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In this paper we obtain expansions of g-Appell type of
functions of higher dimensions. These expansions are different
in nature from the ones studies thus far. Transformations and
reducibility of basic double hypergeometric functions are also
discussed.

Burchnall and Chaundy [5, 6] has made a systematic study of
the expansions of the Appell functions. Later on Jackson [8, 9]
defined the g-analogue of Appell functions and made a parallel study
by obtaining g¢-analogues of most of the results of Burchnall and
Chaundy. Jackson [8; p. 78] had pointed out that it does not seem
possible to obtain simple extensions of the expansions (46)-(51) of
Burchnall and Chaundy [5]. In §3 of this paper we give g-analogues
of five of the results, viz., (46)-(49) and (561) of Burchnall and
Chaundy [5] cited above.

It may be remarked that Andrews [1] had proved that the
g-analogue of Appell’s function F'™ defined by Jackson [8] is infact
reducible to the basic hypergeometric series ;4,, We show in §4 that
some higher dimensional analogues of double hypergeometric func-
tions could also be reduced to basic hypergeometric series and use
the reduction formula for obtaining some interesting transformations
for double hypergeometric functions. In this sequal we also derive
g-analogues of some of the well known transformations of Appell
functions and discuss their reducibility.

2. Definitions and notations. If we let

[o;¢), =1 —a)Q —aq)--- A —ag"™),

[a;9b =1 and [a;0l.=11Q1 —ag?),

=0
then we may define the basic hypergeometric series as
¢ [al, Qo ***y Qi) q;x]
p+1¥Pp+r
bly b2a DY bp+r

& lag; ql. - - - [apes; glax™(—) gm0
.. ’ q| <1,
2% (g5 qlulbs; dln - - 5,003 dln lqi

n

where the series ,..6,.,.(®) converges for all positive integral values
of » and for all z, except when » = 0, it converges only for |x| < 1.
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350 V. K. JAIN

Further to simplify writing we will abbreviate [a;q], by [a],
whenever there is no confusion regarding the base q.

Next, g-analogues of Appell functions F'*, F'® F'® and F*® were
defined by Jackson [8] as follows:

= [a]ysalBlalb ™"
5 (ludl s

- [a’]m+n[b]m[b’]nxmyn
2 gl

b Vo sl = 5 5 [@lalVlala )"y
¢V, b Ve v al = 2 R e o,

¢@la: b, b5 ¢; @, ¥5 9] = 2

’
n

¢®[a: b, b';¢, ¢'s o, y; q] = ,Z‘o

W[q, b; ¢, '3z, 3 q = SR [0 M ) i )
oola bi e, sl = 2 R T el

Lastly, we define the generalized basic hypergeometric function lof
two variables as:

%, ¥; q}

1 5y k

[(ap): (by); (c,)
& o [(@)]mtal®)]ml(e,) ™ yrngim/2m -1 +in/zm =0 +emn

(dt): (eu); (f'a)
a3 CIRCAIC AN CRIMTEAIN

3. In this section we give the g-analogues of the formulae of
Burchnall and Chaundy (46, 47, 48, 49 and 51 of [5]):

cy ‘ab| =3

ot —abs, %J . [a 1] & ] (~apyare
- ¢ 0 = [q]r[c]%[y]r

3.1) s
1': b 'r; b r 'r, ﬂ/;
X¢[aq 030" | o, 2% q}
Q" yq s — | 1; —; —

[al 1] < ] (emyrqrs

ab;b  |Z Y., N
b, b, =
(3-2) ¢|:0: —X; — ;; '—a; — } ";) [Q]r[c]zr['—ﬂ,(ab)"

r r —% . CY
aq’, bg", —q"; =
3¢2[ ’ Yy ’ abJ ’

ch'r’ __xqr

ab r/2(57—3)
0 b =%y o 10bD] 2] oy
3.3 o, —
oy ¢L, 0 ! } o2 [a].[c]..L¥].
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o [—: aq", bq"; aq", bg”
cqQ" Yq'; —

xq™, Yq"; q]
L —1 ]’

fol, 151 & (abopyrqrer-

—:a,b;a,b x,y;q] o
i s
(3.4) ¢:¥; — L= = lg). el
A
X 3¢z|'aq s Yy va }
cq”, 0
and
- _c_ _9_ r r/2(r—1)
a,b; Y a,b; —ox e [a’]r[b]r[ a l-[ b :‘r (exy)q
201 ab oPe ab | = Sy
(3 5) c c, — X% =0 [q]r[c]r[c]Zr[_x]r(ab)f

. —x . cY
a br,‘— PRy
><3¢2[ 7,54, = ab}.

cq2r’ ___mq'r

Proof of (8.1). In view of the g-analogue of Gauss’ summation
theorem [12; 3.3.2.5] we have

c|le ] jmn —m . 0G
(2] ] e a Y

(3'6) e = 2¢1 b ’
[___] _ql—m‘n
b tmta I

multiplying both sides of (3.6) by

2[5, oo
[q]m[q]ﬂ[c]m{ylm[ﬂm

and summing with respect to m and n from 0 to <, we get:

o m m/2(m—1) i __c__. m
$ [alafblaz"a 24“, 75 v }

m=0 [q]m[c]m[y]m cqm

o L)1) & | (~apygre

= AT e,
r 7 m m/2(m+2r—1) ~C_ T _C_ rm .
lulbgluz™ g™ 2¢1[ ¢ 54 y]

a
cqm +2r

= [agq
2T lalled Ty T

Using the transformation [11]:



352 V. K. JAIN

(3.8)

to transform the inner .4, on both sides of (3.7) and simplifying,
we get (3.1).

Proof of (3.2). The g-analogue of Vandermonde’s theorem [12;
3.8.2.7] may be rewritten as:

¢
[?lm ", 4" q
(3.9) “CT‘—CT = q’”"z¢1[_c_ } .
Bk b
On multiplying both sides of (3.9) by

falulbl &] [£] Caryree

[Q]m[q]n[c] m+u[ - x]m(ab)m

and summing with respect to m and » from 0 to <, we have:

[a]a[b]m(cm)m gm0 F, Loy J

2 Talfel =210 |00

4 r r/2(r—1
[a]r[b]r[—d-l (cay)q™ ™" [ 1L [bg ] (cz) g™ 420
o g llel =) (ab)y”  w=  [ql.leq” ]l —2q]A(ab)"

[4 c

—q"—q"; Yyq"

X gﬁ{a b J ’
cqm-}-zr

Ms

(3.10) =

P

I

transforming the two .4, in (3.10), using (3.8), we get:

[a; b; @ oy, qJ - [a]r[b]f[—f;l(cwy)*q”z"‘”
@ ab’ ab =3 -
¢ —1x; — 1; —; - =0 [q]r[c]zr[_x]r(a’b)
ST . P 1. A7) P (7D e

R e PN PN g R e

(3.11) bl £ # r/2(r—1)
I L™ o oy ooy
= [qllel[—2].(ab)” = [gl.[cq].(ab)"

—&
Y —q*"
X 2951[ Y :' .

— xq"
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(3.11) gives (3.2), on summing the inner most series by the g-analogue
of Gauss’ theorem.

Proof of (8.3). On the other hand if we start with the g-analogue
of the Saalschiitz summation theorem [12; 3.8.2.2]

i)

= q
I

= g, L g
(8.12) ¢

and proceed as in the proof of (8.1), we obtain:

5. [alaBlamg™ = | {bq 25 ayg” J
272
CE I TN 127 M P -

ab T /257 —3)
_ i[a’]r[b]rl:?:]r (ny) q / 00 [aqr]m[bqr]mxmqmlz(m+4r—1)
= [q].[e]. [by .- = [gluleq”]albyq"]n

[bq , L aygirtn }
X oy .
cqm-{—?f bqu +27

Transforming the inner ,4, on both sides by the following formula
of Jackson [7]:

c .
(3.13) 2¢2lia,b b:] = [z]m 2¢1lr b b’ zJ ’
v4

6 az | loal
we get (3.3) on some reduction.

Proof of (3.4). To accomplishes (8.4) we need only to start with

C -1 y—m _c_-
l:?:lm-i“n [a]m[a]n _ qa a7, ab’ q
- 3¢2

¢ ¢ ¢ 1 1w |’
l:?]ml:—i)—j'n [a’]m+'n 7)—, ;‘q

instead of (8.12) and proceed along the lines of proof of (3.3).

(3.14)

Proof of (3.5). Lastly, starting with (3.9) with b = 1, multiply-
ing both sides by [a].[b]alc/al.le/blu(ca)"ymq™" " [[qlnlglalc]mtal — 2] n(ab)™
and summing with respect to m and »n from 0 to «, we get

[ﬁ- Ly J [a, b; :‘_’2} w [a]r[b]rlig-l [%—l (caxy)rgr*1
2P 2Pz =

y b b _
Ca ¢, — xa Tz::‘) [ql.le),[e]..l— w],(ab)’



354 V. K. JAIN

x 3 [aq’1.[bq"] . (ca) g™ 2 m+2r=1 —Z—Q’, %q’; yq"
m=0 [Q]m[cq%]m[_—wqr]m(ab)m i )

cq2r+m

Transforming the .4, by (8.8), we get:

ab | = Tallel ek -] (ab)y

e , — %

[a/, b cy:l [a, b, _c_x} [a/] [b] |: ] [ z ]r (cxy)'rq'r/?(r—l)
2¢1 2P
¢

o e 7 m ym /2 (m 420 —1) aq'r+m qu.m Cy
X 2 [aq ]m[bq ]m[y]m(cx) q 2¢1( ab

(315) m=0 [q]m[cq%]m[ - xqr]m(ab)m _cqm+2r

¢ ¢ r/20r—1)
_ i[a]’[b]’[ﬂf LT o e
=0 lal.le) le)o ] — ], (ab) =0 [ql.leq”].(ab)"

" Y, q"
X ﬁ{ Ty J .
__xq”'

(8.15) gives (3.5), on summing the inner most series by the g-analogue
of Gauss’ theorem.

4, In this section we would prove g-analogues of the trans-
formations between the various Appell functions. In fact we begin
by proving:

c c. ¢ g by|abx ax
—i o Uy = ==, =
(4.1) [a]w[bx]w ¢ii » & Y & } — [@] ¢ {a bb' €r b’ qjl
Lel- b, by ¢ Lo —; by —_ =
—: a, b; i, bz, —ay; q
(4.2) = [x]mq{ a J .
c: —; by —1;1

Proof of (4.1). If we denote the right hand side of (4.1) by S,
then

AT s
so[ue] g LadUHELen i =

¢ Jeim [ql[b'y].lc].(0)" " J

Transforming the inner ,, by (3.13) and rearranging the series, we
get
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. [a] l: ':I ( bx)m m/2(m—1) _c— Zy- b’- m .!
S = [%'ﬁ] > bb W{a’ '’ b’ J
- cq™, b'y

[allelu] 22 |

Now transforming the inner ,4, using:

g eg] [e e

2 =2 = ¢ =
a,b, c; 2L ¢’ ab a’ b ¢

(4.3) 3¢{ abe } = [1 eg P2 eg ’
e, 9 g, &b—c Le, ab

(which is obtained from [11; (8.3)] by taking the limit as N — «) we
get,

_ [y]w[ax]w i [ ]m[bb,:l ( b{l})""’qm/Q(m—l)3¢ {aqm,ﬁ_q ’ bl; y}

b
[b'ry]oo m=0 [q]m[c]m[ax]m cq”, axq”

- —m b,y 1—-m ’
m b )mg™/2m—1 q ", —Zq' ", b 5 q
_ [lesl, < 7). (b e
[B'yl. #=o [ql.lc)ala]., B m g
c

Next, transforming the inner ,4, by [14]

e e
a, b’ﬁ _(17’ _B—’ a, b: ¢ q 7
(4.4) 2¢1t: ab} =11 e 345{@’ 0 J ’
e €, t-l—b e

(provided either @, b or ¢ is of the form ¢, N a nonnegative inner,
if only ¢ = ¢~% then |ec/ab| < 1) we have

(¢ m m/2(m—1 —m ’. yq
m| — __b /2( ) s b ;
[a] [ 3 l,.( €)"q q b

_ [ldesl. <
2 T T N A
b

_ lefoo). ¢ [al[b)y" {aq ,%q bm} ’

[b’y]co =0 [Q] [c]n[am]"2¢2 cq”, axq”

once again, transforming .4, by (3.13), we get

oLl & & [alarBlalb ey
5 S DD v N AT

Lastly, an appeal to
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bz, b’ L .
¢Va: b, b'; c; @, ;¢ = 11 [a’ ® y}gﬁ{ A a} ,
G &Y bz, b'y
due to Andrews [1], yields (4.1).

One the other hand in order to prove (4.2), we need only rewrite
(4.5) in the form

g = Wlalle & [a]ulblne™ ¢[aqm, b'; y}
[b'y]co m=0 [q]m[c]m e Cqm

and transform the inner .4, by (3.13).

It may be observed that the .4, in (4.1) remains unchanged if
we interchange the roles of x and v and that of b and b’. This
yields us the transformation:

c. ¢ . g bylabr ax,
[abw [b,y]mq}{ bb,’ ’ z ’ b 7Q}
o: —; by ===
¢c. ¢ ., bx aby ay .
’by'_ 7
[“by] [ba ]wq{a Wy e b q}
c: —; bx — = —

which is a g-analogue of a known transformation between two F™’s
[3; §9.4 (4) and (5)] to which it reduces if we replace a, b, b, ¢ by
q°, ¢, ¢”, ¢ and let ¢ — 1. Similarly we could have obtained from
(4.2) the transformation

'yl [ —ra b S
TR
Yl —; by

T, —ay; q}
—31;1
(4.6)
—:a, 0350
forend ._[bw]oo ¢{ a/’ a

Y, —ax; q
[=]. ’

—;1;1

c: —; bx

which is the g-analogue of yet another known transformation be-
tween two F'®’s [3] to which it reduces if we replace a, b, b, ¢ by
¢, ¢°, ¢, ¢° and let ¢ — 1.

Next, we would prove:

:b;c—'
4.7 [[“7??%{“ g
® Lay:e;c

x, —b'y;
Y q} = ¢%[a: b, b’; ¢, ¢'; o, ¥; q]
1 —_

T 9 )
[].. .

i
N .

r. €
(4.8) _ lozl, { a4 7
5 C
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b, S8 |, g e ¢ VY| g
(4.9) ¢{a ’ b,y z, Y,q } _ [I(:l’!{-']mgﬁ{a b ’ b,’ " bx’ r;q ,
—:c; ¢ — Yie Loy e ¢ 1, —; —
a:b, —b;c, —c¢ l{l_, —Y;q
P Y
—: b, az, L; e, 1; —;—1
(4.10) Wy o
.9 ¢ Y
X, a, aq. —; —, — |2, ’
R At sl
W G IL—:bq; g —; -2 —2
(provided a is of the form ¢~ %)
and
, cc’ . q.cx| —wy .
’ ) b —y T » I
(4.11) ¢<2>[c; :0,b;¢,¢52,u; Q] = 9{ q Yy q vid }
—:¢; ¢ —1; —; —1

(provided ¢c’/g is of the form ¢~ 7).

Proof of (4.7-4.8). Rewriting the left hand side in the form

[ayl. o [al bl [aq™, ;j— by
[y]oo m=0 [(I]'m[G]'m[a'y]m2 :

m

¢, ayq

and transforming 4, by (3.13) we get the right hand side of (4.7),
for proving (4.8) rearranging the series on the right hand side of
(4.7) and transforming the ,4, by (3.138). This reduces to a known
transformation between F®’s [3; §(9.4)]. It may be pointed out that
(4.7) is a known result due to Upadhyay [13].

Proof of (4.9). Rewrite the left hand side of (4.9) as:

r c’x n
s=% La].[b ]”[Z:Zly 2 1[aq”, b; x} ’
A=0 [al.[¢']. ¢

transforming the ,4, by (8.13) and rearranging the series, we get

c m ym/2(m—1 ’
g = loz]. $ [a]m\:—b—]m(~bx) @ )¢F"’ Z,z,aqm; ?l}
[x]oo m=0 [Q]m[c]m[ax]m ? 2—0” axqm )

Transforming the ,4, by (4.2) and simplifying, we get (4.9). This
result is a g-analogue of a known transformation between two F'®’s

[3].
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Proof of (4.10). If we denote the left hand side of (4.10) by S,
then

m b2; 2 mwm m/2(m4-1) aq”", c, —c; ____yq_"”'
S:%)[a][ i 8¢2[2 J
g [ oal.| L | y= L v

Transforming the .4, by the formula [10; equation 3.1]:

a, b, —b; —z [] a, ag; ¢*; 7
4.12 . = A& o
(4.12) p [bz’ " j Ly [bgq ]
and rearranging the series, we get
[¥].. [a].ay™ qu’ b, —b; —wq'”‘J
4.13 S = .
(4.13) [ay]. i= [¢% ¢'Lle’e; 61,77 b2, ax

Once again, transforming the .4, by (4.12) and simplifying, (4.13)
yields (4.10), which is the g¢-analogue of a terminating version of
[4; (4.7)].

Proof of (4.11). In view of the g-analogue of Gauss’ summation
theorem, we have

-m —n. q
q ’ q » 7
(4.14) [Blalble _ g-ma g b
[b]m‘l"lb _l_ql—m—'n
b

Multiplying both sides by [cc'/qlu+a[0]ln+2"y"/[glnlalulc]nlc], (Where
¢c’/qg = ¢7") and summing with respect to m and n, we get

¢‘2’[%= b,b;c,c’5x,y; qJ

’
cC —
(0] Blasasamryrsn(—yrgrossisimiom
mt+nt2p

_ q
m20 n20 p20 [Q]m[q]ln[Q]p[c]m‘l-p[c’]n-l-pq’“
l:c_c’:l [b]m+n+prn+pyn+p( — C’)pqu/z_spﬂ [q“”]s[l,q"”“’] q
— q m+n+p sz C 3

0 0

3
v

=0 [alalal.lalle]nle Lt g™ ™" a=0 [q)Lea™],

[, B
mtn —n; c’x n—1 q—'In; y
1 ﬂ{q ! ]m[ }

m20 n20 [Q]m[q]n[c]mlo’]nqm“ v

3
v

summing the two .4, we get (4.11), which is g-analogue of a
terminating version of a formula [3; Ex. 20(i) p. 102]. Lastly, we
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give g-analogues of reduction formulae for Appell’s double, hyper-

geometric function:
a:d, y;e|w, —y;q bx, y b, ¢; 2y
(4.15) sz{ 7 ]: H[ }{ }
- L — x, ¢y a, bx

cy:a;a
. .¢c ¢ aby .
*'a’b’??x’ e ¢ [¥] a, b, —L; y
(4.16) ¢ b = ——b—“i—sszfz Y ,
c:_q_y;_ 1, —;1 [ay] ¢, 0
C I3 oo
r—': a, i; ¢ < -, % q racy -qj‘, gq‘: ﬂ, 07 07 (12; x*
o] a c = @5 ac ¢ a
(4.17) Ld: —q; —q —; == q, —q, —¢, d, dq
‘ 2 2
¥(a — ¢)(q — ca) acq, L, %2, ¢0 0, 0; gt; o
T acd — L — ) P ac ¢ 4 ’
'—qz, qs, —qay dQ; dq2
a:b, —b;c, —clx, —x; ¢
19 [—: b ¢ —5 =3 —]

_ [a, ag, be, —be, beq, —beg; ¢% xz}
" by, ¢, b, 0,0 '

Proof of (4.15). Rewrite the left hand side of (4.15) in the form

s = v [Blalylna” [aqm»c;ﬂ
m= [qlaleyln a, cyq™
_ yl. & [bln2™ 4!1"", ¢ yq’”]
[cy]oc m=0 [q]m 2 a
o o [bllcl(—2y) g
(4.19) - vl [
[ey]., = [al.[a].
Summing the inner .4, of (4.19) and we get (4.15) which is a ¢-

analoque of [3; §9.5-(7)] to which it reduces if we replace a, b, ¢ by
q% ¢°, ¢° respectively and let ¢ — 1.

1¢0[bqn; ) x] .

Proof of (4.16). Left hand side of (4.16) may be rewritten as:

oo mym/2(m—1) < f__@él/_ m
5= 3 lekltlotd @{a’ b e " }
= glalel 22|

c

_ yl. & [al.[b].amgmm [aqm, bg™; y}
B [aby] = [q)alc]n i cq™
C 00

m

cq
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S R C
I oo

Summing the inner .4, of (4.20) and we get (4.16). It is a g-analogue
of [3; §(9.5)-(5)].

Proof of (4.17). The summation theorem [10]

a, %, —q " g q|  [ae qz]n[fag; q2]
(4-21) 4¢3 = - ’
—q, & g Lek.
C

could be written in the symmetrical form (on replacing ¢ by cg="):

2] 2]
7=0 le*; ¢*1.1d% @°La-r

lacq™; qz]n[—c—ql‘”; q2] (—=)mgr/ms
J— a i

(4.22)

¢"le* L. ’

multiplying on both sides of (4.22) by 2*/[d], and summing with
respect to n form 0 to «, we get (4.17) (on separating the even
and odd parts on right hand side) on some simplification.

Proof of (4.18). The g-analogue of Watson’s theorem [2] can be
written in the symmetrical form (on replacing b by ¢“*"/b):

2 [e*; @116 ¢'lewr(—)" [b°c*; ¢’ln
(4'23) Z‘ [c Q]r[ 2 = 2 2 2 2 2 2. 421 ?

= [qlla)en—r €L [0 [0°¢; ¢°Lulc’q; @°Lul07C%; @°Lul; @l
multiplying both sides of (4.23) by [a]..x** and summing with respect
to n from 0 to <, we get

Sl & 165 CLIYS @lu o (=)
al, 2 S [¢*; ¢°1.10% ¢*l.
%[ ] r=0 [Q]r[q]m—r[cz]r[bz]%—r
[a, agq, be, —be, beqg, —begq; % mj
e b%g, ¢q, b, 0, 0 )

(4.24)

But, since

% [0 @IV (2 _ g
=0 [Q]T[Q]M-H—r[cz]r[bz]2n+1—r

therefore (4.24) yields
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Z [a],&" Z [¢’; ¢*1,16% @’)ur(—)"
(4.25) 8 P L M
a, ag, be, —be, beq, —beq; ¢°; 2°]
o 5[ bq, c*q, b¢*, 0, 0 J '

Now, rearranging the series in left hand side of (4.25), we get (4.18),
(4.17) and (4.18) are the g-analogues of (4.2) and (4.4) of [4] respec-
tively.

I am grateful to Dr. Arun Verma for suggesting the problem
and for his helpful discussions during the preparation of this paper.
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