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Consider a semigroup ring By=Fk[t"/hc H] where { is a
transcendental over an algebraically closed field % of chara-
cteristic 0. Let T'(B) denote T B/k, B) where T%B/k, —)
is the upper cotangent functor of Lichtenbaum and Schles-
singer. Then T(B) is a graded k-vector space of finite
dimension and B is said to be negatively graded if T'(B).=
0. It is known that a versal deformation T/S of B/k exists
in the sense of Schlessinger, where (S,m;) is a complete
noetherian local k-algebra. We say that the formal moduli
space is unobstructed if S is a regular local ring. In this
paper we restrict our attention to the negatively graded
semigroup rings. In this case we compute the dimension of
T*B) and are thus able to determine which formal moduli
gpaces are unobstructed.

Let U denote the (open) subset of Spec (S) consisting of all
points with smooth fibres. In a previous paper [5] we computed
the dimension of U. We always have inequalities:

dim U £ Krull) dim S < [mg/mi: k] .

Consequently S is a regular local ring if and only if dim U = [mg/
m3: k] = [TYB): k]. In the general case the difference [T*(B): k] —
dim U gives some indication of the extent of the obstruction.

I would like to express my gratitude to Dock S. Rim for sti-
mulating my interest in the subject and for his valuable suggestions
and advice.

2. Preliminaries and notation.

(2.1) Let H be a subsemigroup of the additive subgroup N of
nonnegative integers. H is called a numerical semigroup if the
greatest common divisior of the elements of H is 1, so that only
finitely many positive integers are missing from H. Such elements
are called the gaps of H and the number of gaps is called the
genus of H, denoted by g(H). The least positive integer ¢ such
that ¢ + NC H is called the conductor of H, denoted by c¢(H). The
least positive integer m in H is called the multiplicity of H and
is denoted by m(H). Throughout this paper H will denote a
numerical semigroup, & an algebraically closed field of characteristic
0.
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Let By denote the k-subalgebra of the polynomial ring kf¢]
generated by the monomials &%, he H. By is called the semigroup
ring of H.

When no possible confusion can arise we simply write B for
B, g for g(H), ¢ for ¢(H) and m for m(H).

(2.2) We now construct a generating set called the standard
basis for H, denoted S,. Let m =m(H). For 07<<m—1
choose a; to be the least positive integer in H such that a; = j
(mod m).

Forl12j<k<m-—1, set

— iy k)
Fin = XiX, — X{99 X, 50

where 0 < 7(j, k) <m — 1 and a; + a, = e(J, k)m + a,;n. Set I =
I; equal to the ideal of P=Ek[X,, ---, X, ] generated by {f; i} icictcm
where P is a polynomial algebra over k.

PROPOSITION 2.3. If we define a k-algebra map ®: k[ X, +++, X,,_,]—
B by pX;))=1t% for 0£5j=<m—1 then 0-I—-P—-B—0 is
exact. Furthermore, if we assign the weight a; to X; in P, then
@ 18 a homomorphism (of degree 0) of graded k-algebras and I is
homogeneous.

We will not attempt to give a precise definition of T* here.
For definition and details of T° T one can consult [1]; for the full
cohomological properties one should consult Rim’s article “Formal
Deformation Theory” [4] (note that our T plays the role of Rim’s
DY). We state here some properties of T* that will facilitate our
computations. For proofs of these assertions see [4] and [5].

PROPOSITION 2.4. Let P be a polynomial algebra over R and
let 0 -I—P—A—0 be exact. Then for any A-module M,

T(A|R, M) = Derz(4A, M),
T'(A|R, M) = Coker (Der,(P, M) — Hom (I/1?, M))
= the set of isomorphism classes of R-algebra
extensions of A by M.

(2.5) In our case, if B = B, then T'(B) = T(B|k, B) becomes
a graded k-vector space via the exact sequence of (2.3). We then
have

"B)= @& T(B),

—<pL

= @ Coker (Der, (P, B), — HomyI/I* B),),

—oo<pLoo
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so that

T'(B), = the set of isomorphism classes of (degree 0)
graded k-algebra extensions of B by B(p)

where B(p) is the graded k-module obtained from B by shifting the
degree by p;i.e., B(p), = Byi,.

Those monomial curves B, for which T*(H), = T'(By), = 0 are
the so called megatively graded semigroup rings of Pinkham [3].
In [5] we completely classified these and described a method for
computing T*(H),. We now recall these results and set up some
notation which will be used in § 3.

2.6) Let S, ={a,=m,a, +--,a,_,} denote the standard basis
for H (as in 2.2). For each integer p let G, = {e € Sgla + p¢ H}
and let B, = {f;.clyla; + a, + p¢ H}. By abuse of notation asso-
ciate with each f;, of R, a vector f;, = (fos *++, £ of k™ where
the Ith component is given by

fhe = —e(d, k) if 1=0and »(j, k) =0,
= —(e(4, k) +1) if 1 =0=nr(,k),
= -1 if I =20,k #0,
= 2 ifl=j4==F,
= 1 ifl=j7orl=Fkand j=#Fk,
= 0 otherwise .

Again by abuse, let R, denote the vector subspace of k™ spann-
ed by those f;, in B,. We note that if a,¢ G, then f., =0 for all
fireR,. Thus if G, + @, dim R, £ §G, — 1.

PROPOSITION 2.7. In the notation above,

dim 7, = dim T"(H), = max {0, #G, — dim Rk, — 1} .

(2.8) We say that H is an ordinary semigroup of multiplicity
m, denoted by H,, if H={0,m, m + 1, m + 2, ---}. We say that
H is hyperordinary if H = mN + H,. where H,. is ordinary and
0<m< m.

THEOREM 2.9. H is negatively graded if and only if H is of
one of the following types:

(i) H is ordinary;

(ii) H s hyperordinary;

(iii) Ewxcluding the above two cases, H is negatively graded of
multiplicity m if and only if there exists precisely one gap m + 1
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between m and 2m; if 1 = 1 then 2m + 1 ¢ H (or H would be hyper-
ordinary).
If2=1=m—1 then

TN . .
Hm,i:{o;m’m+1)"',m+i’m+%+l9m+z+27"'}'
If i =1 we have

T
H,,={0,m m+2 «-+,2m,2m + 1, 2m + 2, 2m + 3, ---} .

3. A Dimension formula for T*(H). We now compute the
dimension of the tangent space T(H) for the negatively graded
semigroup rings. We first deal with the ordinary and hyperordinary
cases and finally with those of the third type.

For these semigroups T'(H) = T'(H_). Recall the notation of
(2.6) and let a = a(H) denote the least positive integer in H —
m(H)N, let ¢ =¢(H). Then p =< 20 — ¢ entails R_, = ¢ since for
fis€l we have a; +a, —p=2a —p=¢ so that a¢; + a, — p<c H.
Thus by Proposition 2.7 dim T'(H)_, = max {0, #G_,—1}.

Throughout these computations [7] = the greatest integer =<#;
{r} = the least integer = r;d,, denotes the Kronecker delta, i.e.,
0,, =11if » = s and 0 otherwise. Once a semigroup H is fixed we
let T, = T(H)_,. By dim( ) we mean dimension as a k-vector
space.

Now assume H is ordinary or hyperordinary so that H = mN+
{pm + ¢, pm +1+1,pm + 1+ 2, ---} where p=1land 1 <1< m—
1. Then a(H) = pm + 1.

ProposiTioN 3.1. Let H=mN + {pm + 1, pm + 2, ---}. Then

dim7T_,=1-1 flslsm—1,
=m — 2 ifl=morm+1=I=Zpm+ 2
and mtl,
=m ~—1 ifm+1=Z1=pm+ 2 and mll,
=@+Dm—1+0,p0m if PM+3=l=(@®+m,
= Ops if (0 +2m=1=Z@2p+ Dm
and m|l,
=0 otherwise .
Consequently,

dimTH)=((p —Lm—1*+mm —1)—1if m=3,

Proof. Note that 2a(H) — ¢(H) = pm + 2 so that for 1 <1<
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pm + 2 we have dim T_, = #G_;, — 1.

Suppose I >+ Lm and set g =1-— [I/m]m <+ 6, 1ymjmm. If
g=1 then R, 2{fiy " fumy; if ¢g=2=m —Al then R_, 2
{fue == frmen Jaoh; if 35q=<m then R_, 2 {fiy ***) fre- ***s frm-1s
Soq-). Finally if ¢ =2 = m we see that B_;, = @ for 2(p + 2) <1<
2(2p + 1) while B_, = {f,,.} for I > 2(2p + 1). Our assertions follow.

Then assume pm +3=1=<(p+1)m and set ¢g=101—pm so
that G_, =Sy — {a,} if ¢g<m while G_,,pn =Sz Then R_, =
{firlas + a, <pm + a} = {fiuld + b = g — 1}

Set R., = {f.1, ***, fues}- Then R’, generates R_;, for if j+k=
q—1 and j=2 we have (as vectors) f;.= fojapr + *+* + fi5 —
(fup—s + *++ + fi). Since rank R, = q¢ — 2 we have dim T, = (p +
Dm — 1+ 6, prme

Summing up the various components we see that

dim THH) = (p — L)(m — 1) + m(m — 1) — 1 if m =3,
=2p if m=2.
Now suppose H =mN + {pm + i, pm + 1+ 1, ---} where 2 =
1 <m—1. Then ¢(H) =a(H) =pm + 1 = a;. We treat the cases

2 <m and 2¢ > m separately but as the proofs are analagous we
only give the former.

ProposITION 8.2. Suppose that H = mN + {pm + 4, pm + 1 +
+ 1, <<} where 2 <1< mf2. Then

dim T'(H)_; =1 if 1g1<i—-1,
=[-1 if islsm—1,
=[—2 if m—i+1slsm,
=m—2 if m+1=ZI<pm+1 and
miyl,
= m—1 if m+1lZispm+1 and
ml|l,
=m—2(l—pMm — 1) =0, pmrsss W PMFI+1IZISpm
+2i—1,
= m—2(l—pm—1)+1+0,pinm i PMF2SISPM
01, (p41imss +2i+1,
= m—min2i+1, m—1)—1 if l=pm+2i+2,
+61,(p+1)m+5i,2
= (p+1m—14+0, prim if pm+21+3<]
s=(@+bLHm,

=0 otherwise .
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Consequently,
dim TH) = (p — 1)(m — 1* +m(m — 1) + i(t — 2) + 0,, -

Proof. Now 2a(H) — ¢(H) = a(H) = pm +isoforl=Ii=<pm + ¢
we have dim T_;, = #G_, — 1.

Forom+1+1=Z1=<(p+1m+i1—1wesetq=1—[l/m]m+
M0, pivme Then G_, =8, —{a,} if ¢g#m and G_ . = Sg. We
note that R_, = {fi.la; + a, < e, +1 and j + k % g(mod m)}. Then
R_ipmrirn = {fi,i} entails dim T_ iy = m — 3.

Suppose that pm +1+2=<1<pm+2t—1. Then R_, =
{(finli+k<i+q—1 and k= j=i} and is generated by R’, =
{fisis ***s fisomv fisvizr =+ % firse—a). For suppose f;,eR_, — R, so
that /1 =241+2,k<q¢q—8. Then 1 +2<j+k—-—1=<qg—1 and as
vectors f;, = 4., — 4; — 4, where 4, = 3350 (fionn — fivne)-

As for independence, we observe that fi. *-°, fimes Fitriry **°»
Ffiir—, are independent. This is more readily seen by substituting
the vectors

v, :fi,r+1 _f'i-H.,'r fi+1l=Zr=£2i—2
and

Vyimy = Sui + fone — fionpm if 20 <m,
= —firrpi-1 if 20 =m

for the last ¢ — 1 vectors.

Thus dimR_, =20l —pm — i) — 2 and dim T_, = m — 2(l — pm—
i) for pm +1+2=510 < pm + 26 — 1.

We wish to consider those integers ! between pm + 27 and
(p +1ym + i — 1.

Suppose pm + 20l <pm+2i+1 and let ¢q =1 — pm. Then

L= AL o0 Figmi o0 fommaetmens Jivnirn %y Firva—s) generates

R_, as above and has rank 2(q¢ — %) — 8 — 0, ;pr1)mr1e

Tletl=pm+2i +2and set ¢q=2i +2. If 1 =2 so:chat q=26
then R, ;= {fis fon foo) if m =4 and R_, = {fos fos Fouw ) for
min (5, m — 1), f;,} if m = 5. In either case rank R_, = #R_, — 1 as
we note that

f1.2=f2,2'"f2,3 if m =4,
f3,4=f2,3"'f2,2 if m=>5,
Jou = fos — foz + fas if m=6.

So we have dimR_; =min(¢ —1,m —1) -2+ 0,, If =3 then
set RL, = {fii fiirn **) fumingmtimes Jisnitar ** %5 Firrzion Jisnire). Note
that (firi — frid) = firvivs — Fiszise + firvire — fuine and if 20 <m
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we have fi, 0 = fin — fio + (1 — Oz, ) fizin- S0 RL; generates R_,
as above and has rank min (¢ — 1, m — 1) — 1.
Now assume that I >pm + 21+ 2. IflZ(p+1)msetq=1-—
pm and let B, = {fis ) froiy "=y Siy—r} U B_, Where
B_y = {fisri1r 0y firw 2ici) if ¢> 3
= {fisrr 1410 ** s fi+1,q——i—19 *t 0y Jattei-u i+z,q~i——1}

if 21 +3=q¢q=38i.

Observe that if f,,,,€eR_, and j = 2i, setting ¢t = [j/i] we have
fi+1,a’ = (1 - 6.1',m~1)f75,i+1 - [fi,j—i + fi,]'~2i + o + fi,i~(z—1)i] + [fi,i~1l-{—1 +
fi,jfu'-u e fi.i—(t—1)i—4—1] + (l - 5j,ti)[fi+l,j——(t-1)i - fz‘,j—<t—1)i+1]- Simi-
larly if 4 =2 then f,,,,.. = fu, 18 in the span of R’,. Finally
note that (fi,; — firneis) = (Firnems — firzemicd) + (Frire — fianisn) S0
that R’, generates R_, as above. Hence dim R_, = ¢ — 2.
If p+1m+i—1=21>@+1m (and 1> pm + 27 + 2) set
g=l—pm so that 1+3 = ¢g—1 =m—1. Set
Ril:{fi,i’ Tty fi’q——iy e :fi,m~1} U B—l
where
B = {fisrirr =+ s Srsnnn) if ¢ > 37,
= {fi—u,z‘ﬂ, ) fi»sl,q——;‘u ) fi+1,2i41r ff~{~2,q—i-—1} if 27:+3§Q§3'i .

Then R’, generates R_, as it has maximal rank m — 2. Hence
T__l = 0-

Finally suppose that I = (» + 1)m + 7 (and I > pm + 2¢ + 2) and
set q=0—[I/mlm. If 1<q=<4—1so that [ = (p + 2)m then

R~l = {fx,ly *t fl,q-—u " 'yfl,m—u fz,q—l} .
If 1<q¢<2i—1 then
R—z = {fzw St Jimer Jitnab T i+1,2i—1} .

If 20 <g¢g=<wm—1 then

R—l = {fzu M) fAz‘,q-u °e ',fv:,m~1} U B—z
where

B_, = {fisnirn =y fervzion fornd i ¢ =204+ 1 or ¢ > 31,

= {fisvide % Sirvoice fisng firniwa) if @ =20+ 2,

= {fi+1,i+17 *ctty Jirrg—i-n * %y Jivnei-n Jitne i+2,q—i-1}

if 20 4+3=5¢=31.
If ¢ =0 so that [ = (p + 2)m then
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S T
R—l = {fl,u ct fm‘—u *t %y fx,m~u fz‘,m—i+u i+1,m—1} .
In all cases dim R_, = m — 1 so that T_, = 0.

PROPOSITION 8.3. Suppose H=mN + {pm + i, pm +¢+ 1, ---}
where 1 = 2 and 2¢ > m. Then

dim THH)_, =1 if 1flsm—1,
=]~1 if m—i+1ZI<i—-1,
=]l-2 if iZSl=m,
=m — 2 if m+1ZI<pm+1

and mtl,
=m —1 if m+1ZI<pm+1
and mll,

= m—z(l‘-pm_i)_almM—kiﬂ_"al,\'pﬂ)m

of pm+i+1Zi<(p+1)m,
= pm~+21— 140, (pmran if (p+1m+1ZI<pm+2¢,
=1 if Il =pm+2i+2 and =2,
=0 otherwise.

Consequently, dim T*(H) = (p — 1)(m — 1)* + m(m — 1) + i(1—2)+0,,.

COROLLARY 3.4. Suppose H is ordinary or hyperordinary of
multiplicity m and a(H) = pm + i. Then

dim TH(H) = (p — 1)(m — 1) + m(m — 1) + i3 — 2) + 8., if m=3,
=2pif m=2.

We finally deal with those negatively graded semigroups of the
third type so that there is precisely one gap m + ¢ between m and
2m. Recall that if 7 =1 then 2m + 1¢ H. In any case, a; = m + j
for 7 = ¢ while a;, = a; + @, whenever j + k=1 + d,,m. Again we
deal with a series of cases governed by the relation of 4 and m.
As the proofs are similar we only give the proof in case 2<i<m—
1 < 24,

PropOSITION 3.5. Let H=H, — {m + 1,2m + 1} where H, is
ordinary and m = 3. Then

mmTun4=z-[l;1]+5m if 1<l<m—2,
B I+1 .
—1- [ ] -1 if m—1<l<m+1,
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Consequently,

ProrPOSITION 3.6.

1
=l’"|:l—i2— :1_3+5l,m+2

l+1
=m _‘l: _2}— ]+ 5l,m+6

= am,f) + 8m,7
=1+ 5m,4 =+ 5m,6
= 3»1,,3 + 5m,5

if m+2=5I=Sm+4
and 1<2m—2,
if m+521<2m—2,

if l=2m—1,

Wl =2m,

if 1=2m+1,

of 1=2m+2 or 3m+2,
if 1=3m,

if 1=3m+1, 4m or bm,

otherwaise,

dim T'(H) = ﬂ(_m_z:ﬁ 24 30, + 20,,.

nary and 2 <1< (m — 2)/2. Then

dim TH{H)_; =1
=1-1
—1—2- [l—i@-;—m—]—a
=2m—1— [l:r_i:ﬂ},_glw
2
+6l,m+i+1

Consequently,

= 2m — (I + 9) + 0,

=2m — (I + 1)
= Ome + O,
=08,

=0

Suppose H= H, — {m + i} where H, is ordi-

if 1si=v,
if i+1<ism—i—1,

if m—igl<m+1,

if m4+-25I=m+i+1,

if m+i+25I<m+i+4
and 1Z2m—1 ,

if m+i+55l<2m—1,

tf l=2m—1 and 1=2,

iof 1=2m and =2,

otherwise.

dim THH) = m? — (i + Um + D a5

2

PROPOSITION 3.7. Suppose that H = H,, — {m + i} where H, 1is
ordinary and 2i=m —1=1=2. Then
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dim TY(H)_, =1 if 1l€m—i—1,
=i-1-[HEL=m i meiisi,
_ [l4+1—m cn
=]—-2— 3 —~Opmys f T+IZISEM+1,
L
=2m—l-_“4‘"q+amﬁ
+ Ot mtins if m+251<2m—1 ,
=i— [iiizﬂ*] FOume  if 2m—itl=i=m+i,
=1 if l=m+i+1,
= Opms if l=m+4 and 1=2,
=0y + O, if 1=2m and i=2,
= s + Oms if 1=2m+2,
= 0ps + Opss if 1 =3m and i=m—1,
= 8,4 if l=4m ,
=0 otherwise.
Consequently,

ﬁmTunszu+nm+&%9+%M ifi=3,

=m?—3m + 5+ 0,
Proof. We note that 2a(H) —c¢(H) =m — 1 + 1.

if i=2.

Hence for

1<l1<m—1+1one has dimT_, = #G_, — 1. Also note that

G ={ay =y Gy Grpi}
= {ao’ cee, %_1}
= {ao, cee Oy v, a'l——x}
= {al, cee, am_l}
= Sy — {as, a1_n}
= Sp — {i_n}
=Sy
= Sy — {a:}

iflslism—1—-1,
iftm—i1=151,
ifi+1sls=m-—1,
ifl=m,
fm+1l1slism+i—-1,
fm+1=5152m—1,
ifl=2m and I = 2m + 7,
if l=2m + 1.

Ifm—-—i1+2=1l<m+1then R, ={fj.la; +a,=m+1+1i}=

(fieli +E=1+1—mand k = i}.

3lﬂn+1'

Hence dim R_; = [(l + 7 — m)/2] —

Ifm+2=1=2m —1 set ¢q=1— m. Then

R_, ={fisla; + @, =2m + i + q or a; + a, <2m + ¢}
={fixli+k=i+qand j,k+ior j+k<q—1}.
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Hence
R-l = span {fl,q-i—i—l, M) qu,i’ ] f[q+i/2],(q+i/2]v fl,U ct flyq—z}
and dimR_,=q+ (¢ +9)/2]—8=1—m -+ [ + 1~ m)2] — 8.

If2m —-71+1Z1<m+ 7 then

B ={firla;+ a,=2m+1i+qora; +a <2m + g}
={fisli+k=1+qand j,k#x1i0r j+k<q—1}

A
= SPAN { fiigmirmenr ** s Farir = s Stiararian oz Ju 0% T

Hence dimR_,=m —1—{(¢g +1)/2} +q¢—2=m + [(g + 1)/2] — 1 — 8.

Suppose | =m + 1+ 1=2m — 14+ 1 so that 2¢ = m. Then if
t=m —1 we have | =2m and R_, =span{f., -+, fims SO that
dim 7_,=1. If i<m—2 then R_,=span{f.,, ***, frit Foitommois ***s
fi_iivs and has rank m — 8 so again dim T_, =

Now suppose m + 14 +2=<1=<2m ~1 and set g =1 —m. If
1 = 2 then m/:\ 5and R, = {f,, fas} S0 dimT_ =1, If 1 =38, R_=
span {fi.., =+, fuo s Sra-o Firammirmets ** % Fictiarn Firr,a-1 Joi—1) S0 that
dimR,=m—2and T_,=0.

Assume that I =2m >m +1+ 1, so 1 <m — 2. If ¢>=3 then

N
R_,=span{fi,, *+, foo = s fum foics fi+1,m——1}/3'nd T.,=0.

If i=2and m =4 or 5 then R_;, = {fi,, fuze ***s From—ss fom—1} SO
that dim 7_, = 1.

Now suppose ! =2m + 1 and set ¢ =1 — [I/m]lm. If ¢ =1 or
g=1and | = 3m + ¢ then

R~l = {f1,1, "ty fl,m41} .
If I =2m + 4 so that G_, = Sy — {a,;} then R_; is spanned by:

AN N .
{f;\,u "'!fl,i*l! fl,i, "',fl,m—l’ fz,i—x} if 4 = 3 ’
{f1,s; ""f1,m—1} if i=2and m =4,

{fre fro fos) ifi=2and m=5.

Consequently dim T_, = 0, ,(0ps + Ons). Suppose ¢ =2 <t — 1. Then
R_, is spanned by:

/\ 3 .
{fre o0y fro "".fl,m—~1?f2,27f2,i—-1} ifi>4,

/\ . .
{fm, f1,3, "'yfl,m——v f2,2, fz,m—-l} if i=38 and m = 5 ’
{f1,2rf2,2} if i=38and m =4 and | =2m + 2 ,

{f1,23f1,39f2,2} if ¢ = 3, m =4 and lz 3m + 2.

We note that dim 7_,,,.,) = 6,5 + 0 Now suppose 3<g=m — 1
and that ¢ = 4. Then R_, is spanned by:
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. I i . ~ cp - .
{fi "';]/1,\«1*1, ceoy S oy fomeny Jogens foua) if 1= 3 and g#£i+1
{fl,ly "'y}f\'l,w "').fl,m—l) fi%—1,2+1} if q = 7 + 1 é m — 1 ’

{f1,17 fl,z’ f1,3y .7'.1,47 f3,3} if 7 = 2; m = 5; q = 4.

Hence dim R, =m — 1l and T_,=0. If ¢ =0 so that | = [l/m]m =
3m, then R_, is spanned by:

{(fov o fomen fimay 1 Em — 2,

{fiv s fimoifi=m—1,m=4and ]l =3m,

{(firs oy frmess fomot if t=m — 1 and m =5,

{(fidifi=m—1,m=3and [ = 4m,

{(Firy ooy fimns foud if i =m —1,m =4 and [ = 4m
or m =3 and I = bm .

Hence

dim T,zm = 5m,3 + 5m,4'5’5,3
dim T—Mn = 57»@,3
dim 7, =0 if m|l and [ = 5m .

COROLLARY 3.8. If H is megatively graded of the third type
with ¢(H) =m + 1+ 1 < 2m then

dim T'(H) = m* — (i + Lym + ﬂ%—l-)— 12, ifi=3,
=M —3M + 6 — 0, — 0ps 0f 1 =2,
If ¢(H) = 2m + 2 then

dim TY(H) = @.:z_n_m 2430, + 20,., .

4. The obstruction of the formal moduli space. Let B = By
be negatively graded and let T'|S represent the versal deformation
of B|k in the sense of Schlessinger [6]. Then (S, mg) is a complete
noetherian k-algebra with residue field k. T is flat as an S-module
and T®s%k = B.

Pinkham [3] has shown that 7'|S admit gradings as k-algebras
which are compatible with the structure of B as a graded k-algebra.
One then has the isomorphism 7T%(B) = Hom,(ms/m}, k) in the cate-
gory of graded k-vector spaces. Thus dim 7'(B) also is the dimen-
sion of the tangent space (mgy/m2)* of the formal moduli space
Spec (S).

We say the formal moduli space is unobstructed if S is a regular



THE OBSTRUCTION OF THE FORMAL MODULI SPACE 293

local ring. Now S is regular if and only if Krull-dim S = dim (mg/
mi) if and only if S is formally smooth over %k ([2], Proposition
28. M). Thus the formal moduli space is unobstructed if and only
if dim TY(B) = Krull-dim S.

Let U denote that open subset of Spec (S) cansisting of all points
having smooth fibers, i.e., U = {x e Spec (S)|T(x) is smooth over
£(x)} where T(x) = T @ k(x) and k(x) = A,/p,A,.

In [5] we showed that U is nonempty (as B can be smoothed)
and effectively computed the dimension of U. We note that

dim U £ dim Spec (S) < dim T'(B) .

Hence Spec (S) is unobstructed iff dim U = dim T'(B).

We now recall the dimension formula for U and compare dim U
to dim TY(B).

If H is a numerical semigroup let End (H) = {n e N|n+H*C H}
where H* = H — {0}. Let M(H) = [End (H): H] so that 1 <\H)
g(H) = g. -

ProposITION 4.1. If H 1is megatively graded with MNH) =\,
g(H) =9 and U is as above then

dimU =29 +x—1.

Proof. See [5], proof of Corollary 6.3.

Now suppose that H is ordinary or hyperordinary of multiplicity
m with a(H) = pm + ¢ (recall that a(H) = inf {H — mN}). Then
g(H) =p(m — 1) +71—1 and NH)=m — 1 ([5], Proposition 2.2).
Thus dimU =29+ N —1=@p + 1)(m — 1) + 2¢ — 3., Combining
this with Corollary 3.4 we obtain:

ProPOSITION 4.2. Suppose that H is ordinary or hyperordinary
of multiplicity m with a(H) = pm + 1. Then

dim T'(H)—dim U=p(m—1)(m—38)+i(1—4)+3+4,, if m=3,
=0 if m=2.

Consequently the formal moduli space for By, is umobstructed iff
m = 3.

Now suppose H is negatively graded of the third type with
m(H) =m and m + 7 a gap for H. Then g(H)=m+9,, and NH)=
m — 1 — 0,,(m — 2) ([5], Proposition 2.2). Hence dim U = 2g + A —
1=3m—7—-1-—5,,(m —4). Combining this with Corollary 3.8 we
obtain:
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PROPOSITION 4.3. Suppose that H = H, — {m + i} where H, 1is
ordinary and 2 <1< m — 1. Let U be as above. Then

dim T'(H) — dim U = (m — 8 — 8,, — 8, if i =2,
=wf_@+4mw+ﬁi£¥iﬁl+%w ifi=3.

If H=H, — {m + 1, 2m + 1} then

&mTﬁ%ﬁMUsﬁ%f@+%m+%w-

Summarizing, the formal moduli space for By is unobstructed 1ff
m=4o0rm=>5and 1+ 2 (ie., m +2¢ H).
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