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There is an epimorphism from the stable homotopy of
the infinite real projective space RP~ to the (2-component)
stable homotopy of spheres. This is the well known Kahn-
Priddy theorem and was originally a conjecture of M. E.
Mahowald and G. W. Whitehead. Mahowald also conjectured
that the epimorphism should occur in the E, terms of the
Adams spectral sequences. We prove this conjecture is true.

1. Introduction. In his memoir [3] M. E. Mahowald made
two conjectures on a specific map )\ from the suspension speetrum
P> of the infinite real projective space RP> to the sphere spectrum
S°. He conjectured that A induces epimorphisms in homotopy and
in E, terms of the mod 2 Adams spectral sequences which are Ext
groups over the mod 2 Steenrod algebra A. The first conjecture,
which was also conjectured by G. W. Whitehead [5], has been
proved by D. S. Kahn and S. B. Priddy [2] and is now known as
the Kahn-Priddy theorem. The second conjecture, however, remains
unproved. In this paper we record a proof of the truth of
Mahowald’s conjecture on this “algebraic Kahn-Priddy theorem”.
The result is stated as Theorem 1.1 below.

The map  cited above has the property that . z,(P~) = Z, —
7,(8% = Z, is an isomorphism. Kahn and Priddy proved their theorem
not just for » but also for any mapg: P* — S° which induces iso-
morphism in x,( ). We shall state our ¢“algebraic Kahn-Priddy
theorem” also for any such map g.

THEOREM 1.1. For any map g: P= — S° that induces an isomor-
phism in the first stem homotopy groups the induced homomorphism

9.t Bxty(H*(P=), Z) — Exty+ (H*(S"), Z)
18 an epimorphism for all s and t with t — s = 1.

Here H*( ) is the reduced mod 2 cohomology functor. The
result in Theorem 1.1 is what Mahowald had conjectured in [3] for
g = M. We shall see that only the isomorphism g,: 7,(P*) — 7,(S°) is
relevent. The map n does not play a special role.

I would like to thank Professor Mahowald for encouragement
to prove his conjecture.

2. Proof. The main result used to prove Theorem 1.1 is

435
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Proposition 2.1 which will be stated at the end of this section and
proved in § 3.
We first briefly describe the induced homomorphism g, in Theo-

rem 1.1. Reecall that H*(P~) = Z,x] with dim (z) = 1. The mod 2
Steenrod algebra acts on H*(P~) by S¢'a* = <],f>x"“ Consider the

following diagram consisting of the first stage of the mod 2 Adams
resolution of S° and the map g:

- /71
g lz

P 2.5, Kz)— SY .

It is easy to see that H*(Y) = 3—'A where 4 is the augmentation
ideal of A and we have the short exact sequence of A-modules

0— H*SY)=A— H¥K(Z,)) = A
(1) s
L H¥SY) = Z,— 0.
Since H(P~) = 0, jg: P* — K(Z,) is null homotopic; so g can be lifted
to a map §: P*— Y as indicated in the diagram above. Composing
the induced homomorphism

@) Exty (H*(P7), 4,) — Ext}"(H*(Y), Z,)
= Bxty "(H*(SY), Z)

with the coboundary homomorphism
o*: Exty"™(H*(SY), Z,) — Ext 1 (H*(S°), Z,)

which is obtained by applying Exti*( , Z,) to the short exact
sequence (1) we get the homomorphism g, in Theorem 1.1.

The A-map §*: H*(Y) = 3'A — H*(P>) is easy to describe.
Reecall that w,(S°) = Z, is generated by % and % is detected by
Sq¢®. It is easy to infer from the isomorphism g.:7,(P~) = Z,—
7,(S% = Z, that §*(Sq¢®) = « and then from the A-module structure
of H*(P=) that §*(Sq¢")=«"" for all ¢ = 2. It is clear that §*(S¢")=
0. Thus §* is independent of the lifting § and also independent of
g: P> — S° for which ¢. is an isomorphism in z( ).

We next recall ([1]) that for any locally finite left A-module M
a suitable small complex for computing Ext¥*(M, Z,) is M*Q 4
where M* is the dual Z,-module of M and 4 is the lamda algebra.
A is a bigraded differential algebra over Z, generated by (2 = 0)
with ;e A4 subject to the following relations



ALGEBRAIC KAHN-PRIDDY THEOREM 437

n—g—1

(2) NiNestrtn = Z ( j

20

>)‘li+fn—j>"2i+1+j ;

the differential 6 is given by

k—j7—1
o) = Np—joij »
o =5 (77T e
M*@ 4 is a differential right 4-module with differential 6 given
by

o(m*) = 3, m*S¢" @ N

where the right A-module structure of M* is obtained by transpos-
ing the left A-module structure of M.

In particular H*, *(4) = Ext* *(Z,, Z,) = Ext¥*(H*(S"), Z,) and
H**(H(P=) ® 4) = Ext}*(H*(P~), Z,) where H,(P~) = (H*(P~))*
is the mod 2 homology of P». Let {#:}:2: be the Z,-base of H, (P~)
dual to {#*};.;. The differential ¢ of H, (P>*) & 4 is given by

k—j7—1
s = 5 e )yk_j_l@)xj.

The A-map §*: H*(Y) — H*(P~) gives rise to a chain map ¢:
H, (P~)® A — A which induces the homomorphism g, in Theorem 1.1.
The chain map ¢ is a differential 4-map and on the generators y, it
is given by

d(Yr) = Mg«

Our method to prove Theorem 1.1 is to construct a chain map
s A— H,(P*)® A (which is not a differential 4-map) so that the
composite @ = ¢ip: 4 — A has the property that for any pair of
integers (s,t) with £ — s =1 there is an integer m =m(s, t) = 1
such that the iterated product @™ is equal to the identity map on
A*E,

To construct o we define some terminology and fix some nota-
tions. From the relations (2) we see a Z,-base for A*(4° = 3, 4*?) is
given by {AhiccoN, |26 =4, -+, 26,, =4}, Any such monomial
MM, N, is called an admissible monomial and the corresponding
sequence (7, 4, ---, 4,) is called an admissible sequence. If J =
(41 Jo» *+, 3,) is a sequence of nonnegative integers then we write
ANy to denote N;nj,coon;. If I= (3,14, ---,4,) is an admissible
sequence and J = (4, 5, *++, j,) 18 an sequence of nonnegative
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integers (whether it is admissible or not) then we write N, e\, to
mean that \; appears in the admissible expansion of ;.

We construct «: 4° — H, (P~) ® 4° as follows. °'(1)=0, ¥'(\)=
0 and '(\;) = ¥, ®1 for ¢ = 1. For s =2 it is a little complicated
to describe °. Let A, = M\, -\, be a given admissible monomial
in (s =22) and let I' = (4,, ---, %,). If 49, =0 (which implies 7, =0
for all = 2) then define () = 0. If 4, >0 then '(\,) will be
of the form

(3) Yy @ Ny A+ Z»: Yim & Ny

where the second sum is described as follows. First of all we
require that each A\, ,, be an admissible monomial in 4°~' and that
JO) = G, Go), -+, G.0)), Where J'() = (i), - -+, (), be inad-
missible. Secondly, choose any positive integer m so that m > 7, +
iy + - -+ + 4, + s (which means m is very large compared with the
integers 7; and s) and consider the sequence J(v, m) = (2™ + 7,(v),
7.(v), < -+, 4.(»). It is clear that J(v, m) is admissible. Then ¥, &
Ny oceurs in the second sum of (3) if and only if \;(, . € Nrgm fOT
some ¢ with 2 < g < s where I(g, m) = (i, -+, 1y + 2™, Tgpy, =" *, ¥
We shall see later that the second sum of (3) is independent of the
large positive integer m.

Consider the composite @° = ¢°°: £°—A°. It is clear that @°(1)=
0, &'(\) = 0 and @*(\,) =\, for 2 = 1. For s=2 let I=(i, %, -, %)
be a given admissible sequence. If 4, = 0 then @&°(\;)=0. If 7,>0
and if we still use the notation in the preceding paragraph then

@3(7\:1) =N + ; Ny -

Note that each ,., is an inadmissible monomial. Suppose >, \,., 7=
0 and let > N be the admissible expansion of 3, \y; S0

(4) O°(Ny) = Ny % Nry -

PROPOSITION 2.1. (i) ™ A* - H*(P~)® A* is a chain map
(so @*: A* — A* 13 also a chain map).

(ii) For s =2 let \; be any admissible monomial in A° such
that the first entry of I is positive. Suppose O°(\;) is as described
in (4). Then the first entry of I is strictly less than that of each

I(p).

It follows from Proposition 2.1 that @ has the property described
above, that is, for any pair of integers (s,¢) with ¢t — s = 1 there
is some integer m = m(s, t) = 1 such that @™ is equal to the identity
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map on A"*. Since *: H (P*) Q 4* — 4* induces the homomorphism
g. in Theorem 1.1 the result in the theorem follows.

3. Proof of Proposition 2.1. We begin with the proof of
Proposition 2.1 (ii) which is easier than that of Proposition 2.1 (i).
To prove Proposition 2.1 (ii) we begin with some lemmas which will
also be needed in the proof of Proposition 2.1 (i).

LemMA 3.1. Let I=(4y, -+, 1,) be an admissible sequence (n=>2).
Suppose J = (5, - -+, 7.) 18 a sequence such that \;ex;. Then

(1) 4, £ m(J) where m(J) = max, {7,} and (ii) 7, < 4,.

The proof is given by induction on the lexicographical order
from the right of the sequence J = (4, -*-, J.), the first inductive
step being the case (5, -+, 4.) = (4, -+, %,). We leave the details
of the proof to the reader.

LemMma 8.2. Let (4, -+, J,) be an admissible sequence (s = 2)
and m be a positive integer such that m > j, + --- + j, + s.
Suppose (p, ---, p,) 18 @ sequence of nonnegative integers such that
(psy +++, D) 8 admissible and

Namgp Ny * * * Npy € Mgy * * Ny Namt Mgy * * N,

for some k with 2=k=<s+1. Then (i) p,=2j5,+1 and (i)
(D1, Doy *++, D,) 18 tnadmissible, i.e., 2p, < P,.

For the proof of Proposition 2.1 (ii) we shall only need the
result in Lemma 3.2 (i).

Proof of Lemma 3.2. In our proof there will arise variables
Vi1, Vi, ** -, V1 With integral values and integers

2™t e Fper— = Jhtt1— 2Tt — Vo1 — Vi — ** — Yy — L — 1,
2™ G — hi— = ferti— Tet— Vi1 —Ve_s— *  — Yy —1

and
254 T Vps + 1

where 1<t <k —1. We denote these integers by z,_,, 5.’ and 7.

in that order.

Since m is large and k =2, (J,_, 2™ + j,) is inadmissible. So
we can expand \;,_ \,mi;, into sum of admissible monomials by using
the relations (2). We have
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Ny .x’jk—z)’ik—l’)"?m’*ik)“fkﬂ' : .)\'js

=3 (ﬁ"”)x N NN
4k120

ik—2 T N
Vi1

From the assumption in the lemma we see that there is at least
one y,_, for which

(” ""1> =1 (mod 2)

Vi1

and

7"2m+P1>"P2' . .)\‘ps R

i N NG

DD
By Lemma 3.1 (i) either
=2t i — 122"+,
or
=20y v, 122" 4 p,

(since m is large). If 25,, +v,, +1=2"+ p, then v, , > ., =
2™ + j, — 24,., — v,_, — 2 and we would have (ﬂk 1> =0 (mod 2).

Therefore j;' = 2™ + p,. Thus (j,_., 51) is admissible (if £ > 2). By
expanding x;,_ ;. we find

Jk—2

Ni N N NN

1 Jks-’lkz

ATAREDN

Pr—s
= kZ < >7\'51"'x’jk—37\’fé'7\’jé’\‘ii"'7\'j )
iz

Vi_2 ’

Hence there is at least one y,_, for which

<’L !’“2> =1 (mod 2)

Vi

and

,\,zm+p1),,,2‘ . '/\;ps S )\;jl' RO 7\: )\_, )\: \\;j .

ig—3 s

Again from Lemma 3.1 (i) and ‘the fact </J’° 2) =1 (mod 2) we must
k
have 5 = 2™ + p,. Thus (j,_,, Jo) is inadmissible and we can con-
tinue to expand :;,_; (if k> 3). Continue this argument a finite
number of times we end up with
Namip Mg+ Mgy € Mg N

11

CNgNg Ny

for some values of v, ---,v,_, which are nonegative and we have
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Jie1 = 2™ 4+ p,. Since m is large, 2™ + p, is actually equal to ji,
1.e.,

2"+, =2t = Jp— =i Ve~V e— =V —k+1
or
Di=Jr—Jher— " —J1i—Vp1—Vps— -+ —V,—k+1
and
Npy* * * Ny, € Mgt NNt N, -

By Lemma 3.1 (ii) p, = ji. =25, +v, +1=2j5, +1. This proves
part (i) of the lemma. Since (4, ---, j,) is admissible, we have
25, Z Joy 2§:235, -+ -, 25,125, Which imply j,=j5./2%, j, =g,/2%7, -,
o1 = J1/2. Then

P — 20 2 25i + 1 — 25, 4+ 204+ 00 F G0 20+ o0 1)
+26—222@5,+ 4+ -0+ i) — 24, +26—1
= 2(1/2%% + 1/28-2 4 1/2%% o ... 4+ 1/2)5, — 25, + 2k — 1
=2j,— 2§, +2%k—1=2k—1>0,

that is, p, > 2p,. This proves Lemma 3.1 (ii).

Proof of Proposition 2.1 (ii). We recall that

D*(\p) = N + ; Ny

and ..My is the admissible expansion of >, A;,, where each
J©) = (4,(v), 5.(), - -, J.(»)) is inadmissible, (5,(v), ---, 7,()) is admis-
sible and

Mook 5 0 NGa00y * % % Nigd € Nyt * * Mgy Namagy® o Ny,

for some k with 2 < k < s (m is large). Let I(p)=(,(p), ---, 7,().
We want to show that ,(x¢) > 4, for all £ where I = (i, ---, 1,).
By Lemma 3.2 (i) we have
(a) J,(v) =21, +1 for all v,
We shall prove
(b) For each x there is some v such that

24,() + 1> 50) .

It is clear that the desired result follows from (a) and (b).
We suppose ¢ is a given index element. Since >, \;y is the
admissible expansion of >, ;. there is some v such that

Nim®* * Nagim € MNipmNgytn * * * Mg -
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By assumption (j,(»), 7.(v)) is inadmissible; so we can expand
Nj, N into sum of admissible monomials. We have

N NG00 " 0 NG )

J2.(v)—25,(») —r—2
= % < ” Ny )= g1 et N2gy ) Fr 1" " NG -
Hence there is some » for which
(V) — 27,(0) — r — 2
(5) <.72( 1 ) =1 (mod 2)
"

and
(6) Niynr* Negy € Moty —jpwr—r—1Negy i +r1® * NG 0

From (5) we see that

(Go(») = 25,(0) =7 —2) —7r =0
or
M2z 5 +r+1.
From (6) and Lemma 3.1 (ii) we have

W) 2 5:0) — (L) + r + 1)
Z J:(v) — 5:.(v)/2 = 5, (v)/2

i.e.,
21,(¢) = j7,(v) which implies
2u(p) + 1> 5y(v) .

This proves (b) and therefore Proposition 2.1 (ii).

Our proof of Proposition 2.1 (i) is rather lengthy. The con-
struction of the map *: 4* - H (P*)Q 4* in §2 comes from con-
sidering the dual complex K,(A) of 4*, called Koszul complex for
the Steenrod algebra A, in the bar construction B,(4) as described
by S.B. Priddy in [4]. We shall prove Proposition 2.1 (i) by show-
ing that the dual Z,map +,: K, (4) @ H*(P~) - K.(A) of 4* is a
chain map (Proposition 3.6).

We will first describe the structure of K,(4) and then sum-
marize the main properties of K,(A) in Theorem 3.3 below. K,(A)=
B(A) = Z, and K,(A) is the Z,-submodule of B,(A) = A which has
{S¢’|i = 1} as a Z,-base. To describe K,(4) for s = 2 consider any
admissible sequence I = (¢, ---, 4,). Let I'; = [Sqg***|---|Sq"™'] + Q,
where Q; is the sum of all [Sg’s+'|-.-|S¢*'] such that J=(4,, ---, J5,)
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is inadmissible and A, € »,. Then K,(4) is the Z,-submodule of B,(A4)
which has {I";|I = (¢, ---, 1,) is admissible} as a Z,-base. For s = 2
we can explicitly write out, from the relations (2) in § 2, the terms
in the sum I'; = I'; ,,; we have

(7)) Iy =[S | Sg+] + [i2+m]< ho )S iptiste—3 | Sg
iy = [SE+ 8¢+ 3 i2+1—2j[q 1Sq’]

where [x] denotes the greatest integer less than or equal to =z.
From the Adem relations in the Steenrod algebra A we have

U
=gy CET (0T Jsgease
(8) =1 \1, + 1 —2j
% s
= <r52 + 1>S g

where d is the boundary homomorphism of B, (A4).

THEOREM 3.3 ([4]). Let M be a locally finite A-module, {m;} a
Zy-base of M and {m}} the dual Z,-base of M™.

(1) K.(A) QM is a subcomplex of the bar construction B,(A)®
M and the inclusion map i Q@ M: K (AR M—B(AQM is o
chain equivalence.

(ii) The complex K. (A)® M is dual to the complex M* R A
in the semse that {I'; Q@ m;|I is admaissible} (I'; = Sgi** of I = (3,))
is dual to the Zy-base {m} @ r;|I is admissible} of M*Q A and
that the boundary homomorphism of K.(A) X M is dual to the
differential of M* & A.

(iiiy For a homogeneous element R = 3;[Sq’t|---|Sq¢¥] e B,(A)
(s = 2) to be an element of K,(A) it is necessary and suficient that,
for each (1 L1=<s—1) and each pair of sequences (k, ---, k;_,)
and (ke -+, k), the following condition holds

>0 SqiiSqi+r = Sq° or 0
7

where the summation s taken over all j such that (4, -+, Ji_) =
(kly tt ki-—l) a’nd (j'i-l-?., . 'js) = (k‘H—Zy STy ks)'

We should remark that in [4] the complex K, (A) is approached
from the Koszul resolution viewpoint and the property in Theorem
3.3 (iii) is taken as the definition of K,(4). The Z,-base of K,(A)
described above is not explicitly exhibited there.

The property in Theorem 8.3 (iii) will be important to the proof
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of Proposition 2.1 (i). From (7), (8) and the Adem relations one can
easily prove Theorem 3.3 (iii) for s = 2 and we would like to make
the following remark.

REMARK 3.4. The condition “>; Sg?sS¢?i+* = Sq° or 0” in Theorem
3.8 (iii), for s>2, can be replaced by the condition “>; [Sq’:|S¢i+1] €
K,(A)".

We proceed to describe the map ,: K, (4) ® H*(P~) — K,(A)
dual to *: A4* > H (P~) Q@ 4*. It is clear that (1 & 2%) = S¢™*.
To describe +, for s =1 consider any basis element I',, @ z‘ of
K(A) Q@ H*(P~) where I'=(4, +--,14,). Let I=(@,1, ---,1,). Choose
any positive integer m such that m > 1 + 4, + --- + 1, + s and let
Im) = @™ + 14,14, ---, i,). Since m is large, I(m) is an admissible
sequence. Consider the corresponding basis element

Ly = [Sg's™[- - - |S¢ [ S ] + Qi

Let us write [Sg’t|---|S¢+i]€ Q. to mean that [Sgi|-.-|Sgis+i]
appears in the sum Q;.,. By Lemma 3.1 (i) for each [Sg?|- - -|Sq?s+1] €
Qi there is at least one % such that j, =2 +4+1>2™ and
since m is large there is only one such k. So each [Sq’|-.-|Sg’+1] €
I';., has exactly one j, > 2™. We construct an element 2,¢ B,,,(A4)
as follows. For each [Sg?:|-.-|Sq?s+1] e '} let 7, be the only integer
such that j, > 2™ and consider [Sgi|---|Sq%+1] where j; = j, if I#k
and j, = j, — 2™. Let 2, be the sum of all such [Sg’i|---|Sg7e+i].
The first proposition below together with Theorem 3.3 (ii) show
that «r,: K(A) @ H*(P~) — K,1,(A) defined by +,([";, @ a*) = 2, gives
rise to the dual map "' £ — H (P~) Q 4° in §2.

PropOSITION 3.5. (1) £, is independent of the large positive
integer m and is an element of K, (A).
(i) 2,=T;1if (4,1, -+, 1,) s an admissible sequence.

PROPOSITION 3.6. .t K, (A) ® H*(P~) — K.(A) is a chain map.

We proceed to prove these propositions. To prove Proposition
3.5 we first begin with the case s = 1. This case will be basis of
the proof of the whole proposition and the proof of Proposition
3.6. For s =1 the sequence I in Proposition 3.5 is (¢, 7,); so I(m)=
@™ 4+ 1, 14).

LEMMA 3.7. (i) 2;,= 2, is independent of the large positive
integer m.
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(ii) 2, is equal to I'; if I is admissible and is a cycle of K,(A)
tf I is imadmissible.

In the proof of Lemma 3.7 below and other proofs later we
need to determine mod 2 values of certain binomial coefficients. The
following well known result on the binomal coefficients will make
our computations easier.

LEMMA 3.8. Let a and b be two nonnegative integers and let
@ = D002 b= 37,b2" be their binary expansions where a;, b;=0

or 1. Then
/ o /b,
(b> =TI < ‘>(modz).
a i=0 \@,

Proof of Lemma 3.7. We have

Iomysqy =[St Sg*"++]
[i41/2] /om
+ Z <2 + ¢ —
1, + 1~

j=1

>[Sq2”“+”““’lSq’] .

Since ¢+, +2—45>0 for 1 <54, +1/2] it follows from the
construction of £, that

9 2, Sgirtt| Sqi+t [niﬂ 2™ L q
() o =seisen) < E (T

j=1

ﬁWWWW]

By Lemma 3.8 the mod 2 value of (2 ++1’b

range, is independent of the large positive integer m (even if 1<j).
Thus 2, is independent of the integer m. This prove part (i) of
the lemma.

23) for j in the given

We turn to part (ii) and we begin with the case in which I =
(1, 1,) is admissible; so 2¢ = 7,. We have

[1+12]< 7,——_7

) ro=seiseer+ ST diseeeisen.

2t =4, implies 1t — 7= 0 for 1 < 5= [4, + 1/2]; so
om 4 i _ g
<. i 9.) ( ’ )(modz)
i+ 1—27

2+ 1—2
again by Lemma 3.8. Comparing (9) and (10) we see 2, =1,.
This proves the first half of Lemma 3.7 (ii).

m
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Suppose I = (4, ,) is inadmissible. So 2¢ <4, which implies
20z + 1) <14 + 1. To simplify notations let ¢ =4, +1 andb =17+ 1
and we rewrite (9) as

a’2]<2m+b—~j—l

[ . .
o =tseisal+ 5 [T 70T Hiseeisen.

We have to show that

R(a, b) = d(2,) = S¢'S¢" + 3

j=1

o) (2™ + b — J — 1>SQa+b—iS(Jj
a — 27

is zero.
The sum R(a, b) can be reduced to a sum of fewer terms. For

4§ in the range 1 < j<b—1 we have b — 7 —1=0 and (a — 2j) —
b—35—1) = (a/2 —b) + (¢/2 — 7) + 1 > 0 (since a = 2b); so

2" 4 h—j—1
< b= >50@mm.
a— 23
If j = b then
o b —j—1, j2m—1
( to—g >:( ,>51(mod2).
a — 2 a — 23
Thus
(o1 (2% 4 b — j — 1 .
(11) R(a, b) = z]< ’ >Sqa+b—qu3 :
F=b+1 a — 23

We have the Adem relation

<2m +b— 1>Sq2m+a+,,
el (2™ b — g5 —1 o
= Sq"Sq”"*" + 3 ( ' )Sq2”+“+b"’8q’
J=1 \ a — 23
a2y /2" +b— 35— 1
= Sosq + Semesg v 5 | !
a — 27

F=b+1

>qum+a+b—jsqj .
b—1=0and ¢ >b— 1 imply
2™ +p—1
< + > =0 (mod?2) .
a

Hence
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fat2) (2™ +bh — 4 — 1
(12)  SgSg™ + S¢S = S, < a 29'
— 4]

FETES]

)Sq2m+a+b—jsqi .

We shall prove R(a, b) = 0 by relating (11) to (12).

For this purpose we will utilize Milnor multiplication to express
Sq°Sq? in terms of Milnor basis elements of the Steenrod algebra A.
Let Sg(r, s) denote the element of A dual to &4 in the monomial
basis of the dual Hopf algebra A* = Z,[z, &, ---]. The rule of
Milnor multiplication is given by

d— 3k
S¢St =S <c + )Sq(c +d — 3k, k)
=0\ ¢ — 2k
(13) +d— 3k
c —
=kéo< d— K >Sq(c+d-—3k,k).

Applying (13) to the terms on the left side of the equation
(12) we obtain

Sq*Sq™*" = 3,

k=0

<2m+a+b-3k

Sq(2™ -3
om L b — k >q( +a+b— 3k, k)

and

S¢"Se’ = 3,

kz0

<2"‘+a+b—-3k

om ~ :
b >Sq( ta+b— 8k k)

If k< (a+0b)/3 and k< b then (2’”21;0_1; ll—k 3k> (2*" il I;G—3k)

(mod 2) by Lemma 3.8. If b<k=(a-+b)/3 then both (2’”+“+b"3’“)

m 2" +b—k
and (2 + gj]i) - 3k> are zero mod 2. So

(14) Sq*Sqg?"+® 4+ S¢*"+*Sq* = Zb/ cSq2™ +a + b — 3k, k)
> (a+b)/3
where ¢, = 0 or 1.
We next apply (13) to the terms in (11) and to the terms on
the right side of the equation (12). We find

[arz](zm—l-b—j—l)}: i <(1;+b—‘3k
i

R(a, b)= >, >Sq(a—|—b—3k, k)}

j=b+1 a—27 =0 i—k
(15) le+/3]] far2] (2™ 4+b—7—1\ /a+b—3k
a+ al? e —_—
= 2 [ > < J. >< . )]Sq(aer——?»k, k)
k=0 | iSeh a—2j i—k

and
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w1 /2™ + b — 7 —1
2|

)Sq2m+a+b—quj
a — 27 )

J=b+1

tare] (2™ +p—5—1\[ 4 (2™+a+b—8k
= . . Sq2™+a+b—3k, k)
i=b+1 a—2] k=0 i—k
(16) tatbia] [ fas2l (2" 4+b—7—1\ (2" +a+b—3k
] < J >< , )]Sq(2m+a+b~3k, k)
k=0 | iZ3t1 a—2j i—k

tazl (2" +b—5—1\/2"+a+b—38k
woE LS TIET )
k> (aTb) 13 5041 a—27 i—k

% Sq@™+a+b—3k, k) .

Since Sg2™ + a + b — 3k, k) are linearly independent over Z, it
follows from (12), (14) and (16) that

a1 (2™ + b — 7 —1\/2™" + a + b — 3k
T e

a— 29

J=b+1

for k in the range 0=k =< (a b)/3 Since m is large we have
that < + a + b - 3k> = <a +J ) (mod 2) for % in the same
range. So
fa] (2™ + b — 7 — 1 + b — 3k
”( J )(“ , > =0 (mod 2)
i<t a — 25 J—k

for 0k < (a +0)/3. Thus from (15) we see R(a,b) = 0. This
completes the proof of Lemma 3.7 (ii).

The following lemma, which will be needed in the proofs of
Proposition 3.5 and Proposition 3.6, is immediate from the structure

of K, (A).

LEMMA 3.9. Let R=3,;[Sq’*|--+|Sq’] be an element of K,(A)(s=2)
and let {I, = (1,(v), - - -, 1,(V)}ie, be the set of all admissible sequences
such that [Sqi“*+|---|Sqg“*|e R. Then R=>7",T

Proof of Proposition 3.5. The case s =1 is Lemma 3.7; so we
assume s > 1. We begin with part (i). In part (i) there are two
conclusions, namely

(a) £, is independent of the large positive integer m and

() 2, is an element of K,.,(A).

We shall prove (a) and (b) simultaneously. For this purpose we
restate these two results in the following manner. Recall that 2,
is constructed from I, where I(m)= (@™ + 4,1, -+, 1,); SO We
should write 2, as 2,,, to indicate that it depends on m. We fix
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a large positive integer m. Then (a) and (b) together are equivalent
to

(€) 2, is an element of K, (A)
and

(@) 25 = 2., for any other large positive integer m'.

We shall verify (c) and (d) by proving (¢) and a result which
implies (d). To describe this result let m’ be as in (d). We con-
struct an element I, € B,.,(A) as follows. For each [S¢|- - -|Sg’s+1] ¢
I let 7, be the only integer such that j, > 2™ and consider
[Sg?'|- - -|Sq%'+1] where ji' =4, if l#k and j, = 3, — 2™ + 2™. Let
I ;n» be the sum of all such [Sg?'|---|1S¢?:+:]. We claim

©) iy = Iiimne
It is clear that (d) follows from (e). Note that @™ + 4,1, ---, %,)
is the only admissible sequence such that

[Sq's*]- - -|Sg"+ | Sg™+ ' € I () -

So by Lemma 3.9 (e) is equivalent to

(€)' I, is an element of K,..(4).

We proceed to prove (¢) and (e¢) and we prove them by using
Theorem 3.3 (iii) and Remark 3.4. Suppose I';..,=>.;[Sq’*|---|Sg¥s+1].
Let 2, = 23 [Sq?t|- - -|Sq%e+1] and T,y = 35 (St |- - -1 Sgista] be the
corresponding sums. For each r(1<r=<s) and each pair of sequences
oy <+, kpy) and (k,4p, - -+, K,+,) consider the sums

B =5 [Sq"|Sg™1,
C= %‘, [Sq?r | Sg?r+1]

and
D = 3 [S¢’7 | Sq+'+i]
2
where the summation in B is taken over all j such that (5, ---, 7,0 =
iy =+, Bores)y (Gotey * =y Jor) = (Bproy » -+, bpsr) and the summations in
C and D are taken, respectively, over all j such that (5, -, ji_)=

(Blyw -y kres)y (Graer sy Jor) =Frsaye = -y kays)y (G157 =Wty -+, ki)
and (474, -+, Jor) = (k)ys, +« ¢, kiiy). By Theorem 3.3 (iii) and Remark
3.4 B is an element of K,(A). We have to show that C and D are
elements of K,(A).

If k, > 2™ for some ¢ then j, = j; = 77 and j,., = jrn = jru for
each [S¢/7|Sgr+1] in the sum C and each [Sq¢’)|Sq/,,] in the sum D.
So C = D = B which is an element of K,(A).

If k, < 2™ for all q then k, =k, = k, all ¢ and
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&
[l

I'2™ + ay, by)

1

I

M= FMe

[Sq'»**|Sg™"++1] +

1 =1

R
1

[b,+1/2] (2”' +a,— 3

Sq2"Haptbute—i| Sgil .
S isen e sy

From the constructions of 2,.,, and I';,, we have

C= é -Q(a#,b,‘)
and
D = 3, [Sg'| S +r]
#=1
an

+

i=

[b#+1'2]<2"‘ +a,— g

So2™ +optbyte—i il .
T isa e sy

By Lemma 3.7 each 2, is an element of K,(A4); so Ce K, (A).
Since m and m’ are large it follows from Lemma 3.8 that

(2m+aﬂ—j>_<2’"'+ap—j

= d2
by + 1 — 2j b,,+1—2j>(m° :

for 1< 5 <[b.+ 1/2). Replacing m _in (A7) by m’ we see that
D=3/, I omrvay, which belongs to K,(4). This proves (c) and (e)’
and therefore part (i) of Proposition 3.5.

We turn to part (ii); so we assume I=(4, 4,, * -+, %,) is admissible.
Suppose m > ¢t + %, + -+ + 4, + 8. It is easy to see that except for
(%, 44 -+, 1,) there is no other admissible sequence (j,, - --, 7,+;,) such
that

Nems®** Ng, € Ngma g Njy® * * N

Js+1 *
By Lemma 3.2 (ii)
N hghg =2 Nag E Mgy Ny Namag Ny 00 Ny

for any admissible sequence (I, ---, l,+;) and any integer &k in the
range 2 < k< s + 1. It follows, then, that (7, 4, ---, 1,) is the only
admissible sequence such that [Sg’*!|...|Sq¢%*!|Sq**]e 2,. Since
2,eK,.,(A), by Lemma 3.9, we see that 2, =TI, This proves
Proposition 3.5 (ii).

Proof of Proposition 3.6. We have to show that for each s=0
the square
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R(4) ® H*(P=) 25 R,.,(4)

(18) 10[ ld"
R, (4) @ H*(P*) 2= R (4)

is commutative. The result is obviously true for s =0. For s=1
consider any basis element Sg“+' &® ¢ of K,(4) Q H*(P~). We have
¥ (8¢ @ &%) = ,ip. If (¢, 1,) is admissible then, by Lemma 3.7,
24,y = I'y,4p; so from formula (8) we have

(19) (dy)(Sg* ® ) = J(‘Q(f,il)> _ < . 1 >Sqi+zl+z .
%+ 1

This equation is still true if (¢, %) is inadmissible because, then,
d(2.,.,) = 0 by Lemma 3.7 (i) and 2¢ <4, implies ¢, + 1> ¢ which
in turn implies (’51 f}_ 1) =0 (mod2). On the other way of square
(18) we find

7 . . ? o
(4ed)(Sg"+* @ a') = «'m(( : > 1® w’ﬁl)
4+ 1
_ < ’L )Sqi+i1+2 .
i, +1

Thus the result is true for s = 1.

Suppose s > 1. Consider any basis element I',, @ 2 of K,(4) ®
H*(P~) where I' = (t;, --+,1,). We have (', @) =2, where
I=(,14, ,1). We shall prove (dy)I'r Q) = (¥, d)(['r @ )
by showing that the maps

' @uat—I'p Q2"
I'y @ @™ —— T

and
Iy — 2,

commute with boundary homomorphisms where m>i+4,+ -+ +4,+s
and I(m) = 2™ + %, %, -+, 1,). We denote these maps by f, f; and
f, in that order.

That f, commutes with boundary homomorphisms is easy to
verify; we just notice that Sg*z’ = (i )xm’ Sq,,xwﬂz(z ;j z) ek
and (2 + z) = (;c) (mod 2) for k < i, + -+ + i,
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To prove that f, commutes with boundary homomorphisms is to
show

ATy @ 74) = d(L 1) -

By Theorem 3.3 (iii) for each integer v = 1 the sum 7"(v) of all
[Sqit|- - -|Sqis—1] with [Sq’t|- - -|Sqs-1|Sg*] € I'; is an element of K,_,(A).
We write [T”(v)|Sq*] to denote the sum of all [Sg’t|---|Sq%~-1]|Sq*]
such that [Sg|---|S¢-1]eT"®). So I'y,y = >, [T"()|S¢?] which
is a finite sum sinece T”(v) = 0 for almost all integers v. Then

i 2 . 2" 4 i
d(I'y @ ") = d(I'p) @ 2"+ + 3 ( v ®>T"(v) ® a2y
Let d(I';) = il and let T"(v) = >, L',y Consider the
admissible sequences I'(l, m) = 2™ + 4, I"(1)) (i.e., I'(l, m) = (2™ + 1,
i), -+, s @) i W) =0, -+, dau() and ', b, m)=(2"+i+v,
I"(v, k). Let T'(v, m) = 3%, I'ywi,m)- Then

- 2" + 1
FAT @) = ST pom + 5 ( ) @>T'<», m) .

It remains to show that d(I',.,) is equal to the right side of the
above equation.

It is easy to see that A, ---\, €N;---N;, if and only if
Nemtidg, *** Mg, € Ngmaghg, == Ny, and that Neme <o+ Ny, & Mgy, =+ + Ny, for
any sequence (k, k,, ---, k,) such that k, > 2", k, = 2™ + ¢ and k, +
k,+ -+ k,=2"+4+1 + -+ +1,. Hence [I';/]S¢*"+**'] is a sub-
sum of I';., and for each [Sqit|---|Sq? 1l € Dyy=1 rimy—[1 1 |Sg*"++]
the integer » with j, > 2™ is less than s + 1. We have

Iy = [Fz"sq2m+i+11 + Ditmy
= 3,[T"()|8¢°|S¢™ ] + Dy

vzl

By Theorem 3.3 (iii) and Remark 3.4 we see that there is a subsum
L of D,,, such that

2T S 18Sq" ] + L = S [T"W) | Femsi ]

where for 6,¢ K, ,(A) and 6,¢c K,(A) [0,|0,] denotes the sum of all
[Sq?:|- - -| Sq?s-1| Sq*1| Sq*:] such that [Sq1|- - -|Sq’s-] € 6, and [Sq*|Sq*:] €
f,. It is easy to see that L is precisely the sum of all
[Sqt]- - -1Sq?s|Sq?s1] € D, such that j,>2™; so for each [Sg?:- - - Sg?s+i] €
M = Dy, — L the integer » with j, > 2™ is less than s. Then
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d_(FI(m)) = J([FI'ISQWHH] + Diw)
= (S [T"()[S¢’[Sg™ ] + L + M)
= [(Z(Fp)lsq2m+i+1] + %l[T"(D) ] d_(F(2m+i,y—l))] + -N
= g (L | Sg*" ]
(2’” + 1
2]

+ 2

v21

IS Prvan 5774 + N

where each sequence (j,, ---, 7,) with [S¢?*'|..:|S¢"*']€ N is inad-
missible. The set of admissible sequences (j,, - -+, 7,) with

[Sq?++*|- - -[Sg*] € XLy [ S¢*™ ]

2" 4 g »
+5 ( R oal seme)

vzl

is equal to the set of admissible sequences (5., - -, j.) with
) ) om g\
[Sqii+t|---|S¢Pi*] e EL_“ I'igm + 1,221 < y )T (v, m) .
So by Lemma 3.9 we have
- 2" + 4\ - -
A 1) = El: I'igm + ; v T'(v, m) = f(d(I'y @ ")) .
This proves that f, commutes with d.

Finally we prove that f, commutes with d. Let
I = ; [Sq- - -[Sgis+1]

and let f;(I" ;) = 2; = >,; [S¢%i]- - -|Sg?s+1] be the corresponding sum.
For each »(1 £ » < s) and each pair of sequences K, = (k, -+, k,_,)
and K, = (k,ss, + -+, ky+,) the sums

U = z [qu'r l qur'l-l]

and
V = 2], [Sq?1Sgr+1]

are elements of K,(4) by Theorem 8.3 (iii) and Remark 3.4 where
the summation in U is taken over all j such that (4, -, j,_) =
(oiy =+ s koee)y (Grty =+ %y Jots) = (Bptsy =+, Kovy) and the summation in
V is taken over all j such that (i, ---, j,-) = (&I, -+, k7_,) and
(j;+2, Ty .7':’z+1) = (k;+2; Tty k;+1)~ Let
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UK, K) = [S*|- | S¢*~| &(U) | Sg*r++|- - -| Sgte+]
and

V(K,, K.) = [Sq"i]- - -|Sg* 1| d(V) | Sg¥r+z]- - -] Sg*es1]

The sum of all elements U(K,, K,) is equal to d(/';.,) and the sum
of all elements V(K, K,) is equal to d(2,); furthermore, U(K,, K, —
V(K, K,) is a one-to-one correspondence between these two sets of
elements. We shall prove fy(d(I ) = d(2)) = d(fo(l 10m)) by show-
ing that, under f;, each U(K,, K,) goes to the corresponding V(K,, K,).

Suppose K, K,, U and V are as given above. We need to
discuss d(U) and d(V) and we do this in two cases. The first case
is that %k, > 2™ for some ¢. In this case k, =k, — 2", k; =k, if
l+gq, j5,0=174, and j,., = j,+, for all [Sq¢i+|S¢ir+]e V. So U= V.
Since d(U) = d(V) = S¢° or 0 and ¢ < 2™ it follows from the defini-
tion of f, that U(K,, K,) goes to V(K,, K,) under f..

The other case is that k, < 2™ for all I; so k =k, all I. Then
U =‘§F(2m+al"bl‘) and SO V = {‘19("#"’#)
By formulae (8) and (19) we have

—_ n n m + .
d(U) = ;d(rmm_;.awb#)) g ( + 1 )qu +a[l+by+2

and

&l
i Ms

& 7 an a 2
(V) = ;d(Q(aF,by)) = (b,, i 1>Sq bt

So

e + a
UK, K, = #Zl (b i1 )[S kil |quf"llSq2m+“#+"p+2]Sq’°r+z|. . +|Sg*s+1]
= #

and

V(K, K) = 2( )[Sqm | Sqhr-1] Sqert | Sqhrea]- - - | Sqos]
b, +1

Since m 1is large, <2l:, i‘i“) = (b,,(:ﬁ 1) (mod 2) for all g#. Thus

UK, K,) goes to V(K,, K,) under f;. This completes the proof of
Proposition 3.6 and therefore the proof of Proposition 2.1 (i).
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