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Let = be a self-adjoint ordinary differential operator
on a Hilbert space L*(-#), -~ an open interval, while 22~ will
denote a bounded self-adjoint operator on the same space.
An eigenfunction expansion associated with H = <+ 7% is
developed when 2 is an integral operator whose kernel
K(x, y) has compact support in -* X -#. It is assumed that
if &f = Xroax)D*f, where D= (d/dx), them a,c C* - 7),
k=0,---,n, and a,(x) # 0 for xc 2.

In the previously studied cases, when .22 = 0, one can choose a
specific basis for the space of solutions to the equation

kzzo a (@) D*s(x, 1) = Is(x, ),

and, by analysis of the resolvent of the operator &, prove that the
mapping f — f defined by f(v) = S fx)s(zx, v)dx is an isometric map-
F

ping from I:(_#) onto L*dp), where do is a matrix-valued measure
on the line. Here s(zx, v) is a vector-valued function whose components
are the elements of the distinguished basis. With major modifications
this plan is carried out to give similar results for the operators
¥ +

The analysis begins with a study of self-adjoint operators formally
agreeing with & on L*(_#), # a compact subinterval of .7 and
their perturbations by operators .2 as above. With mild restrictions
on the domains, these self-adjoint operators have compact resolvents.
This allows us to exhibit analytic bases for the solutions of the
integro-differential equations L f +S Kz, ) f(y)dy = If. These bases

S

provide an analog of the usual basis of solutions to the differential
equation Lf, = If, which satisfies fi(e, I) = d,; for some ce€..% The
resolvents of operators 5#° as above share most of the smoothness
properties of the resolvent of the differential operator &2 In par-
ticular if & has order at least two, the resolvent of H will be an
integral operator, R, (l)f = SlRH(x, 9, )f(y)dy, whose kernel is con-
tinuous in the pair (x, ¥) and analytic in I.

These results allow us to use the methods of Coddington [2], [4],
and Coddington and Dijksma [5] to derive eigenfunction expansions
closely paralleling those known for ordinary differential operators.
Formally the difference arises when eigenspaces of H have dimension
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greater than the order of ¢4 The corresponding set of eigenvalues
is shown to be a closed countable set of real numbers, and the
eigenspaces have finite dimension. This contrasts strongly with the
pathology possible if no restrictions are made on the support of the
kernel of the perturbation 227 A discussion of this problem is in
§VII.

Fixing notation, denote the real and complex numbers by R and
C respectively, and let C, be the set of complex numbers with nonzero
imaginary part. If H is a Hilbert space operator its null space,
range and domain are y(H), R(H), and D(H) respectively. The operator
(H—1I)™, defined in the resolvent set o(H), will be denoted by Ry(l),
and o(H) will be the spectrum of H. H* will be the adjoint of H.
The formal operator >,i_, a,D* is denoted by L.

This work was part of the author’s dissertation, written under
Earl Coddington. I would like to take this opportunity to thank
him for his assistance.

II. Abstract preliminaries. If B and T are Hilbert space oper-
ators satisfying D(T)c D(B), and if there are constants «, 8 such that
HBFfl < allfll + Bl TS|l for all fe D(T), then we say that B is T-
bounded. If we can choose 8 < 1 we say B has T-bound less than
one. The following theorem, due to Rellich (Kato [9]), shows that
& + 9 is self-adjoint.

THEOREM 2.1. If B is symmetric and T-bounded with T-bound
less than one, and if T 1is self-adjoint, then T + B is self-adjoint.

The next well known result can be found in [8] (p. 121).

LeMMA 2.ii. Let A and B be closed operators on a Hilbert
space. If D(B) < D(A), then there is a constant K such that || Az} <
K(||z|| + || Bzl]) for all xe D(B).

In what follows we will need to know that certain symmetric
operators have self-adjoint extensions with compact resolvents. For
this reason we introduce the notion of compact embedding. We say
that a Hilbert space 57 is compactly embedded in L*_#) if each
element of 57 is in L*}_#) and if every sequence {f,} C o7 that is
bounded in the norm of 57 has a convergent subsequence in L*(_7).

THEOREM 2.iii. Let H be a self-adjoint operator on L*(_#). The
following are equivalent:

1. D(H) in the graph topology is compactly embedded in L}(_7),

2. the spectrum of H consists of isolated eigenvalues of finite
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multiplicity,
3. (H —1I)" is compact for le p(H).

Proof. Suppose (1) is true. Since (H — )™ is bounded by
1/d{, o(H)), we have

| HEH ~ D5+ 1 = 1077 =1+ 5l U

or (H—1I)"' is bounded from I*.¥) to D(H). This proves (3).
Moreover, that (3) implies (2) is well known.

To see that (2) implies (1), let » be real and in the resolvent set
of H. It is easily verified that ¢ is an eigenvalue of H of multi-
plicity m if and only if 1/(# — \) is an eigenvalue of (H — AI)™ of
multiplicity m. Thus (H — AI)™ has a bounded set of eigenvalues
of finite multiplicity clustering only at zero. By the spectral theorem
for self-adjoint operators, (H — AI)™* is compact. In fact, to ap-
proximate (H — \JI)™* uniformly within ¢ by a finite rank operator
simply compose (H — A\I)™* with the orthogonal projection onto the
eigenspaces corresponding to the eigenvalues of norm greater than or
equal to e.

Thus, since H — AI is bounded below, the set of f e D(H) such
that ||f|| + ||Hf|| £1 is contained in the set of f such that
[|(H —XI)f|| £ K, for some constant K. Now this set of fe D(H)
is just (H — M)~ of the K-ball, a set with compact closure.

Recall that & is a self-adjoint ordinary differential operator on
LAX(.#) whose domain is assumed to include C(#), the infinitely
differentiable functions with support in %~ Let H be another self-
adjoint operator satisfying D(H) = D(<). The closure of the restriction
of H (resp. &) to C(-#) will be denoted by H,(resp..&3) and called
the minimal operator associated with H(resp. &°). Since, by (2.ii),
the graph topologies of D(H) and D(<%) coincide, D(H,) = D(%%).
Considering these operators as subspaces of the Hilbert space L*(_7) D
L¥_#) we have:

LeMMA 2.iv. The dimension of HF6H, is twice the dimension
of ¥05.

Proof. It suffices to show that the dimensions of HOH, and 0.4
are equal. Define a linear mapping @ from 6.4 to HOH, as follows.
If {f, ¥ f}e ¥6.57 define Q{f, &f} to be the orthogonal projection
of {f, Hf} onto HOH,. Since {f, &L f}e #0575, fe D(<) if and only
if f = 0, hence @ is an injection from 6. into HAH,. This implies
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that the dimension of H@H, is no smaller than that <0 4. Reversing
the argument yields the result.

The next pair of lemmas generalizes work in Dunford and Schwartz
(7], p. 1400). The notation is as in [3]. For closed operators we
are simply identifying the operator with its graph. Let 2 be a
Hilbert space.

LeMMA 2.v. Let S be a symmetric subspace in = @ # with
adjoint subspace S*. If N ={{f, 0}eS*}, then S+ N ={{f, g} +
{h, K}|{f, g} € S, {h, k} € N} is symmetric.

Proof. As subspaces (S + N)* = S*NN*. Since N = v(S*) P {0},
N*=272P @S = P R(S))°. Thus (S+N)*=8S*NEF P
(R(S))*). Obviously both S and N are subspaces of (S -+ N)*, hence
S+ N)c(S+ N)*~.

Define M* = {{f, & if} € S*}. Then it is known ([3]) that every
self-adjoint extension H of S is of the form H=SHT -V)M*
where I denotes the identity on 57 @ 57 and V is an isometry from
M* onto M.

LEMMA 2.vi. Suppose N N S = {0} and dimension M = dimension
M~ < co. Then there is a self-adjoint subspace extension H of S
such that N N H = {0}.

Proof. Let H, be any self-adjoint extension of S + N. We have
the usual decomposition H, = SH I — V,)M", and since S+ N is
symmetric there is a subspace WcC M* such that S+ N=S&
(I —U)W, where U, is an isometry of W into M~ (see Coddington
[3]). First we show that U, = V,|W. Since S| N C H, every element
in (S + N)8S can be written as (I — V)w, = I —U)w,. The ortho-
gonality of M"™ and M~ implies w, = w,, and hence Vw, = Uw,.

Thus S+ N=SPH UT —V,)W. Define an isometry V from M+ to
M~ by requiring V=V, on W+, where W* = MW, and V= -V,
on W. Extend V linearly to get an isometry. Define H = S
(I —V)M*, and observe that I —VM* =T —-V)WPHUT —-V)W-.

To establish NN H = {0} we let {f, 0}eS&{ T —V)M". Since
T-VYW-=UT—-V)W+, and (I —V,)W* is orthogonal to S+ N, we
must have {f,0}e ST —V)W. Consequently there are elements
s,€S,he W and ke VW such that {f,0} =s, + h — k. Since the
isometry V is —V, on W, the element s, + h + ke SP T —-V,) W=
S+ N. Thus there is an s,€¢S such that (s, —s,) +h +keN.
Since N is a subspace and {f, 0}e N, @s, —s,) + 2h e N. Since h
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is now in (S 4+ N)n M+, it follows that A = 0 since S + N cannot
have +1 as an eigenvalue. This further implies k& = 0, so that f,
now in SN N, must be 0.

II1. Solutions of Ljf + S K, 9)fiydy =1f. If S is a sym-
metric ordinary differential o;erator agreeing with L = 37, a,D*
on its domain, then the finite dimensional space v(S* —II),1e(, is
contained in the finite dimensional space of solutions of the associated
differential equation (L — D)s(xz, {) = 0. A basic existence theorem for
ordinary differential equations guarantees bases for the spaces of
solutions of (L — Ns(x, [) = 0 which are, for fixed «, entire functions
of {. Here we develop analogous results for certain symmetric
operators with finite deficiency indices.

THEOREM 3.i. Let S be a densely defined symmetric operator in a
Hilbert space 27 H a self-adjoint extemsion of S in the same Hilbert
space, and dimension Y(S* — 1) < o for le p(H). Then there is a
basis for v(S* — II) which is analytic on path-connected components

of o(H).

Proof. Fix Lep(H) and let 6,(), ¢t =1, ---, n a basis for
v(8* — I,I). For I in the same path component as I, define functions

0.0 =1+ (1 —-LR,0.A) for =1, -, n.
One can verify directly that 6,()ev(S* — II), and, as long as
¢ — RN < 1, {§,(D}i=, will give a basis for v(S* — II). What we
intend to show is that {0,()}i~, is in fact a basis for v(S* — II) for

all [ in the same path component of o(H) as I,.
Pick I, € p(H) and for each 7 =1, 2, -+, n define

6,0 = [I + (I — LRLDION,) .
Since R;(I) — Ry(m) = (I — m)Rgz()Rz(m), we have

6.0 = [I + I — HRzOIL + 1 — LRL1)]0:(L)
=[I+ (- LR, + € — L)Rx(l,)
+ 6 = (R0 — Rz(1.))]0:(L)
=[I + ( — L)Rx(D]0:L) = 6.1 .

In other words the “different” definitions of 4,(I) and 4,() agree.

Given [, and ! in the same path component of o(H), it is possible
to find a path in po(H) from [, to [. Using the compactness of this
path we can find a finite set of points {z,};., such that 2z, € p(H), [, = 2,
l =2z, and
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(1) (Ziss — 2)Ru(2in) || < 1.

Thus {0,(z,)}i-. is a basis for v(S* — z,I). Now 6,(z,) is both [I +
(2, — 2)Ry(2,)10,(2,) and [ + (23 — 2,)Ru(2,)10:(%,). By (1) {0.(25)}i-, is a
basis for v(S* — z,I). We continue the induction to complete the
proof.

COROLLARY 3.ii. Let dimension v(S — ) =0 for neC, and
suppose dimension M+t = dimension M~ < o. If S has a self-adjoint
extension with compact resolvent, then there is a meighborhood U of
N and a basis for v(S* — NI) which s analytic in U.

Proof. By (2.vi) there is a self-adjoint extension H of S with
Ne o(H). Now apply (3.0) to get the result.

LEMMA 8.iii. Let & be a self-adjoint ordinary differential
operator on L 7), and let 22 be symmetric with D(¥) C D(%).
Assume that & + 92 1is self-adjoint and, if & 18 the minimal
operator corresponding to <&, that D(F*)CD(2¢7*). Then D(L¥) =
D((= + %))

Proof. Recall that D((Z+ . 92)*)={f e LX(.7)|g— (£+.% g, f)
is continuous on D(&& + %)} If f e D(<*), then (& + 25 )g, f) =
(g, (A" + 227*)f), so D(*) C D(& + 227)%). Now by Lemma 2.iv
dimension (& + 22)*0(<5 + 2¢7)) = dimension (¥£*6.¢4) < . This
forces D(*) = D(&F + 20)*).

In the regular case, that is when % = (a,b), — <a < b < o,
the coefficients a, of L are in C*(a, b]) and a,(x) = 0 for x€]a, b],
the domain of &5* has an alternate description. Then D(&5*) is the
set of all feL*.#) such that feC*(a, b]), f" is absolutely con-
tinuous on [a, b], and Lf € L*(_7).

THEOREM 3.iv. Let H = &¥ + 24, H, = &, + 2 as above.
Suppose that for some I, € o(H) we have dimension v(Hi — ,I) = n.
Then there are points ¢c;€ % 1 =1, «---, m, a neighborhood U of |,
and a basis t,(x, L), «+-, t,(x, ) for v(Hf—II) such that t,(l) is analytic
from U— L*(.7) and tlec;, l) = d,; for le U. Moreover for fixed x ¢
Sz, ) 1s an analytic function. If o(H) is discrete we can choose
U = C\{closed countable set}.

Proof. We start with the basis s,(z, 1), ---, s,(x, I) constructed
in (8.1). First we need to establish the analyticity of s;(c, ), c;€ A
Letting 1, € o(H) we have
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lim 8:(¢;, I; - fi(ciy 9) = lim {+d= Il)RH(?]Si %Iz)} (c;) — 8ilesy 1)
-1 -1 11y -1

= lIILn [BrD)s:(L)](e)) = [Ru(l)s(L)](c,) -

Here we have used the continuity of evaluation on D(H) with the
graph topology and the analyticity of R,(l).

Now pick ¢, € .# such that s(c, ;) # 0 and define a basis for
(Hf — ) by setting

81,1(377 I) = :lif, II))

5@ D) = 5@, ) — Doy, P2 n.
8,(¢,, 1)
This basis is well defined and analytic if s(c, ) #+ 0, which, since
s,(¢,, I) is analytic, will be everywhere in o(H) except for a set of
isolated points. Notice that s, (¢, ) =1 while s, ,(¢;,, ) =0,1=2, +++, n.
Inductively define s, ;(x, ) for j =2, ---, n by :

8@, ) = s, ) it 1= -1

_ 8@, 1)
s D= e D
805, ) = 55, ) — 202G Vg, @y for > g,
85,3(¢5 D)
where ¢; is chosen so that s;;_,(¢c;, 1) 0. Then {s,, .}, is a basis
for v(Hy — II) in an open set containing I, and including those points
in o(H) where s, ,(¢;, [) 0,1 =1, ---, n. By construction we see that
if o(H) is discrete, then the set where our new basis is not defined,
which we call the singular set, must be countable and closed.
Moreover the collection {s; .(x, )}, satisfies s;,.(c;, ) =0 if 1 < j
and s; ;(c;, ) =1,7=1, ..., n. Without adding to the singular set
we construct a new basis as follows: Define ¢,(z,)) = s, (2, 1), and
inductively define ¢,(, ) = $p.. (@, ) — Susm Sm.alCi, DEn(x, 1) for m =
(n—1),n—2),---, 1. Then {¢,(x, D}n_, is the desired basis for
y(Hy — ).

To develop eigenfunction expansion for & + .2 as above we
use the notion of generalized resolvent. Let £#° be a subspace of
the Hilbert space &, let S be a symmetric operator in 5% and
suppose that M is a self-adjoint extension of S in &. Then the
generalized resolvent R, (l): 57 — 57 is defined by R, (1) f =PM—II)7*f,
e C,, where P is the orthogonal projection from % onto 2~ We
will need Theorem 4 of Coddington [5], which treats in addition the
generalization of generalized resolvents to subspaces.
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THEOREM 3.v (Coddington). The generalized resolvent R,(l) of
a symmetric subspace in SZ @ S corresponding to the self-adjoint
extension H in € @ &, o C Z, satisfies:

(i) Ry() exists as an operator on all of 57,

(ii) of T{Q) = ({BxOh, IR, Ok + h}|h e 27}, then S T()C S*,

(i) [[Rx®|l = /(| Im 1)),

(iv) R,D* = RyQD),

(v) Im(R,(Oh, B)/Im 1 = [|[ByDR|P, he 27

(vi) Ry(l) is analytic for Iml s 0 in the uniform topology.

For the moment (ii) is of paramount importance. Suppose H,=
£+ 2% as in (3.iv), and suppose H, has a self-adjoint extension
H in L¥I). Let M be an extension of H, in a possibly larger space
with generalized resolvent R, (I). We want to understand R;(I) — R,()).
If feL*.*) we have {R,()f, IR,()f + f}e HY and {R()f, IRz())f +
f}e Hx, so letting A f=R,()f—R,(1)f we have {AQ)f, [A()f}e HF,
or A()f ev(Hy—!I) for all fe L*.#). Conclusions (i), (iv) and (vi) of
(8.v) apply immediately to A(l), and (iii) becomes ||A)|| < 2/(|ImTI]).

Adopting the vector notation in [5], we let the components of
a(l) be an orthonormal basis for v(H — [I),1e C,. For matrices with
the same number of rows and entries in L*(_#) we define (F, G) =

X G*F. It is easy to show that
I

AWDS = a(AWS, (D) = a®a®)(f, )

where a(l) = (AQ)a(), a®)). Thus A() is a Hilbert-Schmidt integral
operator and we can write A()f = SA(x, ¥, Df(y)dy for all fe L}(.7),

leC,.
If we use our analytic basis {¢,(x, I)}i-, for v(H; — II), developed
in (8.iv), then except at the set of singular points we can write

A-(x’ Y, I) = t(x’ I)B(I)t*(yv r) where t(x! I) = (t1<x; I)’ ey by, (x: I))' Fol-
lowing the reasoning in ([5], p. 19) we get the following:

LEMMA 3.vi. For those L e C, where t(x, ), t*(y, |) are defined we
have B() analytic and (BA)* = B®).

Proof. For f, ge L*(*) we have
(A, 9) = (1), 9BM, tD) -
Thus for I, outside the singular set we have
(ADL), tL) = @0, tL)BMEL), tD) ,

where we use matrix inner product. Now for [ =1, the matrices
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D), 1)) and (¢{,), ¢t(I)) are invertible since the components of (1), #(I,)
are linearly independent. Since these inner products are analytic for
! near {, the inverses exist and are analytic. Thus B() is analytic
for I near Y, and since I, was arbitrary we have the first part of the

result. For the symmetry (8())* = (1) we use the fact that A()* =
A(), hence A(x,y, 1) = A(y, =, {). Now

mI) - A(ci: Cjy I) = A(CJ" Ciy T) = /81'9 L(I) )
completing the proof.

IV. The kernel of R;(l). We turn to the nature of R,() itself,
where H = & + 2% as above. In particular we show that if the
order of <& is at least two, then R,(I) is integral operator with
kernel R,(z, v, 1) continuous in the pair (z, ) for I fixed and analytic
in I for (x, y) fixed.

LEMMA 4.i. Suppose G is an integral operator on L*(.7), Gf =
Gz, ) f(ydy, such that mapping x--»G(x, -) is continuous from

b;” — LA(.7)., Let A be bounded. Then GA 1is also an integral oper-
ator with kernel continuous in L*(_7) as a function of wx.

Proof. We have
(GAf)(x) = S/G(x, AN Wdy = (Af, G, +))

= (£, 4*Gl@, ) = | 14°G, Nw)fwiay -

>

Thus the kernel for GA is [A*G(z, -)](¥). The boundedness of A
yields the continuity.

LEMMA 4.ii. Let G and K be bounded integral operators with
Lkernels G(x, y), K(y, z) respectively. If x— G(x, -) and z— K(-, 2)
are both continuwous from 7 — L*.7), then GK has the kernel

Lz, z) = S G(x, ) K(y, 2)dy, which is continuous in the pair (x, z).
Proof.
| Lw, 2) — Ly 2)] = || 16, ) = Gl wIK@, 2)

+ G(x,, YMIK(Y, 2) — Ky, 2.)|dy

= G, ) — Glay, DITKC, 2)]|
+ Gy )IIKC, 2) — K(+, 2)]] -



336 ROBERT CARLSON

The result follows immediately from the right hand side of the in-
equality and our hypotheses.

LEMMA 4.iii. If H is a self-adjoint operator and A is a symme-
tric operator which is H-bounded with H-bound less than 1, then
Jor leC

Ry () = By(l) + RH(I)A[I + RH——A(I)A]RH(I) .

Proof. By Theorem 2.i H — A is self-adjoint on D(H). Since
[I — R,(WA]R,_,1) = R;(l) we have

R, 1) = RH(D + RH(I)ARA-—H(I) .
Thus

Ry ,OA = Ry(DA + RxWAR, (DA
= Ry(DA[I + B, ,(DA].

Consequently

I+ R, (HA=Ry O)H-I1I)
=1+ R,(DA[I + Ry_,DA].

Applying R,() to the right gives the result.

THEOREM 4.iv. Let H be self-adjoint in L} _7), A symmetric
and bounded. Suppose for leC, the operator Ry(l) is an integral
operator with a kernel Ry(x,y,) that is continuous in (x,y). If
the mapping x — Ry(x, +, 1) is continuous from _Z — L 7), then
Ry _ ) is also an integral operator with kernel continuous in (x, ¥).

Proof. Because Ry(x, y, 1) = Ru(y, x,1) we see that the mapping
¥y — Ry(-, y, 1) is continuous from .7 — L*(#). By 4.iii we have

Bu_a() = By(D) + Ru(DA[I + By (HAIRLD) ,

and R,(l) has continuous kernel.

Now Lemma 4.i shows that both Ry(1)A and R,()AR, A are
integral operators with kernels Gz, v, 0), ¢ =1, 2, such that the
mappings x — G,(x, -, ) are continuous from _# — L*_“#). Finally
Lemma 4.ii finishes the proof.

THEOREM 4.v. Let & be a self-adjoint ordinary differential
operator on L*a,b) agreeing with L = 32, a,(t)D* on its domain.
Then for 1€ C, the resolvent R () is an integral operator with kernel
R.(x, y, 1) such that the mapping x — R(x, -, 1) is continuous from
(a, b) — L*a, b).
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Proof. From Coddington [2],[5], we know that R,(I) is an
integral operator of Carleman type whose kernel is, for fixed I,
continuous in (x, y) for 2 # y and which, for fixed y, satisfies Lf =
[f as long as = # y. Moreover the kernel extends continuously to
the diagonal x = y from either above or below if n =1, and is
continuous in case n = 2.

Suppose that ¢« < 2, <, <b. Then

b z
|/ Ro@, 9,0 = Rotoy v, D'y = {1 Ro (o, 9, — Bty , DIy
+ szlRf(xu Y, I) - Rz(xzy Y, I) |2dy
b
+ | 1R, v, D = Rotw, v, DIy
zg

Since R.(x, y, ) is, for fixed !, uniformly bounded on compact subsets
of (a, b) X (a, b), we see that

lim sz‘ Ro(®,y,1) — Re(x,, ¥, D |?dy =0 .

Now consider the n-dimensional vector space of solutions to
Lf =1f. This vector space has a subspace of dimension m whose
elements, when suitably restricted, are in L*(x, b). Let a basis for
this subspace be given by ¢.(%), + -+, ¢.(¥). Since, for z and ! fixed,
we have R.(x, v, 1) € L¥a, b), we can write for ! fixed and v €|z, b),
Ro(x,y, 1) = Sk au(@)g(y). We claim that as », — x,, a,(x) — ai(,).

To see this we use the continuity of R.(z,y,0) in (x,y). We
know that for ¥ in any compact interval of [x,, b)) we have

lim [ ¥a(2)6.(y) — a(@)g(W)}] = 0
uniformly in y. By the linear independence of ¢,(y) on any interval
the coefficients must be converging. That is lim, _,, [a.(2,)—a,(x,)]=0.
Since ¢, € L*(x,, b) we have

b
lim | [Ro(e, 9, ) — Relw, v, Dy = 0.,
Zr—*@z Zz

Using a similar argument of the integral from a to x, gives the
result.

THEOREM 4.vi. Let H be a self-adjoint operator on L*(_7) and
suppose le o(H). If Ry() is an integral operator with kernel
Ry(x, y, ) continuous as a function of (x,y), then Ry(x,y,Y) is ana-
lytic for (x, y) fixed.
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Proof. From the resolvent equation we have
Ry, 0, 1) = Ra(, 1, 1) = (& = L) | Rula, 2 DR, v, Lz

for all #,ye..% 1, and I, in po(H). Thus R,(z, y,I) will be analytic
if we can show the existence of lim, _,, SRH(x, 2, Ry (2,9, ,)dz. In

other words, it suffices to show that, for x fixed, the map [ —
Ry(z, -, 1) is continuous from o(H) — L*(. 7).
The argument runs as follows:

”RH(xy ) Il) - RH (x’ y Iz)Hz = g iRH(x; Y, Il) - R}I(im Y, Iz)jzdy

= (Ry(l) — RH(Iz))(EI(w’ L) — I?i-l(w’ - 1)
= | By(l) — By || || Bu(z, +, 1)
— Ry(x, L) .

Thus ||Ry(z, -, L) — Rulz, -, )| = [|By(l) — By ()|l Since Ry(l) is
analytic in the uniform topology this implies the continuity of the
map [ — Ry(x, -, ) from o(H) — L*_#) for each fixed x.

V. Spectral measures. Returning to the operators & + 9%~
described in the introduction, we observe that since the kernel K(x, y)
for .22 is compactly supported in . X _% we can find a compact
square B x BC . x . off which K(x,y) vanishes, and an open
interval _# such that Bc _# and the closure of _# is compact in
“ Now L*(_7) decomposes as an orthogonal sum L*(_#)@ L*(A\_£).
Define a symmetric operator by restricting H = & + 27 to CP(_5),
then closing the operator S , in L*(_#). By virtue of 2.i, 2.iii and 2.iv,
D(S ;) is compactly embedded in L*(_#) and dimension (S*%68 ;) < oo.
Observe that H is a self-adjoint extension of S, in the larger space
L*_#), where we are identifying L*(_#) with L}(_Z)P{0}cL*(_F)D
LA\ 7).

Using the results of §III we can find, for all I such that
V(S , —II) =0, one of the bases which we previously denoted {¢,(x, D}i-..
Since _#\B has interior and each function t,(x, I) satisfies

(L —Dt(z, ) =0

on _#\B for those I for which it is defined, we can define natural
extensions of ¢,(x, ) to the interval _“ by continuing the solutions
of the differential equation. More specifically, .#\B consists of two
components, each of which has as a subset part of the interior of
Z\B. Call these components C, and C,. On C, define an extension
of t(x,!) as the unique solution of (L — I)f = 0 which agrees with
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ti(x,1) on C,N(_#£\B). Defining an extension on C, analogously, we
will henceforth call this extension ¢,(x,!). The analyticity of these
functions is preserved when they are extended.

LEMMA 5.i. Let L be a formal differential operator of order m
defined on an open interval . Suppose _F = (a,b) is an open
subinterval of .~ and t(x, ) = (t(x, 1), -, t.(x, 1)) is a basis for the
solutions of (L —II)f(x,1) =0 on _Z If the mapping [ — t,) is,
for each i, analytic from Uy, — L*(_F), then for each ye 7 b < y,
the extemsion of t,(z,)) satisfying (L — IDt(x,)) =0 for xze(a, y)
also has I — t(x, ) analytic from U — L¥a, ¥).

Proof. Let s(z, ) = (s,(z, ), ---, s,(x, )) be the solution of
(L — Ds(x, ) = 0 satisfying s{ (¢, [) = d,;, for some ce..% Then for
each [e U the extension of the solution ¢(x,!) to . must satisfy
t(x, 1) = s(x, D)D) for some » X n matrix D). Since [ — s,(x,]) is
analytic from C— L*(a + b)/2, y], it suffices to show that [ — D(l) is
analytic for le U.

Fix I, e U. Since the components of s(x, [) are linearly independent

b

in LY(a + b)/2, b], we have that S(I) = S ) s*(x, 1)s(x, Ddx is analytic
(a+2)/2

and invertible for ! near I,. Moreover by the assumption of analy-

ticity of ¢(x,1) in L*_#) we see that TNt = Sb s*(z, L)t (x, Ddx

is analytic for [ near [,. Since T() = SQD() +We have D(l) =
S™(N)T(Y), which shows that I — D(l) is analytic for le U.

LEMMA 5.ii. Let _Z be as above. Then A, the set of eigenvalues
for S, is independent of _Z.

Proof. Let ) be an eigenvalue for S, with eigenfunction ¢, for
some interval _#. Then by the uniqueness of solutions to the initial
value problem for ordinary differential equations ¢; is supported in
B. Consequently ¢, is an eigenfunction for one S_, if and only if it
is an eigenfunction for all S ,.

LEMMA b.iii. Let _Z be as above omd~let J be an open interval
containing _Z such that the closure of J is compact in 7 Sup-
pose that Sy is the minimal symmetric operator associated with
H and J. Then the extended functions {t(x,)}r,, when restricted
to J, form a basis for V(S5 — II) for those 1€ C where {t:(x, D}z, s
defined.

Proof. According to 2.iv the dimension of S76S7 is the same as
that of the corresponding difference for the minimal and maximal
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operators corresponding to L on L*J). This is just 2n = 2 dimension
V(S5 —1I),leC,. On the other hand {t,(x, )}, consists of linearly
independent functions which, by their definition, satisfy the integro-
differential equation

Lt,(z, 1) + §~K<x, Wy, Ddy = Iz, 1) .

Since t,(x, ) is the domain of the maximal operator for L, we have,
by 8.iii, exhibited a basis for v(} — II).

At this point we will assume that the self-adjoint operator &
has order n>=2. In case n = 1 slight modifications in the arguments
will be necessary since R.(x, y, ) will not, in that case, be continuous
as a function of (x, ¥). In case n = 2, Theorems 4.v and 4.vi guarantee
that since R.(I) is an integral operator of Carleman type with kernel
R.(zx, y, I) continuous in (x, y), the operator R;(l) shares this property.
Define the » x » matrix-valued function (1) = (¥;;()) by ;1) =
Ry(e;, ¢;, 1), where ¢, is as in Theorem 3.iv.

THEOREM b.iv. The n X n matrix function satisﬁes:‘
(i) 4 s analytic in C,,

(i) [yM]* = O,

(iii) (Imy0))Im (= 0, Im y(I) = (y(I) — »*(1))/2e.

Proof. (i) Follows immediately from 4.vi.

(ii) Follows from Ry(c, c;, 1) = Ry(c;, ¢, 1).

(iii) We know from 3.v part v that (Im (R;(Dh, h))/Im )= 0.
Let 2, ---, 2z, be any complex numbers, and ,(x) be smooth functions
satisfying:

(a) Support of h,(x)c[—1/m,1/m], m =123, ---,

®) | h@de=1,m=1,23, .-

S

(C) hm(x)z(),m:l,z,"-.

Let k,.(x) = > 2.h,(x — ¢;). Then for each m we have

e

Fou(@) kn(y)dzdy = 0 .

Since this last inequality is true for all m, and the kernels

Ru(z, y, 1), Ruy(x, y,Y) are continuous in (z, y) for L e C, we conclude
that

ez BB el _ 3 Imdl), 7 5
o Im! hi=t
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whiech is (iii).

THEOREM 5.v (Coddington). The matrixz o defined by o(\) =

2
lim,._,, 1/% S Im (v +ie)dy exists, is nondecreasing, and is of bounded
0

variation on any finite interval.

Proof. This theorem, which appears in Coddington [3], depends
only on the validity of 5.iv.

The function o(\) induces a matrix-valued measure in R. For
a development of this idea see Dunford and Schwartz [7].

VI. Eigenfunction expansions. Fix an extended basis {¢,(z, D)},
as defined at the beginning of section five, and let 4 be a compact
interval which is contained in the set of [ in the domain of #(z, ) =
(t(z, 1), + -+, t,(x, ). Observe that Theorems 3.iv and 2.vi guarantee
that if n¢ 4, then there is a basis {¢,(x, D}_, and an interval 4 as
above with e 4. Assume that the endpoints of 4 are continuity
points for E,(\), the resolution of the identity associated with H =
& + .

Define an operator R,(I) with kernel R(z, y, ) = t(z, Dy()t*(y, 1).
Since t,(z, ) may not be in L*_#) this kernel may not be of Carleman
type, but we do know that each ¢,(x, ) is continuous on every compact
subinterval of . Our first goal is to prove that for f, g e CP(_7),

B d)f, 9) = lim 2 | (m R + ie)f, ) .

It is well known that

(B d)f, ) = lim = | (Im By(v + i0)f, g)av .
Let J be an interval with compact closure in . such that J contains
the union of the supports of f and g. By 2.vi and the compactness
of 4 there is a finite collection {H,} of self-adjoint extensions of S,
in L*J) such that 4c U, po(H,). Thus we can decompose 4 into a
finite collection of closed intervals 4; with pairwise disjoint interiors
such that 4 = U, 4, and 4, C o(H,) for some . Let H,c{H,} satisfy
4, C p(H,). Note that we may choose the intervals 4; so that their
endpoints are continuity points for E,(\) and Ey,(\). We assume
such a choice has been made.
For each B define an operator G,() with kernel

Gil, 1, D) = Rilw, 1, 1) = 35 1o, DR, ¢ D0, D)
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where Ry(x, y,1) is the kernel of the resolvent of H;. If I1eC, and
x, y€J we know that

RH(x: y: I) - Gﬂ(xy y: [) = t(xy I)@.ﬂ(I)t*(y) I) ’

where @, is some n X n matrix-valued function. The reasoning here
is exactly as that between 8.v and 3.vi. By construction Gy(c;, ¢;, 1) =
0, so @; = (Ry(c,, ¢j, 1)) = (). Consequently,

(Ex(d)f, g) = lim % s [, am Ry + ie)f, g)dv
&-+0 43

—limis g (Im G,(v + i€)f, g)dy
43

e—t0 T P

flimls S (Im R,(v + ie)f, 9)dv .
e>+0 T B Aﬁ
We claim that limwﬂs (Im G4y + ie)f, g)dv = 0. To see this we

only need note that since Aﬁc(o(Hﬁ) the functions Rz, y,1) and
t(xz, I) are analytic in a neighborhood of 4;, so our claim is a con-
sequence of Cauchy’s theorem and the definition of G,(I).

We have now proved:

LEMMA 6.i. For f, geC3(F#), 4 a compact subinterval of R
where t(x, 1) is defined, and assuming the endpoints of 4 are continuity
points for Ey(\),

(B2, 0) = lim = | (Im R + ie)f, 9)dv .

Let 4 be as above, and recall that there is a matrix-valued
measure do(v) defined on R, where o(y) = lim..,,1/7 g Im (N4 ie)dN.

If feCo(_#) we will define a mapping f— f from L*.#)— LXdp)
which can be extended by continuity to all of L*.#).

THEOREM 6.ii. Let feCy(-#). Define f(v) by
fo = | r@re vis .
Then
Bud)f = | o, vdpe)ie) = || 35 i@, 97,0)d040) -

Moreover, [E,(Nf]" = X.f, where X, is the characteristic function
of 4.
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Proof. By 6.i

(En(2f, 9) = lim L | (am R + ie)f, g)av

= tim {35 fwa + 0o, 0 — )G + i), 1)

— ViV — 1€)(g, t;(v + ie))(t(v — de), f)ldy .

Picking up the reasoning in Coddington [3] (following 4.2) we can
evaluate the limits and get the first assertion of the theorem.

The second assertion, that the transform of E,(4) is multiplication
by the characteristic function of 4, is proved in Coddington and
Dijksma [6] in their Theorem 6.5. It runs as follows. For f,g¢€
C7(<#) we have

(Bu(d)f, 9) = (En( D, §) = A 9)

where this last inner product is in L*(dp). Thus [Ey(4)f] = Xof + ¢
where { is orthogonal to the image of L*(_#) under the mapping .

But
IEa DI = (Buld)f, £) = Haf, F) = | XF P
implies that ¢ = 0.

There are now two ways in which we can prove eigenfunction
expansions. Let 2 be the set of ye R for which ¢(x, I) is not defined.
If we define F(v) as above for ve R\2, then as in 6.iii we will get
a representation for E(R\2), and we can handle E(Q) separately.
The other possibility is to represent E(R\4) by writing R\4 as the
union of sets 4 as above with pairwise disjoint interiors, and repre-
senting the projections E(4) by using different bases ¢(x, ) and
different measures do(v) for each interval 4. We elaborate on the
former approach.

THEOREM 6.1ii. Let H = < + 92 as above. Then:

(1) There is a function t(x,v) = (t(x, V), « -, t,(x, V) such that

(a) t(x,v) is defined for ve R\Q where 2 is a closed countable
set, and where defined

Li@,») + | K, v, vy = v, »),

() for all xe Z and all ve R\, t(x, v) is analytic in a neigh-
borhood of v,

(2) there is a matriz-valued function oY), ve R, which is
nondecreasing and is of bounded variation on compact subsets of R,
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(38) f f(v) = S /t*(m, V) f(x)dx, and if f e R(E(R\Q)), then

fa) = |t 9doe)f o),

(4) the mapping fv>f is an isometry from R(E(R\Q)) into
Li(dp), N

(5) if feDH)N ZERR), then HFV) = vf),

(6) if wef, then dimension F(H(®)) < o, and if @e(\A)
then dimension Z(E(w)) < n.

Proof. We have already established (1.a) in Theorem 3.iv, while
(b) follows easily from 5.1 and 5.ii. Part (2) is simply a restatement
of 5.v, and (3) is immediate from 6.ii, as is (4). Theorem 6.ii also
gives us the second part of (6), that is dimension R(E(w)) < n if
w e (2\1). The other half of (6) follows quickly once we observe that
every eigenfunction for H must satisfy the differential equation
Lp=x¢ on _~\B.

To prove (5), note that XAIfl} = [E (4)Hf]" for all compact inter-
vals 4 in R/2. Now for any compact interval 4 the operator E (4)H
is bounded. Find a sequence f,€ Cy(_#) such that f,—f. Since

each f,e€ D(S;) for some J we have H/j\‘n(u) = vfn(v). Thus
L Hf = [Ey(NHf]” = lim [E,(H)HSf,]”
= lim X (Wwf,v) = XL vf) .

N -0

Since 4 was an arbitrary compact interval in R\Q, we are done.

THEOREM 6.iv. If 4 is as above, then the mapping f— f from
R(E,(4) — L¥4, do) is onto.

Proof. We modify part of the proof of Coddington and Dijksma
[5], Theorem 6.5. Since the mapping is isometric we only need show
the range is dense. Suppose that (e L*(4, dp) is orthogonal to the

N

image of ~. Then for all fe L*_#) we have ((, EH(A)f) =0, or

0= 1) = | (¢, 9, F@doee) = 0.
This means that if 6 is a subinterval of 4, then
0= | (¢, ), F@)doE)LE) -

Let h, ,(x) be a sequence of smooth nonnegative functions with integral
one and support in [¢, — 1/n, ¢, + 1/n],n =1, 2,8, ---. Then we have
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0 = { (¢, kDo) -

Let 6,;, =1 if 2 =75, and zero otherwise. Since (¢t(v), h;.,) —
(8,1, 8y -+, 8,.) uniformly in 4, we conclude that 0 = Sdp(u)C(v) for
8
all intervals 6 4, which implies that { = 0.

THEOREM 6.v. Let L = —D?+ q(x), where g€ L3 () is real,
and let S; and J be as before. If 2 is compact, then S; has
Sinitely many eigenvalues.

Proof. Let &~ be a self-adjoint realization of L on L*.J). Suppose
that N, € a(S)) N p(&). If ¢, is a corresponding eigenfunction of norm
one we have

(g‘l'u%/)%:)'k%, or ¢k=‘"(g“>\’>_1%¢k-

Since &“ is self-adjoint,

1
dist (\, 0(&X))

gell = |(Z — MDD || K| = |22 ¢:l) -

Since .9~ is compact we can conclude that as k& — o the distance
between the eigenvalues of S; and the spectrum of & must approach
Zero.

Since this statement is independent of &%, our conclusion is valid
if we can find two self-adjoint realizations of L whose spectra are
uniformly separated off a compact set. For the cited Sturm-Liouville
operators this is possible. See for instance Levitan and Gaszmov
[10], page 23, where asymptotic estimates for the eigenvalues of
these operators are given in terms of ¢(z) and the boundary conditions.

VII. An example. Our restriction that K(z, ¥) have compact
support in ¥ x .7 is a severe one, so we address ourselves to the
question of what happens when this condition is relaxed. One of the
results of Theorem 6.iii was that every eigenvalue of & + 9 had
finite multiplicity. We will construct a bounded perturbation of a
differential operator which is self-adjoint and which has a dense set
of eigenvalues on the interval (— o, —1), each of infinite multiplicity.

First some preliminaries. Recall that the essential spectrum of
an operator &~ is (A€ C|R(& — M) is not closed}. If L is a formal
differential operator, we define the essential spectrum of L to be the
essential spectrum of the minimal operator for L. From Dunford
and Schwartz [7], page 1436, we have the following.

LEMMA 7.i. Let L be a formal differential operator in % Then
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N 18 in the essential spectrum of L if and only if there is a bounded
sequence {f.} of fumctions in the domain of the minimal operator
T corresponding to L and L*_#) such that {(L — \)f.} converges in
L¥( 7)), but (f,) has mo strongly convergent subsequence.

LEMMA 7.i. Given T, L and {f,} as in Lemma 7.1 and \ in the
essential spectrum of L, there is a sequence {g,} in D(T) such that
19,1l = 1 and [[(L — N)g.[l— 0.

Proof. Since {f,} is not Cauchy there is some ¢ > 0 such that
for all positive integers N there are k(IN), m(N) such that E(N),
m(N) > N and ||fiw — faun || >0. Define hy = fiy — fuwn- We then
have 6 < ||hy|| and {hy} is bounded. Simply define gy = hy/||hy|l.

To construct our example we will choose L = D* on L¥R). It
is known that the essential spectrum of L is {Ae R|\ < 0}. Since
the minimal operator is the closure of L restricted to CY(R) we can
find, for » < —1,

(*)  f,eCe(R) such that ||f;]| =1 and [|(I — N)f; — fill* < %

Now observe that if f;(x) satisfies (*), so does fi(x + ¢t) for all te R.

We proceed as follows. For %k a prime integer define kZ = {kz|z
a positive integer}. Choose an enumeration of the rationals less than
—1, denoted by {g.,n =1,2, ---}. Find bijections b, from D(b,) =
EZ\{U,nZ|n is prime and less than k} to {q,}. Now define a mapping
b from the integers greater than or equal to 2 to {g,} by b(m) =
b,(m) if me D(®,). We then have a function from the integers to
the rationals such that every rational less than —1 is the image of
infinitely many integers. Define N\, = b(7).

Now find f; satisfying (*). Define K.: L*(R)— L*(R) by K,g =
(L= Mfa 0y L=NF)(Fy (L=A)f)- Sinee [|(L—N)fy, — f3, /1F < 1/4
we have

I = My £, = £l < 5
or
(@ =Ny £2) =11 < T
so that

(L = M)fap Fo)| > % .
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Thus || K || £ 2|[(L — M)fy,II* £2-(9/4) =5 by the triangle inequality.
Now inductively define K, exactly as K, was defined, replacing »,
by N, f3, by fi,, and insisting that the functions f;,7 < n, have
pairwise disjoint supports. We can insist on this last condition
because of the remark immediately following (*). Define an operator
K by Kf = 3o K,.f. If we choose an orthonormal basis for L*(R)
which includes {(L — \,)f3}, then the matrix representation for K is
diagonal, and each diagonal entry had absolute value bounded by 5.
If the functions f;, are chosen real, then K is obviously self-adjoint
and || K[| < 5.

Now notice that L + K can be realized as a self-adjoint operator
of L¥R), but if pe{q,}, then ¢ is an eigenvalue of L + K of infinite
multiplicity.
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