ¥ X;/X}), there is a constant
¢ such that m(X)m(X*) = { for any lattice X = ®. (Since we have
set things up so that L} = L,, we may calculate { by the formula
¢ = _#(L,).) We also note the relation
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~/Z(X1)c/Z(X2) = %(X1 + X2)~//(X1 N Xz) .

From these formulas we compute Z (X} N X¥) =( Z (X} N X¥)*) ' =
CAX, + X)) =2 X)) Z(X) 7 (X, N X,). Denote by B(5) the
set of elements in & which represent 6 in the sense of §2, and let
B(z") be the set of representatives for ¢’. Then B(3) is a certain
coset of 4* in ®, and B(7’) is a coset of N*. Thus Ad g7(B(d)) N B(),
if it is nonempty, is a coset of Ad g7 (4*) N N*. On the other hand,
Lemma 2.3 says I(d, 7/, g) is one or zero according as Ad g *(8(9)) N
B(7") is nonempty or not. Putting these facts together and plugging
them in (7), we see that for this special situation (7) becomes

(8) I, 7) = SG,H ~Z(Ad g7(B8(9)) N B(z")dg .

REMARK. As a simple but suggestive preliminary observation
from (8), let us remark that, in order for indjz to be admissible, it
is necessary and sufficient that AB(z’) be contained in the set of
regular elliptic elements. If this happens, then indjz decomposes
into a finite number of supercuspidal representations. By a regular
elliptic element of & we mean a regular element which belongs to
a minimally split Cartan subalgebra. For our & = M, (F'), a minimal-
ly split Cartan subalgebra is just a subfield of M, (F') of degree n
over F. The observation follows because the isotropy group under
AdG of me® is compact modulo the center of G if and only if m
is regular elliptic.

We will now use (8) to compute _7(d, ) when 7’ is one of the
representations of §3. Specifically, let 2 be a minimally split Cartan
subalgebra, and let @ €% be sufficiently regular in the sense of §3.
(Note that the geometric condition on ¥ required in §3 is vacuous
for minimally split Cartans.) Let ord (@) = — g, and put 7 = [(¢ +1)/2],
and let 4 be the shallow character of K, represented by @. Let J’
and _Z be the groups constructed for 4 in §3. Briefly, if A is the
Cartan subgroup of & corresponding to ¥, and if v = [(# + 2)/3],
then J' = (AN K,)- X, where X = ,., AdbK, N (1 + A*)) and £ =
A-J'. Let @ be any character of A which agrees with 4» on A N K,
and let 7'(¥) be the corresponding irreducible representation of _#
lying above 4 on K,. Recall the bilinear form By defined on J’ by
the formula By(x, ¥) = Y(xyx'y™'), and let 4 be the radical of this
form. (See the discussion following Lemma 8.5.) We have seen
A=W NA)-UNX)and ANXZK,. Put £/ =4N K, Then 4 =
1+ Y for a small lattice ¥, and Y=(YNA D (Y NA*). Let
now denote the restriction of 4 to 4. Then +' is a shallow character
of 4 and @ represents ', and B(J') =& + Y*. Moreover, the
restriction of z'(®) to 4, for any &, is a multiple of . The precise
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multiple is, of course, dim z’($), which by the standard theory of
two-step nilpotent groups ([3]), is equal to *J’/4)"%. It follows easily
from Lemma 8.7 and the corollary to Proposition 3.3 that +' on 4
occurs with wuniform multiplicity #J'/4)Y* in each representation
7($) = ind% J'($), and that these are the only unitary representations
in which ' can occur. Thus #(9, ¥') will indeed give us fairly
sharp information on the occurrence of é in the 7z (®).

Notice that 4’ is normal in _Z and 4’ on 4' is Ad* £ -invariant.
It follows that Ad* x(B(y")) = B(y') for any xe _Z On the other
hand, if g @G, and Ad* g(B(y’)) intersects B(y’), then ¢ intertwines
o with itself, and it follows almost directly from Lemma 3.6 that
ge % Thus we see AdG(B(¥") = Uses, - Ad g(B(y")), the union being
disjoint.

Now in (8) we let H =1II-4 and let 7 be any extension of
from 4' to H, so that 7’ = 4. Then, observing that the right hand
side of (8) is actually symmetric in ¢ and 7/, and using the decom-
position of Ad G(B(+)) given above, we see

I, ) = Tm(_ZTI).2(8(0) N Ad G(B(¥")) ,

where m(_#/II) is the measure of _Z/I — G/II with respect to dg.
That is, m(_Z/ll) = *_Z/J'-Il)m(J") where m(J') is as before the
measure of J'CG with respect to dg. Now according to Proposition
3.2 ind§7 conmsists of #(_Z/J"-II)¥4/4") different irreducible representa-
tions, each occurring with multiplicity #(J'/4)/%2. Moreover, for two
different extensions 7, and 7, of ' to H, the components of indgr,
are all distinct from the components of indfz,. Proposition 3.3 says
that as ¢ runs over all possible unitary extensions of +' to H, the
components of indgc run over @(W), the set of unitary representa-
tions of G containing the 4-type . Proposition 3.4 says the
Plancherel measure of @(qﬁ') is *4/4)ym(J) #(J'[4)3%. Putting these
facts together, we conclude that

F, W) = Ay T) T [A) LT - DA 4) 7
X (A1 -ID.2m(J")(B0) N Ad G(B(H)) -

Cancelling terms gives
(9) F0, ') = I[N 2 (B(6) N Ad G(BHY))) .

Of course to compute the integral of w(p, ) over (A}(q/r’), we must
d;ivide 9) by (J'[4)"*, since @(p, 4') is identically equal to (J'/4)* on
G('). We write the result explicitly.

(10) [, @0, 0o = C_z(83) 1 A4 G(EW) .
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We will now consider the general case. Our goal is to develop
formulas analogous to (9) and (10) for the case when U is not
minimally split. Considerations of length force us to treat some
parts of the argument sketchily. We begin by re-establishing our
notation. We will have frequent recourse to the results of §3,
and our notation is borrowed mors or less wholesale from that
section. )

Let ¥ be a Cartan subalgebra of &. Suppose U satisfies the
geometric condition of §3. A is the Cartan subgroup of G cor-
responding to A. A, is the maximal split torus in A4; M is the
centralizer of A, in G; P is a parabolic subgroup of G such that M
is a Levi factor for P; U, is the unipotent radical of P; Uz is the
unipotent group opposite to U,; &, .# %, and Z are the Lie
algebras of P, M, U,, and U respectively. Let @ €2 be a sufficient-
ly regular element. Put gt = —ord (a), and » = [(¢z + 1)/2]. Let + be
the shallow character of K, represented by @. Let J' and _Z be
the subgroups constructed for ++ in §3. Recall J' is open and
compact, and U, S £ S P-J NP _Z Let A(¥) be the set of
quasicharacters of A which agree with 4 on AN K,. For & e A(+p),
let 7'(®) denote the representation of _# lying over + on K, N P,
and corresponding to $, as constructed in §3. Let 7(®) = ind% 7'(®)
be the corresponding irreducible representation of G.

The first step in our computation is an integral formula for 4.;,.
This formula is more or less standard (see [10], [22]) and is essential-
ly the Frobenius formula for induced characters in this situation.
Let dg be the Haar measure on G normalized so that the total
measure of K, with respect to dg is equal to one. Let dk be the
restriction of dg on K,. Recall we have G = K,P. Let d,p denote
the right Haar measure on P such that dg = dkd,.p in the sense that
for feC2(@)

(1) |, fordg = | fkpydkap.
a KxP

Putting f equal to the characteristic function of K, shows that the
measure of K, P with respect to d,p is equal to one. Let dm and
du denote the Haar measures of M and U, respectively, normalized
so that the measures of K, N M and K, N U, are both equal to one.
Since K,NP =K, NM)-(K,nNU) we see that d,»p = dudm in the
sense that for feCy(P)

(12 |, f@dp =\ fumdudm .

XM

Using (11), (12) we find the familiar formula:
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(13) SG f(g)dg:S  flum)dkdudm ,  for feC:(G).

ExUp

Put ¢(9) = ind”, '($), so that 7(p) = indf o(®). Let 6,3, and 0.z,
denote the characters of o(®) and n(®) respectively. Since P is not
unimodular, 6,3, is not invariant under inner automorphisms of P.
However, we may express 6,;, in terms of an invariant distribution
on M as follows. For convenience, we will suppress @ in this
discussion. Thus ¢ = o(®), 6, = 0,3, and so forth. Let ¢° be the
restriction of o to M, and let 8} be the character of ¢° so 6 is an
invariant distribution on M. For feC2(P), define f°c Co(M) by the
formula

0y fom) =\ fomwydu .

Since o is trivial on U,, one may verify directly from the defini-
tions that '

(15) o(f) = o(f")  for feCs(P).
Thus we may immediately assert
(16) 0,(f) = 0:(f°) ,

the desired equation.
We may also express 6, in terms of 4,. In fact, for feC*(G),
define a(f)e C?(P) by the formula

an a()w) = | fewk i

Then the equation
(18) 0.(f) = 0, (a(f)) holds for feC2(G).

We will not prove (18). Proofs are available in [10] and [22]. We
remark that in case f is supported in K, equation (18) is immediate
from the standard Frobenius formula for induced characters of com-
pact groups, and we shall only be interested in the formula for such
f. For general f, some checking is necessary to verify (18).

Now write _# = _Z°-Up, where £°= _#£ N M. Let z° be the
restriction of ¢z’ to_Z Then z° is irreducible since 7’ is trivial on
Us, and it is clear that o° =ind%.z°. Since ¢° is an irreducible
supercuspidal representation, and in particular admissible, and since
_#~"isopenin M, it is easy to check that the analogue of the usual
Frobenius formula holds here. Thus, let dj° be the restriction of
dm to _#° and let d# be counting measure on M/ £°, which is
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discrete. Let x(z°) be the character of z°. Then for feCI(M) we
have the formula

(19 oH =\, ,am(|  smim peiir).

Since 0° is admissible, the outer integral will in fact reduce to a
finite sum, so there is no problem of convergence. Combining
equations (14) through (19) we are led to the following formula for

6..
0:(f)
- Sm/o dm(&/o dj"(SUP du(SKO dlc(f(kmjm‘1uk‘1)x(f°)(j"1))>>) ,

for fe C(G).

Now return to J’. Recall the T-valued bilinear form By on J',
defined by By(z, ¥) = W(zyx~'y™) for z, yeJ. Let 4 J be the
radical of By. That is 4 ={xeJ": By(x,y) =1 for all yeJ'}. Let
Z < ® be the small lattice such that L + Z = J’. As we saw in §3,
if 2,2,€Z, then Byl + 2,1 + z,) = (1 + [z, z,]) = 2@)([2y, 2,]) =
2La, |2, 2.)) = 2@, 2], 2). Thus 4= {1+ 2:2¢€ Z and |a, z] € Z*}.
Suppose 4 =1 + Z,. We know by the construction of J' that Z =
(ZNA) D (ZNA*). Hence also Z, = (Z, N Y) P (Z, N A*). Moreover
ZNA=ZNYU PutY=(Z,NA*)+Uy,and put £/ =1+ Y. It is
easy to see /' is normal in J’, and since 4'S 4, we see Ad z(@ + Y*) =
@+ Y* for any 2€J’. I claim that AdJ'((@+ YN =a + Y*.
This fact is implicit in the construction of J'. We summarize the
pertinent details. First we had Ad(J/'NM)@ + A_,,)2a + M _,,
where ¢, was the constant used in the definition of sufficient
regularity. Next, we note M_, =M NM, and 1 + M, = J' N M.
By the theory of two-step nilpotent groups, the characters
Ad(J' N M)(y), restricted to 1+ I,, constitute all characters of
1+ MM, agreeing with 4 on /' N M <1+ IM,. Thus we may con-
clude that Ad(J'NM)@ + U_,_,) 2d + (Y*N.#). Next, we recall
that by construction /N U, S 42J'NUs. Hence YN =ZnN%
and YNZ = ZN%. Moreover, again by construction, we had
@ ZNn#)=(ZNZ)*N%, and the same holds with % and Z
received. Combining these facts, using an expansion in series as in
Lemma 3.1, the claim follows. The same reasoning also shows that
[@, Z]=Y*NU* for any a’e@+ Y*)NY, or in other words,
AdG@)yn@+ Y*) = Ad J(@).

Put A(p) =a + (Y*NA). By what we have just seen

(20)

AdG@ + Y*) = Ad GAU)) .
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Since every element of A(y) is a regular element of %A, it is seen
that Ad G(U(+4)) is an open and closed set in &. The second step in
our computation is to give a formula analogous to (20) for the
integral of a function fe C7(®) over Ad GUA()).

The isotropy group under Ad G of any point of () is A. Thus
we have a bijection : G/A X U(y) — Ad GOU(+)) given by {(gA4, @) =
Ad g@) for ge@, @ eU(y). Let dz be a Haar measure on ®, and
let dZ be the pullback by { of dz to G/A x (). The fact that dz
is invariant by Ad G translates into the decomposition dZ = dg.da
where dg, is a G-invariant measure on G/A and da is a measure on
A(+y). See [9]. Thus, using (13), we see that if dm, is a suitably
normalized invariant measure on M/A, we have for feC2(®)

fode=\  fe@iz=| i, a)dgde

SAdG(%("ﬁ)) Glaxuy) G/AxAY)

(21)

Follkum, adkdudm,da .

SKxUPxM/Axst)

We observe that de must be the restriction to 2(s) of a Haar
measure da on 9. This follows because Ad G(@@)Na + Y* = Ad J'(@)
for any @' €A(y). Now the restriction of { to M/A X A(4) gives a
bijection of M/A X A(y) onto Ad M(A(y)), which is an open set in
M. The same argument used to identify dZ shows that the direct
image of dm,da under { is the restriction to Ad M(UA(+)) of a Haar
measure dx on IN. Furthermore, for any meM, @ cU(y), the
restriction of ¢ to (Upym, @) gives a bijection of this set onto
Ad m(@) + Z. The direct image of du under this mapping is, again
by the invariance argument, seen to be a suitably normalized Haar
measure dn on /. Although the normalization of dn might depend
on m and @', in this case it does not. This is because the normaliza-
tion is well-known to depend only on |/det (ad (Ad m(a@’)))||, and this
quantity is always independent of m, and is independent of @’ € A(+y)
by construction (see the remark accompanying Lemma 3.1). Using
these remarks we may retranslate the last expression in (21) to
obtain, for fe C2(®),

SAda(smﬁ)) f@ydz = SAdew’f)) dw(&// dn(SKO die(f(Ad Rz + %)))>>
= SMW) dmlda(gﬂ dn(SKo Ae(fA K(Ad m(@) + n))))) .

Next, observe AS _#£° and Ad _Z°QU) =@+ Y ) NnMW =S
is an open subset of M. Thus we may write

ALME) = ) Adm(S),

(22)

the union being disjoint. Thus we may convert (22) into
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SAd Ga¥y) ﬂz)dz

(23)
S dm(g dx(S dn(S k(A k(Ad m(z) + n)))))).
M| 70 N 4 Ky
Now consider a small lattice 4 & ®, and let C =1+ 4 < G, and
let 6 be a shallow character of C, with set of representatives
B0) = S. We will apply formula (20) to x(6), the function on G
which equals (the character of) 6 on C and vanishes off C, and we
will apply formula (23) to the characteristic function of B(6). Then
we will compare the results.

In (20), recall that 7° = 7°(®) depends on the quasicharacter
$e A(y). Fix a discrete, torsion free subgroup I7 < A, such that
A,/IT is compact. Put H =1II-(4' N M). Let +r, be the restriction of
WP to 4N M, and let 7, be any extension of +, to H. Specifying z,
essentially amounts to specifying a quasicharacter of II. We see
that indZ’z, consists of *(J' N M/4 N M)“* = *J'/4)"* copies of each
of those 7%®) such that & agrees with z, on AN H. There are
YAIANH) =%_g°/II-(J' N M))-*(4/4) such ¢. Extend z, to H-U,
be letting it be trivial on U,. Put z, = ind%.,,7,. Then performing
the indicated sum in (20) gives

0. =" 2, dm

M

(24)
% (SH dh(SUPdu(SKOdW(kmhm ulpE)0)) -
Here dh is the restriction of dj° to H.

In (24), take f = x(6) and consider the integrals over H and U,
first. This is legal since all three inner integrals in (24) converge
absolutely and so may be interchanged at will by Fubini’s theorem.
By inspection the integral over U, is zero unless Ad* k~%(9) is trivial
on AdAY(C)N Up, in which case it is equal to the measure with
respect to du of Ad %k *(C) N U, independently of m and k. Suppose
Ad* E74(6) is trivial on AdA*(C) N Up. Let Cu(k) be the projection
of Ad k™(C)N P onto M under the identification M ~ P/U,. Let
0p(k) be the character of Cp(k) gotten from Ad* %7 (6) via this
identification. Then Cp(k) = 1 + 4,(k) for a small lattice 4.(k) = I
and 0,(k) is a shallow character of C,(k). By construction of
H, Cx(k)nN H=Cpk)N (4 N M). The integral over H is zero unless
Ad* m~Y(0,(k)) agrees with » on Ad m™*(Cp(k)) N H. If Ad* m™'(0x(k))
and 4 do agree, then the integral over H is just the volume with
respect to dm (e.g., dh) of Adm *(Cu(k)) N H. It is clear these
conditions are equivalent to, the integral over H is zero unless (k)
and Ad m(+y) agree on Co(k) N Ad m(4' N M), in which case it is equal
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to the measure of Cp(k) N Ad m{(4' N M). Put 4" = (L' N M)-Up. The
restriction of dmdu to 4" is a two-sided invariant Haar measure on
4", The same is true of the restriction of dmdu to Adm(4") =
Adm(4 0 M)-Up. (Note, however, that the transform of dmdu by
Ad m is not necessarily dmdu, but some multiple of it.) If we put
the integrations over U, and H together, we see that the result is
zero unless Ad* k7'(0) agrees with Ad* m(+) on Ad* k7*(C) N Ad m(4”),
and if they do agree, the result is the measure of Ad* k™ %(C) N
Ad m(4”), with respect to dmdu.

In (23) put f equal to the characteristic function of B(4), and
do the integrations over S and Z. An analysis precisely parallel to
that of the preceding paragraph shows that the result is the
measure, with respect to dxdm, of AdE(8()) N (Ad m(S) + %).
Now S is a coset in M of Y*N I, and B() is a coset of A*.
Hence if this intersection is nonempty, then its measure is equal to
the measure of AdL(4*) N (Adm(Y* N M) P %).

Now 4" =1+ (Y NnIN)EP %), and since

Y=(YnSXYnz)P(¥Yn%),

we see that (YN P Z)* =(Y*NM)P %. Therefore, we can
assert that Ad* k7(6) and Ad* m(+) will agree on Ad k(C) N Ad m(4”)
if and only if intersection of (Ad%'(4*) and Adm(Y*NM)P %) is
nonempty. Moreover, there is a relation between the measures of
the intersections. Let m(X) denote the measure of a set XS &
with respect to dz. Similarly, let _#,(X) indicate the measure of
a set X 2.7 with respect to duzdn, and . #,(X) the measure of
X <M with respect to dx. Let us assume we have so normalized
dz so that if XS ® is a small lattice, then _#(X) equals the
measure of 1 + X & G with respect to dg. Once dz is fixed dzdn
is determined by (22) or (23). There will be a positive number «,
such that if X is a small lattice in &7, then _Z,(X) is equal to «,
times the measure of 1 4+ X with respect to dmdu. In particular,
the measure of Ad .k (C) N Ad m(4"”) equals

a7  Zp(Ad BT (A) N (Ad m(Y N M) D #)) .
As we have seen before, there is a constant { such that
AX) ANX*) = ALy =C.
We may again deduce for lattices X, Z 2 &, the relation
AX*NZ*) =L (X)) A 2" . #Z( XN Z).

Suppose Z = Z, D %, BDZNM). Then Z* = Z, P % . D Z*NM).
Put {y = . Z/(M), and (= Z(M, D %,)*. Then we have the
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formula _#(Z) = V(3 #,(Z N M). For v sufficiently large, we
have XN Z=Z,PXNZNP) and X*N Z*=Z2,DX*N Z* N P).
When this is so, we see that _Z(X N Z) = vV #(X N Z N FP),
and _Z(X* N Z*) = 7V #:(X* N Z* N P) hold, where ¥ = ¢74=%,
Plugging these facts in the relation between ._Z(X*N Z*) and
A (XNZ), and taking the limit as v goes to -, we conclude that
for a lattice Z, C I, we have

XN (ZF NM) D %))
= 0 A (X)) A Z)7 A XN (X, D %)) -

If we put X = Adk'(4) and Z, = Adm(Y N M), then (25) reads

(25)

A (AdETH(A*) N (Ad m(Y™* N M) @ %))
(26) =00 A W) (Y 0 A )
X Ap (AdEH(A) N (Adm(Y N 2) D %)) .

Now taking (26) and using it to compare (23) and (24) for our
choices of functions, we find

A(B(®) N Ad GR(+)))

&0 = Y _FH)" 2" #2(Y N M), o0, (1(0)) -

Recall 7, = ind.,, 7,, where 7, was an arbitrary extension of 4, on
A NMto H Now let 7, vary in such a way that z, varies over all
unitary representations in @(n/f). Taking into account the discussion
preceding (24) concerning the structure of =, using the Plancherel
measure of G(qk) as given by Proposition 3.4, and remembering that
x00)*x(0) = 2 (A)x(d), we get

m(J')"H4/4).~Z(8(8) N Ad GEU(¥)))

28
= = alrgE AT N, olp, e

Here in (J') is the measure of J' € G with respect to dm.

It remains only to consolidate the constants appearing in (28).
To do this, the simplest thing is to take § = 4, the restriction of
to 4. This is not strictly legal, but is easily justified. Then

B) =& + Y* S Ad GA(¥)) = AdG(BH)) .

Hence _Z(B(y") N Ad GQRAMWY))) = _#( Y*)A= . #(Y)™". On the other
hand, the total Plancherel measure of G(v) is equal to

m(J) KT [ 444

and 4 occurs in representations of G\(n/f‘) with uniform multiplicity
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(J'/4)"%. Thus
§6<m o(p, ¥)dp = m(J) T[4 L) = m(4) = _#(Y)*.

Plugging these into (28) gives
(29) m(J) 44 4)E = al 0 (Y N )T

and also gives the final formula, which we formally enshrine.

THEOREM 4.1. Let U be a Cartan subalgebra of & satisfying the
geometric condition of §3. Let @e be sufficiently regular. Put
p = —ord (@) and N = [(¢¢ + 1)/2]. Let + be the character of K, re-
presented by . Then for any shallow character 6 of some compact
group C=1+ A G, with 4 a small lattice of ®, we have the
Jormula

(30) I, @0, 0 = = 2(80) N Ad GBW) -

Here, for XS ®, #(X) denotes the measure of X with respect to
the Haar measure dz, which satisfies the relation #(X) #(X*) =
and #(X)=mA + X), where m(T), for TZ G s the measure of
T with respect to the Haar measure dg of G. The measure dp s
Plancherel measure on @(m}r), which s that subset of the unitary
dual G of G consisting of representations whose restrictions to K,
contain .

Now we shall consider many +’s simultaneously in order to
place our results in a larger perspective. We seek here to give a
general view of the state of affairs, and will give no proofs. Let
us fix representatives {%,} for the conjugacy classes of Cartan sub-
algebras of G. If F is of characteristic zero, these will be finite in
number, but for F of positive characteristic there may be infinitely
many %,’s. (There will be if » = p.) Let A4, be the Cartan subgroup
of G attached to ¥,. It is not hard to see (see [12]) that we may
arrange that for each 14, (4,);, the maximal compact subgroup of
A,, is contained in K, and we assume we have arranged this.
Then the Weyl group of each A; will have repreentatives in K,
and so will act by isometries on ¥,. (It is also not hard to see
(see [12] again) that one may arrange for the constant ¢, occurring
in the definition of sufficient regularity to be less than or equal
to 2 for any %;. The constant ¢,, however, is not controllable, it
depends in an essential way on ramification-theoretic properties of
9,.) In any case, given these normalizations of the %, it is clear
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that <2 (4, 1) is the set of sufficiently regular z <, with ord (a) =
—, £ > 0, then Ad G(2 (4, p)) and Ad G(ZZ (4, v)) are disjoint unless

t=g and p=vy. As always, if deU(y), and 7 =[(¢ + 1)/2], @
represents a shallow character of K,. Since by Lemma 3.2,

a-+ L_,=B) S AdG(ZG, 1),

we see that as 9, and g vary, the sets G(i, ), where G(i, #) is the
union of G(qp) for shallow characters + of K, having representatives
in Z®, 1), form a collection of disjoint compact open and closed
subsets (with no limit point in @), each of finite Plancherel measure.

Now consider K, and an arbitrary shallow character ¢ of K,.
According to Theorem 4.1, we have ‘

VUGG, melo, p)do = ¢ 28() 0 (U Ad GG,y ) -

If in particular B(p) & U, Ad G(Z# (i, 1)), then according to the
discussion at the beginning of this section, all the harmonic analysis
of 57(p), as far as L*G) is concerned, is wrapped up in the G(z, ).
It seems most likely that one could show without too much difficulty
that in fact @(@) < Ui GG, . In any case, since it is clear that
97 (@) is mildly non-abelian in the sense of §2, since it is clearly
faithfully represented in LXG).

Consider again @ € <& (1, 1), representing + on K,. The totality
of representations of G in which + occurs corresponds to the set
A,(+4) quasicharacters of A, which agree with + on 4,N K,. Let
A3, 1) be the set of quasicharacters of A which are in A,(+), where
o is a shallow character of K, with representative in .Z2(z, t).

The following statements seem fairly clear from the definition
of sufficient regularity.

(1) As p— o, most of the quasicharacters of A, are in
U. A(i, pr), in the following sense. The ratio of the number of
characters of A, vanishing on 4,N K, to the number of such charact-
ers which are the restriction of elements of U5 _, A(i, i) decreases
to one as p( goes to oo.

(2) As p— oo, the ratio of the number of shallow characters
of K, (with » = [(¢¢ + 1)/2]) of conductor K,, to the number of such
characters whose dual Dblobs are contained in U,, AdG(ZZ(4, v))
decreases to one. KEven more quickly, the ratios of the number of
essential shallow characters of K, of conductor K, to the number of
such essential shallow characters with dual blob in U, , Ad G(Z2(4, v))
decreases to one,

(3) As p— oo, the ratio of _Z(L_,) to

A (LN (U Ad G(ZZ(3,))))
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decreases to one.

These statements together can be taken to mean that, in an
asymptotic sense, most of the quasicharacters of the tori of G have
been associated to representations of G, and these representations
account for most of the representations and most of the Plancherel
measure of G.

One the other hand, the representations we have constructed
are so uniformly well-behaved, they are almost dull. This is, of
course, the reason we could construct them. More interesting series
of representations, with nonconstant Plancherel measure, and reduci-
bility in the analytic continuation, will be encountered in trying
to extend the above analysis to more singular shallow characters.
It will be in these series that the non-supercuspidal discrete series,
complementary series, and so forth will be found. Not only will
these representations be interesting at the local level, but globally
they are unavoidable, since K, -spherical representations, in same
sense the most singular representations of G, will occur as factors
at almost all places of an adéle group over a global field. It is
clear that the analysis of these series will not proceed along the
straightforward lines followed here. One will need the techniques
of Harish-Chandra [10] and MacDonald [17], and probably other
methods, as yet undeveloped.

In closing, I would like to pose a question suggested by Theorem
4.1. Is it possible to extend the set collection {G(i, M} so as to
write G = U G,, where each G, is a compact, open and closed subset
in G of finite Plancherel measure, and characterized by the K -types
occuring in pe@,, and to associate to each G, a set S, < @, with
S, open, closed, Ad G-invariant and equal to Ad G(X,) with X, com-
pact, in such a way that for any shallow character 6 of CZ @G,
with C =1+ 4 for 4 a small lattice in & the formula

|, @0, 9o = ¢ z(86) n 8

holds? If so, this would make a very pleasant version of the full
Plancherel formula. Moreover, if the characters turn out to be as
incomputable as they now seem, it might also be the most practical
version.
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