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Let P(a, 8) denote the class of functions p(z)=1+b,2+---
which are analytic and satisfy the inequality |[(p(z)—1)/
{28(p(z)—a)—(p(z)—1)}H<1 for some a, § (0=a<1, 0<B=1) and
all ze E={z: [2|<1}. Alse, let P,(a, B)={pecPla, p): p'(0)=
20f(1—a), 0=b=1}. In the present paper, we determine
sharp estimates for the radii of convexity for functions in
the classes R,(a, ) and S¥(a, f) where R.(a, p)={f(z)=z+
apl —a)z® + -1 fr e Pyla, B), 0=a=1}, S¥a,p)={g(z) =2+
20B(1—a)z*+---:29’[/g € Pola, B), 0=a=1}. The results thus
obtained not only sharpen and generalize the various known
results but also give rise to several new results.

1. Introduction. Let P denote the class of functions

1.1) -~ pi)=1+bz+ b2+ ---

which are analytic and satisfy Re (p(z)) > 0 for ze F = {z: |z]| < 1}.
Considerable work has been done to study the various aspects of
the above mentioned class (see e.g., [11], [12] and others). Some
of these results have also been extended to the class P(a) of func-
tions p(z) which are analytic and satisfy Re (p(z)) >, 0=a <1
for ze E. If pe P(a), it is easily seen that |b,| < 2(1 — a). Further,
we note that if ¢ =exp{— 1 argh} then p(zz) =1+ |b|z + ---
and so while studying P(a), there is no loss of generality if one
takes the first coefficient b, in (1.1) to be nonnegative.

McCarty in [8] determined a lower bound on Re zp'(z)/p(z) for
functions p(z) in the eclass Pya) = {pe Pla): p(0) = 201 — a), 0 <
b < 1}. He also applied the results obtained to determine the sharp
estimates for the radii of convexity of the two classes R,(a) and
S*(a) for each a€]0, 1] and @ <[0, 1) where

R, (@) ={f(z) =2+ a(l — a)z* + :--: f' e P(a)}
and
SHa) ={9(z) =2z + 2a(1l — a)2* + «--:2¢'/g e P, ()} .

For still another class R (a) defined by Ry (@) = {f(z) =z + al —
)2+ - ffz)—1ll<ea, 12<a=l, zeE} Goel [4] determined
the radius of convexity.

In the present paper, we propose an approach by which it is
not only possible to have a unified study of the above mentioned
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classes but of various other classes as well. For this purpose we
introduce the following classes:

Pla, B) = {p(z) =1 + bz + ---: [(p(z) — D/{2B(p(z) — @)
— (p(z) — 1} <1, for @c0,1), Be€(0,1] and z¢c E}

Pya, 8) = {pe Pla, 8): p'(0) = 2681 —a), 0 = b =1}
R, B) ={f(2) =2+ aBl — )z + -+-: fTe Py, B), 0 = a =1}
Sie, 8) ={9(2) = 2 + 2081 — )2 + ---:2g'/g € Py(e, B), 0=a=1}
and determine sharp estimates for the radii of convexity for fune-

tions in R,(, 8) and Sj(a, B).

2. Preliminary lemmas. Let B denote the class of analytic
funections w(z) in F which satisfy the conditions w(0)=0 and |[w(z)|<
1 for ze¢ £. We require the following lemmas:

LemmA 1 [15]. If we B, then for z¢ K

2F = [w@[*

2.1) lew'(z) — w(2)] =
1 -1z

LEMMA 2. Let we B. Then we have
2w’ (2) _ 1 bt
(2.2) Re {(1 oo TR tw(z))} = Gt Re{sp(z) + ) $ t}
1 7sp(z) —t] — |1 — p())?
(s —1t) 1 =7 [p2)]

where p(z) = (L + tw(z)/A + sw(z)), [z =7r and -1t <s< 1.

Using the estimate (2.1), the lemma follows easily. Hence we
omit the proof.

LemMa 3. If »pk) = A + twkz)/A + sw(z)), weB, then for
each bel0,1] and s,t satisfying —1 =<t <s <1, p(z) lies in the
disc

A(z) = {1 — A1 £ Dy},

where

_ @+ br) — str*(b + 7). D = (s —Ord + A + br)
1+ br)p — s b + " 1+ br)* — s%b + )

b

and r = |z| <1.
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Proof. Since p(z) = (1 + tw(z))/(1 + sw(z)), we have

@2.3) w(z) = SL—__p& )?’Ef”t = —[bz + -] = —25(2)

where ¢ is analytic and |¢(z)| <1 for ze E with ¢(0) =b. Now,
since (4(z) — b)/(1 — b#(z)) is subordinate to z, it follows that ¢(z) is
subordinate to (z + b)/(1 + bz) and so

1 — p(z) (lz] +b)
@4) | = I bl

Putting p(z) = & + 17, (2.4) gives

A + br)* — strib + r)?
(L + br): — 8% b + r)?

< (8 —=8rb + A + br)
= (14 br): — b + )

E+1in —
Hence the lemma.

LemMmA 4. If p() =1 + tw(z)/QA + sw(z)), weB, then for
|zl =7, 0 r <1, we have

Re | kp(a) + o | rlsp@ —tf — 11—y

(=) 1 — )| p(2)|
i ——21“ VA 00 —tr)E@ — r*) + 1 — s%7%) — 1 — str?)]
(2.5) = iof R, = R*

W/ W wWf R, = R*
where

W = t(kt + sO)r* + 2bt{(k + s) + (kt + s)}r?
(2.5; a) + [6*A + D)k + t) + (bt + 8} + 2Lk + 8) — (s — t)|r
+ 26{(k +¢t) +tk+s)}r +k+ 1),
(2.5; b) W* ={1 + rb(l + ¢) + tr*}{l + »b(1 + 8) + sr?}
and R*® =1 +t)A — )/l — ) + 1 — s%?), R, = A, — D, where
A,, D, are defined as in Lemma 3 and k=s, -1 <t <s <1,

Proof. Let|z| =», and p(z) = A, + & + i) = Re"¥, then —7/2<
o < /2. Denoting the left hand side of (2.5) by

U,& 1), we get

@6 Ule, 1) = hdy + &) + HAs + DR+ I [(+5)— A

+ 772 _ D12] R
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and

.a_l]_b__ = —4
2.7 5 NR*V(&, 7))
where

V& 1) = —26(4, + &) + (DI + 244, + &) — Af)( 11—_8;? )R
1— 87\ ps
- ( 1—7 )R
= —2tRcos v + (D} — A} + 24,R cos q;,)<__._8_:“_) R
T

+ (_1{-:—%’“—)1% = My(R, v)(say) .

(2.8)

Since for fixed 7, 0 < r < 1, A, — D, decreases as b increases over
the interval [0, 1], it follows that R = R cos + = 4, — D, = A,—D,.
Thus, for all b, 0 b1,

MR, ) Z R cos y| —2¢ + (D} — At + 24, cos y + R (1221

> 2R cos @{(%)(Al — Dy — t]> 0,

for all s, ¢ satisfying —1 =<t <s=<1. Thus V,(§ n) = MR, +) is
positive for all points in the dise 4(z). Now, (2.7) gives that, for
every fixed &, U, 7) is increasing function of % for positive » and
is a decreasing function of % for negative 7. Thus, the minimum
of Uy&, n) inside the dise 4 is attained on the diameter forming
part of the real axis. Setting » = 0 in (2.6), we obtain

2.9) min U¢ 7) = N® = (k + %_.S;’:_)R L a Jﬁt)ilr?) t*) pos

~24(0)

where R = A, + é€[4A, — D,, A4, + D,]. Thus the absolute minimum
of Ny(R) in (0, ) is attained at

o (A +HA =t
(2.10) R = <k(1 — 1) +1 - sw>

and the value of this minimum is equal to
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@.11)  NR*) = 1—_}72—[1/(10(1 e W p)T R TG )
— (1 - strz)] .

Since it is easily seen that R* < 4, + D, and that 4, + D, is a
decreasing function of b for 0 < b £ 1, it follows that R* < A,+D,
for b0, 1}; but B* is not always greater than A, — D,. In case
R*¢[A, — D,, A, + D], it can be easily verified that N,(R) increases
with R in [4, — D, 4, + D,]. Thus the minimum of N,(R) on the
segment [4, — D,, A, + D,] is attained at R, = 4, — D,. The value
of this minimum equals

Ny(R;) = Ny(4A, — D,) = W/W™*,

where W and W* are given by (2.5;a) and (2.5;b). Moreover
N (R*) = Ny(R,;) for those values of %, s, and ¢ for which R, = R*.
Hence the lemma.

3. The class R,(a, 8). Let R(x, B) be the class of functions
f(2) =z + a,z* + ++- which are analytic and satisfy the inequality
I(f"(z) — DH2B(f'(2) — @) — (f'(2) — 1)}| < 1 for some a, B0 = a < 1,
0<B<1)and ze E. One of the authors [9] has shown that for
feR,B), |a,| = BL — ). Define

R, B) ={f) =2+ aBl —@)z" + ---: f'e P, B), 0 = a < 1}.

Now, we determine a sharp estimate for the radii of convexity
for functions in R, («, B)-

THEOREM 1. Let f e R,(a, B), then f is convexr in |z|<r, where
7, 18 the smallest positive root of the equation

1 + 4aBar + (4ap’a® — 2(1 + B — 3ap)r’ + 4B82aB — Dar®
+ (28 —1)(2aB — )r* =0

if R,z R* and

7y = [{—aB + Val = 2aB + af)}/1 — 2ap)}"*
if R, £ R* where

R - Ll+2e8ar +@ag —1r* oo _ <a(1 — 2aB — 1) >w
T 1 28ar + (28 — L® 1-— @28 — 1L

and r = |z| < 1. The result is sharp for each a, B0 L a <1, 0L
BE and 0La 1.
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Proof. Since feR,(a, 8), an application of Schwarz’s lemma
gives

o1+ (228 — Dw(z)
3.1 @ = 3768 “ywe)

where we B. Logarithmic differentiation of (38.1) gives

f”(Z) —1_ . Z’W’(Z) .
(3.2) 1+ 25 1-=1-260 “){ (1+(23—1>w<z>><1+<2a3—1>w<z»}

Applying (2.2) with s =28 — 1, t =2a8 — 1 to (3.2), we get

O 1 [ _ 208 —1
(3.3) Re {1 +z ) } = 550 = a)LRe ‘1(2,3 Dp(z) + 2(2) }

@28 —Dpk) +1—2a8) — |1 — p(2) ] L 1=2e8
1 — )| p(2)] Bl — @)

where p(z) = (1 + @ag — DHw(z))/(1 + 26 — Dw(z)). An application
of Lemma 4 with k =s =28 — 1, t =2a8 — 1 to (3.3) gives

(3.4) Re {1 + sz(%)-}
: 1
Bl—a)1—1?)
— (A +1—2a8)28 — 111 + (1 —2a8) (1 — %]
it R,<R*,

1l+4aBar+ (dafa*—2(1+ 8 —3aB))r?
+4B8 X (2a8—Lar'+(28—-1)(2ag— 1)
A 4+2Bar+ 28— r)A+2aBar+(2a8—1)r?)

if R,=R*

[Vdap (1 — (2B —1)r )1+ (1—2aB)r?)

v

where

a

_ 1+ 2aBar + (2a8 — 1)’ R* — <a(1 — (2ap — 1)1?) >“2
1+2Bar + 28 — L)r* '’ 1— (28— 1) ’
0saxl.

Now the theorem follows easily from (3.4).
The function given by

vy — L — 2aBaz + (2aB — 1)2° . *
T = T et @p — e =

and

1 — L —2aBcz + (2a8 — 1)2° . N
P = e v @5 e =R

where ¢ is determined by the relation



RADII OF CONVEXITY FOR CERTAIN CLASSES 365

1 — 2aB8er + Qap — L)t _ R* = a(l + (1 — 2ap)r?)

1 —28er + (28 — L)r 1 —-28—1)r

show that the results obtained in the theorem are sharp.
Putting 8 =1, in Theorem 1, we get the following result due
to McCarty [8].

COROLLARY 1(a). Fach fe R, (a) maps |z| <71, onto a convex
region where r, is the smallest positive root of the equation

1 + daar + (6a — 4 + 4aa®)r* + 42a — Lar® + 2a — Lr* =0
if R, =z R* and
7, = [{—a + Vol — &)}/ - 22)]
if R, £ R*, where

R, = 1 + 2aar + 2a — 1)7* ’ R* — <a(1 — (2a — 1)’!'2)>”2
1 4+ 2ar + #* 1 -7

2| < 1. The result is sharp for each a (0 < a <1) and

CoroLLARY 1(b). Let feR,(a), them f is convex in |z| <1,
where v, 18 the smallest positive root of the equation

1+ 20 —aar + (A — a)a® — 3a)r” — 2aar® =0
if R, = R* and

ro=[—-1—a) +V{A - a)1 + 3a)}2a]"
if R, < R*, where

R, = 1+0—aar —ar’

T ar , R*=[1—-a@+ ar)]'”

and r =|z| <1. The result is sharp for each ¢ (0 £ a < 1) and
0a 1.

The result is obtained by replacing a by 1 —a and @ by 1/2
in Theorem 1. It may be noted that this result was obtained by
Goel [4] under the additional restriction 12 < a < 1.

REMARK. Replacing (a, 8) by (0,1), or by (0,1 —90), 055 <1
or by (0, (26 — 1)/28), 1/2< 6 <1, or by (L—7)/1+~v, A +7(2), 0<
v<1,0or by (L—6+270)/A+8), A+0)/2), 057v<1,0<ds1,
we get the estimates for the radii of convexity for functions with
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fixed second coefficient of the classes introduced and studied by
MacGregor [7], Shaffer [13], Goel [3], Caplinger and Causey [1] and
the authors [6] respectively.

4. The class S;j(a, 8). Let S*(a, B) be the class of functions
9(z) =2z + @,2* + --- which are analytic and satisfy the inequality

|(29'(2)/g(2) — 1)/{28(29'(2)/9(2) — @) — (24'(2)/9(2)—1)}| <1, for some
& 0=2a<1,0<B=<1) and ze E. The authors [5] have shown
that for g€ S*(a, B), |a,] < 28(1 — a). Define

SXea, B)={9(z)=2+20p(1—a)2*+---: 2¢'/ge P,(e, B), 0=a<1}.

Now, we determine a sharp estimate for the radii of convexity
for functions in SX(«, B).

THEOREM 2. Let geSji(a, B), then g is convexr in |z| <7,
where r, 18 the smallest positive root of the equation

1+ 280Ba — L)ar + (4a’B%a’ + 8aB — 2 — 4B)r*
— 2601 + a — 4BaMar® + (1 — 2aB)r* =0

if R, = R* and

7y = [(ba — D)/{(1 — a + 4Ba?) + 4V (1 + B — 3aB + a*F)}]*
if R, < R*, where

a

_ 1+ 2aBar + (228 — 1)* Rx (a(l + (1 — Za,é’)rz))‘/z
1+ 2Bar + (28 — 1) 2—a)—(28—a)*

and r =|z| < 1. The result is sharp for each ¢, B3 (0 S a <1, 0L
BZEZ1Dand 0<a 1.

Proof. Since geSHea, B), an application of Schwarz’s lemma
gives

9@ _ 1+ Q2ag — Dw(z)

4.1
(4.1 g(2) 1+ (28 — 1w(z)

where we B. Logarithmic differentiation of (4.1) gives

9'®) _ 1+ 2ap — Lw(z)
g'(z) 1+ @B — Dw(z)

- B 2w'(2)
260~ | g T T G~ Do

Applying (2.2) with s =28 — 1, ¢t =2a8 — 1 to (4.2), we get

(4.2) 1+z
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. 9" () 1 [ 1
@) Rel + oL} = ko] Re {(45 — 1 — 2a8)p(s)
+286 =1} rl@8=Lip)+1-2wsl = |1=p(@)f ]
p(2) 1 =) |p)]
a+af —1
T TR @

where p(z) = (1 + 2aB — Dw(z))/L + (28 — w(z)). Now, an appli-
cation of Lemma 4 with &k =48 —1—2aR, s=28—1 and t=2a8—1
to (4.3) gives the required results easily.

The functions given by

, 0'(®) _ 1—2aBaz + 2a8 — 1)2* . -
” 9(z) 1 —2Baz + (28 — 1)&* ifR,=ZR

and

2 g'(2) _ 1—2aBez+ (2aB — )2 if R < R*
g9  1—2Bcz+ (28 — 1) ‘=

where ¢ is determined by the relation

1 — 2aBer + 2aB — 1)r* _ R* — <a(1 — 2ap — 1))t >‘/2
1 — 2Ber + 28 — L)r? 2—a)—2B—a)r*

show that the results obtained in the theorem are sharp.

Taking 8 =1, in Theorem 2, we get the following result due
to McCarty [8] which also includes the result obtained by Tepper
[16].

COROLLARY 2(a). Fach ge Si(a) maps |z| <r, onto a convex
region where r, 18 the smallest positive root of the equation

1 + (6 — 2)ar + (4a’a? + 8 — 6)r* + (8a® — 2 — 2)ar®
+ @a — 1y =0

if R, = R* and
7, = [(ba — 1)/{(4® — a + 1) + 4V (@ — 3 + 2)}]'2
if R, < R* where

R — l+2aar + Qa—1p o, (a(l - (2a — 1))7'2)”2

1+ 2ar + 1 2—a)d—19

and r = |z| <1. The result is sharp for each a (0 = a <1) and
0<ac=s1l.
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REMARKS. (i) Replacing (a, 8) by (0, 1/2), or by (0, (26 — 1)/
20), 1/12< 81, or by (A —M/1+7v, 1L +7)/2), 0<v £1, we may
obtain the estimates for the radii of convexity for functions with
fixed second coefficient of the classes introduced and studied by
Eenigenburg [2], Ram Singh [14] and Padmanabhan [10] respectively.

(ii) Setting ¢ =1 in Theorem 1 and Theorem 2 we get the
sharp estimates for the radii of convexity for functions in R(a, B)
and S*(«, B8). These were obtained by the authors in [9] and [5]
and thus also include the results obtained in [1], [2], [13] etc.

(iii) By setting @ = 0 in Theorem 1 and Theorem 2, we may
get the results for functions in R(e, 8) and S*(a, B8) with missing
second coefficient and in particular for odd functions in these classes.

The authors wish to thank the referee for his helpful sugges-
tions.
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