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SUPER-REGULAR SEQUENCES

JupiTH D. SALLY

Let (R, m) be a local ring with associated graded ring
grR = R/m @ m/m®* D m?m* @ ---. This paper deals with

the problem of finding properties of E which lead to good
properties in grR. There are two main results in this paper
which give techniques for recognizing when the maximal
homogeneous ideal of grR contains regular elements. Ap-
plications of these results give examples of local Cohen-
Macaulay rings which have Cohen-Macaulay associated
graded rings.

Let (R, m) be a local ring with associated graded ring grR =
Rim B mim* P mm*P ---. Information about grR gives some
measure of the singularity at R since properties of grR yield data
about the Hilbert function of R and about monoidal transforms of
R. However it is often difficult to compute ¢grR and it is seldom
true that properties of R are carried over to ¢grR. Thus, it is
important to recognize characteristics of B which lead to good pro-
perties in grR.

There are two main results in this paper which give techniques
for recognizing good properties in grR. The first shows when the
initial forms of a regular sequence in m/m* form a regular sequence
in grR; the given regular sequence is then called super-regular.
(All our applications use homogeneous regular sequences of degree
one in ¢grR, so we have avoided some complications by primarily
considering this case. If R/m is infinite and if grm contains a
regular sequence of length ¢, it contains a homogeneous regular
sequence of degree one of length ¢t.) The second result shows that
for certain local Cohen-Macaulay rings the question of whether grR
is Cohen-Macaulay can be reduced to the same question for such
Cohen-Macaulay rings of dimension one. The paper concludes with
several applications of these results. The applications give examples
of local Cohen-Macaulay rings which have Cohen-Macaulay associated
graded rings.

We begin with some definitions. For any nonzero element z in
the local ring (R, m), let & denote the initial form of x in grR, i.e.,
if xem \m**, T =2 + m* T em’/m°+*'. We will say that x has order
s and that Z has degree s. Let 0 be the zero element in grR. 0
has infinite order and 0 has infinite degree. A system of elements
of R (of grR) has order s (degree s) if each element has order s
(degree s).
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466 JUDITH D. SALLY

Recall that if S is any commutative ring, a sequence of elements
x, -+, of S is a regular sequence if (x,, ---, 2,)S # S and if, for
1=1, -+, ¢t @ is not a zero divisor on S/(x,, - - -, #;_,)S.

For the case of a local ring (R, m) it is important to know when
grm, the maximal homogeneous ideal of g¢grR, contains a regular
element. For the existence of a regular element in grm permits a
change of rings which reduces dimension. This is described in the
following lemma.

LEMMA 0.1. Let (R, m) be a local ring with associated graded
ring grR. Suppose that grm, the maximal homogeneous ideal of
grR, contains a regular element. Then grm contains a homogeneous
regular element T and, if x 1s any element of R with initial form
T, there is am isomorphism of graded rings grR[TgrR = gr(R/xR)
induced by the natural map of local rings R — R/xR.

Proof. By [8, Ch. VII, §2], the prime ideals P, ---, P, in Ass
grR are homogeneous. By [8, pg. 286, footnote], grm £ U P, implies
that there is a homogeneous element % of positive degree s, say,
such that ¢ P, for 1 =1, ---, h. Let 2 be any element of R with
initial form Z. Consider the natural homomorphism v: R — R/zR.
Since y(m™)S(m/xR)", the induced homomorphism gry: grR— gr(R/zR)
given by (gry),: m"/m"* — (m/xR)"/(m/xR)"*' is a homomorphism of
graded rings, cf. [1, Ch. 3, §2, no. 4]. To show that grv is surjec-
tive with kernel ZgrR, it is enough to show that (gry), is surjec-
tive with kernel (ZgrR),. It is clear that (grv), is surjective. If
wem"/m"* and (grv),® =0, then we(m"" + xR)Nm" = m"+ +
(xR Nm™) for any wew. Since Z is regular in grR, xR N m" = am™ ™,
where a nonpositive power of m is understood to be R. Thus
w =2+ xy with zem""* and y e m"°. Again using that % is regular
in grR, we have that Zj = xy = z + ¢y = @. This proves that & e
ZgrR and completes the proof of the lemma.

We will say that an element z in m, the maximal ideal of a
local ring (R, m), is super-regular if T is a regular element in g7R.
A sequence of elements «,, ---, x, in B will be called a super-regular
sequence if T, ---, %, is a regular sequence in grR.

Several properties of super-regular sequences follow easily. A
super-regular sequence «,, ---, Z, is a regular sequence. For if 7z, is
a regular element in grm, x, is a regular element in R and, by
(0.1), gr(R/x,R) = grR/Z,grR. By induction, the images of =,, ---, x,

form a regular sequence in R/x,R so x,®, ---,2, is a regular
sequence in R. A similar isomorphism shows that a sequence
X, + -+, x, of elements of R is super-regular if and only if there is

some j, 1 <75 <¢, such that =, ---, z; is super-regular in R and
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the image of ;. ---, x, is super-regular in Rf(x, ---,2z;)R. It is
also true that any permutation of a super-regular sequence is super-
regular.

In addition to the notation and definitions introduced above, the
following notation will be used. A(A4) = Az(4) denotes the length of
an R-module A. If I is an ideal in a local ring (R, m), v(I) denotes
the number of generators in a minimal basis of I. w(m) is the
embedding dimension of R. ¢ = e¢(R) is the multiplicity of B. We
will often use z to denote a system of elements z,, ---, x, in R.

Let £ =2, :+-, z, be a regular sequence in (R, m). If we say
that f(x, ---,2,) is a form of degree s in z,, ---, #,, Wwe mean that
AX,, ---, X)) is a degree s homogeneous polynomial in the polynomial
ring R{X,, ---, X,] and f(x, ---, x;) is the image of f(X,, ---, X,) in
R under the homomorphism sending X, to =x,.

We will use the notion of minimal reduction of the maximal
ideal of a local ring (R, m), cf. [3], but we wish to take a more
restrictive definition than in [3]. If (R, m) is a d-dimensional local
ring, a system z =, ---, 2, of d elements of R is a minimal re-
duction of m if there is a positive integer = such that m™' = zm’.
If R/m is infinite, minimal reductions exist,.as a minimal reduction
of m is the preimage in R of a degree one homogeneous system of
parameters in grR. The existence of a minimal reduction is hardly
ever a troublesome hypothesis because the change of rings R —
R(U) = R[U lugyy;, U an indeterminate, is faithfully flat and mR(U)
has minimal reductions.

1. When are regular sequences super-regular? If 2z is a
regular element of order one in the local ring (R, m), it is clear
that z is super-regular if and only if (x) N m* = xm® for all ¢ = 0.
The assumption that z is regular cannot be dropped as the example
k{l=, v11/(¥% xy), k a field, shows. An analogous characterization holds
for a regular sequence g = z,, - --, 2, of order one. It will be useful
to prove a little more. We will see that | intersection equalities
() Nm** =gm® fort <l means that z is super-regular “up to m'*".”

THEOREM 1.1. Let (R, m) be a local ring and let x =x, - -, x,
be a regular sequence of order one. Then,

() N m™ = zm*,
for all positive integers i = some positive integer | if and only if
((@'1, STty '/Ej—l): 50—3) (S (ﬁu ) 6.E:i—l) + (g’r__,”l’)l

for 17 £t
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We first note the following.

LEMMA 1.2. Let (R, m) be a local ring and let x = x,, - -+, ¢, be
a regular sequence of order ome. If for all positive integers ¢ =
some positive integer I, (z) N m'* = xm’, then

(Y Nm*™ = (xYm'7,

for1<j<i+1and 1 1.

Proof. We prove the lemma by induction on j. Let j>1. Let

fi®y, ---x,), a form of degree j in =z, ---, 2, be in (z)) Nm'* C
(@Y ' Nmt = T m I fix, -, @) = g50(, -+ -, @), Where g5,
is a form of degree 7 — 1 in x,, ---, x, with coefficients in mé+—+,
Since (xy, - -+, ) Y (%, -+, ®,) is free over R/(x, ---,x,)R, the

coefficients of g,_, are in (z) N w*** 7+ = zm***7, so fi(w, -+-,2,)€
(z)m?t+i4,

Proof of Theorem 1.1. Assume that (z) N m'* = am® for 7+ = 1.
We will prove that (&, ---, &;_.): %) < (&, -+, T;_) + (grm)* for
1 <4 <t by induction on ¢. The proof for ¢ =1 is immediate so
we will assume that ¢ > 1. First, we show that (0: Z)) < (grm), i.e.,
that xz e m'* implies that zem® for ¢ < 1. If zzem? then zz =
z.a + -+ + 2,0, with a, ---,a,em. Thus 2 —a,e(x, ---,,) and
zem. We claim that the following relation holds:

*) () 0 (2m S (@Pm 5 + (2 m

for2<i7<land 0 <75 <1—2. Suppose (*) has been proved. Let
22, em't for 4 = 2. Then, with j =0 in (*), we get z,e m® + am.
2y = Uty -+ 2, with g, em’ and z, € (m*™: 2,) N 2m. Now we apply (*)
with 7 =1 and continue in this way until we have 2, = ff; + 2,_,
with Z,em’ and z,_,e (m***: z,) N () *m. Finally, we apply (*) with
J=1—2, to get z,,€(2)""m’ + ()"'m < m'.

Now we prove (*). Let j =0. Let zzem' with 1 = 2. 2z¢
m N (x) = zm’, so ¥z =a@, + -+ + ax, With a, -+, a,em’. z—
a,€(xy, -+, x,) since x,, - - -, ¥, is a regular sequence. In fact, 2 —a, ¢
(xzy Tty xt)m- For (z - a1>x1 € (xzy R xt)xln mi“;(@)zﬂ m_iﬂ = (9_0)2_mi_1
by (1.2).

Assume that 7 > 0. Let ze(m* ™ 2) N (z)Vm. =z =g, ---,,)
is a homogeneous polynomial in z,, - - -, «, of degree 5 with coefficients
inm. zx em™ N (z)* = (2)"m T by (1.2), so

* 2Ly = Gi(Xyy o0, T, = Ry (0, -, @)

with h;;, a homogeneous polynomial in x, ---,z, of degree 5 + 1
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and coefficients in m'*'~i™*, Equating coefficients of like monomials
of degree 7 + 1 in (**), we see that the coefficients of g¢;(x, ---, x,)
are in m'™77 + (x). Thus g @, ---, ) =& + fin(®, -+, ¢,) with
ge(xym ™97 and fi (v, -+, &) € (2. But z(z) Nm™ S(z) N
m*t = (g)Pm 7 by (1.2). Consequently, (gi(w;, ---, x,) — &z, =
Fin@y, < oo, w2 € () Pm 2 and fin(w, - -, @) €(x)t'm.  Thus
g%y, -+, x) €(2)m I + (z)*'m. This completes the proof that
0:7,) < (9rm)'.

Pass to (R, m) = (R/x,R, m/x,R). The images &, ---, %, form a
regular sequence in B and #™*'N (&, ---, &)B = (&, ---, &)@’ for
i <l. By induction on ¢ we have that ((&, ---, #_.,):&;) <
By + -+, B+ (grm) =Ty, Boy - -+, T;_ )9 RIT .97 R+ ((grm)', T,)9rR/T,97R.
Thus: ((f_fl, T 57—:)'—1).: EJ) - (a—"'ly Tty E,’i—l) + (g"'l"l')l-

For the converse we assume that z, ---, #, is a regular sequence
in B with ((&, ---, %;_):%;) S (&, -+, &jy) + (grm) for 1 <5 <¢
and again use induction on t. We have (0: Z,) & (grm)* so (z,) N m'** =
z;m* for 7 < 1. The proof is finished if ¢ =1 so we take ¢t > 1. We
have (9g7R/%,grR); = (9r(R/z,R)); for j =0, ---,1 + 1 since

(9rR[z,grR); = m’[x,;m ™ + m

and (gr(R/x.R)); = (m?, »)/(m ™, x,) = m?/m ™ + (x,)Nm’. This means

that the required hypotheses are satisfied by %, -, #,, the images
of x, ---,x, in (B, M) = (R/x,R, m/x,R). By induction on ¢ we have
&y + -+, B N A = (&y, -+, B’ for i <1, so that (x, ---, 2,)N
(m*, ) = (%, -+, T)m' + v, R Let we(x, ---, ) m'. w=
ax, + paty + -+ + g, with g, -+, g, em’. Then ax, € m'™** so a € m’
and we(x, -, x,)m.

COROLLARY 1.3. Let x =, -+, %, be a regular sequence in a
local ring (R, m) such that (%, ---, )N m+ = (%, ---, x,)m* for
1 <1. Then (xy, «--,z)Nm* = (2, -, xz,)m’ for L<s=<t and
0+l

COROLLARY 1.4.' Let (R, m) be a local ring and let x = x,, ---, @,
be a regular sequemce. x,, ---, %, 18 super-regular if and only if
() N M = em?® for all i = 0.

Proof. If (z) N m'* = zm’ for all ¢+ = 0, then, by (1.1),
((517_1, T EJ'—l): fg) - lr_Jo (',El; Tty E:J'—l) + (9"'_’”l'>l = (jh tT zj*l) .

The converse also follows immediately from (1.1).

' Added in proof. Corollary 1.4 is a special case of Corollary 2.7 of the paper
“Form rings and regular sequences” by P. Valabrega and G. Valla which recently ap-
peared in Nagaya Math. J., 72 (1978), 93-101.
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COROLLARY 1.5. Let (B, m) be a d-dimensional local Cohen-
Macaulay ring. grR s Cohen-Macaulay if there is a minimal
reduction x = x,, - -+, &y of m such that (x) Nm'** = xm* for all 1 = 0.

Proof. By (1.4), %, -+, T, is a homogeneous system of para-
meters which is a regular sequence. By [2], grR is Cohen-Macaulay.

REMARK. (1.5) is similar to a special case of Theorem 4.4 in [2].

We take a moment to note the connection between super-
regularity and the notion of analytic independence in m. Recall,
[3], that a system of elements 2 = x,, ---, 2, in a local ring (R, m)
is analytically independent in m if given f,(X,, ---, X,), a homogene-
ous polynomial in R[X,, ---, X,] of (arbitrary) degree s, such that
fo(®y, -+, ) e m*** then all the coefficients of f, are in m. Stated
differently, 2z =, ---, 2, is analytically independent in m if
(@, -+, 2) N M+ = (x, ---, x,)m for all positive integers s. Note
also that if a regular sequence xz =1z, ---, 2, in (R, m) satisfies
() N m** = gm® for ¢ <1 and if f,(X,, ---, X,) is a form of degree
s in R[X,, ---, X,] with f,(x, ---, ) em't for ¢ <[, then all one
can say about the coefficients of f, is that they are in
(m*~, x,, ---, 2,) as the example f(X,, X,) = 2,X, — ¢, X, shows.

Next we give a direct proof that intersection equalities as in
(1.1) give information about minimal bases for powers of m. This
can also be done using the Hibert sum transform as in [7]. The
idea is that (z)Nm't* = xm® for ¢+ <1 implies that multiplication of
m'/m*** by each Z;, for z; in the regular sequence z, is a monomor-
phism for 7 < 1.

We introduce some notation. Let z ==z, ---, 2, be a regular
sequence in the local ring (R, m). Let 97 (z) denote the set of
monomials of degree ¢ in x,, ---, z,. If J is a set of elements of R,

SZ(x)J denotes the set of products {7 e 94(%), jeJ}.

THEOREM 1.6. Let (R, m) be a local ring and let x =, -+, @,
be a regular sequence such that x, ---, Ty, Zeis, ) 2o 18 @& Minimal
basis for m. Suppose that (x) N m't = zm® for 1 =1. Then, for
each =1, the set o7 (x) Uo7 (2)Z U -+ - U 2A(2) %, 1 a subset
of & minimal basis for m', where %; is the set of monomials in
Zpisy, * 7, %, meeded to complete the set 97(x) U --- 94(x) % to a
minimal basis of m’.

Proof. We prove the theorem by induction on ¢ and ¢. We
may assume 7 > 1. Let ¢t =1. If

axi + bai ey + o e, €M
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where £,,, 1<p=<i—1,1=<q=<mn, are the monomials 2., ---, 2,
completing the basis for m?, then x,(axi™ + bai &, + ++- + ¢&iym, )€
m***. Thus, axi™ + bai™%,, + -+ + ¢£,_1,, , € m' so0, by induction on i,
the coefficients a,b, -+, c are in m. Assume that ¢>1. Let &, ---, %,
Fisr, -, Z, be the images of @, ---, &, %, -7, 2, in (R, @) =
(R/x.R, m/x,R). Note that for 7 < ¢ we have that

/K;(%Z; ) gt) U <')Z;rl(52! Tty %t)% U---u L(/‘/i(%z, ) ft>/o";/ﬁ'——1 U 2”_’1

is a minimal basis for #/. This set is the image in E of all the
monomials in the chosen minimal basis for m’ which do not contain
x,. It is clear that this set is a generating set for @m/. It is
minimal because

dimgm W /W " = dimgm mfm'* + xm?
= dimpm» mi/mi** — dimgm 29 + mitmi

and dimgmz,m ™ + m? " /m’™ is the number of monomials in the
chosen basis for m’ which contain x.
Suppose that

(%) awpeeap A s bRl alE o e, €M

is a relation mod m't' among the elements of the set S#7(x) U
(@)U - U SA@) %, By passing to R and using induction
we get that all the coefficients of monomials in (*) which do not
contain x, are in m. So we have a relation

(**) QI - X e bxf' v xftéu 4+ e 4 Cx1$i~17»i__l G’ﬂ@”‘l
with x, appearing in each monomial. Thus,

il st e b T i A+ e szwmi‘l) em .
By (1.3), (x) N m' = zm’ for 1 <1, so

F T AT A B bxfl—l Ce mfté‘n + ..+ Cé:f,fmi‘., gmi .
By induction, all the coefficients a, b, -+, ¢ are in m.

ExampLE. We illustrate (1.6) with an example. Let R be the
ring K[[t], ¢, t°, t°]] with & a field. m = (&, 5, %, ). ) Nm"* = i'm’
for e =1, 2,8 but (t') N m® 2 t'm* as t* = ¢ - t'(¢*)? is in m® but ¢'(t®)?
is not in m*. We can apply (1.6) to get that ¢/{¢", ¢, t*, ¢} is part

of a minimal basis for m? = (t"m, t'*) and ¢{¢* t*, ¥, t*, ¢} is part
of a minimal basis for m?® = (t"m?, £*).

2. Reduction to lower dimension. Let (B, m) be a d-dimen-
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sional local Cohen-Macaulay ring of multiplicity ¢ and embedding
dimension ». If v=d, d+1 or e+ d —~1 then grR is Cohen-
Macaulay, cf. [4]. The property &7, for a local Cohen-Macaulay ring
to have embedding dimension ¢ + d — & is preserved under passage
to R(U) = R[Ulugy, U an indeterminate, and is preserved under
reduction modulo the ideal generated by any element of minimal
reduction of m. Given a local Cohen-Macaulay ring with a property
? which is preserved under both types of change of rings mentioned
above, (2.4) below shows that if every 1-dimensional local Cohen-
Macaulay ring with <” has Cohen-Macaulay associated graded ring
then so does every d-dimensional local Cohen-Macaulay ring with
P

Thus to show that Cohen-Macaulay local rings of embedding
dimension d, d +1 or e +d — 1 have Cohen-Macaulay associated
graded rings, it sufficient to show that 1-dimensional local Cohen-
Macaulay rings of embedding dimension 1, 2 or ¢ have Cohen-Macaulay
associated graded rings. (However, the usual proof for embedding
dimension d or d + 1 is more direct.) Another application of (2.4)
follows in §3.

As the techniques in the proof of (2.4) have other uses, we put
this result in a more general setting. In §1 we saw that “super-
regularity” can be expressed in terms of certain intersection
equalities. What we need are conditions which allow intersection
equalities in dimension d — 1 to be lifted to dimension d.

PrROPOSITION 2.1. Let (R, m) be a local ring and z = ®,, ---, %,
be a regular sequence. The following statements are equivalent.

1. () N m** = xzm® for 1 < some positive integer .

2. (@) (m/e,R)y* N (%, ---, B)R/zR = (&, -, T,)(m/x,R)" for
1 = I, where ~ denotes image in R/x,R;

by If f, is a homogeneous polynomial in the polynomial ring
R[X,, ---, X,] of (arbitrary) degree s with some coefficient a unit such
that rf,(x, - -+, x,) € m*** for some rc R and any 1 <1, then rem* .

3. (a) (m/zR)* N (&, -, B)R/2R = (&, ---, T,)(m/2.R)" for
v =1, where ~ denotes image in Rjx.R;

®) (x) N Mt =xm' for i < 1.

EXAMPLE. Let k be a field and let R = K|[X, Y, Z])/(Y* — XZ) =
k[[x, y, z]] with m = (z, 9, 2). R is Cohen-Macaulay and z, z is a
regular sequence. In R/xR = K[[Y, Z]]/(Y?®), we have (m/cR)"N
2R[xR = z(m/xR)* for ¢ = 0. Similarly, in B/zR we have (m/zR)"* N
zR/zR = x(m/zR)" for 1 = 0. But m®N (x, 2) #= (x, 2)m* as xzecm’.
Thus the image of z is super-regular in R/xR, the image of z is
super-regular in R/zR but neither x nor z is super-regular in R.
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Proof of 2.1. Suppose (1) holds. (2) (a) follows immediately.
We prove (2) (b) by induction on ¢ and on ¢4 + 1 — s. There is no
difficulty if £ = 1 so we assume ¢ > 1 and we may assume also that
1+1—8>0. Let f, and » be as in (2) (b). Let

(*) fs(xl, ...,xt>:awf1...x;’t+ cee _}_cxi'l...x[t’

with ¢ a unit. We may assume that » is not a multiple of any ..
If a, =0 in (*), by passing to R/x,R where all the hypotheses of (1)
hold for the images of =,, ---, z,, we get re(m'* ™, x,). r=p+ ',
with gem** and »'z.f,(x, ---, ©,) e m***. Since z,f, has degree s +1
and 1 +1—(s+1)<i+1—s, rem't ¢+t and rem***. Thus we
may assume that x, appears in each monomial with unit coefficient
in (*). Pass to the ring R(U) = R[Uluzyr U an indeterminate and
let #{ = #, + Ux,. Since R — R(U) is faithfully flat, zi, «,, - - -, @, is
a regular sequence in R(U) and (2,2, ---, x,) N (mRU))"* =
(21, Zoy -+, ) (M R(U))* for 1 < 1. We have

fs(xl’ N xt> — a(x; —_ sz)"‘l e x:‘t 4o+ c(x; — sz)n “oa th ,
with »f,(x, ---, 2,) e (mR(U))"*. We have

(**) fs(xl, ...,xt) =ax{"‘1 A LA S
—qUagatee oo g2t o oo — cUngtrz o ou gt

Since f, has terms with z, missing, we want to consider f, as a
form in zj, ---, 2, and apply the same argument as above. However,
there may be some collapsing in (**) so we have to collect terms
and write f, as a sum of distinct monominals of degree s in
xy, +++, . If all the other monomials in (**) are distinet from
xpitee ... it then, by passing to R(U)/xR(U) and using the same
reasoning as above, we see that »f, e (mR(U))**' implies that re
(mRU)**NR=m'**. So we assume there is some collapsing and
let a, a,, - -+, a;, be unit coefficients in (*) such that the monomials
@y 2 L gt in (**) having coefficients a, ;U% are equal to 27 =
@ ... pyt. Note that ;%™ ...af%' = 9% implies that a,;=
Qg -+, Oy =@, and @, + @ = + @, Thus a,; # a, since the
monomials in (*) are distinet. Let b be the coefficient (in m and
possibly zero) of & in (*). The new (collected) coefficient of 27 is

Aw = —aU" —a, U™ — -+ —a, U + 0.

Since the powers of U are distinct, A, is a unit. Thus f, may be
written as a form of degree s in x;, ,, ---, #, with coefficient of the
monomial 57 a unit. Since z; is missing from 57, we apply the
same argument as above to show that »em®t™*. This concludes
the proof that (1) = (2).
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Clearly (2) = (8). Suppose (8) holds. If ¢=1, then j =1 and
(1) holds. Assume ¢>1. Let w = ax, + g(x, ---, .)€ (z) N Mm**.

With ~ denoting images in R/x,R, we have §(&,, ---, T,) €@, -+, ) N
(m/le)Hl = (552, T %t)('m'/le)i- Thus g(xzy ) xt) = h(xZ, tt xt) +
x,r where h(x, :--, x,)€ (%, +--, x)m'. We have w = ax, + 72, +
h(x, -+, x)em* so (@ + )z, e m'* N (x) = xm’. Since z, is a non-

zero divisor; ¢ + r e m’ and w e zm’.

(2.2) below is the technical result needed to reduce dimension.
To eliminate excess notation, homomorphic images of the regular
sequence g = &,, - -+, &, will be denoted by the same letters, and if
U, ---, U, are indeterminates, we denote

R(Uly Tty Up) = R[Uh Y Up]_@R[Ul,---,Up]
by R(U).

THEOREM 2.2. Let (R, m) be a local ring and let x = x, -+, ,
be a regular sequence with t > 1. Suppose that

(m/x1R>i+1 N (x27 ) x,)R/le = (ny Tty xt)(m/le)’

Jor i < some positive integer 1. Suppose that for any finite set of

indeterminates U, ---, U,, there are elements x;, -+, ¢, €{@,, -+, 2}
and a linear polynomial ¢(U, ---,U,) =x +a,U + -+ +2,U,
such that

(@, - -+, )R(U)gR(U)) N (mBR(V)/gR(T))™
= (&, -+, ©)MRU)/gRU))" , for i =1.

Then,

(wlr T xt)nmi-H = (xlr "'yxt)mi ’ fO’I’ ’L_S_l

Proof. We prove that (2)(b) of (2.1) holds for any local ring
with a regular sequence satisfying the hypotheses of the theorem
by induction on 7 + 1 — s, where s, f, and » are as in the statement
of 2)(b). We may assume that ¢+ +1 — s> 0. Let

(*) fo=axs o git 4+ oo fealt---xft, with a a unit .

If o, = 0, pass to R/z,R. By (2.1) (1) = (2)(b), we can conclude that
re(m*, x). r=p+ 7'z, with gem*™. But then 2z f, e m*"
and x,f, has degree s + 1. By induction, we have 7' € m**~ ¢+, and
remt*. Thus we may assume that x, appears in each monomial
in (*) with unit coefficient. By hypothesis, for the indeterminate
U, there is an element, say «, in {x,, ---, 2,} such that
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@z, -+, 2)(R(U)/2:R(U)) N (mR(U) e R(U))™
= (@ « -+, 2) B[ R(U))"

for i £ 1, where a; = a, + Ux,.

We have f, = a(x; — Ux,)masz -« - 28t + -+ + e(x; — Umy)ay? - - - @],
The same argument as in the proof of (2.1) (1) = (2)(b) shows that
f, can be written as a homogeneous polynomial, in the regular
sequence &, &, - -, &,, of degree s, having a monomial with unit
coefficient in which x; does not appear: f, = A(U)xj*---ajt + -+ +
B(U)x;ws? - - - 2it, with A(U) a unit in R(U). »f,e(mR(U))*'. By
passing to R(U)/x,R(U) and applying (2.1) (1) = (2)(b), we get re
(mRBRU))*+7°, 21) so r = ¢ + 'z, with ge (mR(U))+* and »' € R(U).
Now R(U) and the regular sequence zi, x,, ---, x, satisfy the hypo-
theses of the theorem. Since 7'zif, € (mR(U))**andi + 1 — (s + 1) <
1+ 1—s, we have by induction that «'e(mR(U))* ¢+, Thus
re(mRBRU)" " NR =m+.

We will say that a property .&° of a local ring (R, m) is firm
if .7° is preserved under the change of rings R — R(U), U an in-
determinate. We will say that a firm property .&° of a d-dimensional
local Cohen-Macaulay ring (R, m) is stable for the minimal reduction

T = x, ---, &, of m if for any finite set of indeterminates U, ---, U,
2 is preserved under reduction of R(U, ---, U,) modulo the ideal
generated by any subset of generators of (x,, ---, 2,)R(U, ---, U,).

We will say that a firm property &7 of a d-dimensional local Cohen-
Macaulay ring (R, m) is stable if .&° is preserved under reduction

modulo the ideal generated by any element of a minimal reduction
of m.

ExampLEs. If (R, m) is a local Cohen-Macaulay ring, the property
of being Gorenstein or regular is clearly stable. Let e be a fixed
positive integer. The property .&° for a local Cohen-Macaulay ring
to have multiplicity e¢ is a stable property. As mentioned in the
first paragraph of §2, the property .2 for a local Cohen-Macaulay
ring of dimension d and multiplicity e to have embedding dimension
e + d — k is stable. As example of a property stable for a particular
minimal reduction z is given in §83.

THEOREM 2.3. Let (R, m) be a d-dimensional local Cohen-
Macaulay ring with a property &° stable for the minimal reduction
X=X, X, 0f M. Suppose that 1-dimensional local Cohen-Macaulay
rings (S, n) with . satisfy (x) N #'* = xn’ for i < some positive
integer | and any minimal reduction x of m. Then (x)NmM*** = xm’
for 1 £ 1.
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Proof. The proof is by induction on d. We take d > 1. Let
U=1U, ---, U, be a finite set of indeterminates. Let g(U) =z, +
Uz, + --- + Uy, By hypothesis, R(U)/g(U)R(U) has & and is
stable for the minimal reduction %, ---, # which is the image of
Xy 0, xg in R(U)/g(U)R(U). By induction, (mR(U)/g(U)R(U))+ N
@y o, Bo) = By, -+, B)mBRU)/g(U)RU)) for i<l By (2.2),
m* O (@, -, Ty) = (@4, -+, x)m" for 1 Z 1.

COROLLARY 2.4. Let (R, m) be a d-dimensional local Cohen-
Macaulay ring with a property P stable for the minimal reduction
=12, -, 2, of m. If grS is Cohen-Macaulay for every l-dimen-
stonal local Cohen-Macaulay ring (S, n) with 7, then grR is Cohen-
Macaulay.

For further use it will be convenient to have a variant of (2.3)
which requires us to test only some of the minimal reductions in
dimension 1. We need the same types of stability for properties of
a minimal reduction. Let (B, m) be a d-dimensional local Cohen-
Macaulay ring. Let U be an indeterminate. Let x =, ---, 2, be
a minimal reduction of m. Let & be a property of zR. We will
say that « is firm if 2R(U) has & We will say that a firm
property & if stable if, given any element g of a minimal generating
set for aR(U), say zR(U)=1(9,%¥, ---, ¥y )R(U), the image
(Y, * -+, Y)(B(U)/gR(U)) has &.

For example, let (R, m) be a d-dimensional local Cohen-Macaulay
ring and, for positive integers j, let &; be the property for minimal
reductions x of m that m? & xR. Then & is stable. Let & be
the property that m’ £ xR. Then &} is also stable.

THEOREM 2.5. Let (R, m) be a d-dimensional local Cohen-Macaulay
ring with a property < stable for the minimal reduction x =
Xy o0, Xy 0f m.  Assume in addition that x has a stable property
& Suppose that 1-dimensional local Cohen-Macaulay rings (S, )
with 2 satisfy (x) N n'** = axn' for i < some positive integer | and
all minimal reductions x of m which have the stable property &
Then () N m**™ = zm® for 1 < 1.

Proof. The proof is the same as the proof of (2.8).
3. Applications.
THEOREM 3.1. Let (R, m) be a d-dimensional local Gorenstein

ring of multiplicity ¢ and embedding dimension ¢ +d — 3. Ifx =
Xy, ce0, Xy 18 any minimal reduction of m, m* £ xR and m*C am.
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grR is Cohen-Macaulay if and only if m* = xm® for some minimal
reduction x of m.

Proof. Let x =, ---, 2, be a minimal reduction of m. Pass
to (R, m) = (R/xR, m/zR). Since v(i) = e — 3 and M(R) = ¢, we must
have that 7i* = 0. Since A\(socle B) = 1, #° = socle B. Thus m® <& zR
and m*C zR. By the analytic independence of x, m*c xm.

If, for some minimal reduction x of m, m* & xm?®, then Z,, ---, %,
is a homogeneous system of parameters in grR that is not a regular
sequence by (1.1) so that grR is not Cohen-Macaulay by [2].

To complete the proof we will show that if (R, m) is a d-dimen-
sional local Cohen-Macaulay ring of embedding dimension ¢ +d — 8
and if x is a minimal reduction of m such that m® £ xR and m* =
dimensional local Cohen-Macaulay rings (S, #) that S has embedding
dimension e + d — 3 and that there exists a minimal reduction y of
n such that #° £ yR and n' = yn’. R has & and & is stable for
the minimal reduction z of m. Thus by (2.4), we may assume d = 1.
Let =2 and let m = (x, w, -, W._s). There exist p,qe
{1, ---, e—38} such that m* = (xm, w,w,), m* = (xm?, wiw,) and wiw, ¢
xm. This follows from the fact that (m/xR)* and (m/xR)* are non-
zero principal ideals. It is clear that m*** N (x) = om’ for : = 3. We
must show that m’N (&) =am®. Let zem’N(x). 2z =ax¢+ rwiw,
with #gem®and re R. Since rwiw, € (x), r € m and rw w, € m* = xm?.
Thus zeam® and m® N () = xm?.

REMARKS. Note that, with the hypotheses of (3.1), if grR is
Cohen-Macaulay it is not Gorenstein. (3.1) may also be proved
directly, using just (1.5) instead of (2.4) and (1.5).

ExamMPLES. 1. Let k& be a field. The rings K[[¢ ¢, ¢°]],
k[, &, ¢, t*]], K[t 7, t©, t*]] are Gorenstein and satisfy v = e+d—3
and m* = xm°. Recall that the multiplicity ¢ of a numerical semi-
group ring R = k[t ¢t -.-,t>]] with o, <a; < --- <a, and
ged(a,, oy, < -+, a,) =1 is just «,. This follows for example, from
[8, VIII, §10, Thm. 24].

2. K[, ] = kX, Y, Z1)(X° — YZ, Y — Z*%) is a complete
intersection with associated graded ring k[ X, Y, Z|(YZ, Z*, Y*—ZX?)
which is Cohen-Macaulay but not a complete intersection.

3. The hypothesis that R is Gorenstein cannot be omitted from
(8.1). Let R = E[[t", &%, t*, %, t*"]], with k a field. R satisfies v(m) =
e+d—8=T7+1—3 and m*=t'm® but grR is not Cohen-Macaulay
at t"“'m cm’.

It is possible that the hypothesis m* = zm® is redundant in (3.1),
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i.e., it is possible that all d-dimensional local Gorenstein rings of
embedding dimension ¢ + d — 3 have Cohen-Macaulay associated graded
rings.! By (2.4) it is sufficient to prove this for d = 1. It is true
that if (R, m) is a 1l-dimensional analytically irreducible local
Gorenstein domain with algebraically closed residue field and with
embedding dimension ¢ + d — 3, then grR is Cohen-Macaulay.

Next, we want to show that Cohen-Macaulay local rings with
certain Hilbert polynomials have Cohen-Macaulay associated graded
rings. First, we recall definitions of the concepts involved. For
any d-dimensional local ring (R, m), the Hilbert function is defined
for nonnegative integers n by Hz(n) = dimg,,(m"/m**"). The Hilbert
sum transforms are defined inductively for nonnegative integers n by

Hin) = Ho(n) and Hiym) = 3, HiG) .

For large n, H:(n) is a polynomial Pi(n) of degree d — 1 + <. If
xem, then Hy.z(n) — Hy(n) = M(m"**: 2)/m™), cf. [8], Lemma 3,
VIII, §8. If x is super-regular, H%,.x(n) = H%n). If x just has the
property that (m"*':x) = m™ for all large n, we still get that

Lsr() = Py(n). This prompts the definition of superficial element,
cf. [8], VIII, §8. An element z in a local ring (R, m) is superficial if
there is a positive integer ¢ such that (m"*: )N m°=m", for all n=c.
If x is a superficial element and a nonzero divisor then (m"+': x) = m”"
for all large n. A superficial element is the preimage in R of an
element of degree 1 in grR which does not lie in any prime belonging
to 0 in grR except possibly grm. Superficial elements exist if R/m
is infinite. If, in addition, m does not belong to 0 in R, there
exists a superficial element which is also a nonzero divisor.

THEOREM 3.2. Let (R, m) be a d-dimensional local Cohen-
Macaulay ring with d=2 and multiplicity e. The Hilbert polynomial
P(n) for R is

+d—2 +d—2
_PMn)==<n >e+-<" >

n—1 n

if and only if R has embedding dimension e + d — 1 in which case
grR 1s Cohen-Macaulay.

Proof. It was proved in [4] that v(m) = ¢ + d — 1 implies that

grR is Cohen-Macaulay and in [5] that v(m) = ¢ + d — 1 implies that
%(n) = %Zi—z n+d——2>,f0rallngo.

1 %+< n

Suppose that (R, m) is a local Cohen-Macaulay ring with Hilbert

polynomial PY(n) = (n ;‘;_‘%I 2>e + <n +g - 2). We will show

1 Added in proof. The author has recently verified that this is the case.
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that v(m) = e +d — 1 by induction on d. Let d =2. We may
assume that R/m is infinite and take a superficial element x with «
a nonzero divisor. Then, for = = m, some integer m,, Hk.z(n) =
%(n) =ne +1. R/xR is a l-dimensional local Cohen-Macaulay ring
so, foral w =1, H: .zx(n)=14+e—j, +e— 3, + --+- + e — 7, with
nonnegative integers j, having the property that if j, =0, then
Je =0 for k=4. Since for n =n, Hki.z(n)=1+ne— >3 .7, =
1 + ne, it must be true that >7_,j. =0. Thus v(m/zR) = ¢ and
vim) =e + 1.
Suppose d > 2. Again, assuming R/m infinite, if necessary, we

take a superficial element « which is also a nonzero divisor. For
large n, Hrur(n) = Hy(n) = <n ;Ll‘ E I 2)e + (n +,fbl o 2). Since
H% .x(n) = Hyoz(n) — Hpx(n — 1), we have for large =,

H(n) = <n+d—2>e N <n+d—2)

n—1 n
~<n—1+d—2> _ n—1+d—2
n—2 ¢ < n—1 )
<n+(d—1)——2> <n+(d—~1)—2>
= e + .
n—1 n

Thus, by induction, v(m/cR) =e¢ + (d — 1) — 1. Therefore, v(m) =
e +d—1.

REMARK. Clearly, the hypothesis d = 2 is necessary in (3.2) as
every l-dimensional local Cohen-Macaulay ring (R, m) has Pj(n) = e.

THEOREM 3.38. Let (R, m) be a d-dimensional local Cohen-
Moacaulay ring with d = 2, and multiplicity e. The Hilbert poly-
nomial P%(n) for R is

P3£<n):<n+d-—2>e+<n+d—3>

n—1 n

if and only if R has embedding dimension e +d —2 and grR 1is
Cohen-Macaulay.

We need two lemmas. Lemma 3.4 was given in [6]. We give
a proof below using the results of §1.

LEMMA 3.4. Let (R, m) be a d-dimensional local Cohen-Macaulay
ring of multiplicity e and embedding dimension e +d — 2. Let
X =2, -, L; e a minimal reduction for m. Then m*C (x) and
grR is Cohen-Macaulay if and only if m*® = zm?®, for some minimal
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reduction x of m.

Proof. Pass to (R, @) = (R/zR, m/zR). MR)=e and v(@) =
e — 2. Counting lengths, we see that 7*=+ 0 and #%®=0. Thus
w® C (). Suppose that m® = xm® Then m‘* N (z) = zm* for ¢ = 2.
But, by the analytic independence of z, c¢f. [3], we also have m?N
() = zm. Thus grR is Cohen-Macaulay by (1.5). If, on the other
hand, m*% xm? then by (1.1) there is some j,1=<j<d, such
that( ,, -+, %;_:%;) £ @, -+, T;—) + (9rm)* so that grR is not
Cohen-Macaulay.

LEMMA 3.5. Let (R, m) be a d-dimensional local Cohen-Macaulay
ring with d = 2. Let x = &, ---, ; be a minimal reduction for m.
Suppose that (m/x.R)*N (X, ---, )RR = (2, - -+, 2)(m/x,R)* and
that (m/e,R)} N (g, @5, -+, T)RIXR = (), X3, -+ -, xg)(m/2,R)*. Then

m’ N (@, -, IR = (2, -+, T)m .

Proof. Let w=ax, + --- + axsem®N (x, -+, ;). Passing to
R/x,R and R/x,R in turn, we get that a,, a,, ---, a;€(m? z). Thus
w = fo@, -+, %) +w, with w'e@, ---, z)m* and fy(x, ---, 2,) a
form of degree 2 in x,, ---, 2;. folXy, + -+, ) €Em®, by the analytic
independence of z, fu(x,, -+, x,) € (x)*m and w e xm?, as desired.

Proof of 3.3. The proof is by induction on d. We may assume
that R/m is infinite and take a minimal reduction x =z, ---, x, of
m having the property that each z, is a superficial element. Let

= 2. For large n and for ¢ =1, 2, H%, z(n) = H%(n) = ne. Since
R/z,R is a 1-dimensional local Cohen-Macaulay ring, for every » =1,
Hoz(m) =1+e¢—j, + -+ + e — Jj,, with nonnegative integers j,
having the property that if j, = 0, then 5, =0 for £ = I. For large
n, Hypgm) =1+ ne — 3%, j, =ne. Thus, 3% .75, =1 so j, =1
and j,=0 for k>1. It follows that v(m/xz;R) =e¢ —1 and
v((m/x,R)") =e for I >1. Therefore, v(m)= e and (m/x,R)’ = x,(m/x.R)
and (m/x,R)’ = x,(m/x,R)’. By (8.5), we have m*N(x, x,) = (x,, «,)m?
and by (3.4), grR is Cohen-Macaulay.

Assume that d > 2. For each #z;,, 1 =1, ---,d, and for large n,
we have Hy, x(n) = Hy(n) = <n jq: i I 2>e + <n +3 - 2). Since,
%a;p(M) = Hypo () — Hyppr(n — 1), it follows that

HSyy ) = ("Hd—l) —2>e . <n+(d~1) _2> |

n—1 n

for large n. We may apply induction to R/x,R to get v(m/x,R) =
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e+ (d—1) —2and v(m) =e¢+d — 2. Also, by induction, (m/x,R)’ =
(xlv ety gy vty wd)(ﬂ.”’/xiR)Z: S0, by (3'5) and (34), ms = (xly Tty wd)m2
and grR is Cohen-Macaulay.

REMARK. (3.3) answers a question D. Mumford asked the author.
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