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PEIRCE IDEALS IN JORDAN ALGEBRAS

KEvIN McCRIMMON

In attempting to investigate infinite-dimensional simple
Jordan algebras J having rich supplies of idempotents, it
would be helpful to know that the Peirce subalgebra .J,(e)
relative to an idempotent ¢ in J remains simple. This clearly
holds for associative and alternative algebras because any
ideal in a Peirce space is the projection of a global ideal.
The corresponding result is false for Jordan algebras: there
are multiplications of the ambient algebra J which send J,
to itself (therefore leave invariant the projection of a global
ideal), but are not expressible as multiplication by elements
of J, (therefore need not leave invariant an arbitrary ideal
of J;). We show that an ideal K, is the projection of a
global ideal iff it is invariant under the multiplications
Vs, and Uy, Uy, This yields an explicit expression for
the global ideal generated by a Peirce ideal. We then show
that if J is a simple Jordan algebra with idempotent, the
Peirce subalgebras J;, and J, inherit simplicity.

Throughout we consider a quadratic Jordan algebra J over an
arbitrary ring of scalars @ with product

U.y
quadratic in « and linear in y. Linearization yields a trilinear product
{oye} =U,. ¥ =V,\2 .

(See [1] for basic results on quadratic Jordan algebras.) If e is an
idempotent element of J, ¢ = ¢, then we have a Peirce decomposition
J=J,DJ,PJ, where J, J, are subalgebras. We wish to relate
the ideals in these Peirce subalgebras J, to ideals in the ambient
algebra J.

Analogous results hold for Jordan triple systems. However, in
this case U, is merely an involution on .J, rather than the identity
map, and this causes such technical complications in the Peirce
identities that the basic argument is lost sight of. We prefer to
do the simpler Jordan algebra case first, and treat the triple system
case separately [3].

We recall a few basic identities satisfied by Jordan algebras:

0.1) Uy = UwaU:c

(02) UV(z,z/)z = Ua:UvUz + Uz Uqu + Vav,y Uz Vu,n: - UU(x)U(y)z.z

(0'3) UV(x,u)z,z = Vw,yUz + Uz Vy,z

0.4y U, U,,.=V,,V,.— Voo,
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0.5) U,.U.=V.V.e = Vivn
(0'6) {xxy} = g%y, Vz,aa = Vﬂ; Vx,u + Vy,x = Vzey-
In a Peirce decomposition we have the following identities for ¢ =
,0and j =1 —1:
(P1) Uxiwl/z = sz Uym on Ji(x;€J;, ¥y€ 1)
(P2) U,,y,, =U,,U., on J,
(P3) Ua:,/zyuz = X,/ B(%,/2°Y1/2) — Yro (232
(P4) {371/2‘1@?/1/2} = Hj(®,/o(a;°¥%,/2)
(P5) {xl/Zyl/za’i} = Ei(xl/zo(xlmoai))
(P6) a0, /,0b;) = {a@,,b0;} = (a;o,/,)°b;
(PT)  alew,, = a;0(a;0,,) (Vaf =V3Z on J,)
(P8)  U,b;ow, ), = ao(bo(aoum, ) (VU(aZ-)bi = Vai Vbi Vai on J,))
P9 {ab,,.} = a;o(b;ow,/)
where K, denotes the Peirce projection on the Peirce space J..

1. Ideal-building. A subspace K of a Jordan algebra is an
1deal if it is both an outer ideal

(1.1) U;KcK (UKcCK,V,KcK)
and an inner ideal
(1.2) UJcK (UJCK,K'CK).

Here J = @1 + J denotes the unital hull of the Jordan algebra J; if
J is itself unital then J = J, and the conditions V,K c K and K*C K
are superfluous (V, =U,,, 2* =U,1). A useful observation is that
once K is known to be an outer ideal it is an inner ideal as soon as

(1.3) U, Jc K for some spanning set {k;} of K.

From now on we fix an idempotent ¢ in J and consider the
corresponding Peirce decomposition

J=J D, DI .

Then the unital hull J = &1 + J = &(1 — ¢) + J can be identified with
JDJ,.D J,. Note that any ideal K <]J is invariant under the
Peirce projections K, since these are multiplication operators, therefore
K is the direct sum of its Peirce components

K:KI@KI/Z@KO (Ki:Ksz’)'

Triple products of Peirce elements largely reduce to simpler bilinear
products:
le+xl/2+x0(y1 + Yo T+ Yo) = Ux1y1 + Uasl/z(yl T Y T+ yo) + Uxo?/o
+ {mllyl/ZxO} =+ {xlylxl/z} + {xoyoxl/z} + {xlyl/le/z} + {xoy1/zx1/2}
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(1.4) =U, ¥, + Uzl/z(y1 + Yo) + {20 By, 10U /5) — Yoo Ho(35)}
+ Uxa?/o + 2,0(X0Y1/0) + To(Y,0%y)) + 2o (Y0 %y /5)
+ E((@,2¥1/0)0%, 1) + Ey((,0Yy/2) 0%y /) «

Correspondingly, the ideal conditions (1.1), (1.2) for K reduce to simpler
conditions on the Peirce components K,.

IDEAL CRITERION 1.5. A subspace K = K, P K,,,P K, is an ideal
of a Jordan algebra J=J,QJ,,PJ,iff for 1 =1,0,j =1 — ¢

(C1) K, is an ideal in J,

(C2) E(J,:°K,z) C K,

(G3) JioKi s C Ky

(C4) K- e C Ky

(C5) Uy, K. K,

(C6) U,,J,CK; for some spanning set {k,,} of K,,.
If 1/2 ¢ @ the conditions (C5), (C6) are superfluous.

Proof. Clearly these inclusions are all necessary by the Peirce
relations and the fact that any product involving a factor from an
ideal falls back in that ideal.

A routine calculation shows (C1)-(C5) suffice to establish outerness:
U; K c K follows from (1.4) since U;, K, CK; by (Cl); U, ,K,CK; by
(05);AJ1/2°E11(']1/2° 12) C Ky by (C2), (q4); K, o B(J},) C K, by (C3);
Jio(JooK,pp) C Ky by (C8) (noting AJOOKUZ = Q¢ oK), + Jio K, =
OK, ), + {oo s Since e, oy, = @,); Jio(Kiodyn) T Ky by (C4), (C3);
Ei(Jl/ZO(JiO 12) C K, by (C3), (02)-

Once we have outerness, innerness (1.3) follows for the spanning
set of elements k, ¢ K,(+ = 1, 0) and the given k%, € K,,, since UKiJA =
UkljoKz by (C1), Ukl’zfiCKj by (C6), and Ulzl/ng/z = Ky o Bi(kyppod, ) —
Jino Ey(kiy) © K,y by (C3), (C4), and Ey(kip.) = Uk1/261€K0 by (CG)'

Since 2U, =U,,, and always U, ,;,,K: = Ei(J, ;o(K.oJ, ;) C K; by
(C4), (C2), U, vy = Ei( e (Jio K, ) CK; by (C3), (C2), we see that
(C5), (C6) are consequences of (C2)-(C4) when 1/2¢@.

REMARK 1.6. In characteristic 2 situations we cannot dispense
with (C5) and (C6)—they really are necessary in addition to the other
conditions. For example, if J is the special Jordan algebra @e, +
D(e,; + e,) + De,, of symmetric 2 X 2 matrices over @ of characteristic
2, then relative to ¢ = e¢,, we have J, = @¢,,, J,;, = (e, + €,), J, = Dey,
S0 oJ,0d,, = 20(e,; + €,)" = 0, and thus (C2) is automatic for any K.
If we take K, = K, =0, K,,, = J,, then (C1)-(C5) hold trivially, but
not (C6) since U, . J; = OU., .., 6, = Pe;; = J;#0. Thus (C6) is not a
consequence of the other conditions. If we take K = \e,, K,,, =
AD(e,;, + e,), K, = \@,, for noninvertible » in a domain @ of charac-
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teristic 2, then (Cl), (C2)-(C4) hold trivially, as does (C6) by
Ul(e12+221;(@eii) = N'Qe;; ,

but (C5) is not a consequence since U, ... (\De¢,) = \De,, N Pe,, = K,.

12te2q
Next we introduce the key notions of invariance. An ideal K,
in a Peirce space J; (1 = 1, 0) is wnvariant if it is both U-invariant

1.7 U,,U;, K. CK,
and V-invariant

(18) VJ Ki = Ei(Jl/ZO(Jl/ZO 1/2)) c Ki .

verd1/e

By the Peirce relations and (P5) the maps U, U, , and V, ,, , map
J, into itself, though in general they cannot be compressed into a
multiplication from J;.

V-invariance is the more fundamental notion, and goes a long
way towards ensuring U-invariance. For example, the special case
2z =y in (0.4) shows

(1.9) 2Ux Uy = Vz,y Vac,y - VU(a:)y,y ’

so whenever we can divide by 2 V-invariance implies U-invariance.
We can flip an invariant ideal from one diagonal Peirce space to
the other.

Fripping LemmMA 1.10. If K, is an ideal im a Peirce space
J; (=1, 0) then K; =U; ,K; is an vdeal in J;. If K, is V-invariant
or U-invariant, so is the flipped ideal K;.

Proof. Kj; is outer since U; K; =U;, U, K, =U;,.;,,K; (by (P1)) C
U, K: = K; as in (1.1), and for the spanning set of elements k; =
U,, .k, we have by (0.1) U, J; =U,,U,U,,J; (by (0.1)) cU,,,Ug,J; C
U, . K, = K;, so by (1.3) K; is an ideal. If K, is V-invariant so is
K;, since by (0.3) VJl/z,Jl/sz = VJ1/2,J1/2 UJ1/2Ki c {UV(Jl,«z,Jl/z)Jl/z,h& -
Us o Viyeryd K CUs K +Us ) (Vs K €Uy K (by  V-invariance
of K,) = K;, and K; trivially inherits U-invariance

UJt/z UJl/ZKj = UJ1/2 UJI/Z UJl/zKi - UJ1/2Ki

(by U-invariance) = K;.

Now we are ready to establish the main result of this section,
describing the global ideal generated by an invariant Peirce ideal.

ProJECTION THEOREM 1.11. An tdeal K, im a Peirce space
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J, (1 =1, 0) is the Peirce projection of a global ideal K in J iff K,
18 wmvariant. In this case the ideal generated by K, takes the
Jform

K = Kz @ Ki" 1/2 @UJUZKZ
If 1/2e @ we have U, K, = Ei(J,,o(K;od)).

Proof. We have already noted that if K, is the projection of
an ideal K then by the Peirce relations and invariance of K under
all multiplications from J, K; must be invariant. We must establish
the converse. Since the ideal generated by K, must certainly certain
the above products, if we can show the above K actually is an ideal
then we will have exhibited K, as the projection of an ideal K which
is thus precisely the ideal generated by K.

We verify the conditions of the Ideal Criterion (1.5). K, is an
invariant ideal in J; by hypothesis, and K; =U, K, is an invariant
ideal in J; by the Flipping Lemma 1.10. Thus (Cl1) holds. For (C2),
note Ei(J, 0K, s) = Ei(J,0(J 1120 K)) = {J 1], Ki} = VJl/z,Jl/zKi CK; by
(P5) and V-invariance, also E(J, 0K, = {J,,K.J,,} U, K, = K;
by (P4). For (C3), JioK )y = Jjo(Kiod,n) = Kio(Jjod,),) C Kiod,y), = K,y
by (P6), while J;o K, = Jio(K;0dys) = (Jio Ky)od,, — K;o(J;0d,,) C
K,od,,; = K,;, by (P7) and the fact that K, <{J,. For (C4) we have
KoJ,;; = K,;; by definition, and Kj;oJ,,, = U, ,K;oJ,,,C—U,,,.J, K, +

1/2°{KJ1/2J1/2} (hnearlzed (0.6)) C J1 /50 K; + oJypp0 VJl/z,Jl/zK = J,poK; =

K., by V-invariance of K,. For (C5), U, , K, = K; by definition,
while U, K, = U,,,U,  K.CK,; by U—mvamance of K,. For (C6), the
spanning elements k,,,=k;°¥y,,, satisfy U,, WZJ U,,l,2 U, iJ cU,, K;=K;
by (P2) and K, <] J,, similarly U,, ,,I,ZJ Us, UMZJ c U, J,CK; by (P1)
and K, <{J;,. Thus (C1-C6) hold, and K is an ideal.

ExaMpLE 1.12. The connector ideal generated by an off-diagonal
Peirce space J,,, is

I(J\e) = U)o @ J1s DUy,

Proof. It suffices to verify conditions (C1-C6) of (1.5): (C3-C6)
are automatic since K, = Ve K; = U,l,sz, (C1) follows from the
Flipping Lemma 1.10 applied to J, in J; (C2) follows from E(J,50d,) =
(Jussdua) © Uyp8s C K, by (P4).

ExampLE 1.13. If Z, denotes the kernel of the Peirce specialization
of J, on J,,,

Z; ={2,eJ;|z;0d,; = 0}
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then Z = Z, @ Z, is an ideal in J which annihilates the connector
ideal, U,I(J,,;) = 0.

Proof. Any time K has K,, = 0 the conditions (C2), (C3), (C6)
become vacuous and (C4) becomes the condition K, c Z,. If we take
K, = Z, (C4) is thus satisfied, as is (Cl) since the Peirce specialization
is a homomorphism of J, into End (J,,,) by (P7), (P8) and therefore
its kernel is an ideal. Moreover, these are interchanged by U,,, a
in (C5) since U, ,,2:°%1s = Vi, Uay#i = {Usypuyyonnss — Usyy Vayod2: (03 (0. 3)
with © = 1) = {®,.2.E:(Y,/5°,/0)} — Uzl ZVHUZ = (1/29%3) © Bi(Y1/20%1/2) —

U, (41202) = 0 by (P9) if z;0%,, = 2:0¥y, = 0.
Thus Z is an ideal in J-U,I(J,,) =0 since by (1.4) we have
z1+z0 by + kyyy + ko) = Uz1k1 + Uzoko + 2.0 (Y12°2) = 0 where Ulez =

U, U,,,Ji =U.,.;,J; by (P1) and Z;oJ,; = 0.

PROPOSITION 1.14. If J is a prime Jordan algebra and ¢ =1, 0
a proper idempotent, then J,, # 0 and the Peirce specializations of
J, and J, on J,,, are faithful (hence J,, J, are special Jordan algebras).

Proof. If J,, =0 then J=J, B J, would be a direct sum of
ideals, whereupon primeness would force J = J,(hence ¢ = 1) or J =
J, (hence ¢ =0). Thus J,, cannot vanish if e is proper. Then
U,I(J,,) =0 for I(J,,,) # 0 forces Z = 0 by primeness.

Thus in any prime exceptional Jordan algebra J, as soon as we
examine a proper piece J,(e) or J,(e) it is special (in some sense J
has no smaller exceptional pieces), and exceptionality results only
from the way J, and J, are tied together via J,,,

In §4 we will see that when J is simple the same is true of J,
and J,, so J is built up of pieces which are simple and special.

Note that if J is simple and ¢ proper we have J,,, = 0 by 1.14,
so by simplicity I(J,,) = J and by (1.12) we have

(1.15) UJ1/2<fo =dJi, UJ1/2J1 =J, .

We can improve on this by removing the hat from J,. To do this
we need to look at the ideal generated by J,. Trivially J, is an
invariant ideal in J;, and J,oJ,,, = eoJ,,, = J,,;, so by 1.11 we have

ExaAmpPLE 1.16. The ideal in J generated by a diagonal Peirce
space J,(e) is

=1 IJ)=J.DJ..DU,,J
(1=0) IJ) = J,D Jood @UJM 0
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If J is simple then e # 0 implies J, # 0 and hence I(J,) = J,, once
more leading to U, ,J, = J,. If we knew ¢ # 1 implied J, = 0 we
could similarly deduce I(J,) = J by simplicity and hence U, . J, = J,
(without the hat).

Surprisingly, it takes a bit of arguing to establish J,= 0. Suppose
in fact J, = 0. Then for z,,¢J,,, we would have 2},eJ, + J, = J,,
and 2z, = z{, would be trivial since U, J =U, J, =U, U, J,CU,,J,=
0. But a simple J with idempotent is not nil and therefore has no
trivial elements, so z}, = 0 and z,,0w,,, = 0 for all z,,,, w,, € J,,,. But
then by (1.4) Uzl/zwuz = 2,20 H,(2,/20W15) — W0 By(23,) = 0, s0 Uzl/z']uz =
0, and since already U, ,J,CJ, =0 we have U,,,J=0 and z,, would
be trivial. Again J has no trivial elements, so z,,=20, J,, =0,
contradicting 1.14.

ProrposrtioN 1.17. If J is a simple Jordan algebra and ¢ + 1, 0
a proper idempotent, then

Uy do="J0, U Ji=J,.

2. Invariance. To construct global ideals we must begin with
invariant Peirce ideals. We now turn to the question of conditions
under which an ideal is automatically invariant. Throughout this
section we will be concerned with ideals K, in a diagonal Peirce space
Ji{(t =1, 0).

While V; , ;,.K; and U; U, K, are not in general contained in
K,, they are in some sense contained in the “square root” and “fourth
root” of K;:V,, s, maps K} into K;, and U, U, , maps K into K.
More precisely, we have the following useful technical result.

LemMA 2.1. For any ideal K, <|J; we have

(2.2) Vivardl Ue ) C K,
and
(2.8) U,,,Us,( UU(Ki)flefi) CK,.

In general, for x,yed, . ke K,, a ed, we have
(2.4) VeuUa = Uy e — UV, 0 € K,

(2.5) Ux Uy Uk(l/ = U(Wk)a - Uk Uy Uma - nyy Uk Vy’a;az
+ Ukvwvw® C Upyne + K;

so that whenever ke K, is V-invariant, {xyk} =V, ke K,, then U,,JAi
18 U-itnvariant, U,U,(U,a) € K,.
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Proof. For (2.4) we have by (0.3) V, U aU,yp0— UV, ac
U;.xi® —Ug,V,.0 CK; whenever K, <]J,. For (2.5) we use (0.2):
Uwwa =10, 0,U, + U, U, U, +V,, U, V,. — Upwvwle =U,U,Usa
modulo K, since U,U,U,a€ UxJ.CK,, V. ,UV,.aeV,, UgJ,CK, by
2.4), and U, pwowne € Uxk,,s, ac:K Applymg (2.4) to keK, acd,
yvields (2.2), and applying (2 5) to ke UKIJ (so {xyk} =0 by (2.2)
yields (2.3).

ExampLE 2.6. If B, C, are invariant ideals in J, so is their
product U, C,.

Proof. For V-invariance apply (2.4), for U-invariance apply (2.5).

ExampLE 2.7. If K, is an idempotent ideal in J,, UKiJAi = K,,
then K, is invariant.

ExavpLE 2.8. If B, are invariant ideals in J, so is their sum
> B, and their intersection N B,.

ExaMPLE 2.9. For any ideal K, <] J, the infinite Penico derived
ideal P~(K,) = N P*K,) is an invariant ideal (P"*'(K,) = P(P*K)))
where P(L,) = ULifi). Similarly for the infinite derived ideal D~(K))
(where D(L,) =U,;,L,). Thus either K; contains a nonzero invariant
ideal, or else it is oco-nilpotent: P~(K,) = 0.

Proof. V-invariance of P~(K,;) follows from (2.2),
Viyry P HK)) < PYK,) ,

and U-invariance from (2.3), U, U, ,(P""*(K,)) < P"(K,). For D(K,)
we use (2.4) to get V-invariance, V, , , ,D""(K,)c D"(K,) and (2.5)
to get U-invariance, U, ,U; D" K,) C D"K;) (note V., Uy, V, .00, €
ViuUs,, D" <V, D" C D" by the relation for the V’s).

We have seen in the Flipping Lemma 1.10 that one way of ob-
taining an invariant Peirce ideal to is flip an invariant ideal by U,,,.
Another way of obtaining an invariant Peirce ideal is to take the
kernel of U, , instead of the image.

KERNEL LeMMA 2.10. Ker U, ={zeJ,|U, 2 =|U, , Ud,=0} is
an invarient ideal in J,.

Proof. K, =KerUy,,, is trivially U-invariant (U, U, K; =0),
and is V-invariant because by 0.8 U, (V. ,4,,2) C{Un, 00710002 —
ViwgorsUsyet2 = 0, and by (0.2) and (0.8)
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UJI/Z UV(H/z ﬂ1/2)2J'
Z]‘71/2{ @1/2 111/2 Ui + U Uh/z Un/z + Vﬂ/z’yl/z Uz Vﬂ1/2-¢1/2
— Uptaypvivypestds C U (Usy, UzJi) + U, (U
+{ Uvyoysrim s — Vvl/z ®y/2 UJ;/z} UJ,—0=0.

K, is a linear subspace since for z, weK; we have U, 2U;,Jr,,,J =
U, (U.+U, + U, J)J. where by (0.3) U,,,U., o= UJMVW z =
(UG, wrumiys = ViuwUryde = 0. It is an outer ideal since U, ( th)
U; 52Uy ,2=0by (P2), Uy, Uy, o= UJ,,ZUJlU UJZJ c UJWUJ =0
by (0.1), (P2), and is an inner ideal since U, (U, J)=0, U;,,(Upis, ), =
U,,,U.Us, UJ,c U, UJ, =0 by (0.1).

We can easily show that a strongly semiprime ideal is invariant.
Recall that K, is strongly semiprime in J, if J, = J,/K, is strongly
semiprime in the sense of having no trivial elements U, J;, = 0; this
is equivalent to U, J, C K, = z; € K,.

THEOREM 2.11. Any strongly semiprime ideal K, < J, is in-
variant.

Proof. For z,yed,, ke K, we have {xyk}e K, =U,,,,J;C K,
(strong semiprimeness) = U,U,U,J; C K; (using (2.5)) = Uyyvumid: =
v, u,U(U,U0,J)cUUUJ, K, (by (0.1)) =U,U,kec K,. This shows
V-invariance implies U-invariance. Further, since {xy(U.a)} € K, by
(2.2) it shows U,U,(Ua) € K, i.e., U, U, U,J; C K,, hence by the above
{xyk} € K,, establishing V-invariance.

Since any maximal ideal in a unital algebra is strongly semiprime
(the quotient is simple with unit, therefore contains no nil ideals,
therefore contains no trivial elements), we have the important

COROLLARY 2.12. Any maximal ideal M, in J, is invariant.

This immediately shows that J, is simple if J is. We return to
this in §4, where we use a flipping argument to deduce that J, is
simple as well. In the remainder of this section we undertake a
more delicate analysis to show K, is invariant if it is merely semiprime
in J, (in the sense that J, is semiprime), or even if it has no trivial
ideals Uz,J, = = 0 (this is equivalent to U, J cK,= B,C K, for B, <J,).

Lemma 2.13. If K, is an ideal im J; then H(K,) = K, +
Vivei K +Us,, Uy K, is again an ideal in J;. In fact, for any
particular x, y € J,,, the subspaces
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K = Ki + UnyUKiji
K® = I{I -+ Vx,yKi + UvaUKij1
Kéa) = Kz -+ nyyKi + Ux U?lKi

are ideals in J, with
K.cKYcCcK®cKy®
and with each trivial modulo the preceding:

Ugpd, CKP , Ugpd,CKP, Ugwd,CK,.

Proof. Since H(K,) is just the sum of all K for all possible
x,y €, 1t suffices to prove the K are ideals.

We first show each K{” is an outer ideal: U;,K{? c K. For ac
J, and ke L, <] J, we have

U.Veok = {Unsarn — Vi, Udlk (by (0.3))
= Ulsa,ab — Vyu Uk — V,,, Uk (by (0.6))
eU; L, -V, UL, -V,,L,cL; +V,,L,

U.UUk = {Ugpey —U, U, U, —V,, UV, +Uspuwndk (by (0.2)
= {Uey + (U,U, = U,y + Voo Vo — Vi) U
~(Veow = Vod U Voiy + Uspviralle (by (0.2), (0.6))
= {Uteny + U.UyUs —(Usoy + Vo) Us + Vo oy Us, o)
~Ved UsVieyy + Usrpvinalle (by 0.3))
eU, L, +UUL, —(U;, +V, UL, +V,,U;,L,
—V,;, U3, Vel + Uff,J,L-Li
cL,+UUL, —-L,+V,,L,~V,;U;V,,L; +L,
cL,+V,,L +UUL,

(using our previous calculation to move V,, Uj;, past V,,). Taking
L, = K, shows K® is outer, while L, = UKificKi shows K, K{" are
outer (using (2.2) for K{").

Now we show the K{ are inner, in fact the stronger assertion
that each is trivial modulo its predecessor: UKif’ficKi‘f‘”cK?’. For
j =1 we have K{® =U,U,Ug,J; modulo the ideal K" = K;, so

UK,;(l)ji = UU(x)U(y)U(K,;).;iefi =U,U, UU(Ki).?i U. Uzji
cU.UUpgpJi CK, =0 (by (2.3))

S0 UngJAicKi. In particular, K is inner and thus an ideal. Once
K{® is an ideal we have for j =2 that K® =V, K, modulo K", so

UK§2’fL = U(wKi)fi =U,U, UK,;‘fi cK® =0 (by (2.5))
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S0 UK7§2>JZ c K" and K too is an ideal. Then we have K = U, U K,
modulo the ideal K, so

UK;3)¢7; = UU(a:)U(y)K,;ji = U,U,Ug,U, iji cU,U,U,J;cKP =0 so
UK§3>fiCK§” and K{ is also an ideal trivial modulo its predecessor.

Our calculations show each U,U,K, is an ideal and each K, -+
V..K, is an outer ideal; if 1/2 € @ outer ideals are ideals, so U, U, K,
and K, +V; ;K are both ideals in this case.

REMARK 2.14. If invertible elements are dense one can show
B(Jl/Zy J1/2)K1 <] JI. (B(:X}, y) = I + Vm,y + Ux Uy) .
Indeed, U,B(x, U,y)z = B(U,x, y)U,z shows for invertible z, € J, that

leB(Jx/z; Ji K, = UeleB(Jl/z; x,0d ) K,
= UaB<J1/27 UaJl/2)Kl(a =g, T xl) = B( UaJl/Z! Jl/z) UaKl
= B(J, /s, J112) Ufthl C By Ji0)K,

hence if such z, are dense BK, is outer, and it is inner since for the
spanning set of B(x,,., 9.k, we have Uz, ../, = Bz, v)U. By, x)J, C
Bz, YU, J, < Bz, y)K,. It is not known if this holds in general. If
0@ is a field with more than two elements then B(J,,, J,)K,; is just
K, +V{(Jy J)K; + U, U)K, and thus is certainly an ideal.

Now we can establish invariance of semiprime ideals.
THEOREM 2.15. Any semiprime ideal K, <|J, is invariant.

Proof. Semiprimeness means J,/K, contains no trivial ideals.
But then K, = K® Cc K’ c K cKP with K¢FV/K{ trivial forces in
turn K, = K& = K = K®. ThisshowsV, K, K, and U, UK, C K,
for any particular z, y €.J,,,, and thus K, is V-and U-invariant.

ReEMARK 2.16. We have established invariance of K, as long as
J, = J,/K, contains no ideals L, consisting entirely of trivial elements
(i.e., U LijicKi-:»LicKi). It is not known whether an algebra without
such ideals is necessarily semiprime; thisAholds whenever 1/2 € @ since

L = 0 implies 2U5J; = L;o(L;0J;) — LieJ; = 0.

3, The invariant hull. If we have no specific information
about a given ideal K, <] J, which allows us to conclude it is invariant,
we must enlarge it by applying all possible V’s and U’s until the
result is invariant. The invariant hull Inv (K,) of the ideal K, is
the smallest invariant ideal containing K,.
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In (1.9) we saw that V-invariance implies U-invariance when
1/2e®. More generally,

ProprosiTION 3.1. The subalgbra E(Z/, 7°) of End (J,) generated
by the restrictions to J; of V ;,,.,,, and U, U, . reduce to 2/ +7~ where
Z s the linear span of all operators

v.,u,---0,U0,,
and 7 the limear span of all
Vi =+ V.

T Yn

where x,, y; belong to some spanning set for J,,. Further, 27z C 7.

Proof. The Jordan identities (0.4), (0.5) show that the partially
linearized U-operators U,U,,, and U, U, can be replaced by products
of V-operators: U,U,,e 7; U,,U, e 7. In particular, for ¥y = z we
see as in (1.9)

20, U,e 7.
These together with the further Jordan identities
(0.8) U.U,V.w =Uiye1u Uiy = Vou UsUsyy — U Upiren €77
(0.9) Vi UU, = U,y Upyar,e — Uu,w U Vo — Uiy, U €77

show that any mixed term involving a product of U’s with at least
one V factors, or 2 times any product of U’s can be expressed solely
in terms of V’s,

2T+ TV T, 2T .

Thus the subalgabra generated by Z and 7 reduces to Z + 7~
with 2UC 7¢

Since V,,, is bilinear in x, y, if {u;} spans .J,,, then the V,_ ,; span
Viypive @nd U; U, is spanned by the U, U,; modulo terms U, U,, ..,
qu,ukUui’ Uu,;,uquk,ue %
REMARK 3.2. For z, y€J,, we have an operator identity on J,
Ux U:c = sz = UEi(xZ)y U:c Uy + Uy Uz + U:?,y = UEi(xoy) -+ UEi(xZ)‘Ei(yZ)

showing U, U,,---U,,, is an alternating function of the variables
x,€dJ,,, modulo products with fewer U’s and either more V’s or
more multiplications from J; (which automatically leave any ideal

K, <] J, invariant). Thus % is spanned modulo 7" and _#Z(J;) by
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all U, U,, U

g TOT %y < +++ < Uy, in some ordered spanning set
for J,,,.

THEOREM 3.3. The invariant hull of a given ideal K, <] J; s
Inv (K) = (Z/K + %K 2 -[/J1 2 71,2K —+ Z Jl/z
If 1/2e€® this reduces to XVy,, ;. Ki

Proof. A subspace is U- and V-invariant iff it is invariant under
the subalgebra generated by all U’s and V’s, which by 8.1 is just
Z + 7, so ZK, + 7K, is the invariant closure of K,. To see this
remains an ideal in J, if K, is to begin with, note that this invariant
closure can also be represented as Inv (K, = 3o, H*(K,) where
H(L,) = L; +V;,5.,,Ls +U;,,U;,L, where by Lemma 2.13 each
H"(K,) is an ideal and therefore their sum is too.

If 1/2e® we can dispense with the U’s by 3.1.

REMARK 3.4. By our comments 3.2, if J,, is finitely spanned we
need only take a finite number of powers UJ"..

ReMARK 8.5. Inv (K;) is Baer-radical modulo K, since it is a
union of H"(K,), where H*(K,) is Baer-radical modulo H"*(K,) (being
the sum over all x, yeJ,, of ideals K =K, +V, K, + U, UK,
nilpotent modulo K, by (2.13)). Once more this shows that if K, is
semiprime in J, then Inv (K,) = K, and K, is invariant.

We can, if compelled, write down explicitly the ideal generated
by a diagonal Peirce ideal.

THEOREM 3.6. If K, is an ideal in a Peirce space J; (1 =1, 0) of
a Jordan algebra J, then the ideal it gemerates im J is
I(Ki> = Ii 69 I1/2 @ IJ‘
I =Inv (L) = (7 + Z)K; :g vV

J
= i 1/ie

UJ1/2}K
L, = Vh/z Inv (K,) = VJI/Z%K'& = V‘Il/z{jZE‘) V‘J]'l/Z’JX/Z}Ki
L = U, v (K) = (7" + 2)U,, K, = Inv (Uy,,K)
= i {le/zyh/z + U;]:/Z} UJ1/2K

3, k=0

Proof. The ideal generated by K, coincides with the ideal
generated by its invariant hull Inv (K,) = (7" + Z)K, by (3.3), so by
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(1.11) I =Inv(K)), L), =V, ,,Inv (K)), I; =U;,, Inv(K,). Note that
U, Jov(K) = U, ,(7" + %) K, = (7" + Z)U,,, K, since U, U3, =
U-’1/2 U-’uz shows UJ1/27/ =% UJ1/2’ and U-’1/2VJ1/2:-71/2 + VJ1/z’J1/z UJ1/2C
Uiyorintysiys S Usy, by (0.3) shows U, 7" = 7°U, ,. Note further
that

VJ1/2% C V‘71/2 7; VJ1/2 IHV (Kz) = VJl,ZVKi
because

2
. .
VJ1/2 UJ1/2 = VJL 2 J.Z:“(,V-Jfl/zvfl/e

follows from the following obscure Jordan identity:

V:c U’u Uz = VU(z)U(y)x - Vz VU(y)a:,z + VU(z)y Vy,a: - Vz Vy,z Vy,x
- VU({wzlyz)u + Vz Vﬂ,(zyz) + V(myz) Vy,z

(or else substitute 1 in (0.5), V, V., =V, U, + Vy, to see V, U, , C
VJ1/2 VJl/z,JUz -+ VJl/z - VJ1/2 %. S0

(0.10)

VJ1/2 UJ1/2 UJ1/2 - VJ1/27‘ UJ1/2 < VJ1/2( UJ1/97‘ + UJ1/2)
C (VJI/,Z%)% + VJl/Z% = VJ1/27‘) .

ExaMpPLE 3.7. The largest invariant ideal contained in K, <] J,
is the invariant kernel

Invker (K,) = {ze K,| E(Z, 7))z C K}
={ze K| V7, :,% UilzeK, for all n, m}.

Proof. Certainly if z belongs to an invariant ideal I, <] K, so
do all V"2 and U™z, so z belongs to Invker (K,) = Z,. Conversely,
Z, is clearly a linear subspace which is invariant, E(%, 7°)Z,C Z,.
It remains to show Z, is an ideal.

Z,; is outer: the identities (0.3), (0.2) show

VU;, cUs;, +U;, VU E(z, 77), UU;, < U; U* + Us,
+VU; VU U +U,, +Us Bz, 7YV U E(Z, 77)

and hence by induction E(%, 7" )(U;,Z;) c U; (E(Z, 77)Z,) c U3 K, C'K,.
Therefore U Z, C Z,.

Z,; is inner: the identities (0.3), (0.2) show VU, J cU, VJ +
Umz)ziJ CUZiJ (since Z, is V-invariant), Uz(UZ J,)C{UZiU +Uzi
VUZiV}J (smce Z, is U, V—1nvar1ant)CUZiJz, hence by induection
E(z, 7Y U, J)CU JCUKJ c K, and U, JCZ

ExamPLE 3.8. We give a straightforward example of Jordan
algebra having noninvariant Peirce ideals. Let D be an associative
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algebra with involution *, and let D’ be an ample subspace (D' C
H(D, *) is symmetric, contains 1, and has aD'z*c D’ for all xeD:
if 1/2e¢® then D' = H(D, *)). Then the algebra J = H(D,, D') of
hermitian nan matrices over D with diagonal entries in I’ forms a
Jordan algebra with idempotent ¢ = ¢,,. Here a subspace K, =K'[11]
of the Peirce space J, = D'[11] is an ideal iff K’ is a Jordan ideal in
D,

(i) (outer ideal) 2’k'a’ e K’ for all v’ e D', K e K’

(ii) (inner ideal) ¥'2'k' € K'.
On the other hand, such a K, is V-invariant iff K is closed under
traces,

(iii) (V-invariant) ¢(DK’)C K': a2k’ + kK'x* e K’ for xeD, k' e K’
and U-invariant iff it is closed under norms,

(iv) (U-invariant) xk'z* ¢ K’ for all xe D, k' c K'.
These follow from the general rules V{a[lj], b*[15]¢[11] = t(abc)[11]
and

Ua[17]) U®*[15De[11] = abecb*a*[11]

and U(1aj), d[1E]D UDB*[15], f*[1kDe[11] = (abef*d* + dfeb*a*)[11]. In
this case U-invariance implies V-invariance (and conversely if 1/2 € @),
and the invariant hull of K, is

Inv (K, = K, + U,,, Uy, K, = {3 aK'a*)[11] .

For example, if we take D = M, (®) a split quaternion algebra
over a ring @ and D’ = @1, then K’ is an ideal of D’ iff ()@*K’' < K,
(ii) ?K”? Cc K', and K’ is V-invariant iff (iii) ¢{(D)K’ = @K' C K', and
K’ is U-invariant iff (iv) n(D)K' = 0K'Cc K'. If 1/2¢® or & is a
field all ideals K’ of D’ are invariant, but if @ = Z[z], K’ = Zz* +
x2*Z[x] + 2Z[x] then one easily verifies that K’ is a Jordan ideal in
Z[x] which is not an associative ideal (and hence not invariant).

In this example we obtained the invariant hull from a single
application of U, U, , because the coordinates of J,, = >, D[1j] are
closed under multiplication. To construct examples where the invariant
hull requires all V7 ,,,. and Uj’, we take subalgebras where the
coordinates of J,, are not closed. From now on our examples will

sit inside H(D,, D').

ExampPLE 3.9. (All V’s are necessary.) Let D = A(V) R @[e] be
the ring of dual numbers (¢* = 0) over the exterior algebra 4(V) on
an infinite-dimensional vector space V over a field @ of characteristic
#2, with canonical reversal involution fixing V. (Thus the symmetric
elements are spanned by the elements of A*(V) for » =0 or 1 mod 4.)
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Then the set H(D,) of all 2x 2 matrices with entries in the associative
coordinate ring D forms a Jordan algebra. We take J to be the
subalgebra

J = eH(D,) + (V AV)[12]
= eH(D)[11] + {V AV + eD}[12] + ¢H(D)[22]

and J = J + ©1[11] the subalgebra obtained by tacking on e = 1[11].
Thus H(DZ) >J>JDeH(D,).

Since J, = &J, is trivial (U5 7, J, = J? = 0 since & = 0), any subspace
K, CJ is an ideal in J,. However, only certain subspaces will be
invariant:

Vul/\ugflzl,u3/\u4[12]k[11] = zul A Uy VAN Us AN Uy A k[lll
Uul/\uz[lz],u3/\u4[12]k[11] = —2uU; A\ Uy A\ Us A\ u, N K[11]
Uul/\vll'lz]k[]-l] =0.

Thus a subspace K, = ¢K[11] will be invariant only if the subspace
K of H(D) is closed under multiplication by the degree 4 part of the
exterior algebra (generated by all w, A u, A us A u, for u, e V). If
K = @v, then Vull\vl[lzl,wl/\tl[lﬂ v Vun/wn[m],wn/\tn[lz]Kl = &eQu, \ v, \ w, A\
LA oo A Uy N Vy AW, A B A P[11] Ced™™(V)[11], from which it is
clear that arbitrarily high powers of V, ,, , are needed to generate
the arbitrarily long elements eu, A u, A+ A Uy A 9[11] in Inv (K)).

ExamprLE 3.10. (All U’s are necessary.) Again we take H(D,)
for D an associative algebra with involution, but this time D is a
“square root” of an exterior algebra A(V) on an infinite-dimensional
vector space V over a field @ of characteristic 2. If V' has basis
{v, vy -} we let D = @[z, x,, -] be a commutative polynomial ring
(with identity involution) where x? = v,, v = 0. Note

D*cCofal, af, ---] = Olv, vy, -] = AV), (D) =0.
Let
J = H(DY + {3, 0z,)[12] = DY11] + {3 0=, + D*x;}[12] + D¥22]

and J =J + @¢[11]. Again J, = D[11] is trivial since the charac-
teristic is 2 and (D?? = 0, so any subspace K, CJ, is an ideal in J,.
Here V-invariance is automatic,

Va[lzj,b[lzjc[]-l] = 2@()0[11] =0.

U-invariance of K, = K[11] means closure of K under even products
of v,’s, since

Ua[lZ] Ub[lzlc[ll] = azbzc[ll] ’
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and if a = > a,x; + D, dix; then o® = 3, av,. From this it is clear
that arbitrarily:large powers U, s Usynn® « * Usy @l 111 = 0,0, + - v,9[11]
are needed to obtain the invariant hull of K, = ®»,[11].

4. Simplicity of J, and J,. We use our constructions to show
that Peirce subalgebras J, and J, inherit simplicity from J. The
basic idea of the proof is easily stated. Since a simple algebra J
contains no proper ideals K, there are no proper projections in the
Peirce subalgebras J, and J,, consequently by 1.11 there are no proper
snvariant ideals in J, or J,. Since J, has unit element ¢ there exist
(by the usual Zornification) maximal ideals K,, necessarily strongly
semiprime in J, by (2.12), so any maximal K, is invariant and there-
fore zero; but K, = 0 maximal means J, is simple.

For the nonunital algebra J, we cannot use this argument, but
we can make use of the simplicity of J,: any ideal K, in .J, is flipped
into an ideal K, =U, ,K, in J,. If this image is zero the same holds
for the invariant hull of K, forcing this hull to be zero and K, = 0.
If on the other hand the image is all of J, then the same holds for
K?; but the double flip of K¢ is contained in K,, which forces K, =
Jo- This means J, is simple.

Now to fill in the details.

MAIN THEOREM 4.1. If ¢ is an idempotent in a simple Jordan
algebra J then the Peirce subalgebras J(e) and Je) are also simple.

Proof. The result is vacuous if ¢ =0 (J, =0, J, = J), so we may
assume ¢ #= 0. Then J is not nil, Nil (J) = J, so by simplicity Nil (J) =
0 and in particular J contains no trivial elements. Each J; inherits
this strong semiprimeness since an element trivial in J, is trivial
in all of J(U,,J =U,J,), therefore J; is not trivial and will be simple
if it has no proper ideals. We know J; contains no proper invariant
ideals, and we must deduce it has no proper ideals whatsoever.

We have already seen this is true for J, thanks to its unit e,
so consider J,. Suppose we have an ideal K, <]J,. By the Flipping
Lemma 1.10 the image K, =U, K, is an ideal in J,, so by what we
have just shown it must either be J, or 0.

First consider the case K, = U,,K,=0. Then K,cKerU,,,
which by the Kernel Lemma 2.10 is an invariant ideal of J,. Such
an invariant ideal can only be J, or 0, and it is not all of J, since
U, Jo # 0 by (1.17), so KerU,,, must be 0 and K, was 0 to begin
with. So far we have shown that K, = 0 implies K, = 0.

Now consider the case K, =U, K, =J,. Since J, is strongly
semiprime it has no nilpotent ideals, so K, = 0= K, = UKofo # 0=
K =UK(')f0;t 0. But by the previous case K; = 0 implies K;' =
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U, K is nonzero and therefore all of J,. Thus by (1.17) J, = U,,l,zif1 =
UJI/Z( UJ1/2 6,)- On the Othel' hand, UJ1/2 UJ1/2K‘,” = UJ!/Z UJI/Z( UU(Ko)joJO) c
K, by (2.8), so we have K, = J,. This shows K, = J, implies K, = J,.
Thus K, <] J, implies K, =0 or K, = J,, and J, too is simple.
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