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The Bessel L*-capacity of order a«>0, B,,,, and the Riesz
Lr-capacity of order «, R,,,, are shown to have the same
gsets of finite capacity in Euclidean R*, ap<n. However,
they have markedly different behavior as countably ‘‘almost’’
additive (quasi-additive) set functions - i.e., as applied to sets
that are partitioned by increasing concentric rings.

There are several useful versions of an Lrf-capacity (defined on
subsets of R*) in the literature. They are all more or less direct
generalizations of the classical notion of capacity based on Laplace’s
equation in two and three dimensions (i.e., the capacity used by N.
Wiener et al.) which corresponds to the case p = 2, a =1 below.
We will be interested here in two important canonical examples
that have attracted some attention of late: the L*-Bessel capacity,
B,.,, and the L*-Riesz capacity, R, ,. These set functions are quite
useful in the function theory for the Sobolev spaces and in the
theory of partial differential equations. Most of these applications
require either a detailed knowledge of the nature of the exceptional
sets (the sets of capacity zero) or estimates on the rate at which
the capacity of a sequence of bounded sets tends to zero (e.g., in
the Wiener criteria). In either case, it is local information that is
being sought, either about the capacities themselves or about the
potentials used to define them.

But these capacities give global information as well, especially
with regard to the existence of certain Sobolev functions and solu-
tions to certain elliptic partial differential equations. For example,
a subset A C R has finite Bessel capacity B, , iff there is a Sobolev
function u € W*?(R") (i.e., w € L*(R") and D*u < L?(R"), D* denoting
all derivatives of order ) such that u = 1q.e. (quasi-everywhere)
on A. Or if 2 is an open set of R* with R, ,(2) < o, £ = comple-
ment of 2, 1 < p < n, then there is a solution to the Euler equation
div ((Fu|*"u) = 0 in 2 which is equal to one g.e. on @ and with

Q[Vulpdx < o — the “equilibrium potential.” These examples are

extended to more general boundary values in [1].

In this note, however, we are interested in two special global
properties of the capacities R and B:(a) the sets in R" of finite
capacity and (b) quasi-additivity.

(a) Our first result shows that both R, , and B, , have the same
sets of finite capacity, ap < ». Indeed, the inequality R, ,(A4) <
Q-B, ,(A4), with @ independent of A, is elementary, but the reverse
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inequality is false. We show that if ap <n, 1< p < «, then
there is a constant Q independent of A such that

(1) QBuy(A) = R p(4) + Ry (Ao

for all Ac R*. Previously it was only known that B, ,(4) < Q(4)-
R, ,(A), with Q(A) depending on the diameter of A (see [2]). This
result is rather interesting in view of the fact that the Bessel
kernel defining B, , has exponential decay at infinity while the Riesz
kernel defining R, , decays only algebraically.

(a,) For ap > n, we show that B, ,(4) < « iff A is bounded.
Furthermore, there is a constant @ independent of 4 such that

(2) Q7'+ By y(A) < Bap(A) = Q-B;,(4)

whenever 8¢ > » and ap > n.

(b,) It is quite natural to think of the Lrf-capacities as “refine-
ments” of the classical Hausdorff measures on R*. They are refine-
ments in the sense that they can be used to distinguish between
sets of Hausdorff measure zero. In obtaining such a refinement,
however, we are forced to give up a useful property that all
measures enjoy, namely additivity. Indeed, the classical capacity
of the closed unit ball in three space is the same as that of its
boundary or its interior. Thus the question becomes: how non-
additive are B and R? Since they are of course countably subaddi-
tive, we seek estimates of the form 3B(4;) < Q-B(A), where 4; =
Alg) =ANlgi. =21 <g¢l, 3=1,2,---,¢; T + =, Q independent
of A. When this is the case, we say that B is quasi-additive (qa)
with respect to the sequence {g;}. If A4; = A(g;) = ANqg; = |z|<
q;-), 3=1,2, -+, with now ¢; | 0, we say that B is locally quasi-
additive (lqa) with respect to {g;}.

(b,) A related question is: when is YB(4;) < co given B(A)< ~?

The surprising thing is that R is gqa with respect to ¢q; = )\,
for all » > 1 (and lga for ¢q; = A\, » < 1), but not qa for any alge-
braically increasing sequence {g;}. However, B is qa with respect
to g; = j. Nevertheless, it is still true that with ¢;=7J, YR, ,(4,)<
oo iff 3B, ,(4;) < o« iff R, (A) < .

Now if g, denotes the usual Bessel kernel of order @, a>0, i.e.,
the nonnegative L' function on R* whose Fourier transform is
@+ g2, and h(x) = 2|, 0 < a < n, is the Riesz kernel, then

0.(%) = Qha(@), for all ze R*. And for AC R, B,,(A) = inf gf"dx,

1 < p < oo, where the infimum is over all fe L2(R*) such that g,
f@y=1 on A, For R,,(A), we just replace g, by h,. The reader
is referred to [10], [2], [3], and [1] for a detailed account of these
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capacities and various of their properties that we will use freely
throughout this article.

The letter @ will be used to denote various constants, and the
symbol ~ (“is comparable to”) to mean that the ratio of two func-
tions is bounded above and below by finite positive constants
independent of the variables in question.

1. Sets of finite capacity. We begin by showing that (1) and
(2) hold.

THEOREM 1. (a) For ap<n, L<p<oo, a>0, there is a constant
Q@ = Q(a, p, n) such that (1) holds for all AC R".
(b) There is mo a priori inequality of the form

(3) R.,(A) = Q-B, ,(A)
for any ap < n when t > 1 and Q independent of A.

It should be noted that (1) is asymptoticly sharp in the sense
that for large balls Bp(0) =[|z]| < R, B, .(B0)) ~ R*, as R -— oo,
whereas R, ,(Bi(0)) ~ B*** for all R > 0.

The proof of (a) is a modification of the basic argument given
in [4] which we now outline. It depends on several preliminary
lemmas.

Let I,f be the operator (defined initially on smooth funections
f) corresponding to the Fourier multiplier |£|™%, @€ R, and J,f the
operator corresponding to the Fourier multiplier (1 + |&£))™*2, ac R.
We then set ||ull., = I|lJ_ |l = L” norm over R" of J_,u. D°
denotes differentiation of order |s| =s, + s, + +++ + 8,, in the usual
way. %7 denotes {u = J.f: f e L*(R")}, with norm ||-]|,,,-

LEMMA 1. (@) For a >0, 1 < p < oo, and u e &*?,
”u]la,p ~ Ilqu + HI—au”p ’

(b) HI.ull, ~ 2=l Dull,, for a = positive integer.

This lemma follows in a standard way from the theory of
Fourier multipliers, see in particular [12] p. 96.

LeMMA 2. If ¢ = L f, feL, ap <n, then
[ LS [lapray = @Il || £ 1152

where & = &, + &, a, &, > 0.

Lemma 2 is an immediate consequence of the pointwise estimates
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for Riesz potentials in terms of the Hardy-Littlewood maximal
function due to Hedberg [6], see in particular Theorem 3 there.

Finally, we need the fractional differentiation operators of
Strichartz and Polking; see [13] and [11] for the next two lemmas.
For0<o <1, 15q< o, set

ot = (1. - i) )

LEMMA 3. (a) | Z7(LN) I, = QIS for 0 <o <1, 1 5q< oo,
max (1, ng/(n + @) < p < oo, (b) [ZrLNIL ~IIfll 0<0o<1,
1 <p < oo,

LeMMA 4. For 0 < g, n <1,

D) E lu|yWw) + |vio7w) + F5hw) - 2780 W) .

Now let H(t) be a C”-function on the line for which H(t) =0,

[t] <1/2 and H(t) = sgn (t), |t| = 1.

LemmA 5. If ¢ = I.f, felLr, then
| Hp)ll, = QIIFIE"?,

where p* = np/in — ap), ap < n.

Proof. S]H((p)}”dx gg
by the Sobolev inequality.

o =2 g lplrde < Q| f[z

folz1/2

The claim now is that Lemmas 1-5 imply that there is a constant
@ independent of fe L% such that

(4) I H(L) lep = QU Il 2 IS I + (L1177}

and that (4) in turn implies (1). The latter fact follows by taking
f to be the R, ,-capacitary distribution for A (i.e., the L% function
that minimizes in the definition) and recalling that its Riesz poten-
tial of order a is bounded on R*, [10] and [2]. The first fact is
obtained by mimicing the procedure in [4]. Of course, when a =
positive integer, we need only Lemmas 1,2, and 5. We content
ourselves with an outline of the proof in a representative case for
fractional @, namely 2 < a < 3. Writing a =2+0, 0 <0 <1, we
clearly need only concentrate on estimating || 2/(D°H(p))||,, Where
D? now represents any second order derivative and ¢ = I,f. But
that quantity is dominated by
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v (Do), + || Do 2 (H' () |l, + || 2°(De- Do) |l,
+ || Do+ Do 27 (H" (@) |l

where now D denotes a first order derivative in D? In the first
term, we write Do = I (D*Lf) and use Lemma 3 together with
the Calderon-Zygmund estimates for singular integrals. Thus 1st
term < Q][ f]l,- The second term is dominated by Q|| Lf|lqrom*
| 2(@)|lurmey and we just use Lemmas 2 and 8. The result is:
2nd term = Q|| fll,ll®lle. The fourth term is handled in a similar
way leading to: 4th term =< Q||f{,|l]li. Finally, for the third
term, we use Lemma 4 (the choice M = ¢ = 1/2 works here), and
then an application of Lemmas 2 and 3 finishes off the proof by
giving: 3rd term = Q|| f(,/|®]l.
We defer the proof of Theorem 1(b) to §2.

THEOREM 2. For a, 8 >0, 1 < p,q < o, and ap, Bqg > n, there
18 a constant @ = Q(a, B, v, q, n) such that (2) holds for all ACR".

Note that from [2]: if B¢ < ap or if B¢ = ap and B < a, then
there is a @ such that B;,(A) < QB, . (4), for all A. For Theorem
2, however, we need only the following lemma from [2] - see the
proof of Theorem 2.1 there.

LeMMA 6. Suppose Bq < ap, then for all v such that Bq<<2v<
ap, there is a @ such that

Q7'B;,(A4) = B, ,(4) = @B, ,(4)
for all A.

LEMMA 7. Let n < 2a < 28, then there is a Q such that
Q7'B,(4) = B, ,(4) = @B, (4)
Sor all A.

Proof of Lemma 7. The first inequality follows from Lemma 6.
For the second, we note that g,(x) ~1 for |z| <1, and g,,(x) ~
x| vV 2715l for |x| = 1, see [10]. Hence g,.(x) < Qg.:.(x) and then
for any Borel measure g (supported in K, a compact set), ¢,..u(x)<
Qopt(x).  Thus by, (K) < @by (K) or Bu(K) < QB,(K). The
general inequality follows by capacitability - again see [10] and [2].

To prove Theorem 2, we may assume without loss of generality
that 8¢ < ap. Choose 7 and 6 so that » <27 < B¢ < ap < 20.
Then by Lemmas 6 and 7
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B; (A) = @B, (A) = QB,(4) = @B,,,(4)
B.,(4) < @B, (4) £ QB;,(4) < @B, (4) .
2. Quasi-additivity. For our next result we will need the

following lemmas. They are contained in Theorems 3.3 and, 3.4 and
Corollary 4.1 of [3].

LEMMA 8. Given M > 1, let
R, ,(A; M) = inf || ¢,

where the infimum 1is over all Borel measures p on R™ (of finite
total variation || ptll,) such that U*x) =1 on A and U*x) = M on
R, Here U"x) = hox(hxt)Y'?x). Then there is a constant M, =
M(x, p, n) such that

Ra,p(A; Mo) é Ra,p(A) g M'Ra,p(A; MO) ?
1< p <o, ap < n.

LeMMA 9. For all x€ R",
(i) U») =Q S [r**~" (B, (x)]"* Vdr/r, p > 2 — ajn, ap < n;
0
(ii) the expoment 1/(p — 1) in (1) may be taken to be (n — &)/

(n — ap) when 1< p<2—a/n, and [(n — a)/(n —ap)] —e&, ¢ >0,
when p =2 — a/n.

Now suppose that ¢; is sequence which tends to infinity with j
and that R, ,(4) < «. Furthermore, let # be such that U= 1 on
A, U< M, on R*, and |l¢ll, < R, ,(4; M,) + &, some &> 0. Next
set v; = pl[|2] = ¢;1.], M = plll2] < g;-.], and p; = pr—p;—r;. Then

uriz1—Q[ur + U],
and (for p > 2 — a/n) taking x < A(q;),

oo

U N e YO E

7j+1-95
< QU pIe (g, — g) @D
Similarly,
Ub = QI Py — i)' /27,
Thus we have

THEOREM 3. Suppose q; = q;(¢), 0 > 0, and that q;,, — q; — o
as 0 — co uniformly -in j, then for any set A with R, ,(A) < oo,
there is a ¢ = a(n, p, a, R, ,(A)) such thatl
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(5) 3 Bon(Ag) < Q-Rap(4),
for @ independent of A.
The same basic argument also gives

COROLLARY 1. If q;,, — q; — o as j— oo, then 2R, (A(g;) < co
provided R, (A) < co.

COROLLARY 2. If q; = j°,0 > 1, then
2Ry (A(J7) £ Q- R p(A)TVmemiem
Q independent of A.

REMARKS. (i) Corollaries 1 and 2 extend a previous result of
Landkof’s in this direction for the case p =2,0 < a < n; see [8]
p. 304.

(ii) With minor modifications in Lemmas 8 and 9, we could
also prove Theorem 8 and its corollaries for B, ,, 1 < p < o, @ > 0.
This then easily gives

(6) B, (A) < o, @p > n implies A is bounded.

Indeed B. ,(A4) = ||g.|l,” provided A # O&; see [10]. Also, (6) can be
more directly deduced by an approximation argument since (6) is
equivalent to felL?, ap > n implies g.xf(x) >0 as |z| — . When
p = 2, this is just the Riemann-Lebesgue lemma.

(iii) In [1], we showed that for ¢; = )\, » > 0, then

(7) ; _Z_lm R, ,(A\)) = Q-R,,,(A)

with @ independent of A and N, ap < n, and @« = positive integer
€ (0, ). The proof relied on the capacitary strong type inequality
developed there. (7) is now known to be valid for all @< (0, n),
ap < n, due to the capacitary strong type estimates recently obtain-
ed by Dahlberg [5]. For an earlier result of this type (@ = 1) see
[7]. Note that (7) not only gives a quasi-additivity result at
infinity, but a local such result as well.

Proof of Theorem 1(b). Set E, = UYB/(x;), a disjoint union of
balls centered at x; chosen so that B,(x;) < A(j°), for some suffici-
ently large o. Then by Theorem 3, R, ,(Ey) ~ N and likewise
B, ,(Ey) ~ N, as N — oo,

For the Bessel capacities, we can do somewhat better than (7).
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THEOREM 4. For a > 0,1 < p < o, there is a constant Q@ =
Q(n, a, p) such that

(8) 2. B.,,(A(J)) = Q- B,,,(4)
for all AcC R~

Proof. This is basicly nothing more than a restatement of the
“uniform localization theorem” of Strichartz [12] p. 1041. Just
choose o(t) € C°(R) satisfying: 0o =1, o) =1 for 1<t <2,
and () =0 for ¢t <0 and ¢t = 8. Then setting 9;(x) = o(|z| — ),
we have

S lnsull, < Qlull,
by a simple modification of Strichartz’s proof. This completes the
argument since B, ,(A) = inf ||u]||2,,, where u € _&*? such that u=1
on A quasi-every where.

For a related result see [9].

REMARKS. (iv) Theorems 1 and 4 imply that Corollary 1 holds
for ¢; = 7 and furthermore,

21 Roy(A))) = QIRoo(4) + R, p,(A) 7]

(v) We have seen that (5) holds for ¢; = j° provided o is
chosen sufficiently large (depending on A). But in fact it is impos-
sible to choose a ¢ > 0 to be independent of A. Furthermore, (8)
does not hold with A(j) replaced by A(5°) for any oe€(0,1). To
see these claims, we need only note that (at least in the case ap>1)
B, ,(A,) ~ (@ + 0" and R, ,(A.) ~ (a + b)"**, where A4, =[a =
|| <b], a>1. (For these estimates, see Theorem 5.2 of [2].
Similar estimates hold for the cases ap <1.) Now just take A =
B,+(0) and let N — oo,
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