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Let M(-) be a strongly countably-additive (s.c.a.) (con-
tinuous linear) operator-valued measure on an arbitrary
s-algebra & of subsets of an arbitrary set £ from a Hilbert
space W to a Hilbert space 57. Is there a Hilbert space
22 2 & and a s.c.a. quasi-isometric measure M(-) (ef. Masani,
BAMS 76 (1970), 427-528) en <% from W to % such that
M(-)=PoM(-) where P is the projection on % onto 2#? In
other words, has such an M(-) a “quasi-isometric dilation
M(-)’? We show that when W or &7 is finite-dimensional
the answer is affirmative, and that when W is finite-dimen-
sional there is a unique (up to isomorphism) quasi-isometric
dilation M(-) of M(-) such that trace(M(.Q)*M(.Q)) is a mini-
mum. This generalizes results of Miamee and Salehi, and
Niemi. Our results depend on Grothendieck’s inequality.
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1. Introduction. In 1977 Niemi [15] proved that a countably-
additive (c.a.)' measure &(-) on the Borel family <& of a locally
compact Hausdorff space £ with values in a Hilbert space ¥ over
F,® is the projection of a countably-additive orthogonally-scattered
(c.a.0.8.) measure &(-) on £ with values in a larger Hilbert space
277 More fully, &B) = P{&(B)}, Be <%, where P is the projection
on %" onto 57 Stated differently, &(-) has an “orthogonally-
scattered dilation to &(-)”.

Niemi was influenced by Abreu’s 1976 paper [2] in which he
gave a sufficient condition [2, Th. 3] for an .S#~valued measure to
be the projection of a c.a.0.s. measure with values in a larger space
2. However, Niemi interpreted vector-valued measures not as set-
functions but as linear operators on spaces of continuous functions
which vanish at infinity. As early as 1970 Abreu [1] had shown

! We shall abbreviate “finitely additive”, “countably additive,” “weakly countably
additive,” “strongly countably additive”, repectively, as “f.a.”, “c.a.“, “w.c.a.”, “s c.a.”.
2 Throughout this paper F will stand for the real number fleld R or the complex

number field C.
135



136 MILTON ROSENBERG

that every process harmonizable in the sense of Cramér is the
projection of a stationary process. In 1978 Miamee and Salehi [14]
guided by the work of Niemi, in the course of generalizing Abreu’s
theorem for processes harmonizable in the sense of Rozanov ([14,
Main Th. 5]), derived Niemi’s theorem for the case 2 = R, cf [14,
Cor. 6].

To understand the relation of our work with the preceding, we
must recall the definitions of an orthogonally-scattered measure and
of a quasi-isometric measure, ef. Masani [11], [12]. Let 57 be a
Hilbert space and <# be a cg-algebra over a set 2. An S#~valued
set function £(-) on <# is said to be countably-additive orthogonally-
scattered (c.a.o.s.) if and only if

(&(A), &(B))sr = (AN B), A, BeZzZ,

where ¢t is a c.a. nonnegative real-valued measure on <#Z.° Now let
W and & be Hilbert spaces and let M(-) be a W-to-5# (continuous
linear) operator-valued set function on <& Then M(-) is said to be
strongly countably-additive quasi-isometric (c.a.q.i.) if and only if

M(B)*M(A) = HANn B), A, Be 7,

where H(-) is a s.c.a. W-to-W nonnegative hermitian operator-valued
meagure on <#.*

It is natural to ask if, in analogy to the result of Niemi, every
s.c.a. W-to-5# operator-valued measure M(-) on 7 is obtainable by
projection from a W-to-9% c.a.q.i. measure M(:) on <&, where the
Hilbert space .97 is larger than 57 specifically if

M(B) = PoJM(B), Be«# ,

where P is the projection on % onto 5. Stated differently, the
question is whether such an M(-) has a “quasi-isometric dilation
M.

This paper is addressed to the operator-valued question just
described. In it the fundamental concept of a 2-majorizable measure
due to Persson and Pietsch [17] plays a fundamental role, as it does
in the papers of Niemi and of Miamee and Salehi. However in our
paper this concept, defined so far for vector-valued measures, has
to be defined for operator-valued measures. In §2, in our main
Theorem 2.9 we give a set of equivalent conditions pertaining to
dilatability, 2-majorizability, and the positive definiteness of certain
kernels (2.8). In this theorem and in the rest of this paper, we
interpret dilatability in terms of injections into Hilbert spaces rather

3 In [12; 2.1] it is indicated that such a &(-) is necessarily c.a.
¢ In [12; 8.6(e)] it is shown that such an M(-) is s.c.a.
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than imbeddings into Hilbert spaces, ef. [13; §1]. In light of
Theorem 2.9 the central question is whether every W-to-5# s.c.a.
operator-valued measure M(-) is 2-majorizable? In the case of a
vector-valued measure with 2 locally-compact Hausdorff, an affirma-
tive answer was given by Niemi [15, Th. 4] on the basis of earlier
work by Pietsch [18] and Rogge [20]. In §8 for the purpose of
proving a generalization of this result for operator-valued measures,
we give a new proof of the vector result (3.9), with <&# an arbitrary
o-algebra over an arbitrary set 2, in which a central role is played
by Grothendieck’s inequality (8.2). We also give a new proof of the
uniqueness of a minimum 2-majorant (3.10) valid for any 2, original-
ly due to Pietsch, for compact Hausdorff spaces [18, Satz 2].

In §4 we turn to the question of the 2-majorizability of any
W-to-2# s.c.a. measure M(-). We are able to give an affirmative
answer only in the case where either W or 5% is finite-dimensional
(4.1), (4.8), unfortunately. We also show for finite-dimensional W
the existence and uniqueness of a minimum trace 2-majorant (4.7
and 4.14). We exhibit the explicit form of the minimum trace 2-
majorant in the case where 2 consists of 2 points (Example 4.15).

We refer the reader to [22] for facts on the generalized inverse
A% of an operator A. In general, for an operator A we let <Z(A4) =
range A, A* = adjoint of A, A = trace of A, |A| = Banach norm
of A, |A|; = euclidean norm of 4 =17(tA¥4). We denote P, as
the orthogonal projection with range _#

2. Definitions and the equivalence theorem. In this section

(i) <Z is a o-algebra over an arbitrary set 2 ;

2.1
@1) (ii) W, 2% and 2" are Hilbert spaces over F .

DerFINITION 2.2. Let 2, <&, W, 2% be as above.

(a) A W-to-2¢" (continuous linear) operator-valued set function
M(-) on &Z is said to be a strongly countably additive quasi-isometric
(c.a.q.i.) measure iff

M(B)*M(A) = HANB), A,Be<Z,

where H(-) is a s.c.a. W-to-W nonnegative hermitian operator-valued
measure on <Z.° H(-) is called the control measure of M(-).

(b) A 9¢~to-9¢ operator-valued set function E(.) on &Z is said
to be a spectral measure iff E(-) is s.c.a. on <%, FE(B) is an orthogonal
projection for each Be <% and E(B)E(A) = E(AN B), A, Be <#.°

With the notation of (2.1) we assume

5 In [12; 8.6(e)] it is shown that M(-) is s.c.a.
& Note, we do not stipulate that EQ) = I.
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(i) M(-) is a s.c.a. W-to-2# operator-valued measure on <7;

(ii) H(-) is a s.c.a. W-to-W nonnegative hermitian operator-
valued measure on 7.

(2.3)

DEFINITION 2.4. Let M(-) and H(-) be as in (2.3). We say that
M(-) is 2-majorizable with respect to H(-) or that H(-) is a 2-
majorant of M(-) iff for all » =1 and all B, ---, B,e <& and all
wy, e, w,e W

>, M(B)w,

2 n n
¥ = 12=1 z:} (H(Bz n B,-)wi, wj)W .

DEFINITION 2.5. Let M(-) be as in (2.3). We say that

(a) M(-) has a quasi-isometric dilation M(-) iff JM(-) is a W-to- %"
c.a.q.i. measure on <% where .9 is a Hilbert space, and 3 an iso-
metry J on 5 to .9 such that

M(B) = J*M(B) , Be &7,

(b) M(-) has a spectral dilation E(-) iff E(-) is a #-to-2¢
spectral measure on <& where 2% is a Hilbert space, and 3 continu-
ous linear operators S on W to % and T on .5 to 5# such that

M(-) = TE(-)S.

In the vector case (i.e., W = F') the above definitions assume
the known forms which we now state.

DEFINITION 2.6. Let 2, &%, 5~ be as in (2.1). Let &(-) be an
s7-valued c.a. vector measure on <Z and let p(-) be a nonnegative
real-valued c.a. measure on <# We say that &(-) is 2-majorizable
with respect to p(-) or that u(-) is a 2-majorant of &(-) iff for all
n=1l, and all B, ---,B,e<# and all @, ---, @, € F

<3 ad@;MB.N B, .
i=1 j=1

2
Ezed

>, a&(B)

DEFINITION 2.7. Let &(-) be as in 2.6. We say that

(a) &(-) has a c.a.o0.s. dilation &(-) iff &(-) is a 2#-valued c.a.o.s.
measure on <& where % is a Hilbert space, and 3 an isometry J
on 27 to 9% such that

&B) =J*EB), BewZ,

(b) &(-) has a spectral dilation E(-) iff E(-) is a 9Z~to-2¢
spectral measure on <& where .2 is a Hilbert space, and 3 a
continuous linear operator T on .2 to 5 and a vector x,€. %"
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such that
&(+) = TE()x, .

LEMMA 2.8. Let M(-) and H(-) be as in (2.3), and let
K(A,B)=HANB) — M(B*M(A), A, Be .
Then () VB, ---,B,e <% and Yw,, ---, w, e W

n n

S S (K(B,, Bw,, wy)y = ) >, (H(B, N Bw, w;)
( % ) i=14=1 i=1j=1

P
3

~ |3 MBYw,| .

(b) H(-) is a 2-majorant of M(-) iff the kermel K(-, :) in (a)
is positive definite on F x %, i.e., L.H.S. (*) 1s always =0 and
K(A, B) = K(B, A)*.

Proof. (a) Just expand the L.H.S. (*) after making the sub-
stitution K(B;, B;) = H(B, N B;) — M(B,)* M(B,).
(b) Immediate from Definition 2.4. ]

2.9. The Equivalence Theorem. Let M(-) be a s.c.a. W-to-2#
operator-valued measure on <& where <7, W, and 57 are as in (2.1).
Then (a) the following conditions are equivalent:

() M(-) has a 2-majorant H(-),

(8) M(-) has a quasi-isometric dilation M(-),

(v) M(-) has a spectral dilation E(.);

(b) H(-) is a 2-majorant of M(.)« M(-) has a quasi-
isometric dilation J(-) with control measure H(-).

Proof. (a) (a)=(B):" Note (a) implies that the kernel K(-, -)
defined in 2.8 is positive definite, ef. 2.8(b). By the Kernel theorem
(Masani [13; p. 421]) 3 a Hilbert space 57, and a function X(:) on
& such that X(B) is a continuous linear operator on W to 5% and

K(A, B) = X(B)*X(A), A, Be?.

Now define % = 57 @ 24 = {(x; 2'): 2 € 57, ' € 97} and for Be &
define M(B): W — .2 by M(B)w = M(B)yw @ X(B)w. We shall show
that

(1) MB)*(A) = HANB), A,Be<Z.
Note for 4, Be & and w,w'e W

" An alternative more direct proof of “(a) = (8)” is in the Appendix, cf. A. 8.
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(J(B)* M(Ayw, w')y = (M(Ayw, FI(B)w')y
= (M(A)w, MB)w')» + (X(A)w, X(BYW)x,
= (M(B)*M(A)w, w')y + (X(B)*X(A)w, w')y
= ({(M(By*M(4) + X(B)* X(A)w, w')y = (H(A N Byw, w')y .

(2)

So by Definition 2.2(a) Ii(-) is c.a.q.i. Finally let voe 2% J(x) =
(x; 0)e 2#7 Then J is an isometry on 5% to .% and therefore J* =
JPsy. So J*I(B) = M(B), Be &

(B)=(7): For each Be <7, let _#; be the subspace spanned by
{M(A)w): Ae & A< B, we W)}, and let E(B) be the projection on
% onto _#;. Then E(-) is a spectral measure on <& for .2 such
that vBe &%

(3) M(B) = E(B)M(2) (cf. [13; (5.8)-(5.11)]).

Hence M(-) = J*I(-) = J*E(-)M(R).
(") ={(a): Let M(-) = TE(-)S, cf. 2.5 (b); and let B, ---, B,e <&
and w,, ---, w,e¢ W. Then

C=iTP

by E’(Bi)Swil

2
2

S M(B)w, |
(4) = o

= |T 3} B(B)Sw,

=|Tp ;JZI (S*E(B; N B;)Sw;, w;)w .
So H(-) defined for Be <# by H(B) = |T]’)S*E(B)S is a 2-majorant
of M(.).

(b) The forward implication “="” has been shown in the proof
that (a)=(B), ef. (1). To prove the converse “<", note that for
B,---,B,e % and w,, ---, w, e W

S\ MByw| = |77 3 iHBw,| < |3 HBw,|
( 5 ) =7 - =1 & =1 x
= ;1 % (H(B; N Bj)wi’ wj)W .
So H(.) is a 2-majorant of M(-). O

In the case that 5% = W and the values of M(-) are hermitian
operators on W to W the Equivalence theorem can be augmented
as follows.

COROLLARY 2.10. Let M(-) be a s.c.a. W-to-W hermitian operator-
valued measure on <& Then each of the conditions (a), (8), (V) of
2.9 1s equivalent to a “Jordan decomposition”:

(8) 3 two s.c.a. W-to-W nonnegative hermitian operator-valued
measures M,(+) and M,(-) such that M(-) = M,(-) — M,(-).
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Proof. (¥)=(8): By hypothesis we have VBe .z, TE(B)S =
M(B) = M(B)* = S*E(B)T*. Thus VB¢ <7,

M(B) = [TE(B)S + S*E(B)T*]/2
(1) = [(T + S*EB)XT* + S)]/2 — [S*E(B)S + TE(B)T*]/2
= M(B) — MyB).

(8) = (v): By the Naimark Dilation theorem, cf. [13; 5.12],
Ml() = T;kEl()Tu M2() = Tz*E2<)T2 where E1() and Ez() are
spectral measures on <7, respectively for two Hilbert spaces 277 and
2%, and where T, and T, are continuous linear operators, respectively
on W to 247 and to .27;. Thus VBec <Z, we may write

e *(EL(B) 0 ][T
(@) mm =iz, - ] TEB)S

where KE(-) is spectral measure on £ for 277D %%, S = [g‘:[ is a

continuous operator on W to %P 2 and T = [T}, —T;g] is a
continuous operator on ;P .%; to W. ]

It should be noted that upon taking W = F that Lemma 2.8
and the Equivalence Theorem 2.9 assume the following form for
vector-valued measures.

LeMMA 2.11. Let &(-) and p(-) be as in Definition 2.6, and let
k(A, B) = (AN B) — (&(A), &B)), A, BeZ.
Then (a) VB, ---, B, <% and Va,, ---,a,c F

> 3 KB, Byadd, = 3,3 #(B: N B,

(*)

~ [Sasm| .

(b) p(-) is a 2-majorant of &(-) iff the kernel k(-, -) in (a) is
positive definite on <F X &, i.e., L.H.S. (*) is always =0 and
k(A, B) = k(B, A).

THEOREM 2.12. Let &(-) be a c.a. SF-valued measure on 7.
Then (a) the following conditions are equivalent:
(@) &(:) has a 2-majorant p(-),
(B) &(-) has a c.a.o.s. dilation £(-),
) &) has a spectral dilation E(-);
(b) w(+) is a 2-magjorant of &(-) = &(+) has a c.a.o0.s. dilation
£(-) whose control measure is p(-) [i.e., (E(4), E(B)). = u(A N B)].
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Result 2.12 (b) is found in Niemi’s paper [15; Th. 12].

3. Existence of 2-majorants for Hilbert space-valued measures.
The proof of our main theorem in this section depends heavily on
a remarkable inequality of Grothendieck to discuss which we first
introduce the Grothendieck norms:

DerINITION 3.1. For an % X n matrix A = [a;;] with entries in
F and .5 an arbitrary Hilbert space over F, define |A|, by

|Alx = sup |

;Jg{aii(xi, Yi)or |t @y Y;€ 2 and @], |¥iler = 1} .

(Note this definition also holds for .2 = F in which case (x;, ¥,)r =

LEMMA 3.2. (Grothendieck’s inequality, cf. [10; p. 68], [19]). 1
a positive comstant ¥ > 1 such that for all n = 1, all n X n matrices
A = [a;;] with entries in F and all Hilbert spaces 92" over F

*) Al < 7[Alr.

A more useful formulation of the condition (*) reads as follows:
For all @, «+-, 2,, 9y, +*+, ¥, in %~

(3.3)

k3

>

i=1

n
S 0@, Yi)sr | S V| Alp max |25 - max [y, .
j=1 1=isn 1sj<n

We now stipulate that:

3.4) {@ and 57 are as in (2.1) and

&(-) is an S#-valued c.a. measure on <7 .

We consider F-valued <Z-measurable simple functions +» and
their integrals E.(4) with respect to &(-):

(@ ¥=3bks, Be, beF
(3.5) = i
®) Ey) = v@)3do) = S baB)e sz

It is easily shown that the definition of E.(4) is independent of the
representation of . We shall denote the set of F-valued Z-
measurable simple functions by S(F) = S(<Z, F).

It readily follows, cf. [6 (I), p. 323], that for each ¢ S(F)

(3.6) | Bl = 11£11(2) max | p(@)]
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where || £]|(2) is the semivariation of &(-) [6 (I), p. 320]. It is
known that ||£]|(Q) is < «, cf. [6, p. 320, 4(b)].

It is easy to see that for ¢ = 37, aX,, + = >} 045, € S(F)
we have

@) (Bd9), Bw) . = 33 aby(&(A), &B) »
(8.7 e

(b) | Bp)le = 3, 3% ai(e(AD, {4 -
We next prove the key lemma needed for our main Theorem 3.9.

LeMMA 3.8. 3 a real number K > 0 such that for all positive
integers m and all ¢, -+, ¢, € S(F)

(*) S B0l = K- max 3% |gu@)] -

Proof. Let ¢ = 3\, aks, o = 2.5 bXp, € S(F) where (B))! is a
disjoint sequence. Then by (3.7)(a) and (3.6) we have

n n

(1 ) é; (f(Bm), E(By))%azgy = ((EE(SD): Ee("/f))afl
= [l¢ll (@) - max fa|- max 1051 -

Without loss of generality, we may assume that each ¢, in (*) is of
the form ¢, = 3%, b, X5, with the same disjoint sequence (B;)! for
each k. Then

SEG)E =53

k=11

(&(By), &(B))arbriby;

(2) . .
Z 2 (E(Bt); S(BJ));? ;::1, bkibki

i=1 j=

-

But then letting 2, = (b,)i~,€ % = F™ and noting that (z,;, 2;), =
S byibyy, it follows from (8.3), and equation (1), on taking [a,;] =

RHS. (2) < 7-|¢]/(2 max o[
(3) yr
=7 |l¢ll@r max (3 1s/@)F) -

Thus (*) is true with K =7 - ||£]] () O

THEOREM 3.9 (Ewistence). Corresponding to every S57-valued c.a.
measure E(+) on a o-algebra <F over 2, 3 a c.a. nonnegative real-
valued measure p(-) on & with respect to which &(-) is 2-majoriza-
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ble, cf. Def. 2.6.

Proof. Taking K as in Lemma 3.8, let for all € S(R)

(1) S = inf {max| Ky(@) + K S 160 ~ S| Bl |
(Bl Gst 08 =1 k=1
m=1
cf. Pietsch [18]. Then, by elementary considerations, it may be
shown that S(-) is a positive homogeneous subadditive functional on
S(R) such that K- min,.,4(w) < S(¥) £ K-max,., ¥(®). Thus by
the Hahn-Banach theorem, cf. [25; Cor., p. 108], there exists a
linear functional T' on S(R) such that T(y) < S(¥), from which it
readily follows that for € S(R)

(2)  K-nming(@) = =S(=v) = T(¥) = Siy) = K- max y(w) .

Moreover from (1), it follows that for ¢ e S(F),
S(=161) = max [K{~|p(@)[) + K|@) — | B[]

(3)

= "'[Ee(¢) léﬁ .
Thus since —~T(|4]>) = T(—|¢>) = S(—|8]*), it follows that for ¢ € S(F)
(4) | E(p) % = T([¢]") -

Define v on &Z by v(B) = T(X;). Note by (2) that T(X,) = K. Then

y(-) is a finitely-additive (f.a.) nonnegative real measure on <& To

complete the proof we need to replace v(-) by a countably additive

measure. Let p(-) be the c.a. measure defined from »(-) as in

Lemma A.1 (see Appendix). We shall show that for each ¢ =
», bXs, e S(F) with (B)); disjoint, that

(5) B = 3 1bfuB) = | 1l

i.e., by the sentence following (3.5) (b), that g(-) is a 2-majorant
of &(-):

Let for1=<¢=<mn and m =1 (B%);, be a disjoint sequence in
& such that B, = Uz, Bf and p(B;) = lim|,, .. > ¥(B2),® ef. A.l.
Then for each m, ¢% = >», b, {3t~ XB%} converges to ¢ as N— oo
and by (4) for each m and N

JACOTEDNIATI L)

So on letting N — o, we obtain for each m

8 lim | means “nonincreasing limit”, i.e., limit of nonincreasing values.
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(6) B = 3 b HS ABD) -

Thus, by the definition of p¢(-), on letting m — «, we obtain (5)
from (6). ]

THEOREM 3.10 (Uniqueness of minimal 2-majorant). Given amn
S-valued c.a. measure £(-) on & there exists one and only one 2-
majorant p(-) of &(+) such that

2o(2) = inf {p(2): p(-) is a 2-majorant of &(-)}.

Proof. The proof which depends on Pietsch’s inequality:
(@™ + b)) < (a0 + b)/2 for a, b > (0 with equality only if a = b,
is subsumed in the proof we shall give in §4 of Theorem 4.14.

4. The problem of the existence and uniqueness of 2-major-
ants for operator-valued measures. Let 2, & be as in (2.1).

THEOREM 4.1. Let W be a q-dimensional Hilbert space over F
and 27 be an arbitrary Hilbert space over F. Then corresponding
to every s.c.a. W-to-2F operator-valued measure M(-) on <2, 3 a
s.c.a. W-to-W mnonnegative hermitian operator-valued measure H(-)
on & with respect to which M(-) is 2-majorizable, cf. Def. 2.4.
Moreover H(-) may be chosen to be of the form

H() = 35 04()P;

where P, - -+, P, are rank 1 orthogonal projections on W to W such
that >0, P; =1, PP;=0 for ¢+ 3, and (), -+, #,(-) are c.a.
nonnegative real-valued measures on 7.

Proof. Let B, ---, B, be an o.n. basis of W. Then £,(-) = M(-)5,
is c.a. on & to 5 and therefore by 8.9 has a 2-majorant v, (-).
We shall show that we may take as a 2-majorant of M(-)

(1) H(-) = ¢ 3P,

where P, is the projection onto the space spanned by pg,: For
B,:---,B,ex, w,--,w,€W we have on representing w, =

Zizl Cikﬁk

S MBI =[S MBS euss)]|
= [BE o)
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by the Schwarz ineq .

> Cal(By) ;

=q¢ 2"1 En] ¢.C x0(B; N B;) by Def. 2.6,

o+ -

since v () is a 2-majorant of &(-). Thus

(2) 3 MBw,| < a3 3 Seat B By).

On the other hand it is easily checked from (1)

(8) (H(B. N Byw,, w))y = @ 3, 4(B: N BeuTs .

Combining (2) and (8) we get the inequality of Def. 2.4. O

Unfortunately we are as yet unable to prove the last theorem
for infinite-dimensional W. To point out some other aspects of the
existence problem for finite-dimensional W, we need the following
lemma, part (b) of which is an adjunct to the Equivalence Theorem
2.9.

LemMA 4.2. Let M(-) be a s.c.a. W-to-57 operator-valued
measure on Z. Then (a) M(-)* is a s.c.a. SZ-to-W operator-valued
measure on .

(b) M(-) has a 2-majorant < M(-)* has a 2-majorant.

Proof. (a) We have the sequence of implications: M(-) is
s.c.a. = M(-) is w.c.a. = M(-)* is w.c.a. = M(-)* is s.c.a., where the
last implication follows from [9; Th. 3.6.2].

(b) By 2.9, we have the following sequence of equivalences:
M(-) has a 2-majorant = M(-) = TE(-)S = M(-)* = S*E(-)T* < M(:)*
has a 2-majorant. ]

COROLLARY 4.8. Let W be an arbitrary Hilbert space over F and
57 be a q-dimensional Hilbert space over F. Then corresponding
to every s.c.a. W-to-5# operator-valued measure M(:) on <% 3 a
s.c.a. W-to-W nonnegative hermitian operator-valued measure H(-)
on & with respect to which M(-) is 2 majorizable.

Proof. By 4.2 (a) and 4.1, M(-)* is s.c.a. and 2-majorizable.
Thus by 4.2(b) M(-) is 2-majorizable. |

Let 2, &2, W, 57 be as in (2.1). Let M(-) be a s.c.a. W-to-5¢
operator-valued measure on < and let H(-) be a s.c.a. W-to-W
nonnegative hermitian operator-valued measure on < We now
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introduce the concepts of W-valued <Z-measurable simple functions
/iy 9, ete., and the integral E,(f) of f with respect to M(-) and the

integral Sg (dHf, g) of the (ordered) pair {f, g} with respect to H(-):
@) f=Xwks, 9=3wi, (B,C;eFw,wseW)
b) B =| Mao)y) = 5 MBw e 5

(4.4)
© |, @Hf, 9 = | (Hdo) (), g(@)y

=5

3=

(H(B; N Cy)w;, wiw -

1

n
i=

-

It is readily shown that the two integrals defined in (b) and (c) are
independent of the representations of f and g and that when the
B; are disjoint we have

(4.5) |, @HS, v = 3 HBYw, w)y -

We shall denote the set of W-valued <Z-measurable simple functions
by S(W) = S(<, W). We note by (4.4) and Def. 2.4, that

{H(-) is a 2-majorant of M(-) iff

4,

o (B f)P. < | @HS, VI SW).

THEOREM 4.7 (Ewistence of a minimum trace 2-majorant). Let
W be a g-dimensional Hilbert space over F and 57 be an arbitrary
Hilbert space over F. Given a s.c.a. W-to-37 operator-valued
measure M(-) on &, there exists a s.c.a. 2-majorant Hy(-) of M(-)
such that

trace H(Q) = inf {{trace H(Q): H(-) is a 2-majorant of M(-)}.

Proof. By 4.1 the class of 2-majorants of M(:) is not empty.
Let

(1) K = inf {H(2): H(-) is a 2-majorant of M(-)}

and let (H,(-))7-, be a sequence of 2-majorants of M(-) such that
tH,(2)\, K. To prove the theorem we introduce the following space

and linear functional.
Let #, be the linear space of bounded real functions ¢(-) on N,.°

Define the functional S on 4, by S(¢) = Iim,_.. ¢(n) and observe that

® N, and Ry denote, respectively, the set of positive integers and the set of non-
negative real numbers.
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it is positively homogeneous, and subadditive. Hence by the Hahn-
Banach theorem there exists a linear functional T on Z, such that
T(p) =< S(¢) and therefore for each ¢(-)e 4,

(2) lim g(n) = —S(—¢) = T($)=S(¢) = Ejrgsé(%) .

So T is nonnegative and continuous with respect to the sup norm
on ..

Now let Be <Z be fixed and define for we W, ¢.(n) = gZ(n) by
(3) 9.(n) = H,(B)"w, n=1.
Since |H(B)| = tH.(B) < tH,(Q2) < tH(Q) vn = 1, it follows
(4) lg.(0) [y = (H(B)w, w)y < tH@)|wly, Vnz=1.
Thus |g.(-)[% € 4.. Define for each we W
(5) By(w) = T((g.(-)[}) -
Then by (2) and (4) it follows for Vwe W
(6) 0 = By(w) = tH(Q)|wli- .

We now proceed to show R,(-)? is a seminorm on W satisfying the
parallelogram law. We do this by exhibiting the connection between
Ry(-)”* and an 4-norm. Since T €/, (the dual of «.), we have for
all y(:)e,

(7) T%w)==SN+¢(nkddn),

where « is a finitely-additive measure on 2%+ to R,.,” ef. [6; p. 296,
Th. 16]. Now consider the space 4 = 4 (N,, 2%+, a; W) of W-valued
functions on N, which are square-integrable with respect to a.
This is a pre-Hilbert space under the usual 4-norm, |-|,, cf. [6; Dp.
120, Lemma 3(b)]. By (7) and (5)
(9.0 = | laumlia@n)
Ny
= T(9.()w) = Bp(w) < o .
Thus vwe W
(8) 9.(-)e4 and Ry(w)"* =[g,(-)].
From (8) it is obvious that for c€ R and w, w,, w,€ W
(9) Ieul*) = €0,(+)  and  gup0,() = G0, (*) + Gu(+) -

Since |[-|, is a norm satisfying the parallelogram law, it follows
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readily from (8) and (9) that R,(-)"* is a seminorm satisfying the
parallelogram law. Since by (6) Rj(-) is bounded, it follows from
the J-VN Lemma A.2 (in the Appendix) that R (-) comes from a
bounded nonnegative hermitian sesquilinear functional on W x W to

F, and thus from a continuous nonnegative hermitian linear operator
N(B) on W so that

By(w) = (N(B)w, w)y vwe W.
Thus using (8) and (3) we see that for vwe W

(NByo, )y = Ba(w) = 19,0
" = looban = || EBw, wyatn) .

Ny
This shows that N(-) is a finitely additive measure on <Z, from the
finite-additivity of H,(-), » = 1.
Let H(-) correspond to this N(:) as in Lemma A.3. Then

H(-) is a s.c.a. W-to-W operator-valued measure on <7, and

(11) {0 < H(B) < N(B) < N(@) .

We claim that the H(-) just obtained is the desired H,(-). We first
show that this H(:) is a 2-majorant of M(-).
Let f= >, wXs € S(W) with B/’s disjoint, then by definitions
(4.4)(b)(c) and since each H,(:) is a 2-majorant of M(-) we have
LEL ()% = (dan, Fw = ;(Hn(Bi)wi; W w
(12)
Igu (n) % vRz=1,

uMﬁ -

where the last equality follows by (3) and (4). But thus by (2), (5)
and (10)

B < lim 3 |okm) < T(3 1951 )
= I 7(g2( ) = 3 By (w)

L (N(Bowi, wo

iMs i

fe., |2r, M(BH)w; | = > (N(B)w;, w)w. But then for H(-) cor-
responding to N(-) as in A.3 it readily follows, as with Theorem
3.9 (5), that

(13) Bl < 3 HBYw, why = | (@H,
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i.e., cf. (4.6) and the statement after (4.4), H(-) is a 2-majorant of
M(-).
We denote by (11) that

(14) TH(Q) < tNQ).

Next, on noting ¢2(n) = g,(n) and letting 3, -+, B, be an o.n. basis
of W we obtain

IN(@) = 3, (N@DB., B = 3, Ral6s)
(15) q_ k—;
= 3\ T( s = T(3 1900 ) -
But by (3) and (4)

S0l = 3 (HD)85 Bw
=7tH,(Q2) K as n— o,

cf. (1). Hence by (2), R.H.S. (15) = K. Thus

7 TNQ) =K.

(16)

Therefore by (14) zH(2) < K. But since K is the infimum of the
traces of 2-majorizing measures, it follows that 7H(2) = K. So
existence is established. |

To prove uniqueness of the minimum trace 2-majorant we need
to introduce further results on integrals.

Throughout the rest of this section we assume W is a finite-
dimensional Hilbert space with o.n. basis (8,)-,. For a s.c.a. W-to-5#
operator-valued measure M(-) on <& we define the semivariation
IMI(-) of M(-) by

(4.8 | M|(B) = sup | 5, M(Bow,

S

where the supremum is taken over all finite partitions (B,)* of B
and all w,€ W with |w,|» < 1.

Since each w;, = 3%, a;;8;, with 1 = |w, [}, = X%, |ai; % it follows
that || M||(2) = 33, | M(-)B; () < o, cf. [6 (I); p. 320].

We shall call a function f(-) on 2 to W <Z-measurable iff for
each open sphere S(x, ) = {y: |y — z|» < 7} we have f(S(x, 1)) € &
We shall denote the set of bounded <Z-measurable W-valued functions
on 2 by B(W) = B(<=Z, W). Since W is finite-dimensional it is easily
proven that B(W) is the closure of the linear space of simple
functions S(W) under the sup norm.
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DEFINITION 4.9. For fe B(W) we define

By(f) = | Mdo)f@) = lim B.(f),

where (f,) is any sequence of simple functions converging uniformly
to f, cf. (4.4) (a, b).
Since for a simple function f we have

(4.10) [ Bu(F)] = 1 M) - sup [ f@) |

it follows that the integral in 4.9 exists, is well-defined, and also
satisfies (4.10).

Next we recall some facts on s.c.a. W-to-W nonnegative
hermitian measures H(-) on £ when W is a finite-dimensional
Hilbert space, cf. [21; §2] and [22 (I); §2 and p. 207 (1)]. The
symbol v shall denote a o¢-finite nonnegative real measure on <7
We say H(-) is absolutely continuous with respect to v [H < v] iff
y(B) = 0= H(B) = 0. Because W 1is finite-dimensional it follows
that H(-) is c.a. in the euclidean norm | |, and has a finite total
variation measure |H|,(B) = sup (3~, | H(B,)|z) (taken over all finite
partitions (B,)! of B). Further

THEOREM 4.11. Let H<L y. Then (a) 3 a unique a.e. (v) Z-
measurable’® W-to-W operator-valued function H,(-) on 2 such that

H(B) :S Hi(w)dy VBe Z;
B
where the last 1s a Bochner integral, and
(b) Ho(B) = | | H()d»  vBe.

Moreover, (¢) 0 < H)(w) a.e. (v) [We may always take a version of
H.(-) which is =0 everywhere.]

The use of 4.11 (a) allows us to adopt the definition
w1y | «@H 9, = | H0), g@hwdr Vi, geBOY)

where v is any measure such that H € v. It is readily shown: for
f=2rwks, g=237%, wXe,eS(W)

| @z, o = 3 5 BB 0 Cow, w5

© 1., with respect to the Borel g-algebra in the Banach space of W-to-W bounded
operators under the norm |-|z.
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and that if f, g B(W) are uniform limits of sequences of simple
functions (£.)7, (¢,)7, then Sg (dHT, g)y = lim, .. SQ (dHY,, g.)y (Which
limit exists).

From (4.6) and Definitions 4.9 and (4.12) it readily follows that
when W is finite-dimensional

H(-) is a 2-majorant of M(.) iff
(4.13) {

B < | @HS, Py VFEBOW).

In the subsequent discussion, we shall be concerned with <#-
measurable W-valued functions and <#-measurable W-to- W operator-
valued functions and with various functions formed from these by
various operations. In all cases the new functions are again <#Z-
measurable by virtue of the finite-dimensionality of W.

THEOREM 4.14 (Uniqueness of the minimum trace 2-majorant).
Let W be a q-dimensional Hilbert space over F and 27 be an
arbitrary Hilbert space over F. Given o s.c.a. W-to-2# operator-
valued measure M(-) on <2, there exists one and only one s.c.a. 2-
majorant H)(-) of M(-) such that

trace Hy(R) = inf {trace H(-): H(Q) is a 2-majorant of M(-)}.

Proof. By Theorem 4.7 existence is assured. Now suppose
that H,(-) and H,-) are both 2-majorants of M(-) such that tH(Q) =
K = tH,(2), where K is as in Theorem 4.7 (1). Let m(-) be the
measure 7H,(-) + tHy(-) and let, for brevity, G.(-) = H, (), G,(+) =
H,,.(-) as in 4.11. So, by (4.138), for fe B(W)

Bl = || @)f@), fl@hpdm, i=1,2.

Let P(w) = projection onto range of G, w) for 71 =1,2. The first
step in our proof is to prove P(w) = P(w) a.e. (m): It is readily
shown that E,(P.f) = E,(f) = E,(P,f)* for all fe B(W) and thus
for P(w) = projection onto Z(G,(®)) N Z(G,(w))* it readily follows
E,(f) = E,(Pf) and thus for all fe B(W)

| Eu() e = | Ex(Ph) % = SQ (G@)P()f(®), P(@)f(@))ydm ,

1 We use the convention that P.f is the function defined by (P.f)(w) = Pw){f(w)},

ete.
2 Tor proving <-measurability, note that by [3; Th. 8]

Plo) = 2P(0)(Pi(0) + Pyw)?Pw) .
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1=1,2. So we must have P, = P= P, a.e. (m) <for otherwise since
TH(Q) = SQTH;(co)du, there is a 2-majorant with trace smaller than
K, which is a contradiction). Thus Z(G(w)) = FZ(G(w)) a.e. (m).

The proof of uniquenesé shall now be accomplished by showing
G(w) = G,(w) a.e. (m): Let F(w) = (G (0)V* + G(w)"*)* and note
that P(w) = (G (@)"* + Gy(w)"*)F(w) a.e. (m). Let

B, = {: |G,(@) “F(@); = n, |G(0) *F(®)|, = n} .
So B, "2 as n— . Then for feS(W)
Bullo, £ = | Bullo, PP S | Buls, GFF) o + | Bl GEFS)
= (], @@=y, GrFn,am)

(v + (L (GAGY"F)f, G*Ffyudm)
-off, s nam)”
Thus
Buls, ) | AR, fpdm
(2) "

= SB AG(@)" + G(@)"*)* ), fl®))wdm

where clearly by A.7 (*) in the Appendix, we may replace B, by 2

(on letting n — ). So by (2) H,(:) defined by H,(B) = S 4F(w)*dm
B

is a 2-majorant of M(-).

Let C = {w: G,(w) # G,(w)}. Since W is separable it follows
C= Ui {w: (Gw) — Gy (w)w;, w,)y # 0} € &, where {wly is a dense
subset of W. Then by A.7 (*) 4c(F(w)?) < (1/2)7(G(®) + Gy(w)) with
strict inequality on the set C. But thus if m(C) > 0, it follows
that

cH(Q) = (EC + SQ_O)4T(F(w)‘~’)dm < §0<1/2>T(G1<w) + Gyo)dm
= (1/2)(tH(Q) + tH(Q)) = K,

i.e., 7H,(Q2) < K, which contradicts 4.7 (1). So we must have
m(C) =0, i.e., G(®) = G, (w) a.e. (m). O

We conclude this section with the following

EXAMPLE 4.15. Explicit form of the minimum trace 2-majorant
in 4.14 when 2 ={w, w,} and Z = 2% Denote M, = M{w,}, M, =
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M{w,}. Then the explicit H(.) of 4.14 is

H1 = M*M1 + (M*MzM;Mx)m
H, = MM, + (Mz*MfoMz)I/Z

such that

I:M{"M1 M{*Mﬂ < [HL

.
MM, MrM, J on WOW,

O HZ
and trace (H, + H,) is a minimum. [The proof which is lengthy, is
presented elsewhere. See “Added in proof” section.]

APPENDIX. We begin by proving two lemmas on nonnegative
real-valued and on nonnegative hermitian operator-valued measures
on a c-algebra <& over a set Q.

LEMMA A.l. Let v(-) be a f.a. nonnegative real-valued measure
on & Define for each Be &

t(B) = inf {2 v(Bi)} ,

where the infimum is taken over all countable partitions (B;)Y of B
into sets im & Then p(-) is a c.a. nonnegative real measure on
# such that for each Be <&

0= p(B) = ¥B) =) <.

Proof. We leave it to the reader to show p(.) is f.a.

We now show that pu(.) is continuous from above at @: Let
A\, @. We shall show g(4,)\,0. [Proof. Note for each n =1,
A,=Ux, (A,—A,,,) and that since v is f.a., we have D2, v(A,—A4.,)=
V(A;) < e, Thus

Oéﬂ(An)ézjlp(At_Ai-}-l)._)O as n— oo,
Hence, ef. Halmos [8; p. 39, Th. F], u(.) is c.a. O
To generalize Lemma A.1 we need the following form of the

Jordan-Von Neumann theorem, which is further used in the proof
of Theorem 4.7.

A.2. Jordan-Von Neumann Lemma. Let 57 be a Hilbert space
over F and let R(-) be a function from 5# to R,, such that
(i) R(:)"*is a seminorm,
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(ii) R(-)"* satisfies the parallelogram law, i.e., R(x — y) +
R(x — y) = 2R(x) + 2R(y), each z, y € 5%

(iii) there exists K > 0 such that R(x) £ K|z’. Vxe &
Then (a) R(-) can be recovered from a unique bounded nonnegative
hermitian sesquilinear functional 7'(-, -)*® on % X & to F, i.e.,

(*) R(@) = T(w,2) and [T(x,y)| = Klzl. |yl+

(b) 3 a unique bounded nonnegative hermitian linear operator
A on 27 to 2 such that |A| = K, T(x, y) = (Az, ¥) . and necessarily
R(x) = (Ax' x)ﬁé"’

Proof. (a) Follow the proof of J-VN Theorem in [24, p. 124,
Th. 1] and obtain the second part of (*) by use of the Schwarz
inequality.

() Cf. [4, Th. 21.1]. n

We now generalize Lemma A.1l.

LeMMA A.3. Let 27 be a Hilbert space over F and let N(-) be
a f.a. monnegative S7-to-37 operator-valued measure on <&. Let
for each xe€ 7, v,(-) = (N()x, x) [which 1s obviously a f.a. non-
negative real-valued measure on Z| and let for each xe 7 p,(-)
be the nonnegative real-valued measure on B corresponding to v,(-)
as in Lemma A.l. Then

(a) for each Be<Z 3 a unique bounded S#-to-57 monnegative
hermitian operator H(B) such that

(HB)x, x).. = p(B),  each wxe2Z,
(b) the set function H(-) is s.c.a. on <& such that
0 < HB) < NB) < N, each Be Z.
Proof. (a) Let B be a fixed set in &# We shall prove that
the function Rjz(-) defined on 5% by Rilx) = p,(B) satisfies the
conditions (i), (ii), (iii) in the J-VN Lemma A.2. To carry out the

proof we introduce some notation. Let &’ = (B,) denote a partition
of B into subsets in <& Define for x e 57

(1) 2(F) = S %.(B) .
13 A functional T(-, -) on 2# X & to F is called bounded; nonnegative; hermitian;

sesquilinear iff, respectively, 3C > 0 such that |[T(z,y) | S Clzlsxlyl» V,yeF;
T, ) =20 veesr, T,y =Ty, 2 Ve, yed; Tlar+by 2 =aTll, 2) +0bT(y,2),
T(z, ax + by) = aT(z,x) + 8T, y) Va,bEF, vi,y,2z657. In [4], the words “positive”
and “symmetric” are used respectively for “nonnegative” and “hermitian”.
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Then, by definition, ef. A.1,
(2) 1.(B) = inf {v,(&F): & is a partition of B}.

From (2) it easily follows that for each xze€ 5% and ce€F that
t(B) = 0 and p..(B) = |¢|’to(B).

By the suwperposition 0.5, of two partitions &, &, of B we
mean the partition of B composed of all intersections of pairs of sets,
one from &, one from &2. It follows similarly as in A.1 that

(3) px(gloﬁz) é vx(lgpl)y ”m('%) .

We now prove condition (i) holds: It only remains to show that
as a function of xe 57 11, (B) satisfies the triangle inequality

(4) Vite(B) £V 1,(B) +V 1,(B)  for w,yesF.

Note that since in (2) g, (B) is the infimum of a set of nonnegative
real numbers, there exists a sequence of partitions (&°7) of B such
that p,(B) =lim|,..v,(Z7?). Similarly there is a sequence of
partitions (&) such that p,(B) =lim|,...v,(Z%). Let for each n,
P, = Pro P, Then by (8) it follows that

(5) #(B) = limu.(P),  w(B) = limy,(F) .

Now let & = (B,)? be an arbitrary partition of B. Then

Vo) = (5 vraB)

(6) = JE V@@ + 0t

=1

= \/ ( 2 | N(B)"*z + N(B)"*y lif) ,

where each of the sequences (N(B,)"*x).,, (N(B,)"*y);-, is in the Hilbert
space 4(N,, 2%, ¢; 57), where p(-) is the “counting measure”. But
thus

RES. 6) = 4 (SINB k) + (5 INBy )
=1Vv,(Z) + Vv,(F) ,

ie., V1,.,(P) £ Vv.(P) +1V,(F). Therefore, using the sequence
() of () we have

‘/#x-ky(B) é l_l_l_'lg_ V”w—ky(?n)

n—co

(7)

(8) = lim (Vv,(F,) + Vv (F)

n—00
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=1V p(B) + v 11,(B) by (5).

So (4) holds.
We now prove condition (ii) holds, i.e., that for x, y € 2%

(9) Hory(B) + o y(B) = 22,(B) = 2,(B) .

Let (&#21Y), (&PFY), (PF), (FPY) be sequences of partitions of B such
that p,(B) =lim|, .v(F)for 2= +y, 2 —y, z, and y. Let for
each n, &, = Ft o P Vo Fro . Then p,(B) = lim,.. v,(F,) for
z=x+Y, x—9 % and y. So (9) readily follows. Moreover for
each n, v.(ZF,) = (NB)x, 2)-. So #,(B)=(N(B)x, x),, and thus con-
dition (iii) holds. Therefore by A.2 (b) there exists H(B) such that
(a) holds.
(b) Note that for x, ye 57

(10) (H(B)xy y);/ = {f"w%—y(B) - #m—y(B) -+ ?:#xw‘—iy(B) - 7//‘%—11;(-3)}/4 )

[since te(B) = (H(B)z, z), for ze 5#]. But by A.1 each g, (-) is c.a.
Thus H(-) is w.c.a. and therefore by [9, Th. 3.6.2] H(-) is s.c.a.
The inequality H(B) < N(B) follows immediately from (o, (B) =<
(N(B)z, @) l

Our goal now is to obtain a matrix generalization of the follow-
ing inequality.

LEMMA A.4. For 2 real numbers a,b > 0
(a* + b)/2 = 4(a™ + b7Y)*
with equality holding < a = b.

Proof. This is equivalent to the fact that for 2, y > 0 (x + ¥)/2 =
ey (xv* + y¥4™* with equality holding = x = %, whose proof is con-
tained in [18]. O

In the next two results we deal with linear operators on an n-
dimensional Hilbert space over F. We shall switch from an operator
to its matrix representation (with respect to a given o.n. basis) as
appropriate.

LEMMA A.5. Let A = [a;;] >0 and let A™ =¢,;|. Then ¢, =1/a,
for i =1, -+, n with equality holding simultaneously for all i = A =
diag (a,;). Equivalently, a,;, = 1/e;; for 1 =1, - --, n with equality for
all 1= A = diag (a,,).

Proof. We show the case ¢ =1: Let A be partitioned as
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Oy | Qg *** Oy

A=| % ={

anl

[1|a1D’1:I l:au——alD“al*IO} [ 1 IO}

“lol| I 0 Ip| | pw|1]
Then det A = det D-det (a, — a,D'a}) = (det D)(a,, — a,D'af), and
cofactor (a,) = det D. Thus

¢, = cof (a,)/det A = 1/(a,, — a,D7'a}) = 1/a,

with equality holding = a, =0, ie., =a,=a,; = - =a, =0. []
We now prove the generalization of A.4.

THEOREM A.6. Let A, B be linear operators on an n-dimensional
Hilbert space over F such that A, B are > 0. Then

(1) 7{(A* + BY)/2} = 4c{(A* + B™)7%}

with equality holding < A = B.

Proof. We first show that if A = [a,;] with respect to a given
o.n. basis, then

(2) T(4% = Zj, a2, with equality holding — A = diag (a,;) .

[P’I‘OOf: T(AZ) = 2ii= 27}:1 Qi = 2:,j=1 | Qg ]2 = D aiz]

Now choose an o.n. basis such that A~ 4+ B~ is diagonal, i.e.,
At =e;]l, B'=][d;l, A™+ B =diag(c,; + d.), c¢i; = —d;; for
1 # j. Then by (2) and Lemmas A.5 and A.4,

(4 + BY2) = 3 (g + b)/2 = 3, (i) + (da))/2
(3)
= 4; (¢;; + d;))? =4z{(A™* + B}

where the first 2 inequalities are each equality < 4 = diag (a,), B =
diag (b;;). The last inequality is equality = ¢;' = d;', all <. We
note that if A = diag(a;) and B = diag (b;), then ¢i' =a, and
d;it = b;. So equality holds in (1) = A = diag (a;), B = diag (b,) and
a,, = b,; for all 7. Thus equality holds in (1)= A = B. Conversely,
A = B=equality holds in (1). |
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The following inequality is crucical for proving uniqueness in
Theorem 4.14.

COROLLARY A.7. Let A, B be linear operators on an n-dimen-
sional Hilbert space over F such that A, B are = 0 and #(A) =
F(B). Then

(*) 4r{(AV*+ BY*¥)¥} < (1/2)v(A + B) (8 denotes generalized inverse)
with equality holding if and only if A = B.

Proof. This is an easy consequence of A.6. ]

We conclude the appendix by giving the alternate proof of
“(a) = (B)” in Theorem 2.9 promised in footnote 7.

THEOREM A.8. (@)= (B) in Theorem 2.9.

Proof. Cf. (4.4) and (4.6). Define an inner product (,), on
S(W) by

(7, 0 = | @HE, 9w = (Bu(f), Bulg) ,

where we identify f and g if |f — g}, = 0. Denote by 5% the com-
pletion of S(W) under | |, and define % =27 P 54. Define
VBe Z, M(B): W— 5 by

M(Byw = M(B)w @ X,we 57 .
Then for B, Ce <% and w,, w,c W it follows that
(M(B)w,, M(CYw,). = (M(B)w, B Xsw,, M(C)w, B Xow,)
= (MByw, MCw) + {| @HLs1w0, Lew)y
— (Bultyw), Bullew))..}
= (HB N C)w, w)y , i.e., HC)*FB)=HBNC),

(1)

i.e., by Definition 2.2 (a) M(-) is c.a.q.i. Clearly J*M(-) = M(-) for J
defined as earlier after 2.9 (2). O

ACKNOWLEDGMENT. The author thanks the referee for his sug-
gestions.

Added in proof. (1) The proof of Example 4.15 will appear
as the article “Explicit structure of the 2-majorant of an operator-
valued measure in a special case.” To appear in the book “Prediction
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and Harmonic Analysis. The Pesi Masani Volume,” edited by V.
Mandrekar and H. Salehi, North-Holland Pub. Co.

(2) In Theorem 4.14, the proof that E,(f) = E,(Pf) follows
readily from John Von Neumann’s Alternating Projection Theorem,
which is Theorem 13.7 in his monograph “Functional Operators II,”
Annals of Math. Studies, No. 22, Princeton Univ. Press, Princeton,
1950.

(3) After submitting this paper, we found that fragments of
the Equivalence Theorem are proved in the paper of Jose L. Abreu,
“Transformation-valued measures,” Advances in Math. 27 (1978), 1-11.
Inadvertently, we also left out some relevant references to Niemi,
which are stated in [14].
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