Pacific Journal of

Mathematics

A REPRESENTATION OF H?-FUNCTIONS WITH 0 < p < o0

SERGIO EDUARDO ZARANTONELLO




PACIFIC JOURNAL OF MATHEMATICS
Vol. 79, No. 1, 1978
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Let E be an open arec in the unit circle. Let F belong
to the Hardy space H?, 0 < p <co, and let g be the restric-
tion of the boundary distribution of ¥ to E. For each
0 < 1<1 we construct functions G,c H? from g such that
G, — F in the topology of H? as 41— 1.

I. Introduction. The purpose of this article is to extend to
the case 0 < p < 1 the following theorem of D. J. Patil.

THEOREM A. [2, Th. I, p.617]. Let E be a subset of the unit
circle T, of positive Lebesgue measure. Let 1 £ p =< o, let F be in
the Hardy space H?, and let g be the restriction to E of the bound-
ary-value function of F. Denote the normalized Lebesgue measure
on T by m, the open unit disc in the complex plane by U, and
define for each >0

Hi(z) = exp { —% log(1 + x)SEZ + z dm(w)} (ze U),
Gi(z) = xHAz)SE’if%lgﬁfTw)dm(w) , (ze U),

where h; is the boundary-value function of H,.
Then as N — «, G, approaches F uniformly on compact subset
of U. Moreover, if 1 < p < oo then ||G; — Fllg» — 0 as A — oo,

The extension of the above to the case 0 < p <1 involves a
strengthening of the hypotheses: the set E of positive measure will
be replaced by an open are in T, and instead of the characteristic
function of F we will work with an infinitely differentiable function
with support in E.

Specifically, let E be an open arc in 7, and let « be an infini-
tely differentiable function on 7 with support in E such that

(1) 0=sy(w)=1 (weT),

(ii) J ={we T: y(w) = 1} has positive Lebesgue measure.

THEOREM B. Let 0 < p < oo, let F' be in H?, and let g be the
restriction to E of the boundary distribution of F on T. Define
Jor each 0 < W< 1
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__w)
) = 325 weT),
Hz) = exp{~2| L2 10g (1 + pwldmw)| (e ),
Gi(2) = Hi@g, 1hiC.): (e V),

where h; is the boundary-value function of H, {,>r 18 the pairing
between distributions and test fumnctions on E, and C, is the Cauchy
kernel, i.e., '

Cw) = —L _ (weT,zeU).
1 — wz
Then ||G; — Fllgr — 0 as x— 1. In particular G, approaches F'
uniformly on compact subsets of U.

Our main result, Theorem B (Theorem 4.6 in the text), is proven
in §IV. In §II we establish the notation and terminology, and list
well-known properties of the Hardy spaces and Toeplitz operators.
Our proof of Theorsm B closely parallels the method of Patil in
[2]; it involves the use of Toeplitz operators associated with infinitely
differentiable functions, which, we prove in §III, can be extended
to bounded operators on H? for all 0 < p < eo.

II. Preliminaries. In the sequel, U will be the open unit disc
in the complex plane and T its boundary, the unit circle. We shall
denote the normalized Lebesgue measure on T by m; the correspond-
ing Lr-spaces will be denoted by L?(T) and the L?-norm by || |lzsr).
The phrase “almost everywhere” will always refer to the measure m.

1. Test functions and distributions. Let E be an open are in
T. The space of test fumnctions on E will be represented by CP(E).
The test functions on E, we recall, are infinitely differentiable com-
plex-valued functions on E with compact support. If E =T, we
write C=(T) instead of C2(T). By a distribution on E we shall
mean a continuous skewlinear functional on the topological linear
space Cy(E). The space of distributions on F will be denoted by D(E).

If (4, ) represents the sesquilinear pairing between ¢ ¢ D(E)

and @ e Cy(H), we identify a locally integrable function f on E with
the distribution f defined by

Srors = | Faip@am) .

The same symbol {,>, shall be used to represent the inner
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product in LX&).
Let ¢ e D(T), and define ¢, € C*(T) by ¢,(w) = w" for each integer
n. The Fourier coefficients of ¢ are the numbers

$(n) = {9, €x)r -

The Fourier series of ¢ is the formal series 33'2 ¢(n)w™. A straight-
forward calculation shows that >.*Z a,w” is the Fourier series of a
test function on 7T if and only if

la.| = O(n ")

for all integers ¢. Consequently, a necessary and sufficient con-
dition for >*% a,w™ to be the Fourier series of a distribution on T
is that

la,| = O(ln|™)

for some integer gq.

If ¢ D(T) has Fourier series >.'Z a,w”, we denote by Ps the
distribution of Fourier series >, a,w". We refer to P as the pro-
Jection operator. If e C>(T), we define M,pe D(T), by

(Mg, ¥pr = (b P¥)r

for all 4 C(T). We call M, the multiplication by .
Finally, we remark that the partial sums of the Fourier series
of g€ D(T) converge to ¢ in the topology of D(T) and that

G, Pre = 3, Gn)Gm)
for p e C=(T) and ¢ € D(T).

2. Hardy spaces. Let F' be a holomorphic function in the
open unit dise U. If 0 <7r <1, and if we T, we write F.(w) = F(rw)
and define, for 0 < p < o,

| F || aew = lrl_)Ifl [|[E 2oy

The Hardy space H*(U) is the linear space of all holomorphic func-
tions F on U such that ||[F||gse, < o The space H=(U) is the
space of bounded holomorphic funections in U, and || ||yew, i8 the
supremum norm.

If p=1, then H?(U) is a Banach space with norm || ||zrw). This
is no longer true if 0 < p < 1; in this case, however, we can regard
HP(U) as a complete metric space with the translation-invariant
metric
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d(F, G) = ”F - G”.’i’m(m .

For all 0 < p < « the polynomials are dense in H?(U). If
0<p<q= oo it can be verified that || ||ysw) < || ||4ewy; consequently
H!(U) is a dense subspace of H?(U). We also remark that the
topology of H?(U), 0 < p < o, is stronger than that of uniform con-
vergence on compact subsets of U.

Let 1< p <o and let F(z) = >, a.2" be in H?(U); as is well-
known, >, a,w” is the Fourier series of a function fe L*(T).
Moreover,

lim F(w) = f(w)
for almost all we T,
WE urwr = 1 f llzocr
and, if 1< p< o,
lim || F, — £ [lzoin = 0 -

Thus, F'— f is an isometry between H?(U) and a closed linear sub-
space H?(T) of L*(T), which consists of the functions in L?(T)
whose Fourier coefficients corresponding to negative integers are
identically zero. We refer to F' as the holomorphic extension of f
to U, and to f as the boundary-value function of F on T.

Our main concern, in this article, is with the spaces H?(U)
with 0 < p < 1. The following theorem is due to Hardy and Little-
wood, and will be used in the sequel.

2.1. THEOREM [1, Th. 6.4, p.98]. Let 0<p=1, and let
F(z) = S, a,2" be in H(U). Then

la, | = C)n* 7 ||F||ypw)

for m =1,2, ---, where C(p) is a constant which depends only on p.

[Clearly C(1) =1 is best possible.]

If 0<»<1 and if F(z) = >, a,2", the above implies that
S a,w" is the Fourier series of a distribution f on 7. As with
the case 1 < p < oo, we rafer to F' as the holomorphic extension of
f to U, and to f as the distributional boundary-value of F' on T.
The space of all distributional boundary-values of functions in
H?(U) will be denoted by H?(T). We endow H?(T) with a metric
structure isometric to that of H?(U) by setting

Ilf“HP(T) = HFHHP(U)
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whenever f and F are related as above.
It is known ([1, Th. 7.5, p.115]) that each @ € C*(T) gives rise
to a bounded linear functional 4, on H?(U), 0 < p < 1, defined by

AIDF = <f7 ¢>T .

This implies that the topology of H?(T) is stronger than the one
inherited from D(T).

Let 0 < p < o, let F e H?(U), define F,(w) = F(rw) for 0 <r <1
and we T, and let f be the distributional boundary-value of F'. For
ze U and 0 < r <1, Cauchy’s formula

F(rz) = ST% dm(w)

holds. Since in all cases 0 < » < « the functions F, converge to f
in H?(T), and hence in the weaker topology of D(T), it follows
that

Fz) =<{f,C)Hr
where
1

—_

Cw) = 1— wz

ze U, and we T.

3. Toeplitz operators. Let P be the orthogonal projection of
L¥T) onto H¥T). Fix @€ L*(T) and let M, be the corresponding
multiplication operator on L*T). The Toeplitz operator S,: H}(T)—
H*T) is the composition PM,; i.e.,

S.f = P(pf)
for fe H(T). It can be immediately verified that

6() = | 2L dnw) = (7, s

is the holomorphic extension of S,f to U.
The following elementary properties will be used in the sequel:
(a) S; is the adjoint operator of S,.
(b) If either pe H(T) or € H™(T), then S,y = S,Sy.
A consequence of (b) ([2, Lemma 1, p.618]) is:
(¢) If he H(T), if 1/he H>(T), and if @ = |h|™* then S, is
invertible and (S,)™ = S,S3.

II1. Toeplitz operators on H?(T), 0 <p £1. Since the ortho-
gonal projection P of L*T) onto H*T) extends or restricts to a
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bounded projection of L?(T) onto H?(T), the Toeplitz operator
S, = PM, is bounded on H?(T) whenever 1 < p < « and @e L(T).
The projection P, however, is not bounded on LY(T); thus, in general,
S. will not be a bounded operator on H-YT), or on H?T) with
0 < p<1. As was noted earlier, the projection P can be naturally
extended to the space D(T) of distributions; namely, by assigning
to the distribution ¢~ 352 a,w" the “analytic” distribution P~
S @,w™. If e C*(T), the multiplication operator M. can also be
naturally extended to D(T). Thus, the symbol PM,f is meaningful
for fe H(T),0 <p < =. Our goal is to prove that S, = PM,, with
peC™(T), is a bounded operator of H(T) into itself, even if
0<p=1

LemmA 3.1. Let peC(T), let fe H(T), and let 0 <p =1.
Then

HSprHINT) = K.(p) S vy

where K(p) depends on p and ¢ but is independent of f. Moreover,
if @ has Fourier series >,'2c,w* and if C(p) is the constant of
Theorem 2.1, then we can choose

K.(p) = (3 (e, + 31 [2 + Oy — 1F 7 fle, )7
Proof. Let G be the holomorphic extension of S,f to U, i.e.,

G(z) = STE(_@f_(”L)_ dm(w) ,

1 — wz

and let F(z) = 37, a;2° be the holomorphic extension of f to U.
We proceed to establish

G llararn = Ko@) | F |2y s

which is equivalent to the assertion of the lemma. To this effect
we write

(3.1.1) G@z) = Sie, ST—li"—_i%’—;- dm(w) ,

and define

M, (2) = STE@ZC—(%;—dm(w) ,

Nue) = | L )

for all nonnegative integers n, and z ¢ U.



A REPRESENTATION OF H?-FUNCTIONS WITH 0<p<oo 277

Both M, and N, are holomorphic in U. Clearly M,(z) = 2"F(z):
hence

(3-1-2) HMnHHmm = HFHIIP(U) .

On the other hand, for n =1, 2, ---,
N(2) = 5,56 + me = 2| S 70w — o},

which can be rewritten (since the Fourier coefficients of f are the
Taylor coefficients of F')

Nu(2) = z“”{F(z) — Zz]az } .
Consequently, for 0 < p <1,
IN@P = |2 IF@ P + 5 lar}
and
lim | |N,(rw)l” dm(w) < 1F [l + 510l
Since by Theorem 2.1
la;| < C@)5""  IF || woeer
for j=1,2, ---, and since
[ao| = 1 Fllgown

we get

(3.1.3) N oy < 211 F 5oy + C0)? (0 — 12| F |5y -

By (3.1.1) we have
G@) = 3, e.My(@) + S oW N,(3) ;
(3.1.2) and (3.1.3) then imply
@14 Glw < 3 leuP I Mallmer + el | Nl o
S F | ol + 312 + C@r(n — 2] e}
This completes the proof. [We recall that |¢,| = O(n~?) for all

positive integers ¢; consequently, the right-hand term in (3.1.4) is
finite.]
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THEOREM 3.2. If @eC=(T), the Toeplitz operator S, = PM, is
a bounded operator on H?(T) for 0 < p = 1.
If ¢ has Fourier series >,'2c,w", the norm

11Sellurcry = sup{|lSef [lures: 1 o = 1}
satisfies the estimate
(1) Selllzrry = Ko(p) -

Finally, if fe H(T), then S,f is the distributional boundary-
value of the holomorphic function (of the variable z)

(2) (Mof, Cor s
where Cw) =1/1 —wz, we T, and z¢ U.

Proof. Fix 0 < p <1. That the operator S,: HXT) — H*T) can
be uniquely extended to a bounded operator L on H?(T) and that
the norm of I satisfies (1) is a direct consequence of Lemma 3.1
and of the fact that H*T) is dense in H?(T).

To establish L = PM,, fix fe H?(T) and let Ge H?(U) be the

holomorphic extension of Lf to U. Our immediate goal is to show
that

G(2) = (S, PCor -

Let F be the holomorphic extension of f to U, set F.(w) = F(rw),
and denote by G, the holomorphic extension of LF, = S F, to U.
It is clear that

G.(e) = | 2D ) = (£, 70,y .

Since the functions F, converge to the distribution f in the
topology of H?(T) as r tends to 1, it follows that

(3.2.1) lim G.(2) = {f, §C)r

for each ze U. On the other hand, the continuity of L implies
that LF, approaches Ljf in H?(T); or equivalently for the holo-
morphic extensions: that G, converges to G in H?(U), in particular

(3.2.2) linll G.(z) = G(z)

for ze U. The equalities (3.2.1) and (3.2.2) now establish
(3.2.3) G(z) = {f, pC.or = (M, f, Co)r -
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By a straightforward calculation it can be shown that the boundary-
value of G (the distribution Lf) is the analytic projection of M,f,
i.e., Lf = PM, = S,. This completes the proof.

COROLLARY 3.3. If e C=(T), if he H*(T), if 1/he H*(T), and
if @ = |h|™ then the Toeplitz operator S,. H*(T)— H*(T) is in-
vertible, and S;' = S,S5, for all 0 < p < .

Proof. The case 1 < p < o is dealt with in [2]. To prove the
remaining case it suffices to show that heC=(T), for then the
operators S,, Sz, S, will be bounded operators on H?(T),0<p =1,
that satisfy S;' = S,S; on a dense subset [say H*T)] of H*(T).
This, however, follows readily. The hypotheses on % imply that
log |#|, the real part of log#h, is in C=(T), consequently logheC>(T)
which implies he C=(T).

IV. The representation of functions in H?(U).

DEFINITIONS 4.1. Let £ be an open arc in the unit circle 7.
Choose « € C*(T) such that

(a) A has compact support in H,

©) 0=yw) =1 (weT),

(¢) J ={we T y(w) =1} has positive Lebesque measure.

For each 0 < A < 1 define

_ _ M(w)
) = 2 (weT),
Hi(z) = exp {M—;—ST%—z-log[l n X;(w)]dm(w)} ze U).

It is immediate that y; e C*(T), and that H,e H*(U). Denote
by h; the boundary-value of H,. The following are verified:

(@) [mw)™ =1+ pw) (weT)

() h; and hi' are in H=(T).

Finally, define for each 0 <\ <1

piw) =1 + Yx(w) (weT).
Then
_ 1
(f) PaAw) = m (weT).

Our next lemma is an immediate consequence of Corollary 3.3.

LEMMA 4.2. FEach S,, is an invertible operator on H?(T),
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0 < p < oo, with inverse S;; = S;,55,.

LEMMA 4.3. The operators S;}, 0<A<1, are uniformly bounded
on H?(T), 0 < p < co.

Proof. The case 1 < p < = is a consequence of the conjugate
function theorem of M. Riesz (as in [2, Lemma 5, p. 618]).
Assume 0 < p <1, and let fe H?(T). Then

S S b)) F(@)eqnsn

0 n=0 ¢g=0

S S hmbmF@e

Sh,:Silf =

-3 5 2 hx<m>hx<n>f<q>eq_n+m

n—1

=S58 f — 5 m_zn:kﬁxm)}?z(n) S tsin

g=max (0,%—m)

Recalling |h(w) P =1 — Mp(w), and letting K,(p) be the constant
of Lemma 3.1, we verify (using the estimates 2.1):

iISh;SE;fJ{fIP<T> = 2[1 + K] f e »
which establishes the Lemma.
LEMMA 4.4. Fix ze U. Then lim,., ||S;C.|lzor =0, for 0<

p < co. Moreover S;;C, = Hy(2)hC..
[For ze U and we T we recall the definition C,(w) = 1/1 — wz.]

Proof. The same argument used in [2, Lemma 3, p.618] es-
tablishes

Sﬁzcz = Hl(z)cz .
Since S,;: = S,,85,, we have
(4.4.1) S;;Cz = SthiZCz = Shz H)(Z)Cz = H;(z)h;Cz .

From the definition of H,; it follows that

@42 |H@)| = exp { -3 T2 loglt + ptw)ldm(w)]

1 |2] _ «
< ex p{ S—mlog(l—x)dm(w)} 1 -,

where 2a = {1 — |2]/1 + |z[}m(J) > 0.
By (4.4.2) we have
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(4.4.3) | H(2)h:C, N oy = | Hy(@)| |1 0C, || oy
= @ = M allgem 1Cellzsa -
Combining (4.4.1), (4.4.8), and
((w)| = [1 + pw)] =1,

we get

s

lli};? r’S;;Cz',II?’(T) = ll_{? (1 - 7\')“ ”CzHHP(T) =0.

LEMMA 4.5. If 0 < p <  and fe H*T), then
11_1311 Hf - (I + Sx;)ﬁlsz;fllllp(m =0.

Proof. Lemma 4.3 and Lemma 4.4, in conjunction with the well-
known fact that the linear span of {C,:ze U} is dense in H*(T),
0 < p < oo, imply

lim || S5 nnir) = 0

for all fe H(T). Since (I+ S,)" =(8,)" = S;; by Lemma 4.2,
we have

lim [[(Z + 8,,)7f lbasers = 0.
Observing that
U+ 8,7 =Ff~ T+ 8,78,/
we get

lim [|f — (I + 8,,)78, fllusiry = 0 .

THEOREM 4.6. Let Fe H?(U), with 0 < p < oo, let fe H*(T) be
the distributional boundary-value of F on T, and let g be the
restriction of f to the open arc E. For 0 < N < 1 define holomorphic
Sunctions G, on U by

Gi(z) = Hy(2){g, 2:h:C.rx -

Then as N—1 we have ||G; — F|lzoey — 0. In particular G, ap-
proaches F uniformly on compact subsets of U.

Proof. In view of Lemma 4.5, the proof will be complete if
we succeed in showing that G, is the holomorphic extension of
(I+ 8,)7'S,,f to U. The case 1 < p < oo is essentially dealt with
in [2]; we restrict ourselves to 0 < p < 1.
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Let fe H¥T). Since (I+S,,)™" is a self-adjoint operator on H*(T),
(4.6.1) I+ 8,)7'S, S, Copr = (S, fs (T + 8,,)7Codr
= <MZ;f7 (I =+ SZz)_lcz>T .
By Lemma 4.4,
(I + SZZ)_lCz = S;;Cz = -Hl(z)hlcz )
Consequently
(4.6.2) My, fs (I+ 8,,))7'Codr = My, S, H(2)C.)r
= Hl(z)<Mllf9 thz>T
= Hy2){f, X:hC.)r -
Since the operators involved are defined and continuous on H?(T),
and since H¥T) is dense in H?*(T), the relations (4.6.1) and (4.6.2)
imply
I+ 8,)78,, 5 Coor = Hy(2)XS, LaCopr
for all fe H?(T). Therefore
Gi(z) = Hy(2)<g, 1:lC.)r = Hy(2){S, x::C.)r
= <(I + SZ))~1SX1f7 Cz>T )

which establishes G; as the holomorphic extension (the “Cauchy
integral”) of (I 4+ S;,)7'S,,f to the disc U.
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