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Quantitative estimates are derived, describing the size
and shape of a symmetric (idealized) liquid drop, resting in
gravitational equilibrium on a plane surface /7. The free surface
interface is determined by the conditions that its mean cur-
vature be a given (increasing) linear function of distance from
11, that it enclose with /7 a prescribed volume V, and that the
angle formed with /7 be a prescribed constant y. The estimates
apply to drops of all sizes, and some are asymptotically exact
in the limiting cases of large or small wetted area on 7/. Itis
shown that a number of qualitative features of behavior are
determined by the ratio //siny/2. This ratio is in turnrelated
to a ratio that appears in the study of the circular capillary
tube, thus indicating a reciprocity between the two problems,
which becomes exact in both limiting cases.

As corollaries of the method, the uniqueness of the sym-
metric solution is proved, and a new proof of existence is
given.

The results are compared with calculations and with mea-
surements in some particular cases.
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1. Introduction. The existence of a stationary (sessile) liquid
drop of prescribed volume V and minimizing potential energy, rest-
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542 ROBERT FINN

ing on a homogeneous plane I7 in the presence of a uniform gravity
field directed toward the plane, and making with the plane a pre-
scribed angle v at the boundary of the wetted surface, has been
proved by Gonzalez [6], who proved also that the drop is simply
connected and rotationally symmetric relative to an axis orthogonal
to the plane. (Cf. fig. 1; see also [7, 8].)

The result of Gonzalez leads naturally to the question, whether
the solution he obtained is uniquely determined, that is, can there
be more than one energy minimizing drop for prescribed V and
v?

We show in the present work that for each v in the range
0<v = m, the set of all simply conmnected symmetric solution sur-
Jaces is described by a ome parameter family, along which V varies
strictly monotonically from zero to infinity. Our result, in addition
to providing a new (and simpler) existence proof for equilibrium
surfaces, thus settles affirmatively the above uniqueness question.
In conjunction with Gonzalez’s work, it shows additionally that
every symmetric sessile drop is energy minimizing in the class of
all drops with the same V and ~.

In §4.2 we show—under some restrictions—that the symmetric
configuration is unique in a class of drops that need not be sym-
metric or energy minimzing.?

We study here also a related question, whether, if some fluid
is removed from a drop (e.g., by evaporation), the vertex height
q(V; v) decreases monotonically. We show in §7 that whenever the
ratio (V/sin~v/2) is sufficiently large, the answer is negative; it
turns out the ratio ¢(V;v)/sin v/2 tends to a constant Q. =
9.(7)/sin v/2, wuniformly in ~ as (V/sin v/2) — . Further, the
ratio ¢/q., exceeds unity if V/sin~v/2 is large enough (independent
of 7).

This latter statement turned out, to our surprise, to be not
entirely new. Nonmonotonicity of ¢ in V (for fixed v and sufficiently
large V) was observed by Bowditeh [10, pp. 985-6] as a consequence
of a formal asymptotic expansion due to Laplace; it can be inferred
also from recent work of Concus [3]. Our approach differs from
those of the authors just cited, and it has the virtue, besides pro-
viding a strict mathematical proof, of showing that the controlling
parameter is (V/sin v/2), rather than V alone. Thus, in the case
of small v (as occurs for water on a glass surface) monotonicity can
fail for arbitrarily small values of V. Figure 6 shows some configu-
rations in a neighborhood of the extremal case,” with v = 7/2 (the

! H. Wente has since used the same method to show that every stationary surface

is necessarily symmetric.
21 am indebted to Heidi Bjorstad for performing the calculations.
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curves are sketched between the initial and end points). Relevant
parameters of extremal configurations for several choices of v are
listed in Table 1.

In §6 we show that if (V/sinv/2) is sufficiently small (we give
an explicit estimate), then the height and also the “size” of the
drop become monotone in V, in the sense that when fluid is remov-
ed symmetrically, the resulting drop lies entirely interior to the
original one.

The above results—especially for the monotonicity question—
depend on general estimates for the size and shape of symmetric
drops. These estimates are developed in §3, 8, 9. They comprise the
main substance of the paper and represent, we think, its chief in-
terest. We shall present explicit estimates, in closed form, relating
the radius 7 of the wetted surface, the volume V of the drop, the
boundary angle v, the height ¢ of the drop, and the base meniscus
height u, of a related “capillary” problem. The estimates contain
some features that suggest natural lines of organization; for example,
it turns out (§8.1) that (in our normalization) the inequality z/6 <
[(A+23)/r*(L+7Y)] V/sin v <=z holds uniformly among all possible drop
configurations for which 0 < v < #/2, and an analogous relation holds
in the remaining range. Also, (1/#%) V/sinv/2 is agsymptotically con-
stant for large 7, uniformly in v. Its deviation from a constant is
estimated explicity for any », and a new asymptotic relation appears
as 7 — 0. Similar comments apply to the ratio® (sin v)/ru, of the as-
sociated capillary problem; it is shown the two ratio V/siny and
(sin v)/u, admit bounds in terms of each other for any #, and are
determined asymptotically in terms of each other, both for small
and for large » (§9).

In general terms, we have shown that if 0 <v <9 <=, then
V/sin v tends to zero like (sin v/u,)®, and to infinity like log*(sin v/u,),
as sin v/u, tends to the respective limits. The radius » of the wet-
ted surface (or of the capillary tube) does not enter explicitly into
these asymptotic relations. Taken from another point of view, each
of the ratios V/sinv and sin~v/u, determines, to within positive
bounds, the radius » of the wetted surface (or of an associated
capillary tube), and vice versa; by adjoining multiplicative functions
of v that are bounded above and below, the determination becomes

3 The symbol y appearing here should be replaced by (x/2)—7y to obtain the conven-
tional contact angle (measured within the fluid) for the capillary problem (as used in
[5] and in [14]). Our choice of notation is based on the geometry of the sessile drop,
for which the conventional choice for y has been made. This symbol will be used in
the text only when a specific reference to boundary angle is intended. Generic angles

measured along solution curves will be denoted by ¥. The notation permits each such
¥ to be interpreted alternatively as boundary (contact) angle.
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asymptotically exact both for small and for large values of the
ratios.

Similar comments apply to the drop height ¢ above the base
plane (or, equivalently, the height of the meniscus in a capilla-
ry tube). Here the crucial ratio is ¢/sin<y, for which bounds
above and below are obtained that become equalities asymptotically
(§ 8.2).

These and the previously mentioned asymptotic results seem of
particular theoretical interest, both for the sessile drop and the
capillary tube. The results are summarized in §9; some of the re-
levant quantities were also calculated independently for various
choices of », and appear in Table 2.

If v > x/2 (as occurs for a “nonwetting” liquid-solid interface),
the methods provide estimates for the maximum diameter R of the
drop, and for the difference between R and the radius » of the
wetted circle, in terms of V and sin~v (§8.1).

In §8.3 we compare our estimates with the results of a formal
asymptotic calculation due to Laplace, for a particular configuration
that was considered by him.

The reformulation in terms of the related ecapillary problem has
led to a number of technical simplifications, and has enabled us to
profit from earliar studies of that problem in [5, 14]. It was neces-
sary here in the initial steps to rederive and extend for the present
situation some results that were given in those references in other
contexts, and thus there is a small overlap with the previously
published material. The ideas are developed further here, leading
to results that should be of interest also for the original capillary
problem. The papers [5,14] contain also a number of additional
contributions to that problem, that in turn apply to the questions
considered in the present work.

With the single exception of the (brief) §4.2, only the sym-
metric configuration is discussed here. Some of the results will
however be applied to the general case (corresponding physically to
an inhomogeneous base plane) in a work with J. Spruck that is now
in preparation.

We have limited ourselves in this work to the case in which
the total change of inclination angle of a meridional section does
not exceed 7, as that is the maximum change that would occur
for a sessile drop. It should be pointed out there are good
physical reasons to continue the study further, at least to an
angle 2z, in order to include the kind of situation illustrated in
figure 2. In the interest of technical simplicity we did not do so
in this paper; the techniques do not all apply without change to
the extended situation, however, the difficulties in basing such an
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extension on the same general frame of ideas do not seem insur-
mountable.

The material of this paper did not lend itself well to an organ-
ization into “Theorem” and “Proof”. As a guide to the structure of
the paper and to the main ideas, the numbers of principal formulas
have been underlined. Italicized statements, where they appear, are
used chiefly for emphasis within an immediate context. There are
a few exceptions.

Figure 1 illustrates what is meant in this paper by a sessile
liquid drop. A formal mathematical definition would not be difficult
but for present purposes, would, we think, be needlessly pedantiec.
In the symmetric case we have considered, a definition is implicit
in the formulation of §2. The principal interest in our resualts pre-
sumably lies in the (physical) case of two dimensional surfaces in
three space. It requires, however, only a bit more effort to cairy
out the estimates for n-surfaces in (n -+ 1)-space, and we shall dis-
cuss the problem in that generality.

We remark finally that an independent proof of uniqueness, for
the case 0 < v < /2, has been given by J. Spruck.

I should like to thank N. N. Ural’tseva for a conversation that
attracted my attention to the problem considered here. I am inde-
bted also to R. Gonzalez and I. Tamanini, who pointed out to me
that the uniqueness question was still open.

2. Formulation. We consider a surface S over a horizontal
plane II (Figure 1) for which the energy functional is stationary.
Let » be a point on S and w a vector normal to S at p, directed
toward the exterior of the fluid region (Figure 1). If the compo-
nent of w orthogonal to the plane I/ is directed away from II, we
obtain, by an elementary variational analysis, the equation

1

1 d‘ T = —)\:, T :————*_—__—_.——-———D
(1) iv Tu = ku U VIT DT U

for the distance u(x) of p from II. Here £ = pg/o is the “capillarity
constant”; o is the density difference, g the gravitational accelera-
tion, ¢ the surface tension. The constant )\ is a Lagrange para-
meter, to be determined by the prescribed volume. (If the compo-
nent of w othogonal to I7 is directed toward II, we obtain the same
equation with the signs of £ and A reversed.) On the manifold of
contact of S with I7, the angle v between the normals to the sur-
faces is constant. The value of the constant is determined by the
physical materials; we may however normalize it to the range
0 <v <7 (see Figure 1).
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Ficure 1. Sessile drop; boundary angle y

The transformation

S A AR e

yields the equation
(3) div Tw = (n — D)v .

We note (3) is the (normalized) equation for the rise height of
fluid in a capillary tube; thus, the totality of sessile drop solutions
is equivalent to the totality of capillary surfaces.

Reverting to original notation, we introduce a hypothesis of
rotational symmetry about © = 0 and set |z| = », obtaining

d ([ r"'u, >___ d
dr \W1 + ut dr

Here + is the angle made with the r-axis by a tangent to the
meridional curve u = u(r) (see Figure 3). The hypotheses leading
to the (necessary) condition (4) are certainly verified near the vertex
of a drop, close to the point (0, u,) of symmetry. The existence of
such a neighborhood is ensured by the following result:

For arbitrary u, there exists a unique solution wu(r) of (4) in
an interval 0 < r < R(u,), and such that lim,_ ., u(r) = u,.

(r"sin) = (n — D" 'u .

(4)

This theorem (for n = 2) goes back at least to Lohnstein [11].
Proofs (also for » = 2) can be found also in Johnson and Perko [9],
and (implicitly) in the Appendix of [4] and in [15]. The extension
to arbitrary = creates no difficulty. The first of the expressions in
(4) reverses sign wnen the sense of the normal reverses, the second
holds as stated in all cases.

NN\

7

S S

Ficure 2. oy > =z
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(2

/ T

Ficure 3. Normalized configuration

We note that although (4) is of second order, it suffices (because
of the singularity at » = 0) to prescribe a single datum (i.e., the
initial value u,) to determine the solution uniquely; thus, the totality
of symmetric simply connected sessile drops is determined by a one
parameter family of curves. We proceed to characterize these cur-
ves qualitatively and to obtain for them various estimates. We
note it suffices to consider the interval u, > 0.

3. General estimates.

3.1. Traverse. From (4) we find, for a given solution u(r) and
0<r<R,

(5) rising = (0 — | o> uto)dp

from which we conclude that +f u, > 0, then u(r) is strictly increas-
ing in the range of r for which it can be continued as a solution
of (4).

Inserting upper and lower values for u(o) into (5), we obtain
the useful inequalities

(6a, b) n—1u0<s1n«1r <n—1u('r).

n r n

We conclude: The trajectory can be continued across the hyperbola

ru = nf(n — 1), and develops a singularity ot a value R <n/(n — 1)

1/u,. The strict inequalities (6a, b) continue to hold until » = R.
We write (4) in the form

(7) m~nﬂ¥wwmw=m—m
and place (6b) into (7) to obtain
(8) (sin ), > 2 =L y(z)
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which shows that if u, >0, then (r) 1s strictly increasing along
the trajectory. We may thus introduce 4 as independent variable,
obtaining the parametric system

dr _ rcosq
(82) o (-1
du _ 7rsinq
(8b) dar (n —1)4
with
9¢) 4=7ru —sinqg .

From (6) we find
1

(10) 4> 1 sin 4r
on 0 <+ =7/2. We conclude from (9), (10), first, that u(r) tends
to a finite limit as »r — R, and then that the solution (v, w) of (9)
can be continued as a solution past the value 4 = w2 corresponding
to r =R.

Consider an interval [», R] into which a continuation is possible,
with sin4 > 0. From (4) we see there holds again on this interval

a1 (r*'sin ), = (n — L)r"'u

and thus, writing (imprecisely) u(o) = w(y(0)) on the continuation,
12) R*t — " ginqap = (0 — 1)SR,0”'—1u(p)dp .

From (9b, ¢) we see that u(yy) increases monotonically on the
continuation in any subinterval of [z/2, ] in which 7 > 0 and (10)
holds. Since these inequalities hold at + = 7/2, they continue to
hold on some open interval including #/2. In any such interval we
find from (12) and the monotonicity of u(y) that

a3 2=Lum + R:_l[l _n-1 Ru(r):l < Sy m =10
n r n r n

BT, m—1
+ B Ru(R)]

7.75

From (6b) now follows

(14) "~ RuR) —1>56>0.
n

We conclude at once that the solution is determined, with r >0, on
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the entire interval 0 < 4 < 7, that u(+) increases monotonically and
that (6b), (9), (10) hold on that interval.

On the interval 0 <+ < 7/2, we may place (6b) into (9a) to
obtain

dr
1 or
(15) i < rcotqp
from which
d (sinq
(16) —dwk(——'r >>0, 0<y<m/2.

The same procedure on the continued solution yields

d (sinq+
17 %—( - ><0, TR2< <.
Thus, in all cases there holds
(18) sin 4 < sing, _ 1
“ r R R

on 0 < <7, equality holding only at » = /2.
3.2. Height I. We write (9b) in the form

19 (n —1) (u - M)du = sin Jdvyr ;
r

we note by (6b) and the monotonicity of u(y), that u(y) > n/(n — 1)
sin/r in 0 < < /2, u(y) > (n/(n/1)A/R) if 4 > x/2, and we inte-
grate (19) in two steps, obtaining

(20) S;(u - 31—25> du + S:(u — ﬂ;}l’) du = L ; ?Slﬂ#

where 4 is to be determined. To the first of these integrals we
apply (6b); in the second we observe from (17) that (sin z)/o<(sin +)/7
if 0 <7< =r/2. Thus, if 0 <+ < 7/2, we find

21) u(p) < sin 4 —}—{21”‘005’1# —|—</1— sin 4 )2 -—1'—(/12—“3)}1/2‘
r n—1 o "

The right side of (21) is minimized if 4 = n/(n — 1)sin 4/r, a value
which, by (6b), lies interior to the range of integration of (20). Thus,

(22)  u(y) < sin 4 4 {2(1 —cosy) 1 sin’qp . luﬁ}m,
r n—1 n —1 r? n

0<y <,
V=3
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If we apply (6a) to (22), we obtain the estimate®

23 sin 2(1 — cos ) 1 sin? 4 V2
(_) u("ﬁ‘)< o “‘L{ n — 1 + (%—1)2 2 } ’

0<y <™,
V=3

If 4 > #/2, we apply (18) to (9b) and integrate to obtain, with
ugr = u(w/2),

(24 u) <2+ {228 (0, - N, Loy,

which in turn implies, using — respectively — (22) or (23) at + =
/2,

1 2(1 — cos ) 1 1 1 0" =«

25 = + — = 4+ = K
(25)  ul(y) < = { T woDE  w uo} y g <P =7

1 2(1 — cos ) 1 1) T

26 = + + = x
(26) MWKR { n—1 (n——l)zR?} ’ 2<"b“§’r

To these relations should be adjoined

n  sinq T
1 0 (SVER
(27) u(y) > x

1l =z
n—1R’2

Alternatively, we may apply (6b) to the entire range of inte-
gration to obtain from (9Db)

2n

1/2
(28) w) < 2 —cosy) +uf, 0<v =7,
n—1
an estimate in which » does not appear explicitly.
The same procedure using (6a) yields

— 2y 1/2

@9 w)>" L+ {21 —cosy) + 2L, o<y I,
n -1 n 2

Again r» does not appear explicitly. We may, however, obtain a
stronger result, analogous to (22), by dividing the interval of inte-
gration as in (20). We then apply (6a) to the first term, and to the
second term the inequality (which follows from (23))

+ cf. Siegel [14].
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(30) S “ - 0<ypsZ
" 1+t \/1+f'f— 2
n—1 k*
with
(31) L = l—{'COSq/J‘
2(n — 1)

and observe that if », > r, then the corresponding %, <k, so that
the factor involving % can be replaced in the integration by its
value at the upper end point. In the resulting estimate the best
choice of dividing point is

n—lJr\/lJrZi
(32) 4= k2u
n 0

which by (29) and (6a) lies interior to the interval of integration.
The choice (32) leads to the estimate

1 1 _ 1 . 2 2y 1/2
@) uen> [PILZAmemd) =Ly )L T 0cysE,

with
1T
1+ .
n —1 \/ N i
Using (6a) in (9b) on the interval [+, z/2] yields

— —_— 2
u(v)<nn 1u0+{(uk——%nluo> .

(34) p =

2 1/2
cos nr'r}
n—1

(35) e
cosV} ) O<q'§g—,

< {un —
and using (17), we find from (9b)

- 1 1 3 [ 2y 172
uw)>smy +{“ 2 cos 4 +<un_s1n«,r>}
7 n—1 r
(36)

1/2
>{qu_ 21cosM/> , £<«,/f§7r.

n — 2
Here u, = u(x/2) can be estimated using the preceding relations.
3.8. Diameter I. We need relations connecting the rdius 7 and

volume of a drop with the value u,. An upper bound for 7, given
by (6a) when + < /2, is asymptotically exact for large u,, but a
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poor estimate if u, is small. We obtain further information by
placing (23) into (9a), yielding, for 0 < < 7/2,

(37) 1 Ve +E  dr

-z = t
k r dapr > coty
with k& given by (31).
If 0 <o =4, £ 7/2, then
1V¥ & dr

with %, = k(y,); integrating over the interval (0, 4~) and using

(39) lim 7). —_m 1
Pp—0 SN o n — 1 u,

we are led to the inequality

40 0 owp n sin 4
4 iTvice | “Hm—-D u

b

where we have set ok = r and removed the subscript.’

The relation (40) is a counterpart to (6a) and provides an esti-
mate in the other direction. Taken together, (6a) and (40) show
that both estimates are asymptotically exact as » — 0; further, the
estimate for sin +r/u, is asymptotically independent of .

For large », (40) yields correctly an exponential growth, how-
ever the exponent is too large. We obtain a better estimate in this
case by observing from (23)

41 ™ g 1 1 2(n — L)r*
40 sin 4 <n—1\/ +1+c05n/r
and also

2(n — L)r* . 2 .
42 1+ =2 1 — Dr]—"—;
(42) Jr1+cos«ﬁ<[ + )T]1+cosv

we thus find from (9a)

cos v/ 1 + cos
1V 2 sin 4

Integrating over the interval (0, +) and using (39), we now find

dr > dyr .

(43) V14 (n— Dr?
7

1+vV1+6 n—1 u,

3 We note that (37) leads also, in a somewhat simpler way, to an improvement in
the result of 1.10 in [5].

(44) 2r e N sin 4 %
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4 £2(€08 §/2-1)

*q + cos ¥ + V21 + cos )

where we have set 0 =1V'n — L. Here the exponent in the growth
estimate is exact for large r (cf. Siegel [14]), however, (40) is more
precise for small . Putting (40) and (44) together, we obtain the
general result

) M SNY gl 2 e
45) n—1 7ru < {1+1/1—}-p2e
1+ cosy 4V 2(1 + €08 ¥) ye—cos 2 e"IT,ﬁ-1>
4 1+V1+6° ’

o=k, c=Vn—1r, 0<4/f§%.

We see in particular that sin +/u, is bounded above, depending only
on the diameter 27 of the wetted surface.
We note also the auxiliary inequality

46y Lteosy + VAL T E05Y) jopr g LV E oor 1 g5y

which yields a convenient simplified form of (45).

We consider the interval 7/2 <+ < x. From (18) we have im-
mediately
47 r> Rsiny

with a lower bound for R available from (27) or from (40): Alter-
natively, we find from (9a), if 4 > x/2,

dr 7 COS
48 -1
(48) (n ) dr > Uy — Sin 4

which can be rewritten in the form

(49) _&i—[% ; 1 r"up — "' sin q@ >0

so that

(50) pre NSO s e %L
n—1 ug n—1ug

and (6b) now implies

1) > Sy %<qp<n
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which is in turn an improvement of (6b). In (51), u, can be esti-
mated using (28). (The estimates obtained from (22) or (23) are al-
ready contained in the simpler form (18).)

If we insert the inequality »"* > "R~ into (50), we are led to
the additional estimate, for /2 < ¢ £ 7,

n_lRuR——l
(52) n " Lz
™ >R m—1

n

Ruy — sin
which improves on (18) and (51) for values of + near =.
We note from (29) there holds always u, > (2/n — 1)'?, thus

RV2n —1) —=n
RV'2(n — 1) — nsin 4

(53) r > R"

which yields a nontrivial estimate whenever RV'2(n — 1) > n. Let-
ting 7, = »(w) be the first positive  at which the surface becomes
horizontal, we obtain

. __—_27’—__-}— /n
(54) > R(1 V_z_(n__T)R)
and thus
. _ 1
(85) | rr > R VI =D

for all sufficiently large R. The estimates (54, 55) provide, to our
knowledge, the first explicit information on the diameter of the wet-
ted surface for a symmetric sessile drop. They are not the best es-
timates obtainable by the method; they could be made more precise,
for example, by using the full strength of (29) in (52), or of (36)
in the derivation of (50). It will turn out (§8) that R can be es-
timated in terms of volume.

We turn now to the question of bounding »(y) from above; as
before we study first the interval 0 < < 7/2, and we note (6a)
yields the estimate

n sinqp
n—1 u,

r <

‘which is asymptotically exact as sin +/u, — 0.
We obtain a better result by introducing (33) into (9a). To do
so, we note first that
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1 1 1
1+ =—>14 —=— — =
\/ D s 2p 8
We have
1 1 7t 1 7 k*
66) T 1% <P n—l‘/ TE w1 k( 24»2)
and thus
1 n—1%Fk (n—102K
57 1+=>1 = — =
(67) \/ + D ~b+ 2 7r 2 re
whenever the inequality
(58) Y
holds.
We have from (33)
» / 1 1 Vi
(59) ruly) > n__l\/1+;-l‘;-51nv

and hence, using (57) and noting (1 + cos ) < 2,

o PG ) ey

x(vamT -1 G -171)
2r 2 7

whenever (58) holds. We place this estimate into (92) and integrate
between limits s and » to obtain

6) Va—T@—s—2"Llig”l
2 8

PO )< o - s

Choosing

1n+
62 S = —
(62) 2 Vn—T
we note that (58) holds for this choice, and using (6a) we are led
after some manipulation to

(63) ——’l—l——s—lll—i > A(m; A 73 8)r= v e > 8 0 <y S T/2,

- 0
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with

1 n +1 )(n-{—l)/Z e?cos(y’fs/Z)

64) An; 95 71;8) = (55—
(64) A(n; ;75 8) <21/n—1 1 + cosy, + V2(1 + cos 4r,)

x exp{ﬁ m—17 n+1 ;1 + cos vy + V2 — cos )
n + 1 2 62cos(¢~/2)
% exp{_(@_;;l_)”i} )

There holds uniformly, for all » > s,

n+41/2 — 2
(65) A(n;v;758) > Ay = (%._—_1/”%11_1_1_) exp {— (Z n 11) L ;_ L } .

In any range » = 2s, this estimate can be improved. We may ob-
serve first that the left side of (61) is increasing in 7, and thus,
for » = 2s,

Sin Q‘[I‘s < 2(%—1)/26—2n/(n+1) cos2(¢3/2) + COS(’lﬂ‘s/Z)

(65'1) 62cos('¢-s/2)
62(:05(30/2) .
X S1n afp
cos*(y/2) + cos(qr/2)
from which
(65.2) sin p, < 2" V37E/nHigin o = A, SIN A
and hence
1 T
65.3 cos¥e> 2 [1 +vVT = asint 4] .
(65.3) k> Sl 7l

This estimate can now be put into (65.1) to improve the bound on
sin +,, and so forth. The sequence of values obtained is monotone,
hence convergent.

We illustrate the procedure in the case n = 2, for which A, =
V' 2e¢* = .373. Thus, by (65.2), sin+, < .373sin 4 < .373 so that,
by (65.8), cos(y,/2) > 0.982. From (65.1) we now find

2c0s(y/2)

¢ sin 4
cos*(yr/2) + cos(yr/2)

2e't
<V 2e*3x.546x 24
¢ 1+1V2

sin 4, < V' 2 e **x .546 X

= 0.347
from which, by (65.3),
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1
cos—z—q;r, > 0.984

and so forth. Thus, if » = 2s, there holds always

T cos*(y/2) + cos(y/2) 1
A; ;75 8) > 1.0TT 2o exp{: |

(65.4)

> 0.294 exp {51;} ,

the latter estimate being the one given by (65). For given 4, the
estimate can be further improved by using the value for sin -+ (in-
stead of the approximation sin+ < 1) in the above derivation.

The relation (63) complements (6a) for values 7 > s, and shows
that for solutions with large wetted area, wu,/sin+ becomes ex-
ponentially small in 7.

The above result, considered as an upper bound for u, can be
inserted into (22), and the resulting inequality placed into (9a) to
obtain an improved version of (45); similarly, other of our inequal-
ities can be sharpened by that type of iteration. The results ob-
tained in that way are however of marginal interest for the pur-
poses of this paper, and we do not pursue them further here.

To study the case « > m/2, we observe that for any - with
/2 < 4 £ w there holds by (26)°

1 2(1 — cos ) 1 1) _ A
©6)  u) <3+ {2RA Ty =} =)
for all 4 in 7/2 < 4 < 4. Thus by (9a)
dr 7 COS T -
67 -1 Z g
®D n )d’lﬁ‘< Ag(¥) — sin g SV=V
from which
(68) —7.%[r""lsin«/f—”"1¢m]>0, Zzysv,
so that, sinee < is arbitrary in its interval,
i _ 1
(69) rr — n M_r” < R — _n R*1
7 — 1 Ne(y) n — 1 Ng(y)

inz2 47
We now write (52) in the form

§ We could improve the following estimates somewhat by using (25) instead of (26)
and by estimating #, by (58) or by (63).
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— 1/n

(70) ry) > B\——7 : = R — 7(B; v)
Ruy — sin 4

and place the inequality

1 r"
,,.n—l —_ _1.":. <
r R — n(R; )
into (69) to obtain
_oomn 1
. n—1 Bag(p)
(D) <R n sin

1 —
n—1 (R —7nay)
Again the estimate for 7, is of special interest. We find

1 1/n
72 <R(1--"
@ < R(1- Rwa))
and thus, for all sufficiently large R,
(13) <R ——L .
- 2V n —1

This estimate should be compared with (55).

3.4. Volume I. We wish to estimate the volume V() enclosed
by a drop, this is, the volume cut off by a horizontal plane that
meets the surface in an angle 4. We have immediately by (4)

V(y) = o, — do, Vp”“lu -g-;—dqﬁ
4 d n—1aq
) 2 sy

oo,

=0, r"u — —2—
n—1

or

(74) WWzaKWu— n1W%m¢% 0o<y<nm,
where o,, 0o, are respectively the volume and surface of a unit
n-ball.’

From the inequality (23) we obtain, for 0 < + < 7/2,

(75) Vip) < - L 0 {(1+ ;6_) — 1} sin y

7 We note that the difference between the two sides of (6b) appears as a factor in
the expression for V.
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and thus, since (1 + x)"* <1 + 2 if 2 > 0,
1

(76) V) < ——Z="siny, 0<y=<n/2,
n—1%k
a simple estimate that provides useful information when » is large.
If » > s (cf. (62)), we may apply (63), (65) in (22) to obtain the

sharper result

an V) < = 1om~lsiw{m_z Cn—1) + iw-ie_wm}m B 1} ,
0<y==2,
which now implies
(78) V<¢><n£1%¢nsiw(1_i:._n;1§;
+ 2—}4—;k2r”‘36‘2m’> , 0< =< _722 )

Analogous estimates can be obtained for the case + > /2 by
using (24), (25), (26) or (28); they take however a somewhat more
complicated form.

We note that although the volume estimated by (75-78) is an
(n + 1)-dimensional quantity, » appears in these relations only to
the nth power. This reflects the tendency of the drop to flatten
over most of its diameter and to approach a limiting height with
increasing 7.

If » is small, we may use the inequality (1 + z)"* <1 + /2 in
(75) to obtain

IA

w1 SiD A
(79) Vi) <o.r 1T cosg’ 0<

KOS

5 -
We can in some respects do better, and remove the restriction

on +. Consider a sphere 3 defined by v(v; u,), centered on the axis

of symmetry at the height u* = u, + n/(n — 1)1/u,, and of radius

r¥ = nl(n — 1)1/ u,.

LeMMA. The entire traverse of the solution u(+; u,), in the
range 0 < +p £ 7w, lies interior to 3.

Proof. In the interval 0 < ¢ < 7/2, since Y has constant mean
curvature [(n — 1)/n]u,, the function v(p;wu, is determined by the
equations



560 ROBERT FINN

(r*'sin @), = (n — L)r"'u,
(80) v,
V1I+ot

For the solution wu(4yr; u,) we have

sing =

(81) (r*~'sinq), = (n — L)r""'u
and thus
(82) 7~\(sin ¢ — sin @) = (n — 1) Sr‘o“‘l(u — u)dp .

Since u > u,, we have sin+ > sin @, hence u'(r) > v'(#), and since
both curves coincide initially at the height w,, there follows uw > v
wm the nterval 0 < r < R.

We next observe that for all 4 im 0 <+ = m, there holds
w(; o) < v(v; uo). In fact,

n 1 —cosq

V(s Uo) = Uy + ] "
while by (28),
1/2
wr w) < {2t~ cos ) +uif

from which the stated inequality follows.
From the above two remarks we conclude at first that all points
up to the first vertical of u(+y; u,) lie in ¥. Since »(y; u,) decreases

Ficure 4. Proof of lemma
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for + > /2, the traverse continues to lie in ¥ until the value  at
which u(¥; uy) = 4, + n/(n — 1)1/u,, i.e., at which the traverse crosses
the horizontal diameter of Y. (If there is no such + in 0 < 4 < 7,
then there is nothing further to prove.)

Suppose there were a point (r(y; uy), ulf; uy)), & < 4 < 7, not
in ¥. Then there would be a value +* in this interval, at which
the radial distance from the center of ¥ would be a.maximum (see
Fig. 4). There cannot hold +* = x, since the solution curve has
zero slope at this point and therefore there would be neighboring
points of larger radial distance. Hence + < +* < 7, and we con-
clude, since the solution curve lies on or outside X at this point,
that w(y™*; u,) = v(p™*: u,). We have however shown above the re-
verse inequality; this completes the proof of the lemma.

From the lemma we conclude that the volume V determined by
u(ar; U,) 18 less than the volume V¥ of the sector X up to the height
%. Thus

ni(d
(&3) V) < V= o (g ) sin s
n—1 Uq 0
with
(84) 0= cos™ (1= 2L — u).
n

According to the above remarks, there holds & < 4, and thus

V) n__ Sinq >”“ 1 S“” fn)
85 . : sin®+de |
®3) sin 4 < <n -1 sin®™+?q Jo n

O<y=m.

A convenient estimate for the integral is obtained by setting

s
Jald) = — 1 S sin"4d6
SIN"r Jo
+ . Sin 7+
() =\ sin*dg — 22V
9.(4r) Sol ]

Then f(0) = g(0) = 0, and

, _ neosy (¥ . .
fn(w)—l—mgo sin"0dg

gn(yr) = sin"y(1 — cos ) > 0
and hence g¢,(4) > 0 and, for 0 < + < /2,
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! _ n
Saly) <1 | oS

7
n+1

sinr .

Jal¥) < o —
Thus, (75) implies

86) V<o, _”_ﬂl_“lf_)+ _rtlang), o <z
(86) < (n—l U (Qk n+2smw) <QF”2
an estimate suitable chiefly for small values of .

If n is even (which includes the physical case n = 2), one has
the identity®

@) ——L—{ sin0ds
Sm‘”“’».;r °
. 1 v [V 2v~:i(1 — COS /I//‘)] _
(1 + cos 4)+* ,-=0<j>(1 Triit A ()

with v = n/2. Thus, for even n, (85) can be written

V() n__ siny
(88) - < o ) A

If + is bounded from zero, a convenient expression is

o,
+ S sin*+0d o
/2

’

n M),mr]/;r (% + 1)

(89) V<0"<n——1 s 2 p(nx3)
2

0<y=m.

For vanishingly small values of 7 (or, equivalently, of sin +r/u,),
we may use (40) in (86) to obtain an inequality of the form

2r )”“( n+1 .. )
— sin R 0<y=m/2
w2 Y v =7/

(90) v<a(y

thus permitting a direct comparison with (79) in this case.

To bound V{(+) below, we consider first the case sinr/u, > 0;
we insert (33) into (74) and use (63), (65) to obtain, for 0 < ¢ < /2,

- 1_ l%r”singk

p+1 [ 1+ pn—1° ., _Zv/;_—l,]“ _ kn
x{\/—-p 1+———~A§ r* e - }

0D V() >

8 I am indebted to H. Wente for a simple proof.
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which should be compared with (78). Analogous estimates follow
for 4 > z/2 by adjoining (36) to (33). We note that for large 7,
(78) and (91) bound the ratio V/sin above and below, depending
only on the radius » of the wetted disk; equivalently, they bound
7 above and below depending only on V/sin+, whenever that ratio
is large. Both estimates can be expressed in terms of (sinr/u,) by
using, e.g., (45) or (63).

If sin/u, is small, we proceed somewhat differently, and com-
pare with the volume subtended by a suitably inscribed spherical
surface. We suppose first 0 < + < /2, and we note that the meri-
dional curve v(r) of a lower hemisphere X, centered on the u-axis
at the height vy = u, + n/(n — 1)1/uy (with uy = u(y)) and having
radius

(92) I S
n—1 uy

satisfies the equation

(93) (r~'sin®), = (n — )r" 'uy

where @ is the angle subtended at the r-axis by the line tangent
to the curve, and thus

(94) r*}(sin @ — sin ) = Srp""‘l(u,/, — w)dp .

Since the inital points coidcide at u,, it follows that Y lies entirely
above the solution surface, at least until the height uy. Let VZ* be
the volume of % if X lies below the plane u = uy, otherwise denote
by V? the volume of that part of X for which v < uy. We then
have V > V2, and hence, in the former case,

/2
95) V>W=§%wa%wﬂﬁwww

[}

In the latter case, we have 7y > uy — u,; we find

4
(96) VI = g put S Y sin"+9d0
0
with
97) Oy = cos“(l — M) .
Ts

To estimate this latter term, we note that if we set
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_ 2n%(1 — cos ) |2
(98) P =11+ i

then (29) implies

(99) Uy = Uy 1 2(1 — cosap) oy
'r: 1 + pm, u()

which yields, applying (29) again,

(100) Uy = Uy 21 —cos)(n — 1) + D,
7y n 1+,
and hence
Ts n

so that, by (97)
(102) cos by < 1 — 2(1 — cos ) .
n

If » =2, we find 6y > 4 (which means I cannot lie below the
plane u = uy) and hence

(103) V>VE>oenr: Vsinsﬁd& .
0

In all cases, we find

(104) V> V> apit =a (q;»)( )"“__1—
2VE n L n — 1 uz-{-x
with
P,

(105) () = ans sin*+0dg
and
(106) 3 = cos™! [1 — 201 — cos W] .

n

Here u, can be estimated from e.g., (22), (23), or (28).
We may note the general inequality

2

cos 1 -
x> )

implies
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1/
(107) G > {i(l — cos q/r)} :
n
in all cases.

We can strengthen this result in the limiting situation of small
V/sin+r. We note (104) can be expressed as an inequality of the
form

(108) sin 3 <f(=L ; k)

Wy osinqy

with lim,_, f(t; k) = 0, uniformly in k. (The function f is easily
given explicitly). If follows then by a double application of (29)
that for any ¢ > 0,

(109) e > (L= o)L — cos )

whenever V/sin + is small enough.
The relation (106) is now replaced by

(110) & = cos7'[e + (1 — e)cos 4] .

We compute

@y vi—e <8 _ JAFIF A —eeosy g e
sin 4

1+ cose
dir sin 4 -
oy ( 8)sinq1?’ 4 (0)
and thus
112) N S =
1+e

If n =2, we may set ¢ =0, cf. (103).

4. Uniqueness and existence

4.1. Symmetric solutions. We wish to show that for prescrib-
ed volume V and contact angle v there is exactly one symmetric
solution of (1). We note the symmetric solutions of (1) correspond
biuniquely to the solutions of (9), which in turn are determined by
the initial value u,. To show there is at most one solution it thus
suffices to show

V= aV] <0
ou, ¥
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for each %, and (fixed) 4 in 0 < 4 < 7z. We have as before

(113) V= 0n<7‘“u — 2 _prsin V)
n—1

and thus’

(114) V= o0 ndi + v)

where g, is the volume of the unit n-ball. Also

(115) a V — O.,n ’r”+1 Sin ’lﬂ‘
o m—1 4
(116) SJ,/ — "ﬂ””";m V((nd — sin )i — 1) .
We show 7 < 0, @ > 0. We obtain from (9)
dr 7% + 7 sin 4 .

117 __ o8

(17) v w Dz
dic 2+ Fsing .

118 —— )
(118) oy m—Dna Y
with
(119) F0)=0, @0)=1.

For 0 < < R we have

(120) rsing = (0 — 1 0 udp
0
and writing u = u(0; u,) = u(E(¥; ue); o),
aujl_aujl- au]_- . au]
121 —_— == =pt - | s
(121) ouy ¥ op uop+auop panv+auop

we find from (120)
(122) i = g S 0" — ptan )dp ,

and we see from (119, 120) that for each u, > 0 there is an initial
interval .#: 0 < r < d £m, in which 7 < 0.
In _#, we have by (118)

dan 72 sin r
(123) > — Vs -1
d+p (n — 1)4 sin 4
® It is a formal (and not difficult) matter to prove the existence and requisite con-
tinuity properties of the derivatives in #,.




THE SESSILE LIQUID DROP I. SYMMETRIC CASE 567

and hence

¥ 0ol
(124) > exp{~(n 1| oW gyl

o SIn A
thus % >0 in .7, and it follows from (116) that dV/dy < 0 in
.

Let + be the smallest positive o for which # = 0. If there is
no such + or if 4= w, then dV/dy <0 in 0 <+ <, hence since
V{0) = (_), there holds V<0 in 0<» <7 If v <7w we have as
above V() < 0, @(4) > 0, and also from (114)

(125) V() = nor"(§)a) > 0 .

This contradiction establishes that + < 0 on 0 < <m, hence
dV/dy < 0 on that interval, hence V< 0 on 0 <+ <, for any
choice of u, > 0. Since wu, is arbitrary, the result yields the uni-
queness of the symmetric solutions in the class of symmetric sur-
faces.

It remains to show there is at least one solution. To do so, we
note that from (113), (6a), (28) follows lim, ... V(y) = 0, while from
(113), (29), (40) follows lim, _, V() = e, for any fixed + in 0<y=7.
Thus, given « = v, and any prescribed V, there exists at least one

value u, at which V is achieved.

4.2. General configurations. In the case of constant boundary
angle v < 7/2, the symmetric solution w(r) is unique in the class of
all nonparametric solutions v(x) of (1) which bound the same volume,
which meet the plane w = 0 in a simple closed curve I' of class C®,
and which make with that plane the angle v at points of I'.

Referring to §4.1, we see that it suffices to prove the surface
v(x) is symmetric. We note the associated solution ¥(x) of (8) has
constant height on the image /° of I', and the surface meets the
vertical cylinder through /7 in the constant angle 7/2 —v. The
symmetry of #, and hence of », can now be inferred from the
theorem of Serrin [13].

5. The envelope. The family of solutions of (11) parametriz-
ed by u, admits an envelope, determined by the condition

(126) ’ %L'(w’f) 7."(«#) _
W) T(y)
or, equivalently,

(126a) F(y) = cosyp — Fsingy =0.
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Ficure 5. The envelope

Since, as shown in §4.1, % >0, 7 <0 on 0 <+ <, there can
be no envelope points on 0 < 4 < 7/2. We have F(z/2) > 0, F(n) < 0,
F'(y)=—usiny — 7 cos < 0onz/2 < 4 < zw. Thus on each integral
curve there is exactly one contact point +° with the envelope, with
/2 < * < . The envelope is illustrated in Figure 5.

6. An inclusion property. Referring again to the physical
situation of symmetric drops on a planar surface, we normalize
them to have a common axis of symmetry, and ask whether a given
drop contains in its interior every drop of smaller volume that
meets the plane with the same angle v. In general this is not the
case, as we see from the computer calculations in [3] (see also Figure
7). We shall show, however, that if 0 < v < /2, then the assertion
holds whenever the ratio V/sin is small enough and we shall give
an explicit estimate of how small it must be.

We parametrize the solutions once more by u, and consider
solutions % = u(r;u,) and %’ = u(r;u, +6) of (4), d >0. Let
v(r; o) = u’ — 8, then v°(0; u,) = u(0; u,) and

(r*~'sin 4°), = (n — L)r"~'u’

(127) .
(rmtsinqp), = v — Lr"'u

where +° is the angle +» measured on the curve v’. Thus,
(128) 7=Y(in 4° — sin ) = (n — 1) Srp”‘l(u" — w)dp

from which we conclude %’ — u is inereasing in ». It follows that
if the curve u’ is moved rigidly downward a distance 4, it will lie
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above the curve u except at the single point of contact at » = 0.
To show the inclusion property corresponding to an angle v, it thus
suffices to show that for any 6 > 0 there holds v’ < u at the points
where the angle v is achieved, and to this purpose it will suffice to
know di/dy < 0 in the interval 0 < « < v, for all u, exceeding the
given one. We proceed to determine sufficient conditions for that
inequality; we first observe that, by (6), (40)

(129) d~Lory, as r—0
n

and thus, by (119, 122)

(130) r~—=—r as r—20.
Writing (122) in the form

(131) fly) = 7sin + 7% = 7ru + 04 + " S:p”'l(u — ptan4)dp

and using u(r) —wu,, uw(r)—1, p(r)—0, we find f(y) ~ r*/n; thus
there is an interval 775:0 < 4 < d, in which, by (118), du/d+ < 0.

At a first zero, , of du/dy, there would hold f(4) =0,
f'(4) = 0. We calculate

(132) 7 =TV [(n — 1w — (n + Lsin ] .

(n — 1)4
Sinee, as was shown in §4.1, # < 0, the inclusion property will fol-
low on the interval %, 0 < v £ 7/2, provided we can show

(133) gy =(m —Dru — (n + Dsiny < 0

on %, for the given surface and for all surfaces with smaller
volume.

We show first that if, for given v, g() < 0 on % for one sur-
face, then g(4) < 0 on 7% for all surfaces with smaller volume. In
view of the result of §4.1, it will suffice to show §(++') < 0 for each
¥ €.

We have §(y) = (n — 1)(»% + 7u). Since, as we have shown,
V<0, #<0, it follows from (114, 10) that

(134) g<—~n;1{(n—1)d—sinq/r}<0,
as was to be proved.

We now give the first form of the result of this section.
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Suppose 0 < v < /2, and

2nt

> m(l — cosv) .

(135) w5
Then every liquid drop with contact angle v, corresponding to the
wnitial value 4, > u,, can be translated rigidly so as to lie strictly
interior to the drop corresponding to u,.

Proof. It suffices to show that if wu, satisfies (135), then
9(y; uy) < 0 on %. From (135) and (6a) follow

3

m(l + cos ) .

(136) rt <

From (23, 136) we find

27
n —

(n —1)ru < (n — siny + (n — 1){ i (1 — cos7)

(137) : 2
+ __81_1121_}1’ <(nm —1)siny + 2siny = (» + 1)siny
(n — 1)
and thus g(v;u,) <0. Since (135) obviously holds for all  on
0 <+ <, we conclude g(v; w,) < 0 on %, hence diu/dy < 0 on _%.
Since (185) also holds for all larger u,, the result follows.

From a physical point of view it is desirable to have the result
in terms of the prescribed volume V. To do so, we use the lower
bound (104) (or, if » =2, (103)) for V. Using also (28), we find
that the choice

1 v < < n )(n+1)/2<2(n + 3) >‘(“+“/2 (1 + cos y)m+nr2

0__,, sin v n—1 3
(138) 1w
X __g sin*+'4d#
sin™+%y Jo

ensures that the hypothesis (135) will be satisfied; thus, if v < 7/2,
all drops of smaller volume can be strictly enclosed by any given
one for which (138) holds.

In (138), ¥ = v if » = 2, otherwise 7 is to be determined from
(106) or (110). We note the essential qualitative content of (138)
appears as a condition on the ratio V/sin<, rather than on volume
alone.

7. Non-monotonicity. We complement the result of the pre-
ceding section by showing that for sufficiently large V/sin )y, the
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inclusion property fails. To do so, we consider the height q(v) =
u(y) — u,; we have by (76), (6a), that lim, ., u, = 0, and hence, by
(28), (29), (36), there exists

(139) q., = lim q(y) = \/ 2 (1 —cosqp), O<y=x.
¥ —oo n —

1
It will thus suffice to show that for all sufficiently large V/sin 4,
there holds q(v) > q...

We suppose first 0 < 4+ < 7/2 and consider (33), from which

140 o> el J2(0 —cosy)
(140) ut) > BLL 2L eo
We have
p+1 1 1 n—1
=14+=>1+ "=
P p 1+ (v/k)
By (76), 1im ;jsin vy 7(4f) = o0, while
p+1 n—1 1 1/ n—1 Y\
PrC 1+ — (2=
\/ D 2 1+ (k) 8 <1 + ('r/k)>
>1+ 2 Ll By _ -1
+ 2 r < r ) 8 ( r >
so that
141 ptl Sy =1k m+3)m—-1/(kY
(e \/ D 2 7r 8 <¢>
for all » > k. Thus, using (31), (139-141),
N 1 Uy . (n + 3)(n — 1)
W) = P) — U o o T T /2
q(¥) = u() — uy > g + (27' e )sm ) o

(142) -
14 cosq _. \
X \/ — sin afr .

By (63), (65) we have for all » > s

143 .uo n 1 pla=D/2g=Yazir
(148) sin n—1 A,

Hence ¢q(+) > q., for all sufficiently large V/sinr, which was to be
shown.

The case ©/2 < +» < 7 yields to an analogous reasoning, by ad-
joining the inequality (36) to (33). We suppress details.
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Ficure 6. Non-monotonicity, y = x/2

Calculations to determine the maximum drop height ¢, and cor-
responding radius r, of wetted surface, for several choices of con-
tact angle v in the case n = 2, were performed by Heidi Bjeorstad.
The results, together with the (exactly known) limiting height g,
(as V -— o) are summarized in Table 1. In Figure 6 some configu-
rations near the extremal one are sketched for the case v = 7/2.

8. Unified estimates.

8.1. Diameter II. We combine here some of the results of the
preceding sections, in order to obtain estimates of the diameter of
the wetted surface and of the drop, in terms of volume and contact
angle.

Case 1. 0 <+ = x/2:
We have immediately from (76)

,rw,>(n——1)k |4

144
( ) g, sin o

which provides a useful estimate when V/sin.r is large. In the re-
maining case, (85) and (40) yield the estimate

(145)

< 2re¢1+(r/k)2_1 )m+1 > Sil’l"”q]/‘ V
2 3 !
1+ V1 + (r/k) aﬂVsin”“ﬁdﬁ sin o
0

Both estimates are universally valid, and are asymptotically exact
for, respectively, large or small (V/sin+). For sufficiently small
(V/sin +) we obtain additionally from (90) the estimate

(146) e A v
2 o w41
n — ————8In 1
v n+ 2 4

which is again asymptotically exact.
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To bound » above, we consider again at first the case of large
Visin+. We place (33) into (74), neglecting the explicit terms in
u,, to obtain

(147) w(\/ﬁf— ’“f‘)<”0:1 ksi:v .

Using (141) and setting

148 "= ,
(148) P o, sin

we find immediately from (144)

Pn
(1_n+1ﬁ_(n+3)(n~l)k_2>
2 P 8 P

(149) <

whenever the denominator is positive,
Putting (144) and (149) together, we have for any ¢ > 0 and all
sufficiently large V/sin 4,

g, T“sinq/f<1+k(n+1)

1 .
(150) < n—1 BV 2 —¢e)P

The left-hand inequality holds for all V' > 0, but yields a good
estimate only when V/sin+ is large. To study the remaining cases,
we may start with the lower bound (104) for the volume, and es-
timate « by (22) or (23). If

U n
sin’y n—1

’

(151)

we may use (22) to obtain

152 sing (p 1 7
(152) U < 7 <+n—1lc>

from which, by (104), (92),

V ,rfn.-i-l ( n n+1
: > Gy .
sin 4 ¢ sin®*p \n — 1 + (r/k) )

(153)

We have by (105) and the discussion following (85)

(154) a, = o, SV sin*'0do > —Z2_sin™+ ;
0 n+ 2

thus
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|4 g, sin"t) n L
155 . > n ni1
(155) sin 4 n + 2 sin™+iy " (n -1+ (r/k))

Using (106) we find easily
sin 4 "1+ cosy A
Setting‘
(157) Qrii= 1 +2n 1 + cos 1 vV
o0, 2 Vm —1-+cosy(kn)+ siny ’
we obtain
Q

158
(158) s

which holds whenever (151) holds. This result provides an estimate
suitable for an “intermediate” range of V/sin .

The result could of course be strengthened by using the original
definition for a, instead of the approximation (154), ef. (103) for
even .

We note the inequality

9 n 1 + cosqyr n
(159) 2\/(n~1)+cos#r <\/2

provides a convenient simplification in (158).

For small values of V/sin we write (23) in the form

(160) Uy < Si‘;“/’ (1 = L - \/1—:_—;:)

T G e 3

The procedure above now yields

(161) r< by L= V1 — 4
2Q
with
A 1 #tl gin”thy |4
(162) G = ( .__) Sy /
kv'2n V sinrrgge O S0V

whenever Q < 1/4. Here + is determined by (110) and satisfies the
estimates (111, 112). If % = 2, we may set ¢ = 0, cf. (103).
We have also the simpler, if slightly less precise, expression
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(163) r<kV2n(Q + 4Q°) .
This result is in asymptotic agreement with (145, 146).

Case 2. w2 <= m:
From (18) we have

(164) »> Rsiny, R:r(£>.

We seek to estimate R, using the results for Case 1, with « = 7/2.
To do so we need an estimate for V(x/2) in terms of (the given)

Ficure 7. Proof of (168)

We integrate (4) twice along the common segment [», R], using,
respectively, values w*, «*, or u~, «~ on upper or lower parts of
the solution curve (Figure 7). We find

R —r*sint = (n — 1) SRp”‘“‘mdp
(165) o
R —r*'siny~ = (n — l)S " 'u~dp .

Sinee u* > -, we find by subtracting the second equation from the
first

(166) sinap* < sin 4~
and thus
(167) Ut —up < Up — uU”

We conclude immediately from (74)
(168) 2V(%) > Vi) + Vigr) > Vi)

where we have replaced +* by 4.
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For large values of V we thus find from (144)

Vn—1
(169) > 21 20,
while from (145) we find
- n + 3
( 2Re‘/1+2(n—1)R2—1 - 1 r < 2 )
(170) TTVITem - DE) ~ owm im Y
r(%+1)

which is preferable for small V. These estimates together with
(164) yield a lower bound on 7 in the range of 4 considered.
If

1 — sin™tly
R> n
V2n —1) 1 — sin™y

the estimate (ef. (53))

71

V2 —Dp _ 1

n
172 "> R"
472 " VB TR sing
n
is preferable to (164). We now find from (169) the result
— 1 1/2n 1 1/n 1
(173) "r > ( 8 > <0n ) Ve — 1)

for all sufficiently large V.

To bound 7 above in this case, we observe first that V(z/2) <
Vi) if 4 > w/2, hence (149) yields the estimate, for large V,

R < L
(174) (1__%t_1_i_%+3i)
2Vn —1 P 16 P
with
(175) pr=Lt jn—1ly,

o, 2
The procedure leading to (158) yields now

(176) R<ynol_ G

with
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i+ 2(V20 DY
(177) Q= D (R ) v

and (163) becomes

(118) R< 1@+ 400
with

At _ m+ 2V 0 (n — 1\
(179) Qi = 2% Z\n)v

Similarly, analogues of (161), (163) can be given for small drops.
An upper bound for » now follows from (69) or (71). We find in
particular from (174), (73),

e e

for all sufficiently large V (compare (173)).

8.2. Height II. We reformulate here the results of §3.2 in
terms of the (physical) drop height

Q<"‘f’f) = u("ﬂ’f) — Uy
and, for the case > /2, the “semi-height”
h = U, — ng

from the level of maximum diameter to the vertex height, which is
useful in some applications (cf. Roberts [12] and the references cited
there).

We find from (33)

(181) q(y) > % ( [p+1[ 1 sin’yr
singy ~ sinqp | p Lkn—1» wu
+p(n-})2+1]“2_1}, 0 <y =m/2.
n

The right side of (181) is an increasing function of sin vr/u,;
using (6a) we see that it is decreasing in p. If V/sin.r is large,
we may estimate p using (147) et seq., and sin+r/u, using (63). If
V/sinr is small, we may use (6a) to convert (181) into

W) 1 T
(182) %>Zs£—0¢<\/l+<nﬁl>—smg 1),

kB ul
0 < = 7'[/2
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and sinr/u, can be estimated using (85) et seq. Both formulas are
correct in all cases, and we obtain a bound of the form

a(y) V. <
(183) a0 >F<%ﬁnw,ky 0< <72,

with the asymptotic properties

1 1 / Sin(""'z)’lﬁ‘ e 1/(n41)
189 F, k)~ : s, 10
(n —1) 2k kSV,Sin("H)ﬂdﬁ
0
1 1 1 ynm
185 Fit, by~m —mMm + = (—————) tV", t— oo .
(185) ( ) k(n — 1) +2<k(n—1))

Setting + = 7/2, we obtain from (181), (182)

(187) h> —-u0<\/1 - fl 1)

the former relation being more precise, the latter more convenient.
From (184), (185) we find

(188) > H(—l—V>

n

where, asymptotically

, I(ZEB)

_—‘-———-———2———-— 1/(n41) 0
(189) H(t) ~ 1/72:F<n—|-2) ¢ ’ t—0,
2
(190) H(t) ~ \/ 2 5 4 Qu-m/mg—t/m s oo

If 4 > 7/2, we write

(191) q(¥) = uly) —up + h .
From (36)
. 2 coS v
(192) W) — wn > g <\/1 O 1)
and from (22)
__ 1 1 . 1.
(193) et 2oL LLly
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By (144),
w11\
(194) R> (\/ 5 o_nv> .
We may thus apply (63) whenever
—-11 1 n+1
195 L =V N e
(195) <\/ 2 ) - 2vV'n —1

For V satisfying (195) we apply (63) and the estimates (174) et seq.
to obtain bounds below for u(+) — u, of the form

(196) u(«#)—up@(olv; ) Z<ysn,

n

where, asymptotically,

2 €os 2\
197 Gt ) ~ — +(2+5)
(197) (& ) n—11+171—cosy ‘n—1

Ccos ’yf F—1/n
1/1 — cos (1 + 11— cos )

t—> co .

To include the case of V that do not satisfy (195) we note from
(23)

T 1
198 1 1
(198) uR<R+\/n—l+(n—1)2R2

Applying (145) with + = /2, we are led again to a relation of the

form (196), with
r <n + 3) VinD
1] 2 e 7

(199) Gl ) ~ — {2
n

tY 7 eog o

2
(n — D(n + 2)/ @ )
n \T/Yt]’(n+2>

2

t"+Veogar, £ — 0.

We turn our attention now to the question of upper bounds.
From (22) we find

200 ) 1 . [ sin’y
(200) sin 2 < 7 sina L(n — 1% ul
1 1 sin% 1 ]1/2 , s
it += —1 , 0 < .
n—19 w n } 2
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With the aid of (28), (6a, b) we find easily that the right side of
(200) is decreasing in 7, increasing in sin +/u,. The inequalities (40),
(144) thus yield, in all cases, an estimate of the form

201 W) (Y _, k), 0<yp=<X,
(201) sin 4 < <0',,Sinw[r > <v= 2
with
(202) Lt k) ~ 1 L/ sin®y AV e £ 50

-1 2k kg sin®+4dg

1 1 1/n B

203 L(t; k) ~ + g t— oo .
@) 0 k(n — 1) <(% — 1)k>

These results should be compared with (184), (185). We note
g/sin +p is bounded from zero and from infinity, depending (essential-
ly) only on V/sin+r. Asymptotically, the upper and lower bounds
move together as + changes, but vary at most by a factor equal
to two, for small ¢, and equal to 12 for large t.

Setting + = 7/2 we obtain

(204) h< M(lv)
with
]_‘ n + 3 1/{n+1)
(205) |2 _<_2__> pman £ 0
Vi (n + 2>
2
(206) M~ \/n 2 g, Lo oo,

in agreement with (189, 190).

If v > w/2, we first note from (28), (40), (174) et seq., and the
observation V(z/2) < V(y), that there is a relation of the form

(207) ayp) < N(;l- v, q,f) .

n

From (25), (144), we obtain immediately that N(¢; ¥) can be chosen
to satisfy

(208) NG ) ~ \/ A 7»,,0_(_)81“#) * <(n - 1)15)”” g, b,
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in agreement with (190, 198). From (28), (40) we see that we can
have

2

]“<" + 3) 1/(n+1)
2
2

tl/(n-yl) , t — O ,

(209)  N(& y)~(1 — cos )

a result in agreement with (189, 199).

All the asymptotic estimates of this section can be written as
explicit inequalities, by using the estimates from which they are
derived. We do so for some particular situations in the following
section, where we compare some of our estimates with those of
other authors.

8.3. Height III. Laplace {10, pp. 971-993] considered a drop of
mercury resting on a glass surface, the diameter of whose wetted
circle is 10em. For this configuration he calculated, using—es-
sentially—a method of matching expansions, a drop height ¢ =
0.3397 em. As is characteristic of the method, no error bounds can
be given. Laplace chose the example to correspond with measure-
ments due to Gay-Lussac, who obtained ¢ = 0.3378, and to Segner,
who found ¢ = 0.3407.

Although the example does not correspond directly with the
format of the present paper, we can adapt our results as follows:

Taking for k, v the values £ = 400/13, v = 136.8° used by Lap-
lace, we replace », R in (53), (69) by V' kr, V kRandset =5 to
obtain (with n = 2)

(210) 5.0305 < R < 5.0418 .

For this range of R, there holds R > s; thus we may apply (63),
(64) to obtain

(211) ny < 2.5x107
Using (186), and (200) with + = 7/2, we compute
(212) 0.2582 < h < 0.2613 .

According to (211), u, can be neglected, and we may set uzp~h in
(24), (36) to obtain effective bounds above and below for u(v) — uz.
The monotonicity properties of those relations, in & and in R, yield,
in view of (210), (212),

(213) 0.0788 < u(v) — up < 0.0811 .
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Noting again that u, can be neglected, we set up~ h in (24), (36)
to obtain directly from those estimates

(214) 0.3377 < ¢ < 0.3416,

a result that appears to substantiate both the experimental results
and Laplace’s calculation.

Laplace’s values for «, v, derive from measurements cited
earlier in his article. Current literature suggests a value x£~28.6,
which is somewhat less than Laplace’s value. (Bashforth and Adams
in [2] determine £~40.) There is poor agreement, even in modern
literature, on the value for v. If we use the values £ = 28.6, v =
140°, as suggested in [1], then our calculations show ¢ > 0.354,
which exceeds both Laplace’s result and those of the two experi-
ments he cites. Nevertheless, both Laplace’s choice and that of
Bashforth and Adams were likely appropriate to the materials that
were studied; both surface tension and contact angle are sensitive
to impurities in the materials, and techniques for purification of
mercury have improved greatly in the ensuing years.

9. The capillary tube.

9.1. FEquivalence. We restrict attention here to the case
0 <+ < 7/2. We have seen in §2 that the problems of the sessii:
drop and that of the capillary tube in an infinite vessel transform
formally into each other. Much of the foregoing analysis has been
carried out in terms of the latter formulation, and the results
(notably of §§3, 4) apply to that physical situation. Many of the
results were most conveniently expressed in terms of the ratio
sin +r/u,, which has immediate physical significance for the capillary
problem.

The physical interpretation of u, for the sessile drop is not im-
mediately clear. We were, however, able to transform our results
(and to derive some new ones) into formulations regarding the ratio
V/sin 4, as seems appropriate for this problem; we note, however,
that V has no evident physical meaning for the capillary tube.

9.2. Reciprocity. The two above ratios are not independent of
each other, but are connected by simple relations. Specifically, we
note from (40) and (45)

(215) SV g
n—1

the symbol % denoting in this context an “inessential” dependence
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on «r, that is, there exists F*(r) < « such that F(r, k) < F*(r) for
all 4 in 0 < < 7/2.
From (6a)

(216) _n_sing o
n—1 u
and also from (63), whenever r > s,
@17) SV S Bk
U

which grows exponentially in 7.
We have from (145)

(218) L v < LV Sin" 9doF " (r; k) ,

in sin™+%)

or alternatively from (144)

(219) Viy) < ——————7’”

sin n,k k(n — 1)

especially for larger . In the other direction we have from (149)

(1 + e)
220 S/
(220) Vi) > s
for large », and from (163)
(221) A58y > ,ngsin"“f)dﬁ-r”“
sin 4 sin™*%y Jo

for small 7.
Putting these results together, we find a general inequality of
the form

(222) G‘(—%,i;k)‘ S1Zq/r <G<Si;0“/’ ; k)

Both functions G,(z; k), Gyz; k) can be obtained explicitly from
the indicated estimates. We may assume in what follows that a
best possible choice has been made. We have, asymptotically for
small values of the two ratios (or, equivalently, of 7),

@) G k), 6o b~ () e | sin-ods- o+

7->0.
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We note these functions have identical asymptotic dependence on %,
as 7 —0.

To obtain a corresponding asymptotic estimate for large » we
observe from (45, 63)

(224) ilog—Sim—""p~1/n—1, P — oo .
r Wy

We thus find from (150), (222)
(225) Gi(z; k), Go(z; k) ~ %(n — 1)~ ognr T oo,

From (223), (225) we see that the two ratios are asymptotically
determined in terms of each other, both for small and for large
values of 7.

Similar comments apply to the ratio ¢/sin+r, as one sees imme-
diately from the relations (184-5), (202-3). The drop height ¢ has a
physical meaning also for the capillary tube, as the height of the
meniscus. '

Collecting estimates in terms of wetting radius », we find that
for 7 — 0 there holds

prinn 14 ~ 1 Sw sin"*'0d6
[}

0,8in sin™
(226) - singy n—1
—_‘ Uo n

g 1

sin 4 1y €oS
while for » — « we find

4 ~(n —1) 1 + cosq

0, 8in 2(n — 1)
(22) Liog SRV Ly T
r o
S R S T V1 PO
sin n—1 Y1+ cosq

with 1/2 < 1» =< 1.

These results are compared with numerical calculations for the
case » = 2, in Table 2. For convenience in engineering applications,
the tabulations are given in terms of the (nondimensional) Bond
number, referred to unit radius of wetted surface. The present
variable » (under our normalization & = 1) is retrieved by the trans-
formation B = 7%
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Table 1. Parameters for drops of maximum height corresponding to
varying contact angles.
e 7f2 /3 r/4 78 720
Py 1.51333 1.07571 0.824911 0. 421337 0.169539 .
g 1. 41421 1. 00000 0. 765367 0. 390181 0. 156918
Aulq 1. 07009 1.07571 1. 07780 1. 07985 1. 08043
Y 5. 24325 5. 41855 5. 48874 5. 56093 5.58218
1% 100. 351 71. 8385 55. 3742 28. 4631 11. 4773
V/siny 100. 351 82.953 78.311 74. 378 73. 368
Yl/_ls_;;.l.cr"_ST_ 100. 351 101. 562 102. 318 103. 165 103. 438
Table 2a. Asymptotic properties, small B
. 3 (+cosyp)i V 2 siny l+cosy ¢
o ST T8 2% cosy  sing rooul 7 siny
B=1
1. 636 0. 9478 0. 9007 1.158 0. 8887
1, 455 0. 8359 0.9293 1.149 0.9122
1.273 0.7276 0.9415 1.143 0. 9230
1.091 0. 6214 0. 9486 1.139 0.9296
0. 9091 0.5165 0. 9532 1.136 0.9340
0.7273 0. 4123 0. 9563 1.134 0. 9370
0. 5455 0. 3088 0.9584 1.132 0.9391
0.3636 0. 2057 0. 9597 1.131 0. 9405
0.1818 0.1028 0. 9605 1.131 0. 9413
B=.1
5,750 0.9231 0. 9892 1. 015 0.9878
5.175 0.8301 0.9920 1. 015 0.9901
4,600 0. 7375 0.9933 1.014 0.9914
4,025 0. 6450 0. 9942 1.014 0. 9922
3.450 0.5527 0. 9949 1.013 0.9927
2.875 0. 4605 0.9952 1.013 0.9931
2. 300 0. 3683 0. 9955 1.013 0. 9934
1. 725 0. 2762 0. 9955 1.013 0. 9936
1.150 0.1841 0.9958 1.013 0. 9937
0. 5750 0. 09050 0. 9958 1.013 0.9938
B=.01
18.18 0.9105 0.9990 1.002 0.9988
16. 36 0. 8194 0. 9992 1.001 0.9990
14. 55 0. 7283 0.9993 1. 001 0.9991
12.73 0.6372 0. 9994 1. 001 0. 9992
10.91 0.5462 0. 9995 1.001 0.9993
9.091 0. 4551 0. 9995 1.001 0.9993
7.273 0. 3641 0.9995 1. 001 0. 9993
5. 455 0. 2731 0. 9996 1. 001 0. 9994
3.636 0.1820 0.9995 1.001 0. 9994
1.818 0. 09102 0. 9997 1.001 0.9994
B=.001
57.50 0.9092 0. 9999 1.000 0. 9999
51.75 0.8183 0. 9999 1. 000 0. 9999
46. 00 0. 7274 0. 9999 1. 000 0. 9999
40. 25 0. 6364 0. 9999 1. 000 0.9999
34.50 0. 5455 0.9999 1. 000 0.9999
28.75 0. 4546 0. 9999 1. 000 0. 9999
23.00 0. 3637 0.9999 1. 000 0.9999
17.25 0.2728 0.9999 1. 000 0. 9999
11.50 0.1818 0.9999 1. 000 0. 9999
5. 750 0. 09092 0.9999 1. 000 0. 9999
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Table 2b. Asymptotic properties, large B

. 1 1+tcosy _V 1 siny q T2
“o sy zr? \/ 2 ! siny _'r—10g uy r( siny ——'\/1 +cosy )

B=10 '

0. 1849 0. 9027 0. 6534 0.5014 0. 05613

0.1479 0. 7015 0. 6175 0. 4922 0. 02600

0.1109 0.5171 0. 6009 0. 4768 0.01138

0. 07396 0. 3411 0.5916 0. 4834 0. 002945

0. 03698 0.1695 0. 5867 0. 4815 —0.001579
B=100

0.0003143 0. 8946 0. 8794 0. 7954 0.5786

0. 0002358 0. 6492 0. 8646 0. 7921 0. 5528

0. 0001572 0. 4251 0. 8582 0. 7903 0. 5435

0. 00007859 0.2105 0. 8551 0. 7893 0.5394
B=1000

.2353x 10712 0. 9636 0.9642 0.9184 0.5769

. 2000 x 10712 0. 7946 0. 9586 0.9174 0. 5408

L1765 x 10712 0. 6926 0. 9569 0.9170 0.5313

L1176 x 10712 0. 4526 0.9545 0.9165 0.5191

.05882x 10712 0.2240 0.9533 0.9161 0.5138
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