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A SUB-ELLIPTIC ESTIMATE FOR A CLASS OF
INVARIANTLY DEFINED ELLIPTIC SYSTEMS

L. M. SiBNER AND R. J. SIBNER

We consider a certain invariantly defined nonlinear
system of partial differential equations on a Riemannian
manifold. Since a special case describes a steady, irro-
tional, compressible flow on the manifold, it is natural to
refer to the (square of) the pointwise norm of the solution
as the speed of the flow and to the density of the flow.
Under appropriate restrictions on the density, the system
is elliptic and we obtain a sub-elliptic estimate and a max-
imum principle for the speed of the flow in terms of the
curvature of the manifold.

Introduction. Let M be an n-dimensional Riemannian manifold,
and A?(M) the space of smooth p-forms on M. For we A°(M), x € M,
let Q(w) = (@, w)(x) = *(WA*w)(x) denote the pointwise norm of the
form @. Let p: C=(M)— R be a given bounded smooth strictly posi-
tive funetion which we call the density function.

In the following, we consider the invariantly defined nonlinear
system of equations for we A°(M):

dw =0
i(p(Q(w)w) = 0.

If p=1, this system describes the motion of a compressible fluid
on M and reduces to a single second order equation for the potential
function. If the metric is Euclidean and p(Q) = (1 — (v — 1)/2@Q)"",
it becomes the gas dynamies equation for polytropic flow in R*. If
o = 1, one obtains the Laplace-Beltrami equation.

To be more explicit, if @ is a solution of (1), then it is also a
solution of a homogeneous second order quasi-linear system, Aw = 0.
In local eoordinates, let

(1)

® = @ d.’l}”/\ .. /\dx’ap , a)]'l...jp — gjlil. . 'gipipwil'“ip ,

igeerip
and assume p = p(Q(®)). Then, A: A*(M)— A*(M) is given by
_ q 0wy,
(A@)iy = 207 {p T
Fleendp & ’w;....;
20 S w+W}
+ lower order terms.

(We will observe the usual summation convention wherever possible.)
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A computation shows that the system (1) is elliptic for w e A*(M)
if and only if

d 5
(2) W(pQ)>O for all zeM.

If M is compact and (1) is elliptie, there is a unique weak solu-
tion in each cohomology class (Sibner [7]). The question of smooth
solutions is unresolved except in the case p = 1 ([7]) or if the metric
is Eueclidean (Uhlenbeck [10]).

Assuming that the system (1) is elliptic, we shall derive an in-
quality for the function @, of the following kind:

(3) LQ + Blw) =0

where  is a solution of (1), L is a single second order elliptic ope-
rator with no zero order term, and B is a quadratic form whose
gsign depends upon the curvature tensor. Such an inequality leads
to a maximum principle and is perhaps a step in the direction of
elliptic regularity for the system (1) (see [10]). An inequality of
the form (3) and a maximum principle were previously proved by
the authors for 1-forms on surfaces (n = 2) (see [9]).

1. The inequality satisfied by Q. Let I =4, ---49,J=7,--:7,
be multi-indices and set g’/ = g% ... g*»i». Then, Q(®) = 9g"'W,;w; in
this notation. In terms of the Riemannian metric, let [Fwl|* =
9%g’ V0,V ,w;. Define the curvature form (Lichnerowicz [5, 6])

K@) = 00, {3 Kl oy + 3 Kib Oty -
§=1 t<s
Computing the Laplacian of @, one obtains
—24Q = Zg'TF.Q = [Pl + (00,7 7.0)

and using the formula for 4w([11]) one obtains the fundamental
identity for Q:

(L.1) —% 4Q = [Folt + K@) — pl(, ) .

Next, let @ be a solution of (1) and replace w in (1.1) by pw.
Using the fact that dpow = 0, one obtains

(1.2) —24(p°Q) + P! (3dpw, o) = P*K(®) + [Fow)f .

We shall show that the left hand side is a second order differ-
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ential operator on @, LQ = L,Q + L,Q, and will compute its principal
part.
’Q

P 4+ first order terms .
2 o

LQ=— % A0°Q) = %w + 200'Q)g”*

Using the fact that dw = 0,

p!(adloa))il‘“%: —9'7; ('0 Ouyeevty aaQi 0 2‘ @iyt giigyreip g§k> )

Therefore,

L,Q = pl(0dpw, pw)

_0'Q

82Q + i (01’1 *ip Z .
g (040 iyrerip—1tig4ytip ax”‘ax’

oxtox?

+ first order terms .

= —g7p0' w,,....,@" """

Combining coefficients of 3°Q/dx*0x7,

j ’ ' 2 I POV S P N 32Q
L = { — it W, ...; Y L7R TETRL TRL 2 PR PRRY ¥
Q= {-00r@ + oo, S farar
and
1 71 > it CERRRE SN2 S AT ERRY 5 a2Q
LQ = { 5970+ 0P Wiy 3, g “’} FYerw

ProOPOSITION 1.1. If the system (1) is elliptic at a solution w,
then L is an elliptic operator.

Proof. The principal symbol of L, on a cotangent vector = =
(Tcl} "',7('.,,,) #0 is

%(pz + 200Q)g ;> 0
using the ellipticity condition (2). Therefore, L, is elliptic.
Choose geodesic normal coordinates at a point, in which case

g% = 09, ' = @w;, and Q(®) = >); (®w;):. The principal symbol of L,
in these coordinates becomes:

"‘KOP'<Q5” - ;::1 a)ir"ik—1fik+1ipwi1"'ik—1iik+1"'ip>mﬁf
4 2
= 00| (S@u NE T = (Z Oy i) |
If o’ <0, one sees immediately from the Schwartz inequality

that this expression is nonnegative. Therefore, if o’ < 0, the prin-
cipal symbol of L = L, 4+ L, is positive definite and L is elliptie.
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If o' =0, the principal symbol of L in geodesic normal co-
ordinates is

1 ’
—2"92 2+ 'S wil"~ik_1iik+1"~ip7ri)2 >0

using the fact that p is positive. Hence, L is elliptic.
Summarizing the results of this section, we have shown

PROPOSITION 1.2. Let we A*(M) be a solution of the homogene-
ous elliptic system (1). Then Q(®) is a solution of the single scalar
equation

(1.3) LQ = o’K(w) + |V (ow)*

where L is a second order elliptic operator having mo zero order
terms.

2. The maximum principle. Our main result is the following.

THEOREM. Let @ be a solution of the elliptic system (1). Then,

(a) Q = (w, w) cannot have a relative mazimum at a point
where K(w)|,, > 0.

() If Q has a relative maximum at a point x, in a neigh-
borhood N of which, K(w) = 0 then

(i) @ s constant on N.

(ii) K(w) =0 wn N.

(iii) F® =0 on N.

Proof. As in [9], statements (a) and (i) of (b) follow from
Proposition 1.2 and the Hopf Maximum Principle. But if @ is con-
stant in N, then LQ = 0 in N which gives, again by Proposition
1.2, statements (ii) and (iii).

If p =1, the curvature expression K(w) reduces to R*ww;
where R* is the Ricei curvature tensor. One speaks of RYw,w; as
the Ricei curvature in the direction ®. In the language of gas
dynamics we have the

COROLLARY. A subsonic compressible flow on M cannot assume
its maximum speed at a point where the Ricei curvature is posi-
tive in the direction of the flow. If the maximum speed is atiain-
ed at a point of a region N in which the Ricci curvature in the
flow direction is monnegative, then the curvature must in fact be
zero, the speed @ must be constant, and the flow parallel in N (i.e.,
the covariant derivatives, V.w; =0). If it is further known that
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the Ricci curvature is positive definite, then @ = 0 and hence w =0
wn N.

Added in proof. The authors, with P. D. Smith, have obtained
a regularity theorem for the system (1) using the estimate (3). It
will appear in a forthcoming paper.
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