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THE RUDIN KERNELS ON AN ARBITRARY DOMAIN

SABUROU SAITOH

Let {G,} (Gy>w,t) denote a regular exhaustion of an
arbitrary domain G in the complex plane. For fixed z, t¢(€G),
let Bz, x), L”(z, x) and L{™(z, z) denote the Rudin kernels
of G,, respectively. The convergence of the sequences
(B™(z, )}, {L$(2, %)} and {L{(z, %)} is discussed and some
properties with respect to their limit functions are investi-
gated. In the final Section, it is pointed out that in the
case of an arbitrary hyperbolic Riemann surface, the circum-
stances are quite different, in general.

1. Introduction. In [3] and [4], we have been concerned with
some properties of the Rudin kernels and the associated reproducing
kernels. Let G denote a domain in the extended complex plane such
that oG is a compact subset in the finite plane and for fixed z, (€ G),
let {G.}io (G,22,t) denote a regular exhaustion of G. If there
exists, let g.(z, t) denote the Green’s function of G with pole at ¢ and
W,(z, t) denote g4z, t) + 19%(z, t), where g is a harmonic conjugate
of g,. For simplicity, we set W, (2, t) = W.(z, t). Let H,(G)(p > 0)
denote the analytic Hardy class on G and {i(z, x)},, the class of
meromorphic functions A(z, ) such that h(z, ) — 1/(z — x) € H,(G)
(¢ # ). Let HYG) (resp. {h(z, x)};s) denote the subclass of H,(G)
(resp. {h(z, 2)},,e) such that f(z) = O(|z|™*), 2 — oo(resp. h(z, x) = O(|z|™?),
2 — <o) (in the case that G5 ).

For each G,, there exist the Rudin kernel function R{™(z, x)
analytic on G,, and the adjoint L-kernel L{"(z, ) dz meromorphic
differential on G, with one simple pole at x with residue 1, satisfy-
ing the following property:

(1) R™(z, 2)idW, (2, t) = lfLE"’(z, x)dz along 0G, .
q

Here and in this paper, without loss of generality, we assume that
x # co. The K-kernel R{™(z, x) is characterized by the following
reproducing property:

flw) = .2%5 1) RPG, @ idW.(z, t) for all fe H(G,).

3Gy,

The L-kernel L{"(z, x) is characterized in the class {i(z, 2)};,, by the
following orthogonality condition:

1
iAW,z t)

273

(2) Sw f2)d2 Lz, D)z —0 for all feHYG,).
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On the other hand, there exist the conjugate Rudin kernel
R (2, x)dz analytic differential on G, and the adjoint L-kernel L (2, %)
meromorphic function on G, with one simple pole at # with residue 1,
satisfying property:

(3) R™(z, m)dz = i—_ﬁé”’(z, ¥)idW,(z, t) along 3G, .

The K-kernel 1@5’“(;;, x)dz is characterized by the following reproducing
property:

1

d
AW D for all fe HJ(G,).

fa) = = | fladz B (e, e
2w Jaa,

The L-kernel L™ (z, x) is characterized in the class {i(z, ®)}s¢, by the
following orthogonality condition:

(4) ga f&) Tz, ) idWaz, ) =0 for all fe HyG,) .

In [4], we have dealt with some properties of the Rudin kernel
function on an arbitrary open Riemann surface. In the present
paper we shall be concerned with some properties of other kernels
on general regions. Especially, we shall show that if G is a hyper-
bolic region or simply-connected, the sequences {ﬁ;’”(z, x)}, {ﬁi")(z, x)}
and {L™(#, )} do converge, respectively. This fact leads to natural
definitions of kernels of such a domain, respectively. Our results
should be compared with those of the Szego kernel (ef. [5] and [6])
and the Rudin kernel function ([4]).

In §2, we state some preliminary facts. In §3, we deal with
some fundamental properties of the kernels R{(z, z), L™(z, x) and
L{™(z, x) on general regions. In §4, we show that the sequence
(R{(x, x)} is not monotone as m increases, in general. In the final
§5, we refer to the case of an arbitrary hyperbolic Riemann surface.

The author wishes to express here his sincere thanks to Profes-
sor N. Suita for his useful criticisms.

2. Some preliminary facts. In our investigation, the following
lemma is fundamental:

LEMMA 1. For an arbitrary H(G)-function f(%£0), the following
limit exists and is determined independently of the choice of regular
exhaustions {G,}:

limS L 7 idw.e, b,
aGn z — ¥

n »00
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if and only if G is a hyperbolic region or simply-connected.

Proof. 1t is sufficient to show the sufficiency. If f is a constant
function, the assertion is clear. Hence we assume that f is not
constant. Especially we note that in this case G is a hyperbolic
region. Let {4, .} be dises such that 4,, = {z]|z — 2| < 7., 7. > 0},
4,., <G, for all m and n, and r,, tends to zero as m tends to infinity.

Let G, ., denote G, — 4,,. Then we consider the following limit:

I = lim g -z—i—x @) = F@) idWs, (2 t)

which is well-defined and is determined independently of the choice
of regular exhaustions {G,} and the dises {4,.}, as we see easily.
Since (f(z) — f(x))/(z — z) is bounded about z, on letting m tend to
infinity and then n tend to infinity, we have

I=lim g z—}; @) — @) id W, t)
1

= limS
Gy B—X

7~

TG id W, t)~22f@) (72— ~lim Wi, 8)) , @#0),

which implies the desired result. Here if # = ¢, we can modify the
above argument. Next we give the following lemma:

LEMMA 2. Let G be a hyperbolic region. Then for each h(z, x)¢c
{h(Z, x)}z,a, we have

(5) lim | 1h(z, o) exp (= Wale, )P id WGz, 1

Nn—00

(6) — lim Sw bz, 2 idW,(z, 1) .

n—o0

Proof. From the subharmonicity of |i(z, x) exp (— Wi(z, x))|?, we
note that the limit (5) is well-defined and determined independently
of the choice of regular exhaustions {G,}. As to the limit (6), the
similar assertion is valid, as we see from Lemma 1. Let 4, denote
{z€Glgsz, ) >0, > 0}. Then 4, is the subdomain of G and 44,
congists of some analytic Jordan curves g4z, ) = d,, except for a
subset E, of dG of logarithmic capacity zero, in general. Let 4,
denote the regular subregion 4, U E, of G. Without loss of generality,
we can assume that 4,5¢. Since Cap E, = 0, h(z, ) can be extend-
ed on 4, — {x} analytically (cf. [4], Theorem 5.1). Hence we can
take a regular subregion D, of 4, such that for fixed M > 0,
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0 HD Ih(z, @) id W, (2, £) — Saanh(z’ 2)id Wi, (2, t)’ <M,
and
’ S p, 1@ DA — exp (—206(z, 2)))id Wo,(z, 8)
— SaZn |h(z, 2)*(1 — exp (—2¢4(z, 2)))id W3,(2, t)‘ < }]‘; .
that is,
(8) ||, G )P~ exp (=200, 2)id Wa, &, 0
— (@ —exp(=2-0.) | G o)FidWa e 0| <L

Next for §,.,(>0, <8,), we consider 4,., and D,., such that for
n+1, (7) and (8 are valid and further D,cD,,,. Thus for a
sequence {0,}(0, > 0,., > 0) converging to zero, we can obtain a
regular exhaustion {D,} of G which has the properties (7) and (8).

Since the sequence {S |h(z, ®)|*1d W), (2, t)} is bounded,
8Dy,

{|.. e, o)riaws G o}

a4,

is also bounded. Hence from (8) we have
lim Sa |h(z, )P (1 — exp (—294(2, 2)))id W, (2,1) = 0 .
N—00 Dy,

Thus we have the desired result for {D,} and hence for every
regular exhaustion of G.

Now we have a lemma of Fatou’s type in the theory of integrals:

Lemma 3. Let G be a hyperbolic vregion. Let {h,z, x)} be a
sequence of h,(z, x) € {h(z, ©)}s.¢, Such that h,(z, x) converges to h(z, x) €
{h(z, D)}s.c uniformly on every compact subset of G — {x}. Then we
have

lim g Wz, @) id W, (z, §) < lim Sw (2, 2)d W, (2, ©) .
B~ 6G” N—00 %

oo

Proof. From Lemma 2, we have

lim LG 1z, 2)|*5d W, (z, ©)

300

=1Tim | |z, @) exp (= Wolz, 2 id W, (2, ©)

% +00 n
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= lim <1im Sa (2, @) exp (— Wo(z, 2)|Mid Wz, t))

n—00 M—c0

< tim (lim | [hu(z, @) exp (— Wata, @) id Wiz, 1)

Nn—0 m oo

= lim S (2, 2)Fid Wz, t) .
m 200 G,

3. The kernels on general regions. At first we deal with the
convergence of the sequence {L™(z, x)}. Let R,(y, z)(e H,(G)) denote
the Rudin kernel function of G with respect to z and (e @) ([4]).
Then we have the following theorem:

THEOREM 1. Let G be a hyperbolic region or simply-connected.
Then the sequence {L{™(z, x)} converges to an analytic function
Ly(z, ) uniformly on every compact subset of G — {x}. Further
Lz, x) 1s independent of the choice of regular exhaustions {G,} and
can be represented as follows:

(9)  Liza) =+ ~| L Rwwaww.
noeo 2T JoG, Y — 2

Proof. For each regular exhaustion {G,} of G, we consider the
limit
Hz o t) = lim—=| L B, ») idW., 1),
noo 27 JoG, Y — 2
which is well-defined and is independent of the choice of regular
exhaustions {G,}, as we see from Lemma 1. Since {R{™(y, %)} con-
verges to R,(y, ) in Hynorm ([4], Theorem 2.1), we have
Hg o, )= lim |~ RP@, o) idW.,1)
n o0 QT WGy, Y — 2
1

~ lim L S L Lrmy, ey
Gy y — 21

= lim <L£’”(z, %) + - L z) .

Thus we set L,(z, x) = H(z; z, t) + 1/(z — x).

Next we deal with the convergence of the sequence {L{™(z, x)}.
Since L{™(z, x) = —L{™(x, 2z) ([3]), we conclude that if G is a hyper-
bolic region or simply-connected, {L{™(z, z)} converges to — L,(x, z).
In these cases, we set L,(z, ») = —L,(x, 2). Since R,(z, x) =1(x=~1) if
and only if G € Oy, ([4], Corollary 2.2), from (9), we have the follow-
ing fact:

COROLLARY 1. If G is a hyperbolic region or simply-commected
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and further G € Oy, then we have

fiz, @) = z—i—w S lim Wi, ) — — (@ = 1).

L] t—

If © = ¢, we can modify the above representation, slightly.
Furthermore we have the following theorem:

THEOREM 2. Let G be a hyperbolic region or simply-connected.
Then the sequence {fé”’(z, x) — 1/(z — x)} converges uniformly on every
compact subset of G to the H,(G) fumction L.z, x) —1/(z — x) and
Further it converges to L,(z, ) — 1/(z — x) in Hynorm in the sense of
Theorem 2.1 in [4]. The limit function L,(z, ) is independent of the
choice of regular exhaustions {G,} and can be represented as follows:

1 lim—LS 1 R idw.w, ) .

10) Lz, 2) =
2 — & nee 2T Jig, Y — X

Furthermore Et(z, x) 18 characterized by each of the following
orthogonality condition and the following extremal property im the
class {h(z, x)}s¢:

(1)  lim gw F@ L.z, 2)idW,(z,t) =0 for all fe H/G),

and
12) 1im( min S Wz, ©)[2id Wz, t)>
n—co \{k(z,2)}2,G, J3Gy
(13) ~ min (limg bz, )Fid W, t)>
{h(z,2)} g, ¢ \ o0 J3G,
(14) =1imSAG L.z, ©)Fid Wz, t)
respectively.

Proof. Since {L{™(z, ) — 1/(z — )} is locally uniformly bounded
(see the following (15)) and L{™(z, ) converges to —L,(x, 2), we note
that {flé"”(z, x) — 1/(z — x)} converges uniformly on every compact
subset of G to L,z ) —1/(z — x), independently of the choice of
regular exhaustions {G,}.

In order to see that f,t(z, x) — 1/(z — x) belongs to HyG), we
consider the following limit:

~ 1 |2 .
L,(z,0) — ——| dW,L(z,1).

J=IimS :
Gy, 2 —X

n—c0
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Then we have

(15) J = lim

Lim(z, ) — 1|%WMJQ
Zz —

1
2—u

Lz, @) —

| AWz, t)>
Swm (lﬁé“’(z, o + lz—_-1_7|2>id Walz, ) .

Since L{™(z, z) is the extremal function which minimizes H,-norms
among the class {h(z, )}, ([3]), we have

ngimzlg L iaw, (s, t) < o,
moco oGy, |2 — x|?
which implies the desired result.

Next we shall show that the sequence {I:,‘”’(z, x) — 1/(z — z)}
converges to Lz, x) — 1/(z — x) in H,-norm; that is, {ﬁé‘”’(z, x)} con-
verges to L,(z, ) in H,norm in the obvious sense. From the ex-
tremal property of L™ (z, #) on G,, we have

limsw Lz, m)F id W, (2, t)gl_irﬁgm Lz, m)%d Wz, ©) .

N —00

Hence if G is a hyperbolic region, from Lemma 38, we have

lim S |Ly(z, %) id W, (2, t) = lim g |L™M (2, 2)Pid W (2, t) .
n Gy, n—oo J3G,,

—00

Here we use the identity:
|, Le o) B9, ) id WGz, 0
- Saa Lz, @) 2R (z, 0)dz = 22 R (z, )
n (2

= 1L, oriaw.e b .

Thus we have the desired result.

On the other hand, if G is a parabolic region and simply-connected,
from the proof of the following Theorem 3 for such a domain, we
have the desired result, directly.

Since L{™(z, ») converges to L,(z, ) in H,norm, from (4) we
have (11). From (11) and the extremal property of L™ (z, ) on G,,
we obtain the extremal property of L.(z, 2) on G.

We define two functions 1{™(z, #) and [,(z, ) as follows:

1, ) = LM, 0) — —L2—,

Z2—0
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and

1
=

Zt(z, x) = I:t(z, x) —

(in the cases that G is a hyperbolic region or simply conneActed).
At last we deal with the convergence of the sequence {R{™(z, x)}.
We have the following theorem:

THEOREM 3. I f G 1s a hyperbolic region or simply- connected
then the sequence {R,‘”’(z x)} converges to an analytic function R (2, ®)
uniformly on every compact subset of G. The function Rt(z x)
is independent of the choice of regular exhaustions {G,} and can be
represented as follows:

1 R 1
loon (Y — 2)(y — )

_ lim _1.S Iy, D1 (y, 2)id W.(y, t) .
n—00 27[ 3Gy

(16) t(z x) = hm

t
lim - LW, 1)

Proof. At first we assume that G is a hyperbolic region. Then
from the identity:
5 1 1 .
R™(z, ©) = — _— AW, (y,t
(2, 9) = o= gsan(y—z)(y~x)% W, ?)
1

- e, 0l dWw, ),

which is obtained from (3) and since it‘”)(y, z) converges to ft(y, 2)
in H,norm, we have the desired result.

Next we assume that G is not a hyperbolic region and simply-
connected; that is, G = {¢}. Then we see that for an arbitrary
regular exhaustion {G,}, lim,_., I?t‘”’(z, x)=0, directly (cf. Theorem 4).
From the identities:

. 1 1 . 1
im — _ e —d Wn(y, t) = e
naco AT Saan (y—2)y —x (@ —2)g — =)
and
it(y, x) = — 1
qg—

(which is obtained from Corollary 1), we have the desired result.
(We note that in this case {fé”)(y, %)} converges to I,(y, «) in H,-norm.)

As to the degeneracy of the quantity J?t(x, x), we have the
following theorem:
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THEOREM 4. If G is a hyperbolic region, then ﬁt(x, x) >0 for
all x,teG. If G is a parabolic region, then for any fixed x,teG,
there exists a vregular exhaustion {G,}(G,>=z,t) of G such that
lim, .., R (z, x) = 0.

Proof. We assume that G is a hyperbolic region and B,(z, 2) = 0
for some =z, ¢; that is,

27 R (x, ) = lim 27 R™(x, z) = lim S Lz, 2)Fid Wiz, t)
n—00 n-c0 JoG,

zlimg

n—c0

Lz, )Pid Wiz, t) = 0.

9Gq

Then we have

tim | L.z, o) exp (— Welz, 0)/id W, (z, )

700

< lim (Swn Lz, »)Fid Wz, t))”

n 00

=0.

% lim (Sw lexp (— Wiz, 2)Fid Wz, t))”

Hence L.z, x) exp (— Wy(z, 2)) = 0, which is absurd.

Next we assume that G is a parabolic region. We take ¢ < dG.
Then for an arbitrary regular region G,,GD>G,>x, t, we have
1 1 ]2

— iAWz, t) .
z2—x qQ—

. oG oriaw.e b s |
3G,

a¢,

Thus we have the desired assertion.

REMARK 1. We assume that G is a parabolic region and not
simply-connected. Then from the identities

LGz, t) = —Li@, 2) = — Wiz, t)
(which is obtained from (1) and R{™(z,t) = 1 ([3])) and

Wi, ) + L =—1—§ L aw.y, ) 2= 0
t—=z 2w Je, Yy — 2

we see that the limits lim,.. L{(z, 2) and lim,..L"(z, «) do not
exist, in general.

REMARK 2. From the theory of the Szego kernel function, it
is well-known that the following limit exists:
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1im< min S Iz, w)lzdsz> (G5 ).
n—o \(h(z:2))z,q, Gy
Further the degeneracy of such a quantity was investigated by P. R.
Garabedian [1].

On the other hand, the convergence of the sequence of the
Szego kernel functions was investigated by N. Suita [6] and E. P.
Smith [5].

4., An example. Here we shall show that the sequence
{I?é”’(x, x)} is not monotone as » increases, in general.

For fixed # = 0 and £(>0), let G, be the disc {z||2| < 7}. Then
we can take as a complete orthonormal system (which defines the
kernel R{"(z, x) of G,)

{(T z—1 >”'r r? — ¢? }“’ ,
r*—tz/ (r* — tz)?

n=0

as we see by the simple computation. Hence we have

R,‘”(z, 0) — i <7‘ z2—1 )’”"r rt — ¢ <__..t_>”7l2 — ¢t

a=0 \ ¢* —tz/ (r* —t2)*\ #» r
e 2
- r¥(r? — tz) ’

and so

~ 2 42

B, 00 =28

P

Thus

for r t<r <12t R{"(0,0) increases as r increases,
for »: V2 t <r, R0, 0) decreases as r increases .

Now let E be a compact subset of G such that G — F is con-
nected. Then we note that a property of E for which for fixed
z,t(eG — E), RO, x) = R ?(x, x) is valid is quite different from
the properties of E in the cases of other various kernel functions

(cf. [4], §5).

5. The case of an arbitrary hyperbolic Riemann surface. Let
S denote a hyperbolic Riemann surface. For simplicity, we shall
use the same notation for a point on S and a fixed local parameter
around there. TFor fixed local parameter around x and fixed (e S),
let {k(z, 2)}5.s(p > 0) denote the class of meromorphic functions &(z, )
such that fh(z, «) are analytic on S except for a simple at & with
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residue 1 and for some compact subset K >z, {Sa |k (2, ©)|7id Ws, (2, t)}

is bounded for all regular subregions S,, SO S, SK U{t}.

In this paper we needed essentially a function h(z, ) and the
class {h(z, x)};s instead of the Cauchy kernel and the class {h(z, %)}s.q,
respectively. But there exist hyperbolic Riemann surfaces S such
that {k(z, x)};s(» > 0) are all void.

We introduce two copies S, and S, of {z]|z| > 1} and distinguish
the segments [2n,2n +1] (n =1, 2, ---). We construct the desired
surface S by joining S, and S, along their common distinguished
slits in the usual manner. Let {Q, Q,} be the preimage of z(|z| > 1)
with respect to the projection map . Then we see that SeOHp
(p > 0) and f(Q,) = f(Q,) for all fe H,(S) (cf. [2], pp. 36-37). Now
we assume that for fixed «, te S,(Im @(x), Im p(¢) > 0), there exists
an h(z, z) e {h(z, 2)};.s. Then we see that for a regular exhaustion
{S.}(S;2x,t) of S,

lim Sas \h(z, ©) exp (— Wi(z, ©)P1d Wy (2, 1) < oo .

Hence there exists a harmonic majorant «(z) satisfying
|i(z, x) exp (— Wi(z, 2))|” < u(z) on S.

Let D denote a small disc such that S,DDs% (Ime(D) > 0) and
exp (— Ws(z, «)) is univalent on D. Then there exists § such that
lexp (— Wiz, )| =6 >0 on S — D. Hence we get

\h(z, 2)? <6*-u) on S—D.

Hence %(z, ) must be extended on D analytically, which is absurd.

Therefore we see that for such Riemann surfaces, all the theorems
in this paper are not valid. For example, Theorems 2 and 3 are not
valid.
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