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Let R be a simple split Lie algebra over K, a field of 0
characteristic. Let π=π(λ+) be the representation with
highest weight λ+. Let Wt(λ+) be its weight system. Let
S be a subset of the root system. We define a graph grs(λ+)
whose set of nodes is Wt(λ+) and set of links is given by
pairs of weights whose difference is a root in S. In parti-
cular taking S=Σ°, the system of simple roots, we inves-
tigate the properties of representations π(λ+) such that
gr °(λ+) is simply connected. We give a complete list of
these, for each simple Lie algebra.

We then attach to π(λ+) an affine rational lattice L{λ+),
the root of λ+ in the weight lattice modulo the root lattice
and a rational polyhedron, C(λ+), the rational convex closure
of the Weyl group orbit of λ+ We. give the following
geometric characterization of the weight system: Wt{λ+) =

O* Preliminaries* 1. We shall consider a simple Lie algebra
R split over a field of characteristic 0, K, of rank r. For any
vector space V, V'κ will denote the ίΓ-dual of that space, or F', if
K is understood. We denote a Cartan subalgebra by V> the system
of roots, positive roots, and simple roots, respectively by Σ, Σ+,
and 2"°. We denote the Q-space spanned by Σ by V° The Killing
form on R defines inner products on the spaces R, R'κ, V, V°, V#, VV
in the usual manner; we denote any of these by ( , ). We denote
the co-roots corresponding to aeΣ by Ha. Ha is the element of V
defined by the conditions b(Ha) = 2(α, δ)/(α, a) for b e Σ. The set of
co-roots will be denoted by Σ*. The system of fundamental weights
will be denoted by F° — {λα}αeJo. It is the dual basis to Σ* in V'
Given aeΣ we define ta to be the 'root subalgebra' or R.S.A., i.e.,
the natural copy of si(2) imbedded in R spanned by the a, —a not
spaces and Ha. We fix in each such root subalgebra a basis such
that the commutation relations are given by

[Ha9 Xa] = 2*Xa

1 Added in proof. For a result equivalent to 2.10. See F. Berezin and I. Gelfand,
Trudy Hoshov, Mat. Obscesvo. 6 (1957), 371-463; the proof there is analytic.
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164 BEN SEIFERT

(0.1) [Haf X-a] — —2*X_a

[2Γ.-X.J = ~Ha .

In addition we can make such a choice in such a way that the com-
mutation relations in R are given—in addition to (0.1)—by (0.2), for
a Φ —6, a, 6, a + beΣ:

(0.2) [Xa, Xb] = ± / ( α , b)Xa+b

with /(α, b) the smallest integer n ^ 0 such that 6 — /(α, b)-aίΣ;
the sign in (0.2), which can be computed in terms of certain special
Chevalley bases (see [2]) doesn't concern us.

L and L(Σ) will denote, respectively, the weight and root lattice
of R, the positive cones in these lattices with respect to the bases
F° and Σ°, respectively, by L+ and L+(Σ). Given an element of
L+, λ+, we denote the unique finite-dimensional irreducible represen-
tation with highest weight λ+, by ττ(λ+). The weight system of
ττ(λ+) will be written Wt(X+). When R = sl(2), any such representa-
tion π = ττ(λ+) can be realized in a certain normal form introduced
in [2] which we shall call Tits normal form. With respect to a
basis in sl(2) as in (0.1) this normal form is as follows
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Given a finite-dimensional representation π of R, πa will denote
the restriction of π to ta.
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2. Given a set S and a relation R £ S x S, we let Rf be the
transitive closure of R, i.e., R' consists of all pairs (x, x°) such that
there exists a sequence x — xu , xn — x° with (xif xi+1) e R, for
i = 1, , ^ — 1. We say that i? is anti-symmetric if (x, y) eR
implies (y, x)&R. R is said to be strongly anti-symmetric iff Rf is
anti-symmetric. Then we make the following basic

DEFINITION 0.3. A directed graph (or simply graph) is a pair
gr = (N(gr), Lk(gr)) with N(gr), a set, the set of 'nodes', and
Lk(gr) a strongly anti-symmetric relation on N(gr), the set of 'links'.

When gr is understood we write x < y for (x, y) e (Lk(gr))', and
say that y is above x in gr. We abbreviate 'x < y or # = y' by
'# < =2/\ JV(0r) is a partially ordered set with respect to <.

Given a graph gr we define the opposite graph gr° by

i fc(°) - {(x, y)| (tf, x) 6 Lk(gr)}

α? e N(gr) is said to be an ascending branch point iff for some
y Φ y'9 (x, y), (x, yf) eLk(gr). It is said to be a descending branch
point if it is an ascending branch point of gr°. A sequence xlf ,
xif such that (xJf xj+1) e Lk(gr) is called a chain of gr. A loop in
gr is a pair of unequal chains whose first and last elements coincide.
If there are no loops in gr, we say that gr is simply connected.

A homomorphism of graphs is a set map from N(gr) to N(gr'),
T, which induces a map from Lk(gr) to Lk{grf) by the formula

(x,V) > (T(x), T(y)) .

Clearly every homomorphism of graphs from gr to grf induces a
homomorphism of partially ordered sets from (N(gr), <) to (N(gr'),
<')• A homomorphism from gr to its opposite graph gr° is said to
be an anti-homomorphism. gr is said to be involutive iff there
exists an anti-automorphism of it, i.e., an anti-isomorphism from gr
to itself. If this anti-automorphism can be chosen to be of order
2, then gr is said to be symmetric.

We say that gr is upper complete iff every proper subset of
N(gr) has an upper bound in gr, with respect to the partial order-
ing < defined by gr. (We don't require least upper bounds to
exist.) If gr° is upper complete then gr is said to be lower com-
plete. Finally we say that gr is Noetherian if the corresponding
partially ordered set is, i.e., if all chains xx < x2 < are finite, and
that gr is downwards Noetherian if gr° is Noetherian.

LEMMA 0.5. An upper complete Noetherian graph has a unique
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element n+ such that every element n Φ n+ in N satisfies n < n+.
If gr is involutive then there exists also a lowest element n~~ such
that n~ < n for n Φ n~.

Proof. Assume that no n+ satisfying the assertion exists. Then
we can find an infinite ascending chain violating the Noetherian
property and thus arriving at a contradiction in the following
manner. Choose n = n0 arbitrarily. Having chosen n0, — -,nif we
can choose nt+ι > nt. For if this were not possible, i.e., if nt < n
for all neN, then for any m e N we can apply the upper complete-
ness property to the set Sm = {nif m}; we conclude that there exists
m' such that nt ^ m', and m ^ m\ Now since nt < m', we must
have nt = mf. But then for each set Sm = {nif m}, nt is an upper
bound for S. Hence m ^ nt and nt = n+. This contradiction proves
the existence of n+. The uniqueness is immediate from the anti-
symmetry of <. Lastly if N is involutive, then an involution
takes n+ to n~ as defined. •

Henceforth we shall say 'complete' for upper complete (which
implies lower complete) when we are dealing with involutive graphs,
and use the notation n+ and n~ as in the lemma.

LEMMA 0.6. If gr is a complete Noetherian involutive graph
then T.F.A.E.:

( i ) gr has no ascending branch point.
(ii) gr has no descending branch point.
(iii) gr is simply connected.

Proof. Any anti-automorphism takes an upper branch point to
a lower branch point. Hence for involutive graphs (i) is equivalent
to (ii). Obviously (iii) follows from (i) or (ii). To show that (iii)
implies (i) assume that n e N(gr) is an ascending branch point. Con-
sider the distinct elements of Lk(gr), (n, n'), (n, n"). By the
preceding Lemma 0.5, we have n\ n" <; n+. By the definition of the
relation ^ in gry there exist chains in gr, nf = n[9 , n'r = n+ and
n" = n", ,n" — n+. Appending n = n0 to each of these ascending
chains we obtain a loop. Hence gr is not simply connected. •

1* Graphs attached to irreducible representations* Now sup-
pose S Q Σ, and π an irreducible representation of R with highest
weight λ+ and weight system Wt(X+). We attach to π and S the
following graph denoted by grs(X+):

(1.1) N(grs(π)) = Wt(X+)
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(1.2) Lk(grs(π)) = {(λ, X + α)} i β l Γ ί W+, f β β 5 .

We denote the graph grΣo(X+) by gr(X+)f and grΣ(X+) by Gr(X+).
is called the weight graph of ττ(λ+).

LEMMA 1.3. gr(X+) is a directed finite complete Noetherian
symmetric graph.

Proof. The finiteness being known, gr(X) is Noetherian. The
completeness property is a restatement of the existence of a chain
\+ = χθ9 . . . , λn = λ with λi — λ,+1 in Σ\ We must show that the
graph is symmetric.

Now, since the Weyl group acts simply transitively on the set
of Weyl chambers there exists a unique element w~ e W taking the
dominant, or positive, Weyl chamber (in terms of the ordering
chosen), C+ to the negative chamber C~. This element takes the
positive roots to negative roots, and in particular w~ takes Σ° to
—Σ°. Now define the involution w~ of gr(X+) by w~ e W on the set
of nodes of gr(X+), Wt(X+). Then the set of links {(λ, X + ά)}λewtfaeΣo
is taken to {(w~(X), w~~(X) + w~(a)} which, since W(a) e —2'°, consists
of elements in Lk(gr°).

Since (w~)2 takes C+, the dominant chamber, to itself, it is the
identity, by simple transitivity; so w~ is an anti-automorphism of
order 2. Hence gr(X+) is symmetric. We shall denote w~(X+) by λ~. •

Given aeΣ° we call a chain , Xif Xi+1, , (Xif Xi+1) e Lk(gr) in
gr(X+) an α-chain if all links of the chain consist of pairs (λ, λ+α).
A maximal α-chain is an α-chain not properly contained in any other
α-chain. We call X α-extremal iff X is either the first or last ele-
ment of any α-chain in gr(X+) of which it is a member. It is called
α-maximal or minimal depending on which of these possibilities is
realized. For aeΣ, we have the analogous notion with respect to
Gr(X+).

We say that X is ^-extremal iff λ is α-extremal for every α e
Σ°. We say that it is extremal iff it is α-extremal for every aeΣ
(i.e., extremal in Gr(X+), in the obvious sense).

LEMMA 1.4. X is extremal iff it is Σ°-extremal.

Proof. W acts on Gr(X+). w e W takes α-strings to w(α)-strings;
it takes α-extremal elements to w(α)-extremal elements. Hence
since Σ° is a cross section for the action of W on Σ the two defini-
tions are equivalent, since λ+ is extremal and the only gr(λ+)-extremal
weight in C+. •
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We denote the set of extremal weights by TΓt<(λ+). We can
characterize this set in another way:

PROPOSITION 1.5. Wtκ(X+) = W-X+, the Weyl group orbit of the
highest weight.

Proof. It is obvious that W-X+ £ Wt^X*), since, as in the
proof of the preceding lemma, Wt^X*) is invariant under W, and
obviously λ+ is extremal, in fact α-maximal for all a e Σ°. We show
the opposite inclusion by induction on the following function defined
on Wt(X+): if X = λ+ - ^iona-a then

h(X) = ΣΣ
2°

So let X e Wrί<(λ+) be minimal with respect to h, such that X g W-X+.
Since λ Φ X+ and λ+ is the only weight which is α-maximal for all
a e Σ\ there exists aeΣ° such that λ is α-minimal. Hence λ(jffα) <
0. Hence h(wa(X)) = h(X) + X(Ha) < h(X). By the ft-minimality of X
this means that wa(X) e W-X+. Therefore, λ = wa(wa(X)) e W X+.
This contradiction proves the proposition. •

We now make the following

DEFINITION 1.6. A representation π = π(X+) is said to be simply
connected (or s.c.) iff the weight diagram gr(X+) is simply connected.

We can enumerate all s.c. representations of each isomorphism
type of simple Lie algebra.

THEOREM 1.7. Let R be a simple Lie algebra of rank > 1, and
π an s.c. irreducible representation with highest weight X+. Then
R is one of the following Lie algebras: AP9 Bp, Cp, or G2 (p = l9 2, •)
and λ+ is the fundamental weight corresponding to the root circled
in the list of Dynkin diagrams below:

REMARKS. Notice that the theorem implies the following facts:
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(1) If R is a simple split algebra with a Dynkin diagram that
contains branch points (E6, E7, E8, Dp) then R has no s.c. representa-
tions.

(2) If λ+ is the highest weight of an s.c. representation π(x+)
then λ+ is the fundamental weight corresponding to a node on one
of the edges of the Dynkin diagram, i.e., is very singular with
respect to the Weyl group action.

We now proceed to the proof of the theorem, π will denote an
s.c. representation.

LEMMA 1.8. Suppose % is an irreducible representation of R
and X € Wt(X+)9 a e Σ\ X(Ha) = n > 0. Then λ, , X — n-a is an
a-chain passing through X. λ — n<a — wa(X). The chain through
X is maximal iff for k > 0, λ + ka (in case n > 0) and X — ka (in
case n < 0) are not in the weight system Wt(π).

This lemma is standard theory.

LEMMA 1.9. If π is simply connected, X+ its highest weight,
then there exists aeΣ° such that Wά, the group generated by the
reflections {wb}b6ΣoibΦa is contained in the stabilizer of X+ in W.

Proof Suppose otherwise. Then there exists a, ar e Σ° such
that wa(X+) = λ+ - X+(Ha)-a and wa,(x+) = λ+ - X+(Ha) a' both are
not equal to λ+, i.e., X+(Ha), X+(Ha,) are two strictly positive integers
(they are always nonnegative). So there are nontrivial α- and α'-
strings passing through λ+, λ+ being their maximal element. Hence
λ+ is a descending branch point of gr(X+). Since gr(X+) is symmetric
and complete (1.3), the existence of a branch point implies that gr(X+)
is not simply connected (Lemma 0.6). •

LEMMA 1.10. For π = π(x+) s.c, λ e Wt(X+) = N(gr(X+))f there
exist two perhaps distinct elements a, a' e Σ° such that Wά,a'> the
group generated by all reflections in simple roots distinct from a
and a'\ is contained in the stabilizer of λ.

Proof If the lemma were false there would, by the same com-
putation as in the previous lemma, have to exist in gr(X+) 3 non-
trivial strings corresponding to distinct simple roots passing through
λ. So there would have to be two distinct links either of the kind
(λ, λ + a) 6 Lk(gr(X+)) or (λ — a, X) e Lk(gr(X+))9 i.e., X would be either
an ascending or a descending branch point of the weight diagram.
This, again by Lemmas 1.3 and 0.6, would imply that gr(X+) is not
simply connected. Π
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DEFINITION 1.11. A simple root of R is called 'on edge' iff
a(Hb) Φ 0 for exactly one 6 Φ a in Σ\

The definition is motivated, obviously, by the Dynkin diagram.

PROPOSITION 1.12. If π is s.c. then its highest weight λ+ must
be a fundamental weight Xa for some simple root a on edge.

Proof. Lemma 1.9 is equivalent to the assertion that λ+ is
perpendicular to all but one simple root. Hence by definition X+

must be some multiple of some fundamental weight, say, λ+ = n-Xa.
We want to show that a is on edge. If not, there exist at least
two roots in Σ°f b and &', say, such that (α, δ), (α, b') are smaller
than zero. Then the weight λ+ — a (by Lemma 1.8 it is a weight)
satisfies

(λ+ - a)(Hb) > 0, (λ+ - a)(Hy) > 0

and λ+ — a, again by Lemma 1.8, is a downwards branch point of
gr(X+). Hence, by Lemma 0.6, gr(X+) is not simply connected. This
shows that a is in fact on edge. Now we wish to show that λ+ =
λα. Assume λ+ = n-Xa and n > 1. Applying Lemma 1.8 again, we
find that then the α-string through λ+ contains at least the elements
λ+, λ+ — α, λ+ — 2α. But, since X+(Hb) = 0 for b Φ α, choosing b
such that (α, b) < 0 (which we can do since R is simple and
rank (R) > 1), we find that (λ+ - a)(Hb) > 0. Hence, by Lemma 1.8
again, both (λ+ — a) — b and (λ+ — α) — a are in Wt(X+) and hence
X+ — a is a branch point of gr(X+). Hence gr(X+), by Lemma 0.6,
is not simply connected. •

PROPOSITION 1.13. Suppose π = π(x+) is s.c. Then the set of
nonzero weights of π is equal to the Weyl group orbit of X+. 0
may or may not be a weight.

Proof. We had seen (Proposition 1.5) that Wt^X*) = T7-λ+. So
the proposition is equivalent to the statement that any nonextremal
weight in Wt(X+) is zero. So suppose λ e Wt(X+), Xί Wt^X*). Then
for some fixed aeΣ°, the α-string through X contains the string in
gr(X+), X — α, λ, X + a. We wish to show λ=0. Now λ = 0 iff Wλf

the stabilizer of X in W equals W. The last statement, again, is
equivalent to wb(X) = X for all b e Σ°. Hence the proposition boils
down to proving that X $ TFϊ<(λ+) implies wb(X) — X for 6 6 Σ°.
(Obviously this holds only for s.c. π.) First we show that λ ί
Wt^X*) implies wa(X) = λ. If not, then, choosing beΣ°, (a, b) < 0,
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we see that at least one of X(Hb) or (wa(X)(Hb)) is nonzero. Hence
through at least one of λ, wa(\) passes a nontrivial δ-string. But
since λ, and hence also wa(\)9 are not α-extremal, since wa(a) = — a,
this implies that either λ or wa(X) (and hence both) is a branch
point of #r(λ+). Clearly for b Φ α, there can be no nontrivial 6-
string passing through λ. Hence wb(\) = λ. Π

COROLLARY 1.14. If π is s.c. then for all aeΣ°, all a-strings
are of length 2 or 3. 0 is a weight iff there exists (exactly) one a-
chain of length 3.

Proof This follows immediately from the fact that all nonzero
weights must be extremal.

Proposition 1.12 reduces the complete identification for each
simple algebra to a small number of cases. We now complete
this identification. We state for future reference the following
obvious

PROPOSITION 1.15. TΓ is s.c. iff π~, the contragradient represen-
tation is s.c.

The proposition follows from the fact that the weight systems
of π and π^ are each other's negatives.

Now we investigate the only candidates for s.c. representations,
namely the ones of the form π — ττ(λ+), and λ+ = λα with a on
edge. We have

LEMMA 1.16. Let al9 , αr, r <; p = rank (R) be an initial
segment of nodes of the Dynkin diagram of R. Suppose the α* are
all of the same length, i.e., the initial segment is as follows:

0 o 0 ••• .

Then there exists a unique descending chain of length r + 1 in
gr(X+) starting with λ+ = λαi. The ith member of this chain is
given by wtt = λα — ΣJ=ί aj-

Proof We prove this proposition by induction. For i — 1 there
is nothing to prove. So assume there to be a unique descending
sequence wίi=λβl, wt2=^Xa2f , wtt=Xaι — Σ5 =ϊty. We are interested
in finding those beΣ° for which wti(Hb) > 0 since those are exactly
the ones for which a maximal descending 6-chain begins with wt^
We compute, setting Hi = Hai.
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β l) = ̂ ( j H y — ai(JErei) — a2(Hai) = 1 — 2 + 1 = 0

= 0 for 1 < j < i -

(1.17) J * *"1 "" *~2 ί - 1 t - 1

ί—1

=1
wί,CHy) = - Σ α ί-Hy) = 0 f or i > i .

(1.17) says that for precisely one aeΣ°, namely a = at is wti(Ha.)>
0. Hence an α^-string descends from w^ and only such a string.
This proves the lemma. •

COROLLARY 1.18. Let R = Ap. Then there exactly two, mutually
contragradient, representations with simply connected weight dia-
gram. They are the two fundamental representations corresponding
to the two roots on edge in the Dynkin diagram. They are both of
dimension p + 1. Their weight system constitutes a single orbit
under W, each weight being of the form Xai — ΣΓ du m ^ p. 0 is
not a weight.

Proof. Let λ+ = λβ, a one of the two nodes 'on edge'. The
previous lemma proves that there exists a unique descending chain
of length p + 1, in gr(X+). A direct computation as in (1.17) shows
that there is no chain of length p + 2. The fact that all α-chains
occurring in this unique descending chain are of length 2 implies,
without direct computation, that 0 doesn't occur, since all α-chains
containing an element X orthogonal to a must be of odd length.
This observation together with Proposition 1.13 implies that Wt(X+)
constitutes a single Weyl group orbit.

Now it is immediately verified that Wt(X+) Φ — Wt(X+). Hence
π(λ+) is not self-contragradient. Hence π(Xai) and π(Xap) are mutual-
ly contragradient since they are the only s.c. representations.

PROPOSITION 1.19. Suppose R is a simple Lie algebra whose
Dynkin diagram has a branch point. Then there are no s.c. repre-
sentations of R.

Proof. If an s.c. representation exists we have seen (Proposi-
tion 1.12) that it must be of the form λ+ = λα, with a on edge.
The Dynkin diagram possesses a connected subgraph of the follow-
ing sort:

/ 0 δ
(1.20) 0 0 <"

at ar ^ 0 V .
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Now consider the naturally imbedded simple Lie algebras with
Dynkin diagrams

Λ b
0 0 ^ and 0 0 ^

respectively. Reducing π restricted to each of these algebras and
applying Lemma 1.16 to each, we immediately obtain the existence
of two initial chains in gr(X+),

λ+, , λ+ - Σ α, , λ+ - Σ ad - V .

So there exists a branch point in gr(X+), namely λ+ — Σ ; 0/>
and gr(X+) is not s.c. •

Proposition 1.19 immediately yields the

PROPOSITION 1.22. Dp with p > 3, Eβf E7, and E% have no s.c.
representations.

EXAMPLE 1.23. Consider the first fundamental representation
of DΛt the Lie algebra of SO(6). Its graph gr(X+) is as follows:

0

0

0-λt

0

with the λ/s being the usual dual coordinates in Ks with respect
to which the weight system consists of [±λ<]iβl,...,4.

Having analyzed all algebras whose roots are all of one length,
namely Ap, Dp, Ei9 we still need to analyze Lie algebras with differ-
ent sizes of roots, i.e., BP, CP9 G2 and F4. We start with C2 = B2.

PROPOSITION 1.24. The two fundamental representations of C2

given by (1.25) are s.c. They are of dimensions 4 and 5, and are
the standard representations defining the symplectic algebra of
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dimension 4 and special orthogonal algebra of dimension 5, respec-
tively. Their weight diagrams are as in (1.26) and (1.27) respectively,
with respect to the enumeration of simple roots given in (1.25).

< L 2 5 ) a==3^=1a
cti α 2

Oλ,

(1.26) Vi-βiO
U ΛJJ

 mm- Ctj ••— Ct 2

λi — 2a1 — α2 0

λ2

\
j\j X2 #2

/ 0 λ 2 ~ σ 2 ~ α l = = 0

λ2 — 2at — αx 0

\j Aί 2 —~- A*2 ^ ~ ^ &U/O **~* ΛJΛXIΛ

Proof. It is elementary to verify by direct computation that
in each case there is a unique descending chain of lengths 4 and 5
respectively, determined by the sequence of simple roots for which
\<(HΛt+ι) > 0. •

To analyze CP9 Bp(p > 2) and Fif we first analyze initial segments
of the form

(1.28a) I I a~Γ^l
and

(1.28b)

LEMMA 1.29. For simple algebras having an initial segment as
in (1.28a) and (1.28b) with i > 2, the first fundamental representation
of R, π(λ+) with λ+ = λx has an initial descending chain of the form
(a) and (b) respectively (and letting a0 = 0):

(a) wtk = λx — Σ*ίϊ αi-i> ft = 0, , i
Λi^ f — /)!)'/' . ,, >^ fί If ~*~~ 1 Ί i I

(b) tί;ίfc = λx — Σ J ί ί αί-i> ft = 0, , i
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Furthermore, (a) and (b) are the unique descending chains of
length < 2̂i starting with λx in case (1.28a) respectively, (1.28b), are
the Dynkin diagram of R (not just an initial segment). The proof
is a straightforward computation.

COROLLARY 1.30. F± has no s.c. representations.

Proof. The Dynkin diagram of FA is as follows:

(1.81)

We apply the previous lemma first to the initial segment au α2, α3

of this Dynkin diagram. Then, we obtain immediately that λx —
Σi=i &s ι s a downwards branch point of grfa) since according to the
lemma λ : — Σ ϊ aJ — az ι s m the weight system TΓί(λi) and on the
other hand (λx — Σ ϊ aJ ~~ aSM±i) = 1> and hence \ — Σ ϊ aJ ~~ α* *s *n

Wt(\). Hence gr(\) is not simply connected.
Secondly we re-enumerate the Dynkin diagram (1.31) by a\ ==

4̂-i+i and apply the preceding lemma to the initial segment defined
by a'j, j = 1, 2, 3. Again we obtain that λx — Σ? aά ίs a branch
point. •

COROLLARY 1.32. Let R — Cp, p > 2. Then there exists exactly
one s.c. representation, namely the first fundamental representation
with respect to the enumeration of simple roots

0

aι a2 ap-! ap m

Furthermore the weight system of πx is given by

(1.33) xlf . , λx - Σ * i , , λx - Σ % - Σ_χ

Furthermore 0 does ^oί occ^r as a weight and the weight system is
one orbit under the Weyl group. All a-strings, a e Σf are of length
2, and the jth weight is obtained by applying the jth element of
the sequence of Weyl group elements wd to λ+ = λx where the sequence
of elements w5 is as follows:

w β l f , wH wap, wai - wapwap_ιf , waι - - wapwap_x wH .

Proof. The first assertion of the corollary, that π(λj is s.c,
follows immediately from the last statement of the Lemma 1.29, in
which the unique initial descending chain of length 2p was given,
since a direct computation shows that there is no chain of length >
2p. The explicit computation of the lemma also shows that all α-
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chains are of length 2, and hence 0 does not occur. Hence, by-
Proposition 1.13, Wt(\) = TF λi. The explicit formula for a weight
expressed as a product of reflections applied to Xt is a direct com-
putation.

We consider the other candidates for an s.c. representation:
χ,+ = χap. We obtain the following two descending chains starting
with λ+ (we assume p > 2):

λ+, λ + — ap, λ + — ap — ap_u λ + — ap — 2ap_1

Hence X+ — ap — ap_x is a downward branch point and π is not
s.c. •

COROLLARY 1.34. Let R = Bpf with p > 2 αwci Dynkin diagram
given by

0 o 0

Then there exists exactly one s.c. representation, the one with
fundamental weight λ+ = λβl. Its weight system consists of the
Weyl group orbit of λ+ and the 0 weight. All a-strings are of
length 2 except one which is of length 3. It is the ap-string. The
weight system is as in (1.35). It is of dimension 2p + 1. The
highest weight is the sum of the simple roots.

0

0 λj — ax — α 2

(1.85)

uι -^ i &/ "~* Ot-p

u hi ~~" ^ i cty -— **ap
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Proof. The statements about π = π(Xx) follow again from the
computations of the lemma. To see that π(\) is the unique s.c.
representation of Bpf p > 2, one simply observes that for π = π(Xp)
(the only other candidate) λ+ — ap — ap^ is a downward branch point,
and hence gr(\) is not simply connected. •

REMARK. The unique s.c. representations of Cp and Bp found
in Corollaries 1.32 and ;1.34 are of course the 'natural' representa-
tions which are used to define the 'symplectic' and 'orthogonal'
algebras.

PROPOSITION 1.36. If R = G2 then there exists exactly one s.c.
representation, namely the representation with fundamental weight
λ+ = λαi for the enumeration

Its weight system is as follows:

0 χ+ — α a

Its weight system consists of one (singular) orbit and the zero weight.

Proof. Again, using Lemma 1.8, we can readily compute the
weight graph gr(Xj as given in (1.37), from which the last assertion
can be read off directly. •

We have now determined the s.c. representations of all isomor-
phism types of split simple Lie algebras, and have verified the
assertions of Theorem 1.7. We now have an elementary procedure
for constructing an s.c. representation, by giving the matrix coeffi-
cients explicitly.

LEMMA 1.38. If π is s.c. then all weights of π occur with
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multiplicity one.
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Proof. This is immediate from the standard facts outlined in
the introduction.

REMARK. The converse of the lemma is false. See, for instance,
the standard representation of Dpj p > 2, which is not s.c, but
whose weights all have multiplicity one.

The most remarkable property of s.c. representations is the
following:

THEOREM 1.39. If π is an s.c. representation then there exists
a basis in the representation space with respect to which πa is in
Tits normal form, for all aeΣ° simultaneously.

Proof. We fix a sequence of vectors v{, -v\ιy , vl, , v*u

having the following properties:
( i ) for each i between 1 and s, v\, , v\. is a basis in a non-

trivial irreducible £αi.-module, V* on which one of the R.S.A.'s acts
by restriction of TΓ, with respect to which that restriction, πa. is
in Tits normal form.

(ii) < = c' i;ί+1.
The fact that such a set exists immediately follows from the

previous lemma and the existence of Tits normal forms in the
irreducible representations πa of si(2). We now construct a sequence
of bases of V, Blf , B8 and a sequence of sequences of vectors
v) such that πa>h will be in Tits normal form with respect to Br for
i <*r- In particular all πα

?s will be in Tits normal form with
respect to BB.

We choose Bλ to be the basis v\, , vll9 v\y , vl2, , v8

2, , v'u.
Obviously πah is in Tits normal form with respect to Bx. Having
chosen Bi9 we define Bi+1 to be Mi(Bi), where Mt is the following
matrix:

C*J

= vί+1



COMBINATORIAL AND GEOMETRIC PROPERTIES OF WEIGHT SYSTEMS 179

We also apply Mi to the sequence vt+1, , vlβ, leaving the preceding
v'a the same. We define v[+1 = v^, and Bi+1 to be the basis defined
in the same way as Blf but with respect to the modified set v).
It is clear that under the inductive hypothesis, πa. has Tits normal
form with respect to Bi+1 for m ^ i + 1. Π

2* Geometry of the weight system: Weight polyhedron and
weight lattices* The weight graphs gr(X+) and Gr(X+) are naturally
imbedded in the rational space V°' We now study this geometric
object and give a geometric characterization of the weight system
Wt(X+). We know that Σ° is a Q-basis of y0', and that / ' is a Q-
inner product space with respect to the Killing form ( , ). By a
rational polyhedron in a rational inner product space V we shall
mean the convex closure of a finite number of points in V Note
that the closure of a rational polyhedron in the corresponding real
space is a polyhedron in the ordinary sense.

Now we introduce the following data: We define the 'repre-
sentation lattice' of π(X+) to be

(2.1) L(X+) = λ+ + L(Σ°)

and the 'representation cone'

(2.2) L~(X+) = λ + -

So L"(λ+) = {λ+ - Σ>Σ°na aKna) eNp}. On L~(X+), and any subset of
it, we define the 'height function' by the formula

(2.3) ft(λ)= Σ na for the unique expression of λ as λ = λ + — Σ ? v α .

In the following we shall be making use of induction with
respect to the N-valued function h.

The first observation we make is the easily verified

LEMMA 2.4. L(X+) is preserved by the Weyl group.

Note that L~(X+) is not preserved by W.
Next, we define the 'weight polyhedron' attached to π, or λ+, as

(2.5) C==C(λ+) = convex closure of W λ+, the Weyl group orbit of λ+.

We define C> to be the set of extremal points of C, i.e. the
set of points c in C which are only trivially convex combinations
c = Σάi'Ci9 with dteQ and cteG (dt > = 0, Σdt = 1). We want to
show that this set equals the set of extremal weights introduced in
§ 1, establishing the first interesting relation between the geometry
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of C and the representation theory of π(X+).

LEMMA 2.6. Let some finite group W act linearly on an inner
product space V, and act transitively on some finite set S. Then
the set of extremal points of the convex closure of S equals S.

Proof. Since W is finite, we can assume the action of W to be
orthogonal with respect to the inner product. The transitivity of
the action then assures that S is contained in the unit sphere
(renormalizing perhaps) of V. The lemma then follows from the
fact that any line segment connecting two points on the unit sphere
meets the sphere only in those two points.

We have immediately, for s.c. λ+

COROLLARY 2.7. C^λ4-) = Wtκ(\+) = W-x+.

Proof The second equality was established in § 1. (^(λ4") =
W-X+ by the definition of C(λ+), in view of the preceding lemma. •

Next we have

LEMMA 2.8. C(λ+) n L(x+) Q L~(x+).

Proof. In fact we prove that any convex combination of weights
of 7r(λ+) lies in the negative affine cone λ+— Σ?=i^r^i ( d 4 > = 0 ) ,
which will prove the claim. So let v = Σ ^ i ' ^ o some convex com-
bination of weights. Expressing each Xt as

we obtain

v = Σ di(X+ - Σ dita-a) (since Σ dt = 1)
i a ί

and the coefficients of the a's in the last expression are all non-
negative. •

The point of the lemma is that we can apply induction with
respect to h to C(λ+) Π L(X+), and any of its subsets.

Next we have

LEMMA 2.9. C(λ+) n L~(\+) is preserved by the Weyl group.

Proof. By the preceding lemma, C(X+) Π L~(x+) = C(λ+) Π L(X+).
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Since each of these sets is preserved by the Weyl group (Lemma
2.4), so is their intersection. •

We can now prove the geometric characterization of Wt(X+)
which we seek.

THEOREM 2.10. Wt(x+) = C(x+) n L(x+) = \JweW w(C+ n Ir(λ+)).

Proof. ( i ) Wt(X+) £ C(λ+) Π L(λ+). We already know Wt(X+)Q
L~(X+) £ L(λ+). For the second inclusion Wt(X+) £ C(λ+) we use
induction using our function h(X) (2.3). Starting with the trivial
case h(X) = 0, i.e., λ = λ+, we assume now that λ be an /^-minimal
counterexample to Wt(X+) £ C(λ+). Then X can't be an extremal
weight since those weights are already in C(λ+)> = TFϊ<(λ+) = W X+.
So we can choose aeΣ° such that λ is an interior member of an
α-chain, i.e.* λ — α, λ, λ + a are all in Wt(X+). Letting λ', λ" be
the highest and lowest member of this α-string (λ', λ" Φ X) we see
that λ' e C(λ+) since h(X') < Λ(λ). But λ" = wa(X') and hence λ" e C(λ+).
Hence λ, lying on the line between those two must be in C(λ+).

(ii) C(λ+) Π L(X+) £ [Jwew w(Q+ Π I/~(λ+)). To show this it obvi-
ously suffices to show that

(2.ii) C(x+)nL(x+)nc+ = C(xηnL~(X+)nc+sc+nL~(X+) ,

by the transitivity of the Weyl group and the invariance of
C(λ+) Π L~(X+) under the Weyl group (Lemma 2.9). But (2.11) is a
triviality.

It remains to show, and this is the crux of the matter
(iϋ) Uwew w(C+ n L~(X+)) S Wt(X+). Once again, by Weyl group

invariance of both sides of this relation, it suffices to show that

(2.12) C+ Π L-(X+) £ Wt(X+) Π C+ .

First we have

LEMMA 2.13. If for some aeΣ\ neN, X = λ+ — n-aeC+ then
λ e Wt(x+).

Proof The lemma immediately follows from the fact that for
the lowest member of the α-chain through λ+, we have λ(J5Γβ) ^ 0,
and equality holds only if X+(Ha) = 0. Hence either λ = λ+, or
X(Ha) < 0 and hence λ £ C+. •

Next, we have

LEMMA 2.14. Let TζZΣ0 be an orthogonal family of simple roots.
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Then {wa\a e T) is a commuting family of reflections. Hence w(T) —
UaerWa is of order 2. Furthermore, w(T)(X) = X — Σαerλ(iϊα) α.

Proof. The lemma is immediate from standard theory.

Now we prove (2.12). Suppose it is false. Pick some XeC+Π
L~(X+), X&Wt(X+), for which h(X) is minimal (minimal among all
counterexamples in C+ Π L~(X+)). Now by the Lemma 2.13 there
exists a set S Q Σ° containing at least two elements such that we
can write

(2.15) X = X+ - Σ n. α

with na > 0 for all a e S. Hence, by standard theory, we can pick
aeS such that for all beΣ°, a(Hb) = - l o r a(Hb) = 0. We fix such
on a. We now examine the element X + a. Since h(X + a) < h(X),
we conclude, by /^-minimality, that X + a&C+Γ) L~(X+). But, since
a6S, clearly λ + αeL~(λ+). Hence X + a$C+. Now define Γα£Σ°
to be the set of simple roots for which (λ + a){Hb) < 0. For all
6 e Ta, (a, b) Φ 0, and hence Ta is an orthogonal family of simple
roots. Ta is nonempty since X + α ? C + . We show that for beTa,
X(Hb) = 0. This follows immediately from (λ + a){Hb) = λ(fί6) -f
α(JΪ6) = λ(jHj) — 1, since XeC+. This implies that beS: writing

0 = X(Hb) — (X+ — Σ ^cm^){Hb) — nbb(Hb),

and a(Hb) = — 1 implies that nb > =1/2. But nb is an integer, hence
> = 1. We conclude that TaQS. We now apply w(Ta), as in
Lemma 2.14, to λ + a: by the lemma we obtain w(Ta)(X + α)eC + .
Furthermore, again by the lemma we have

(2.16) w(Ta)(X + a) =X + a- Σ ( λ + a){Hb)-b .

But we just saw that (λ + a)(Hb) = —1. So (2.16) can be rewritten as

(2.17) w(Ta)(X + α) = λ + α + Σ & .

Since α e S , and TaQS, (2.17) implies immediately that
w(Ta)(X + α)eL'(λ+). Since obviously h(w(Ta)(X + a)) < h(X), the
Λ-minimality of X as a counterexample to being in Wt(X+) implies
that w(Ta)(X + α)e Wt(X+). By Weyl group invariance of Wt(X+)
this implies that X + ae Wt(X+). But

(λ + a){Ha) = λ(£Γβ) + α(ffβ) > = 2 .

Hence (λ + α) — α, (λ + α) — 2 α must be weights. In particular λ
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is a weight, and we have derived a contradiction to λ being a
counterexample to C+ Π Zr(λ+) Q Wt(X+).

This proves the theorem. •
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