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AN EXTENSION OF SION’S MINIMAX THEOREM
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FOR CONSTRAINED GAMES

JOACHIM HARTUNG

Sion’s minimax theorem is extended for noncompact sets,
and for certain two-person zero-sum games on consfrained
sets a sequential unconstrained solution method is given.

I. Introduction. It is an important question in two-person
zero-sum games, whether there exists a saddle point strategy, and
if so, how it is to be computed. Existence theorems are known
almost only for the case that the sets of strategies are compact.
Often these sets are given by numerically complicated conditions and
because of the necessity to consider the boundary of the constraint
region you cannot apply analytical methods.

First we extend Sion’s minimax theorem [7] for noncompact
sets. With it we then give a solution method for a frequently ocecur-
ing type of games over constrained sets. This method approximates
a solution from the interior of the admissible sets and makes it
possible to apply analytical methods like those for the whole spaces.
It can be regarded as an extension of the widely used Interior
Penalty Method of Nonlinear Programming to saddle point problems.

II. A minimax theorem for noncompact sets. Let X and ¥
be not empty subsets of real linear topological Hausdorff spaces .27
and 2/, respectively, and let R denote the real numbers.

DEFINITION 1.

(a) A function f: X— R is called

(i) inf-compact if {x|xe X, f(x) < a}, a € R, is compact,

(ii) sup-compact if {x|xe X, f(x) = a}, a € R, is compact.

(b) A function f: X X Y — R is called (x, y,)-sup inf-compact,
for a fixed (%, y,)e X x Y, if f(x, ) is inf-compact and f(-,y,) is
sup-compact.

If f: XXY—Ris us.c.-ls.c., ie., f(z, y) is upper semi-continuous
in z for each y ¢ Y and lower semi-continuous in y for each ze X,
and X and Y are compact sets, then f(x, ) is (x, ¥.)-sup inf-compact
for all (x, )€ X x Y. Thus the following theorem generalizes Theo-
rem 3.4 of Sion [7].

THEOREM 1. Let X and Y be convex sets, and f: X X Y — R an
401
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u.s.c.-l.s.e. and quasi-concave-convex function, that is (x,, y,)-sup inf-
compact for a fixed (x, y)€X X Y. Then we have

max min f(z, y) = min max f(z, y) .

seX yevy yey zeX

Proof. Let (x,y)eX x Y with the property given above be
fixed.

(i) Li:={zleeX, f(x,y)=f(x,y)} is compact, f(z, y,) is
u.s.c. in « and sup,.y f(®, ¥) = SUP,c;, f(, ¥,). Since an u.s.c. fune-
tion on a compact set takes its maximum, there exists o(y,):=
maX,.y f(«, ¥). Now, for a € B, we have

{ylyeY, sup,cx f(x, y) < a}
= Q ylyeY, fx,y) S alc{ylye?, flx,y) =a}.

ylye Y, flz,y) < a}, x€ X, is closed because f(z, y) is ls.c. in y
for each ze X; {ylye Y, flx, y) < a} is compact because f(x,, y) is
inf-compact in ¥y, and thus with @(y) := sup,.r f(z, y) the level sets
{ylyeY, o(y) < a} are compact. M, :={ylyeY, o(y) = P(y)} is
compact and not empty because

q)(yl) = f(x'a y1) ’ for some 2'¢X.

inf,.; p(y) = inf,.,, P(¥), P(y) is Ls.c., and since a L.s.c. function on
a compact set takes its minimum, there exists min, ., sup,.r f(z, ¥).
Equivalently there exists max,.yinf, ., f(z, ¥).
(ii) Suppose
(1) sup inf f(x, ¥) < k < inf sup f(z, v) .
yey zel

weX yeVY

For all z € X the sets
B,:={ylyeY, f(x,y) £k}

are closed, and B, is compact. From (1) it follows that the family
of the complements {BS},.y is an open covering of Y, for if this were
wrong, we would have a y,e¢ Y with f(x, y) <k for all xe X and
thus inf,.y sup,.y f(@, ¥) < sup,.y f(«, ¥,) < k, which contradicts (1).
Further we have

(2) YCc B, UB; .

Since the family {Bf},.x covers Y, it covers also B,. B, is compact
and thus covered by a finite covering

{Bf._,-..,Bgm}, xieX, 7:':2,"',77’(,_
With (2) this means {Bf, B:, ---, B,} covers Y. We have found a

zq9
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finite set X, = {x,, - -+, #,} € X such that for each y € Y there exists
an ze X, with f(z, y) > k.

Similarly there exists a finite set Y, Y such that for each
x € X there exists a ye Y, with f(x, ) < k.

Following now the second part of Sion’s proof of Theorem 3.4
in [7], we come to a contradiction to (1), and we have
(3) sup inf f(x, y) = inf sup f(x, ¥) -

reX ye¥ yey zekX

(iii) Let @(y) := sub..x f(=, ¥) and y(x) := inf, .y f(x, ¥), then by

(i) there exist x,€ X, y,€ Y such that

P(Yo) = ;ng ?(y) , P(%,) = sup () .

By (3) we then get, for ze€ X, ye Y,

(4) flx, ) = sup f(x, yo) = P(yo) = (@) = ;nf S, y) = fao, ¥) -

Putting in (4) z =z, ¥ = y,, We get

S (@, Yo) = rfleaXX f(x, y) = ire‘;n S (@, ¥)

and thus

min max f(x, ¥y) = max min f(x, y) .
ye¥Y xeX reX yeV

III. A sequential unconstrained solution method. Let A and
B be closed convex and not empty subsets of real linear topological
Hausdorff spaces 27 and 2/, respectively, and f: A x B— R may
be a payoff function. Then we consider the two-person zero-sum
game (A, B, f). A strategy may be called optimal if it is a saddle
point component. Let int A denote the interior, cl A the closure and
bd A the boundary of A. We assume that int A = @, int B+ &,
such that all points of 4 and B may be reached from the interior:

clintA=A4, clint B=B.

DEFINITION 2. A function g:int A x int B— R is called a barrier
Sfunction of A x B, if

(i) g(x, y) is bounded above in x for each y € int B, and bounded
below in y for each z eint A4.

(ii) ¢g(x, ) is u.s.c.-l.s.c. on (int A X int B), i.e., the level sets

{ylyeint B, g(»,y) < a}, (xcint4, acR),

and
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{xlxeint A, g(x,y) =a}, (ycintB, acR),

are closed.

ReEMARK. If A and B are compact, and if g(z, ¥) is u.s.c.-l.s.c.
on (int A x int B), the boundedness condition is fulfilled: Leta’eint A
be fixed, then the level sets L,:= {x|x eint A4, g(x, ) = g(&’, ¥)}, (¥ €
int B), are not empty, closed and contained in int A, and thus com-
pact, when A is compact. Since

weing

sup g(x, ¥) = sup g(x, y) = max g(x, ) ,
A xe Ly aaeLy

there exists max, ... 9, ¥), for each y€cint B.

Now let g(x, y) be a barrier function of A X B, then for a posi-
tive real sequence {r,},.xC R, with », — 40 for % — «, we define on
(int A X int B) the family of payoffs

.02, y) := f(@, y) + 7.9, v), (REN).

THEOREM 2. Let p.(x, y) be quasi-concave-convex on (int A X int B),
and f(x,y) be conmtinuous in each variable, quasi-concave-convew,
bounded above in x for each y € B, bounded below in y for each x € A,
and (2, Yo)-sup inf-compact on (A X B), for a fixed (x, 9,) € (int A X
int B). Then we have:

(i) The game (int A, int B, p.(x, ¥)), n €N, has optimal strate-
gies x, and y,.

(i1) {&.)nen and {¥,}.cn have cluster points, and these points are
optimal strategies for the game (A, B, f).

Proof. Let (x,, ¥,) €(int A X int B) with the property given above
be fixed.

(i) The function p,(x, ¥), (ne€N) satisfies the conditions of
Theorem 1: By our assumptions on the functions f and ¢ we have
the obvious fact that p, = f + 7,9 is u.s.c.-l.s.c. on (int 4 X int B);
cf. Definition 2.

For & = x, we have

{yly eint B, p,(x, ¥) < a}
clylyeB, f(x,y) s a— m-yeigthg(wo, W =:FP;.

P; is compact because f(x, y) is inf-compact in y. So p,(x, -) is
inf-compact. Similarly it follows that p,(-, y,) is sup-compact.
From Theorem 1 we get the existence of a saddle point (x,, ¥,)
of p, over (int A x int B).
(ii) Denote
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Vo 1= Po(%,, ¥,) = val(int A, int B, p.(x, ), (neN),
v,:=val(4, B, f) = f(@, ¥'), for a saddle point (z’, ¥’)
of f on A X B, which exists by Theorem 1.

We have
(1) f @ y) + 7.9, ¥) Zv,, for each yeintB,
(2) f(@, y.) + 7.9, y.) < v,, for each xeint4,

f@,y)=v, f@,y)<v, foreach xcA and yeB.

For an arbitrary but fixed real é > 0 let 2,cint A and y, cint B be
o-optimal strategies in the game (4, B, f):

(3) f(wa;y)g'vo-a’ f(x,?/a)§'vo+3’
for each xecA, yeB.

From (1), (2) and (3) we get

Lf (s, ¥.) + 7.9(s ¥)] — f (25, y,) — 0
=V — 0 = [f(@,, ¥s) + 1.9, ¥s)] — f(@, ¥s) + 0,

and
729(@s, Y) — 0 = ¥ — ¥ S 1,9(X,, Ys) + 0 .
The boundedness of g then implies

7, inf g(x;, y) —0 = v, —v, =7, sup g, ¥s) + 0,
yeintB zeint 4

and for 7, — +0, (n — ),

—0 < liminf (v, — v,) < limsup (v, — v,) =0 .

n—>0 n—r

Since 6 > 0 is arbitrarily chosen, that gives

(4) lim v, = v, .

n—00

From (1) we get for each yecint B

f@ ¥) Z v, — 1,9, ¥)
g Vp — Ty Slllp g(xr y) ’
rzeint 4

(5)

and since v, — v, 7, — 0, (n — =), there exists a constant ¢ inde-
pendent of n such that

f(wm yo) g C, for all neN.

f(-, ¥) is sup-compact, so {x,},.~ is contained in a compact set.
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Hence there exists a subset {x,.,} of the sequence {x,} which
converges to an Ze A, With (56) and (4) we get for each ycint B
by C)l;n(cy) - 56

f(ﬁ%, y) = lin’l f(ccn(a)y y)
(6) = lm (0, — Taiw 9321)4 g(z, ¥))
Z 1lm Vatw = Vo -
f(&, ) is continuous in y and thus (6) provides

f@, y) =zv,, forall yeB;

i.e., ¥ is an optimal strategy for (A, B, f).

COROLLARY. For every sequence {r,},.xZ R, v,—+0, (n— o),
the values v, = val(int A, int B, f + »,9) converge to the value v, =
val (4, B, ), and if (A, B, f) has a unique solution, the whole
sequences of corresponding opitimal strategies {x,},cns {Yntnen CORVETGE
to the solution of (4, B, f).

The solution method is now: Construct a barrier function g of
A X B, choose a positive nullsequence {r,},.y C R, build p, = f + 7.9,
find an optimal strategy =z, of (int A, intB, p.(x, ¥)) and take a
cluster point of {x,},.~v as an optimal strategy for (A4, B, f), on the
premises that the conditions of Theorem 2 are satisfied.

An example: Let A and B be given by
A=fwez|G@=0,i=1,---,m},
B={yez|H(y) =0, =1, ---, 0},

with some continuous convex functions

Ge— R, (1=1,---,m),
HJ':?/——)Ry (j:l,"',’ﬂ).

Under the hypothesis that

intA={xe2Gx)<0,t=1,---,m# O
intB={yez|H(y) <0, j=1,---,0}+ O,

we can take as barrier functions of 4 x B for example:
0.z, y) = 3 lg (—max [Gi(e), —1]) — 3 1g (—max [H,(), —1D ,

gz, y) =3 A%

1
HGw) HHG
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Both are well defined on int A x int B.

1

huily) = —lg (—max [Hy(y), —1) and hu(v):= =g~

are convex, bounded below by 0 and l.s.c. on int B; so >.7, k(%)
has these properties, too, (k = 1,2). If B is compact, we can take
also h.;(y) := —lg (— H;(y)), which then gives the mostly used barrier
functions in the Interior Penalty Method of Nonlinear Programming,
tracing back to Frisch [5] and Caroll [2], respectively.

1V. Computational aspects. In the differentiable case, a
necessary and for a (strictly quasi-) concave-convex function h(z, v)
sufficient condition in order that (Z, %) is a saddle point of h(x, ¥)
over open (convex) sets, is

() @y _ o, ohED _ g,
ox oy

(If the sets include their boundaries, the condition is much more
complicated (cf. [3]).) In our method at each stage (», we have to
solve such a system (*) for p,(z, 9).

This can be done by fixpoint methods, like the Newton Method
or its modifications.

We can also take the gradient methods of [1] or [3] to solve
(int 4, int B, p,) directly.

All the methods need a starting point in the interior of the
regions. Mostly such a point is known in advance, but if not, it
can be computed by a method given in [4], p. 195. Then none of
the algorithms mentioned above leaves the interior of the sets A4 and
B Dbecause of the boundary properties of the barrier function. Thus
the algorithms work as on the whole spaces so that it is justified to
call our method a (sequential) unconstrained solution method.
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