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ON THE CLOSED IMAGES OF PARACOMPLEXES

TAKEMI MIZOKAMI

Let X be an image of a paracomplex by a closed mapping.
Then the following are proved: (1) X is an M,-space, and
this solves positively the problem proposed by J. Nagata,
(2) dimX=Ind X, and (3) dim X=% if and only if there
exists a o-closure-preserving base " for X such that
dim B(W)=<n—1 for every We %,

1. Introduction. J. Nagata in [5] proved that every para-
complex is an M,-space in the sense of J. G. Ceder [2], and proposed
the problem whether every closed image of a paracomplex is an
M,-space or not [5, Problem 1]. As noted there, the closed image
of a paracomplex is at least stratifiable in the sense of Borges [1].
It is well known that every closed image of a metric space is an
M,-space [6]. Since a metric space is a 0O-paracomplex, it seems to
be natural to propose the problem.

The author proves in this paper that every closed image of a
paracomplex is an M,-space, and therefore the above problem is
solved positively. The point of the proof is to use the notion of
uniformly approaching anti-covers, which is first introduced by
K. Nagami [4]. The importance of this notion consists in the fact
that this property is hereditary with respect to closed mappings.
Moreover the author gives two results on dimension theory, one of
which is that the coincidence theorem for dim and Ind holds for a
closed image of a paracomplex, and the other is that if X is a closed
image of a paracomplex, then dim X < » if and only if there exists
a o-closure-preserving base %7 for X such that dimB(W)=<»n —1
for every We 77", though it is proved by J. Nagata there for a
paracomplex itself.

All spaces are assumed to be Hausdorff. All mappings are
assumed to be continuous, and onto unless the contrary is stated
explicitly. A closed image of a space means the image by a closed
mapping. N always denotes the positive integers.

2. Definitions and lemmas. Let H be a closed set of a space
X and f a mapping of H into a space Y. The quotient space Z =
XU, Y obtained from the topological disjoint sum X Vv Y by identi-
fying each xz e H with f(x) is called the adjunction space of X and
Y. If p: XVY—>Z is the quotient mapping, then we set p, =
p»|X and p, = p|Y, which are used in the sequel without the ex-
planation.
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DeFINiTION 1 (D. M. Hyman). A O-paracomplex is a metric
space. Assume that n-paracomplexes have been defined for = e N.
Then the space Z = XU, Y, where X is a metric space and Y is
an n-paracomplex, is called an n + l-paracomplex.

DeFINITION 2([5, Definition 1]). Let X = U, X,, where {X,:
1€ N} is a closed cover of a space X such that X,c X,,, for each
1€ N and each X, is an n,-paracomplex for some %, with 0 < n,<co.
If X is dominated by {X,} (namely Fc X is closed in X if and only
if FFn X, is closed in X, for every ¢€ N), then X is called a para-
complex.

DEFINITION 3 ([4, Definitions 1.1 and 4.4]). Let X be a space
and F a closed set of X. An open cover of X — F' is said to be an
anti-cover of F in X. An anti-cover % is said to be approaching
to F in X if for each neighborhood U of F in X, S(X — U, )N
F = @. An anti-cover % is said to be uniformly approaching to F
in X if for every open set U of X, S X - U, %)NFNU= Q.

The following are known and used later.

Fact 1([4, Remark 4.5(2)]). FEwvery closed set of a metric space
has a uniformly approaching anti-cover.

Fact 2 (4, Theorem 1.3]). Let X be a hereditarily paracompact
space and F' a closed set of X. If F' has an approaching anti-cover,
then F has a closure-preserving open neighborhood base.

LEMMA 1. Let 1 X— Y be a closed mapping. Let Zr = {U,:
ae A} be a locally finite open collection of X. Let 4 be the totality
of subsets 6 of A and set V, = J{U.,acd}, 6€4. Then {f(X—V,):
o€ 4} is closure-preserving in Y.

Proof. Let 4, be an arbitrary subset of 4 and suppose z¢
f(X — V,) for every o€ 4,. This implies f~(x) < V, for every 6 ¢ 4,.
For each y e f~*(x), take an open neighborhood N(y) of ¥ such that
Ny) c V, for every d€ 4, Set

N=U{Nw:yef @} N*=Y - f(X - N).

Then N* is an open neighborhood of x such that N*N f(X—V,)=¢
for every 6 € 4,. This implies z ¢ J {f(X — V,): d € 4,}.

LEMMA 2. Let f+ X — Y be a closed mapping of a hereditarily
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paracompact space X onto Y, and F' a closed set of Y. If f~(F)
has a uniformly approaching anii-cover in X, then so does F in
Y.

Proof. Let #Z = {U, ac A} be a uniformly approaching anti-
cover of F in X and 4 the totality of subsets § of 4. Set V, =
U {U..acd} for each 6e4. Since X is hereditarily paracompact,
we can assume that % is locally finite in X — f~%(F'). For each
point y of Y — F, define the following:

W) =Y — [(U{f(V):ye f(V)h) UMU{fX — Vo
yef(X—Vaohl.

Observe W(y)NF = @ for every ye Y — F. Since {f(V,): 6 € 4} and
{f(X — V,): ded} are closure-preserving in Y — F by Lemma 1,
W(y) is an open neighborhood of % in Y. Therefore %7 = {W(y):
yecY — F} is an anti-cover of F' in Y. We shall show that %7 is
uniformly approaching to F' in Y. Let W be an open set of Y.
Since 7 is uniformly approaching, there exist d,, 6, € 4 such that

N, =(f""W)nfFHvV,, i=12,
are open sets of X such that
Ncf (W), N.NSX— f{NS, %) =¢,

where N* =Y — f(X — N)). It follows from the definition of W(y)
that if yeY — (f(X - V,) UF), then W(y)c W. Therefore if
Wu)n(Y — W)+ @ for ye Y—F, then ye¢ f(X—V;). This implies
y ¢ f(V,). Thus we have W(y) N f(V,) = @. If we set N =Y —
f(X — N,), then N,* is an open neighborhood of FFN W in Y such
that NN W(y) = @. Hence we have S(Y — W, 27")N Nf = @.
This completes the proof.

DEFINITION 4. A space X is said to have the property (P) if
for every closed set F' of X and for every open set V of F, there
corresponds an open set V'’ of X such that V'NF =V and V'N
W' = @ if V, W are disjoint open sets of F. Such an open exten-
sion V' of V is said to be a special extension of V to X.

LEMMA 3. Every n-paracomplex has the property (P).

Proof. First we consider the case of » = 0. Let F' be a closed
set of a metric space (X,d) and V an open set of F. For every
point z € V, choose a positive number ¢ = &(x) such that S.(x)NFcCV,
where S.(x) denotes the e-neighborhood of % with respect to d. Set
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V'=U{S..(x):xe V}.

Then V' is easily seen to be a special extension of V to X. We
consider the general case. Assume that every m-paracomplex has
the property (P). Let Z = XUJ,;Y be an n + l-paracomplex stated
in Definition 1. Let F be a closed set of Z and V an open set of
F. Since Y has (P) by the induction assumption, p7(V) has a
special extension V to Y. Let d be a compatible metric on X.
Choose for each point = of pz(V U p(V)) a positive number & = &(x)
such that

S.(x) N (H U pz*(F)) < pz(V U p(V)) ,
where S.(x) denotes the e-neighborhood of x with respect to d. Set
V' = p(V) U p(U (S.x@): & € pz(V U (V) .

Then by a routine check V'’ is shown to be a special extension of
V to Z.

LEMMA 4. FEvery closed image of a space with the property (P)
also has (P).

Proof. Let f: X — Y be a closed mapping of a space with (P)
onto Y. Let F be a closed set of ¥ and ¥V an open set of F.
There exists a special extension f~*(V) of f (V) to X. Set V' =
Y — f(X— f%V)). Then V' is an open set of Y such that V'nN
F=1V. It is obvious that if V, W are disjoint open sets of F,
then V' N W' = @. Hence Y has the property (P).

DEFINITION 5. A space X is said to be cp-expandable if the
following condition (CP) is satisfied:

(CP) Let F be an arbitrary closed set of X and ¥ = {U,: a €
A} a closure-preserving open collection of F. Then for each ac A
there exists an open collection {U,: 8¢ B,} of X with U, N F = U,
for every ge B,, which satisfies the following (1) and (2):

(1) 7 ={Uy,: B€B,, acA} is closure-preserving in X.

(2) If U,=WnF for an open set W of X and for ac A4,
then U, W for some 3¢ B,.

In the next two lemmas, we shall show that every closed image
of an n-paracomplex is cp-expandable, and this fact plays an impor-
tant role when Theorem 1 is proved.

LeMMA 5. Ewvery closed image T of an n-paracomplex has a
collection {T;: 1 =1, -+, k} of T satisfying the following:
(1) T=UL.T, T.0T;, = @ for each pair i, 7 with i+ j and
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each T/ =T, U---UT,; is closed in T.

(2) If F is a closed set of T, then F and each FUT!, i=1,---,
k— 1, have umniformly approaching anti-covers in F UT, and
FUT,,,, respectively.

Proof. Part 1. We shall show that every n-paracomplex Z
has the collection {Z,:7i =1, ---, k} of subsets of Z satisfying (1)
and (2) in Lemma 5. A O-paracomplex Z has obviously a collection
{Z} = {Z} satisfying (1) and (2) by virtue of Fact 1. Assume that
every mn-paracomplex has such a collection. Suppose that we are
given Z = X J;Y, where Y is an n-paracomplex and f is a mapping
of a closed set H of a metric space X into Y. By the induction
assumption Y has a collection {Y,, ---, Y,} satisfying (1) and (2). Set

Zy =Y, -y 2y = p(Y), Zpsw = Z — p(Y).

Then {Z, ---, Z,..} obviously satisfies (1) in Lemma 5. Let F be a
closed set of Z. By Fact 1, H U py'(F') has a uniformly approach-
ing anti-cover 7" in X. Let %,, %, 1 =1, ---, k — 1, be uniformly
approaching anti-covers of p7*(F"), pi*(F)U(Y,U---U Y, in p;*(F)U
Y, oy (F)U(Y,U---UY,.,), respectively. Set )

Vs = p(%), V=0, oy e = D( %) -
Then obviously %, %5, 1 =1, ---, 7 — 1, are uniformly approach-

ing anti-covers of F, FU(Z,U---UZ,) in FUZ, FU(Z U---UZ._,),
respectively. It is obvious that 777, = p(?") is a uniformly approach-
ing anti-cover of FU(Z, U---UZ,) =FUpY) in Z.

Part 2. Let g: Z— T be a closed mapping of an n-paracomplex
Z onto T. By Part 1, there exists a collection {Z, ---, Z,} of sub-
sets of Z satisfying (1) and (2). Set

T, =9Z), T, =9Z)— (94)U---UgZ_)),
i=2 et

Then obviously {T,:1 =1, ---, t} satisfies (1). Let F be a closed set
of T. Set

g;=9\P,P,=(Z,U---UZ)Ug™(F), i=1,---,t.

Then g;: P,—->FU(T,U---UT, is a closed mapping. Since gi'(F)
has a uniformly approaching anti-cover in P,, by Lemma 2 so does
F in FUT,. Observe that g77(FU((T,U---UT))) is a closed set
of P,,, containing Z, U---U Z,, and therefore by (2) for {Z, ---, Z,}
it has a uniformly approaching anti-cover in P,,,. Consequently by
Lemma 2 FU(T,U---UT),42=1, ---t — 1, has a uniformly approach-
ing anti-cover in FU (T, U:--U T,,,). This completes the proof.
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LEMMA 6. Ewvery closed image of anm n-paracomplex is cp-ex-
pandable.

Proof. Let f: Z— T be a closed mapping of an n-paracomplex
Z onto T. Then by Lemma 5 there exists a collection {7, ---, T}}
satisfying (1) and (2) in Lemma 5. Let F be a closed set of T and
7 = {U,: a € A} a closure-preserving open collection of F. By (2)
F, Fu(T,Uu---uT), ¢=1, .-,k — 1, have uniformly approaching
anti-covers #,, #; in FUuT, FU(T,U---UT,,), respectively.
Since T 1is hereditarily paracompact, we can assume that %, =
{U:a€ A}, %, ={UynacdA}, i=1, .-+, k— 1, are locally finite in
T,—F, T,.,— F, respectively. For each acA, let 4(a) be the
totality of subsets 6, of A, such that

Ua(ao) = Uoz U (U {an: ac 50})

is an open set of F UT, such that U,(6, < U., where U, is a
special extension of U, to T, the existence of which is assured by
Lemmas 3 and 4. For each §,€ 4(a), let 4(a, §,) be the tatality of
subsets 0, of A, such that

Ua(ao, 0,) = U.(6,) U (U {Um: €y}
is an open set of FU (T, U T,) such that
U.(00, 6,) C Ua N Ul(0s)

where U,(5,) is a special extension of U,(0, to T. Repeating this
process, we reach an open set of T

Ua(50; ct ak——l) = Ua(am ) 6k—2) U (U {Uk—la: ac ak—l})

for o,_,€4d(e, d,, -+, 0,). For each g = (d,d, -+, d;.), we set
U, = U0y, +--, 6,_,) and consider the collection

7 = {Uaﬁ: B = (50; ) ak—l)) 50€A(a> ’
0, € dla, dy), +++, 0p €Ay, -+, 04), x €A} .

Then obviously U,, N F = U, for each a, 8. To show that 7 is
closure-preserving in T, let M be an arbitrary subset of {(a, 8): 3=
(50, Tty 51@—1); 50 € A(OL), ) 0r—1 € A(C{, 80; ) 51:—2)7 ac A} Suppose
x¢ U, for every (a,8)eM. If xcF, then there exists an open
neighborhood N of x in F such that NNU,= @ for every ac A4
with (o, 8 e M. Let N’ be a special extension of N to T. Then
U,sNN' = @ for every (a, 8) € M by the property of special exten-
sions. If x¢ F, then ze T, — F for some 4. Since %/, is locally
finite at x, there exists an open neighborhood N of z in FU
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(T,U---UT, such that NN U0, ---, 6;,.) = @ for every (a, B) € M,
B = (8, -+, 0,-). Let N’ be a special extension of N to T, if i+#k.
If i=Fk, let N'=N. Since U, U, 6, ---,0,_,) and U,@o,, ---,
0,.) NN =0 for every (a,B)eM, B = (50, cey Oimr)y N'n Uyp =0
for every (a, B8) € M. Therefore in either case p ¢ U {U.,:: (o, B) € M},
proving that 7" is closure-preserving in 7. Let U be an open set
of T such that UN F = U, for some a«. Then since % is uniformly
approacing in F U T,, there exists a 0,€ 4(a) such that U,(6, < U.
Similarly we can choose 6, € 4(a, §,) such that U,(6,, 6,) © U. Repeat-
ing this process, we get @8 = (d,, - --, 0,_,) such that U,,c U. This
completes the proof.

As stated in the introduction, every closed image of an wm-para-
complex is at least stratifiable, and consequently it is a o-space,
that is, it has a o-discrete closed network. In the next proof, a
collection .&# of subsets of a space T is said to be local metwork
of a point xeT if xe U with U open in T implies xc€ FFc U for
some Fe & .

LeMMA 7. Ewvery closed image of an n-paracomplex is an M,-
space.

Proof. Since every closed image of a 0-paracomplex is a Lasnev
space, it is an M,-space, [6]. Assume that every closed image of
an m-paracomplex is an M,-space. Let ¢g:Z=XU,Y—T be a
closed mapping of an n + l-paracomplex Z onto 7T, where X is a
metric space, Y is an n-paracomplex and f is a mapping of a closed
set H into Y. By the induction assumption, g(»(Y)) is an M,-space.
Therefore g(p(Y)) has a o-closure-preserving base 7z = {U,: a € A}.
By Lemma 6 T is cp-expandable and ¢g(p(Y)) is closed in 7. We
apply the cp-expandability of T to Z to get a o-closure-preserving
open collection %, = {U,: B€ B, a € A} of T such that

U N g(0(Y)) = U, for geB,, acA,

and such that if UNg»(Y)) = U, for an ac A and for an open set
U of T, then U,c U for some B8€B, Let F be an arbitrary
closed set of T such that FFng(p(Y)) = @. Then it is obvious that
¢"Y(F) has a uniformly approaching anti-cover in Z. Thus by
Lemma 2, F has a (uniformly) approaching anti-cover in 7. There-
fore by Fact 2 F' has a closure-preserving open neighborhood base
Z(F) in T. Let & = U, 7, with each &7, discrete in T, be
a closed collection of T, which is a local network of each point of
T — g(p(Y)) in T. By the paracompactness of T, there exists for
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each 1€ N a discrete open collection {H(F'): F € ,} such that F
H(F) and HF)N g(»(Y)) = @ for every Fe.#, Set

Z'F)={Uez(F):UCH@F)},
% =U{z'F):Fe7},
W =% VU, .

Since U{%'(F'): F e #,} is closure-preserving in T, 97 is a o-closure-
preserving open collection. It is obvious that 97 is a base for T.
Hence T is an M, -space.

3. Theorems.

THEOREM 1. Ewery closed image of a paracomplex is an M-
space.

Proof. Let f: X —Y be a closed mapping of a paracomplex X
onto Y. Let {X;:i€ N} be a closed cover of X stated in Definition
2. Since X, is an mn,-paracomplex, by Lemma 7 there exists a
o-closure-preserving base % = Um-i %, for f(X,), where each %/, =
{U(a): a € A,} is a closurepreserving open collection of f(X;). Observe
that f(X,) is cp-expandable by Lemma 6 and that f(X,) is closed in
f(X,). Therefore for each a,e A,, there exists an open collection
{U(a,, ay): a, € A, ()} of f(X,) such that

Ula, a,) N f(X) = Uy, U, a,) € Uley)',

where U(a,)’ is a special extension of U(a,) to f(X,) and such that
(1) {Ula, a,): a,e A, (a), @, € A,} is closure-preserving in f(X,),
and
(2) if V is an open set of f(X,) with Vn f(X,) = Ula,) for
an a,€4,, then Ula,, a,) C V for some a, € A,(a).
Again by the cp-expandability of f(X,), we define the following
collection: For each (a,, a,) with a,€ A,(a;), a,€ A,, there corres-
ponds an open collection {U(a,, a,, a): a,€ A, (@, a,)} of f(X,) such
that

Ula,, a,, a;) N f(X,) = U, a,) ,
U(aly a2, a3) c U(ali a2)’ ’

where U(a, a,) is a special extension of U(a, a,) to f(X,), and
such that

(ry the collection {U(a,, a,, a,): a;€ A, (a,, o),

a,e A, (a), a,€A,} is closure-preserving in f(X;), and
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(2 if V is an open set of f(X,) with VN f(X,) = Ula,, a,) for
an a,¢€A,(a,), a,€A4,, then Ula,, a,, a;) CV for some a; € A4,(a, a,).
Repeating this process, for each i€ N we get a closure-preserving

open collection {U(a,, -+, a,): ;€ A, (e, -+, 0;_y), - -+, @, € A,.}, which
satisfies the conditions corresponding to (1), (1) and (2), (2)’. For
each sequence y = (a, a,, --+) with a, € A,,, a, € A, (o), ---, We set

U.=U U, -, a).

Set

O//ﬁ(m> = {Ul‘: Au = (alr a27 o '); al eAm, C{z eAm(al), o } b
w7, =U{# (m):meN}.

First, it is shown that each %7 (m) is closure-preserving open collee-
tion of Y. Indeed, take a U.e % (m), ¢t = (o, a,, ---). Then U,
is open in Y because

U.NfX)=Ua, -, a), ieN

is open in f(X,) and {f(X):ie N} dominates Y. Let M be an
arbitrary subset of {¢=(a,a, ---): a€A4,, acAd,(a), a,€
A (o, ), ---} and suppose xz¢ U, for every pc M. There exists
an 1€ N such that z¢ f(X,). Since {U(a, ---, a,): pt = (a0, &, -+ ) €
M} is closure-preserving in f(X,) by (1), (1), ---, there exists an
open neighborhood N of 2 in f(X,) such that

NnU{Ua, -, a) = (a, a, --)eM})) =¢.

Let N, be a special extension of N to f(X,.,). For each j =2,
let N,,; be a special extension of N, ; , to f(X,.;). Set E(N)=
Uz, N,,;. Then E(N) is an open neighborhood of x in Y such that

EN)N (U U preM}) =9

Therefore z¢ U {U,: ¢t M}, which proves that % °(m) is closure-
preserving in Y. Secondly, we show that %77 is a local base of
each point = of f(X) in Y. To see this, let xe V for an open set
V of Y and a point = of f(X,). Since % is a base for f(X,), there
exists an a,€A4,, meN, such that z¢ Ula)c V. By (2) and (2),
there exist a,€ A4,(a;) and «a;€ A,.(«a,, a,) such that x e Ula, a,, a,) C
V. Inductively we can get an «; such that xe Ula, ---, @) C V.
Therefore xe U, V for ¢ = (o, a0y, ---). By the same way as 9/,
we can construct a o-closure-preserving open collection 977, of Y
which is a local base of each point of f(X,) in Y. Then % =

., %, is a o-closure-preserving base for Y, proving that Y isan
M;-space.
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We consider the dimension for the closed image of a paracom-
plex. To state it, we prepare some definitions and some lemmas.

DEFINITION 6 ([4, Definition 3.4]). A collection v~ = {(H,, K,):
ac A} of disjoint pairs of closed sets of a space X is said to deter-
mine Ind X if there exists a pair (H,, K,) €. such that for each
closed set P separating H, and K,, IndP>=Ind X — 1. Let M be
subset of X. Then .7 is said to determine Ind M if 7 |M deter-
mines Ind M.

It is proved in [4, Theorem 4.1] that if X is a paracompact
o-space which has a countable collection of disjoint pairs of closed
sets determining Ind of all closed sets of X, then Ind X = dim X,
and it is also proved in [4, Lemma 3.5] that every L-space has
such a collection. Since every Lasnev space is an L-space, [4,
Theorem 1.6], every Lasnev space has such a collection. Since every
closed image of a paracomplex is a paracompact o-space and is the
countable union of closed Lasnev spaces, it has a countable collec-
tion of disjoint pairs of closed sets determining Ind of all closed
sets. Thus we have:

THEOREM 2. If X 1is a closed image of a paracomplex, then
dim X = Ind X.

Let (A) be the statement that dim X < n if and only if there
exists a o-closure-preserving base %~ for X such that dim B(W) <
n — 1 for every We %%, where B(W) denotes the boundary of W
in X.

As shown by J. Nagata, if X is a paracomplex, (A) hold for X.
But we shall show in the next theorem that (A) holds for every
closed image of a paracomplex. The proof is given by modifying
the argument in Theorem 1.

DEFINITION 7. A space X is said to be n-dimensionally cp-ex-
pandabe if the following condition (CP), is satisfies:

(CP), Let F be a closed set of X and % ={U, :axcA} a
closure-preserving open collection of F' such that dim B.(U,) £ n—1
for every ac A, where B,(U, denotes the boundary of U, in F.
Then there exists an open collection 7" = {U,;: B€B,, a€ A} of X
with U, NF = U, for every e B, acA, satisfying (1) and (2)
stated in Definition 5 and the additional condition (8).

8) dim B(U,;) £ n — 1 for every SeB,, acA.

LEmMMA 8. FEvery closed image T with dim T < n of an m-
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paracomplex 1s n-dimensionally cp-expandable.

Proof. Suppose that we are given a closed mapping f of an
m-paracomplex Z onto T with dim T < %. In this proof we use the
same denotion as in the proof of Lemma 6. Let F' be a closed set
of T and # = {U,: a € A} a closure-preserving open collection of F'
such that dim B,(U,) < n —1 for every acA. Since T satisfies
dim T < n, in addition to the assumption stated in the proof of
Lemma 6 we can assume that

dim By _#(Uw) =m—1, dim BTH.l—F( Uus)=n—1
for every @€ A, and for every a’'cA,, i =1, ---,k — 1. It follows
from an easy check that for each g8 = (6, - - -, 0,-1)

—1
=0

B(U.s) < Bo(U) U( U LU B, s(U)

Then by the sum theorem we have
dim B(U,;) < n — 1 for every 3.
Thus (CP), is satisfied.

LEMMA 9. If T s a closed image of an m-paracomplex such
that dim T < n, then there exists a o-closure-preserving base 7%~
for T such that dim B(W) < n — 1 for every We o .

Proof. Let g:Z— T be a closed mapping of an m-paracomplex
Z onto T. Suppose dim T'< n. If Z is a 0-paracomplex, then T is
a LasSnev space and therefore by [3, Theorem 2] there exists a o-
closure-preserving base with the required property. Assume that
every closed image of an m-paracomplex has such a base. Let Z=
XU;Y, where Y is an m-paracomplex and X is a metric space.
By the induction assumption g(P(Y)) has a o-closure-preserving base
7z = {U,: a € A} such that dim B,,y,(U,) < n — 1 for every acA.
Since by Lemma 8 T is n-dimensionally ¢p-expandable, there exists
an open collection %, ={U,:B€B,, acA} of T satisfying the
following:

(1) %, is o-closure-preserving in T.

(2) If VNng(Y)) = U, for an ac A, then U,V for some
BEB,.

(3) dim B(U,;) £n — 1 for every BeB,, acA.
Let & = U, &, (HF): Fe.#;} be the same as in the proof of
Lemma 7. By Lemma 2 every F€.%# has a (uniformly) approach-
ing anti-cover 77 = {VineA(F)}. Since dim (T — g(p(Y))) < » and
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T is hereditarily paracompact, we can assume that %; is locally
finite in T — F and dim B, (V) £ n — 1 for every rnecA(F). Let
A(F) be the totality of subsets 6 of A(F') such that

V(©) = FUMJ{Vired))

is an open neighborhood of F in 7. Then we have dim B(V(5)) <
n — 1 for every o€ A(F'). Set

7(F) = {V(5): V(o) CH(F), 6 AF)},
7:=U{{7r(F):Fe .},

% =U{7:1eN},

W = U\ U .

Then %% is the required base for T.

THEOREM 3. If Y is a closed image of a paracomplex, then Y
satisfies (A).

Proof. Since by Theorem 1 is an M,-space, the if part of (A4)
is nothing but [5, Lemma 7]. Let f: X — Y be a closed mapping
of a paracomplex X onto Y with dimY < n. We use the same
denotion as in the proof of Theorem 1. By Lemmas 8 and 9, we
can take each U(a,, ---, ;) so that

dim By (Uler, -+, a)) S m — 1.

From the construction of Ula,, ---, a;), we have dimB(U,) =< n — 1
for every p because

B(U,) Ciszl Bf(X,;)(U(ah e, ), = (0, Ay vet)
This completes the proof.

Acknowledgment. I would like to thank the refree for inform-
ing me that the main result, Theorem 1, of this paper is inde-
pendently proved by Gary Gruenhage in his new paper “On the
M, — M, question”, the result of which states that the closed image
of a stratifiable .#-metrizable space is M,.
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