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We investigate finite translation planes of dimension d
over the kernel K=GF(q), where q=pk with p a prime,
having a collineation group G with either G=PSL (2, w) or
G=SL(3, w)9 where w is a prime power. We derive several
restrictions on the planes; for example, if p is odd then 4
divides d. We also give a new characterization of the
Lorimer-Rahilly and Johnson-Walker planes of order 16,
which is more general than that of Johnson and Ostrom.
In addition, we give many examples indicating how good
are our results.

1* Introduction* Lorimer [16] constructed an interesting
translation plane of order 16. The interesting aspect of this plane
is that it possesses the group SL (3, 2) = PSL (2, 7) as a collineation
group; in fact, the linear translation complement contains the group
SL (3, 2) = PSL (2, 7) as a subgroup. Rahilly [21] independently
constructed a translation plane of order 16 which was tangentially
transitive in the sense of Jha [11]. Johnson and Ostrom [12] showed
that the Lorimer and Rahilly planes are the same plane; we will
call their translation plane the Lorimer-Rahilly translation plane.
Walker [20] in a note on tangentially transitive planes gave a
different construction of the Lorimer-Rahilly plane and, in addition,
showed that this construction gives a second translation plane,
distinct from the Lorimer-Rahilly plane, of order 16 which also
possesses SL (3, 2) = PSL (2, 7) as a subgroup of the linear translation
complement. This second plane was also discovered independently
by Johnson; we will call this plane the Johnson-Walker translation
plane.

The Lorimer-Rahilly and Johnson-Walker translation planes have
the following common properties: (1) Order 16 with Kernel K =
GF(2) and hence dimension d = 4; (2) The linear translation comple-
ment contains a subgroup G = SL (3, 2) = PSL (2, 7) having the
following action on the line at infinity: The group G fixes pointwise
a set Δ of 3 points and is transitive on the remaining 14 points.

These observations led the authors to investigate the following
questions: Which translation planes have a collineation group G —
PSL (2, w) for some prime power wt Which translation planes have
a collineation group G = SL (3, w) for some prime power vft

Our main results are as follows. Let it be a finite translation
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plane of dimension d over its kernel K = GF(q), where q = ph with
k ^ 1 and p a prime.

I. Assume G — PSL (2, w), where w ^ 3, is a subgroup of the
linear translation complement LC(π) of π.

A. If p is odd then 4 divides d.
B. If p = 2 and w ^ 7 then 2 divides <Z.
C. If w = ps for some s ^ 1, and if G fixes pointwise a subset

j of the line at infinity •«, with | zf | = p* + 1 for some ί ^ 1 and is
transitive on /«, — J, then p = 2.

II. Assume G — SL (3, w), where w ^2, is a subgroup of the
linear translation complement LC(π) of π.

A. Either p is odd and 4 divides d, or p = 2 and 2 divides d.
B. If ^ = pι with ί|Λ and if G leaves invariant a subset Δ of

ôo with | j | = w + 1 and is transitive on /^ — Δ, then
( i ) d = 4 and w = q
(ii) G fixes J pointwise
(iii) p = 2.
C. If w = p and if G leaves invariant a subset j of /«, with

IJ| = p + l and is transitive on /^ — J, then π is either the
Lorimer-Rahilly translation plane or the Johnson-Walker translation
plane.

In [14] Johnson and Ostrom gave a characterization of the
Lorimer-Rahilly and Johnson-Walker planes as the only translation
planes of order 16 having SL (3, 2) = PSL (2, 7) acting on them. Our
characterization of the same planes in IIC is more general since we
do not limit the order of the plane to 16 or the value of w to 2,
but instead we characterize the planes in terms of the action of
the group SL (3, w) on the line /<».

In addition, throughout the article many examples are given to
indicate in what ways these results are best possible. For example,
with relation to the results given in I the group PSL (2, 2) = Ss

occurs in many translation planes; thus the condition "w ^ 3" is a
necessary one. On the other hand, it appears that some of the
assumptions could be dropped without seriously affecting the con-
clusions. Lorimer has raised the question: "Which translation
planes possess a collineation group G = SL (3, q), where q is the
order of the kernel?" The results of this article indicate that there
are only a small number of such translation planes.

The authors would like to thank the referee for his help; in
particular, he corrected a major error in the proof of Theorem 3.6.

2* Preliminaries* We assume the reader is familiar with the
theory of protective planes as given in Dembowski [2] and Ostrom
[19] and with the basics of group theory as given in Huppert [10]
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In this section we give the viewpoint of (affine) translation planes
that will be taken in this article. This viewpoint, which is origi-
nally due to Johannes Andre, has been developed by T. G. Ostrom
in many of his recent articles. (See Ostrom [19, 20].) Most of the
definitions and results stated here can be found in the article [15].

All planes that we consider will have finite order. Furthermore,
all planes will be (affine) translation planes and the collineations
considered will be in the translation complement of the plane. The
translation complement is defined as follows (see [15]): Let π be a
translation plane and let G be its collineation group. It follows
that G — TG^ where T is the group of translations of π and G> is
the subgroup of G fixing an affine point & of π. The point & is
usually taken to be the origin of a coordinate system for π with
respect to a quasi-field (Q, +, •)• The group C(π) = G> is called the
translation complement (with respect to έ7) of π and a line through
& is called a component of π.

The kernel of the translation π is the field K — K(π) — {k \ k e Q,
k(ab) — (ka)b and k(a + 6) = ka + kb for all α, b e Q}. Geometrically,
the group of (^, 4o)-homologies is isomorphic to the multiplicative
group i£* of the kernel K and we will use K* to denote this group.
(Here, and throughout this article, the line at infinity of the trans-
lation plane is denoted by /«,.) Concerning these concepts we have
the following information.

THEOREM 2.1. Let π be a finite translation plane of order pr

where p is a prime and r ^ 1, let K — GF(q) with q — pk be the
kernel of π, and let C = C(π) be the translation complement of π.
The following statements hold:

( i ) Every component I of π is a vector space over K of dimen-
sion d ^ 1.

(ii) The plane π is a vector space over K of dimension 2d.
(iii) The group C is a subgroup of ΓL(2d, q).
(iv) If I is a component of π, then the group Ct induces a

group of semi-linear transformations on I which is a subgroup of
ΓL(d, g).

Proof This is well known. See, for example, Andre [1] or
Ostrom [19].

REMARK 2.1. Throughout this article, given a translation plane
π of finite order the characteristic of π will always be denoted by
the letter p—hence p will always be a prime—and the letter q will
always denote the order of the kernel K(π) of π. Thus q — pk for
some integer k ^ 1.
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DEFINITION 2.1. Let π be a finite translation plane of order pr

and let K = GF(q), where q = pk, be its kernel. The dimension of
π over K is d, where d is the dimension of a component of π over
K. The linear translation complement of π is the group LC(π) =
C(π) Π GL(2d, q), where C(π) is the translation complement of π.

THEOREM 2.2. If ^ is a finite translation plane of odd dimen-
sion d over its kernel K — GF(q), where q — pk with k ̂  1, and if
G is a collineation group of Sί fixing an affine line I of Sί, then
the group G is solvable.

Proof See Lemma 2.13 of Kallaher and Ostrom [15].

DEFINITION 2.2. Let Sϊ be a translation plane. An affine pers-
pectivity (elation, homology) is a perspectivity (elation, homology)
whose axis is an affine line of δί. If σ is an affine homology con-
tained in the translation complement C(Sί), then the co-center of σ
is the point I Π loo, where I is the axis of σ, and the co-axis of σ is
the component m — έ?P, where P is the center of σ. (Recall that
P must be on l^, the line at infinity.)

LEMMA 2.1. Let π be a translation plane of order pr and let
H be a group of affine homologies in the translation complement
C{π) with the same axis (and hence center). The Sylow 2-subgroups
of H are cyclic or generalized quaternion; in particular, H has no
subgroup isomorphic to the Klein four-group.

Proof. This follows from the fact that H is a Frobenius com-
plement on the co-axis of H. (See Lemma 2.2 of Kallaher and
Ostrom [15] and Hauptstatz V.8.7 in Huppert [10].

LEMMA 2.2. Let π be a finite translation plane of order pr and
assume π has dimension d over its kernel K = GF(q) with q = pk.
If a is a Baer involution in the linear translation complement
LC(π) of ΊZ and if π0 is the associated Baer subplane, then the fol-
lowing statements hold:

( i ) The subplane π0 is a subspace of dimension d in π consi-
dered as a vector space over K.

(ii) The subplane π0 is a translation plane with K contained
in its kernel.

Proof. Since πQ consists precisely of the points of π fixed by a
it is clear that π0 forms a subspace of π in K. The dimension is
d since πQ has qd points. This proves statement (i). For statement



THE LORIMER-RAHILLY AND JOHNSON-WALKER PLANES 413

(ii) note that πQ a subspace implies πQ is closed under vector addition.
Every translation of π has the form

(x, y) > {x, y) + (α, 6)

relative to the vector space structure of π, where (α, b) is a fixed
point of % and (x, y) is a general point. It is clear that the trans-
lation with (a, b) 6 π0 preserves π0 and hence is a translation of π0.
Thus τr0 has qd translations and hence π0 is a translation plane. The
fact that K is contained in the kernel of πQ is straightforward to
prove.

LEMMA 2.3. Let V be a vector space of dimension 2d over the
field K = GF(q), where q is an odd prime power, and let a, β be
linear transformations of V with aβ = βa and a2 = β2 = l. Assume
that V(a)t the subspace consisting of the fixed points of a, and
V(β)f the subspace consisting of the fixed points of β, both have
dimension d over K. If V(a) Π V(β) consists only of 0 then aβ is
the scalar linear transformation σ(~-1): v—>( — l)v on V.

Proof We have V = V(a) © V(β). Since aβ = βa, the linear
transformation a fixes V{β) and thus it induces a linear transfor-
mation a on V(β) with a2 = 1. Since V(a) Π V(β) = 0, the only
eigenvalue for a is — 1. Thus, by choosing a suitable basis B for
V(β), the transformation a is represented by the matrix ( — 1)/,
where I is the d by d identity matrix. (Here we are using Theorem
6 on p. 204 of [9].) Similarly, by choosing a suitable basis B for
V(a) the linear transformation β induces a linear transformation B
on V(a) which is represented by ( — 1)1 with respect to B. Then
B U B is a basis for V and, with respect to this basis, we have the
representations

"I 0
a 0 (-l)jj

β
0

0 /

It follows that the transformation aβ is represented by the matrix

"(-I)/ 0

_ 0 (-l)

with respect to B I) B. It follows that α/3 = σ( — l).

LEMMA 2.4. Lei π be a finite translation plane of dimension d
over its kernel K = GF(q), where q — pk with k^l and p is an
odd prime. Let au a2 be two distinct Baer involutions contained in
the linear translation complement LC(π) and let τclf π2 be the associ-
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ated Baer subplanes of alf a2 respectively. Assume that axa2 = a2at

and that for i Φ j the involution at induces an involutory homology
cίi on π3'. The collineation aλa2 is an involutory homology on π.

Proof By Corollary 4 of Foulser [5] we must have πx Φ π2.
For i = 1, 2 let πt Π L be the points at infinity of πt. That is,
TΓί Π loo is the line at infinity of πt. We consider two cases: (a) πλf\
ϊoo is the axis of ά29 and (b) a2 has affine axis in 7Γ1#

If case (a) holds, then it follows that the involutory homology
ax induced on π2 must have axis π2 Π loo and that πί Π loo = π2 Π £«,.
Thus the affine Baer subplanes π1 and π2 have trivial intersection.
Hence we can apply Lemmas 2.2 and 2.3. Therefore, in case (a) the
collineation aλa2 is the involutory homology with axis l*> and center &.

If case (b) holds, then there exists a component I of π such
that πx Π I is the axis of a2. (Remember that a2 fixes the origin
^ = ( 0 , 0 ) . ) But then π1 Π ϊ is in ττ2 and hence ax must fix 7ΓX D Z
pointwise in π2. It follows that π1f)l = π2Πl- Also πx Π i is a
subspace of I considered as a vector space over K. Since πλ is a
Baer subplane of 7Γ, the dimension of πx Π ϊ is half that of i; thus,
the subspace π± Π ί has dimension (l/2)d since ί has dimension d.
The set H = {1, αly α2, α^αj induces a group of linear transformations
on L By Maschke's theorem (Theorem 2.3 and Exercise 2 on p. 25-26
of Dixon [4]), we have ί = feίΊί)θ^ where L is a subspace of
I on which both at and a2 are fixed-point-free. It follows that
both aλ and α2 are represented on I by the same matrix

I 0

o ( -

with respect to a suitable basis. (Here we use Theorem 6 on p.
204 and Theorem 8 on p. 207 of [9].) Then αxα2 is represented on
I by the identity matrix; it follows that axa2 induces the identity
on I. Therefore, in case (b) the collineation aλa2 is an involutory
homology with a component as axis.

We close this section with an important result which will be
essential in the next two sections. This result is originally due to
Professor T. G. Ostrom.

THEOREM 2.3. Let π be a finite translation plane of dimension
d over its kernel K = GF(q), where q = pk with k ^ 1 and p an odd
prime. If the linear translation complement LC{π) of π contains a
Klein four-group H in which all the involutions are mutually con-
jugate in LC(π), then 4 divides d and the involutions in H are
Baer involutions.
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Proof. Assume first that H contains an involutory homology.
Then all three involutions of H are homologies. If these involutory
homologies did not have the same axis or the same center, then the
three axes would form the sides of a triangle, one of which is the
line at infinity (Dembowski [2; 3.1.7]). But then the line at infinity
must be moved — a contradiction. If the three involutions of H
have the same axis then they have the same center since H has no
nontrivial elation. Similarly, if they have the same center then
they have the same axis. Then, let I be the common axis of the
three involutory homologies in H. Either I is the line at infinity
or I is an affine line of π. Since π has exactly one involutory
homology in C(π) with axis Z«, (Dembowski [2, 4.3.10]), the line I
must be an affine line. But Lemma 2.1 says we have a contradic-
tion. It follows that all the involutions of H are Baer involutions.

Let al9 <x2, oίz = aλa2 be the Baer involutions in H and let πu π2,
τr3 be the corresponding "Baer exes" (i.e., the Baer subplanes of π
fixed pointwise by al9 a2> az respectively). Since p is odd, Corollary
4 of Foulser [5] says that i Φ j implies πt Φ πά. Since H is abelian
the involution at fixes the Baer subplane πd for all i and for all j .
Thus, if i Φ j we have two possibilities: (a) the involution at induces
a Baer involution on πjf and (b) the involution at induces an in-
volutory homology on πy. If (a) occurs for some i and j then πi

must have even dimension over K. (See Lemma 2.14 of [15].) Since
πd has dimension (l/2)d over K, the theorem holds in case (a).
Thus we may assume (b) holds for all i, j with i Φ j . By Lemma
2.4 the involution az = aλa2 must be an involutory homology which
is a contradiction. Thus case (b) can not hold. This proves the
theorem.

REMARK 2.2. We will apply Theorem 2.3 in each of the next
two sections. It will be clear that Theorem 2.3 applies to many of
the classical groups including Sn, An, PSL (2, w), and SL (n, w).

REMARK 2.3. Theorem 2.3 does not hold for p — 2 since in this
case the possibility exists that the involutions of the Klein four-
group H are elations with the same affine axis. This can happen,
as can be seen by looking at a semi-field plane (desarguesian or
non-desarguesian) of characteristic 2.

3* The group PSL (2, w) as a collineation group* In this
section we investigate translation planes having the group PSL(2, w)9

where w is a prime power, as a collineation group. The following
result shows that we may in essence restrict ourselves to the linear
translation complement.
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LEMMA 3.1. Let π be a finite translation plane of dimension d
over its kernel K = GF(q), where q = pk with k ^ 1 and p an odd
prime. If π has a collineation group G = PSL (2, w) in its transla-
tion complement C(π), then one of the following statements holds:

( i ) w ^ 4 and LC(π) contains the subgroup G — PSL (2, w).
(ii) w = 3 and either LC(π) contains a Klein four-group or

LC(π) contains the subgroup G = PSL (2, 3).
(iii) w = 2 and either LC(π) contains a cyclic subgroup of

order 3 or LC{π) contains the subgroup G = PSL (2, 2).

Proof Recall that C(π) is a subgroup of ΓL(2d, q) and LC(ττ) =
C{π) n GL(2d, «). Now ΓL(2d, q)/GL(2d, q) is isomorphic to Aut (K)
and hence is cyclic. Thus C(π)/LC(π) is a (cyclic) subgroup of
Aut (K). Thus, the factor group G/G Π -LC(ττ) is a cyclic group.
Now PSL (2, w) is never cyclic for w ^ 2. If w ^ 4 , the group
PSL (2, w) is simple. Hence, if w ^ 4, then G Π LC(7r) = G. If w =
3 then PSL (2, 3) = A4 has three normal subgroups: 1, A4 and its
Sylow 2 subgroup S, which is a Klein four-group. It follows that
either G Π LC(π) = S or G Π LC(π) = G. If w = 2 then PSL (2, 3) =
S3 and a similar argument shows that G Π LC(π) is cyclic of order
3 or G n LC{π).

REMARK 3.1. A reasonable question to ask is the following:
What occurs if the translation plane π of Lemma 3.1 has a collinea-
tion group G = PSL (2, w) for some prime power w but G is not a
subgroup of the translation complement C(π)? The answer is that
if w ^ 4 or if 39 ̂  5 then C(π) contains a subgroup G2 = PSL (2, w).
For, if G(ττ) is the full collineation group of π then

G(π) = TC(π) ,

where T is the group of translations of π, and

T Π C(τr) - 1 , G(π)JT = C{π) .

If w ^ 4 then PSL (2, w) is simple and nonsolvable; hence ΓflG = 1
since T is elementary abelian of order q2d. Thus C(π) = G(π)/T con-
tains a subgroup Gx = PSL (2, w). If w = 3 then either T Π G = 1
or T Π G = S, the unique Klein four-group of PSL (2, 3) = A4; hence
10 = 3 implies either C(π) contains a subgroup Gx = PSL (2, 3) or
p = 2. Similarly, if w = 2 then PSL (2, 2) = £3 and hence either
C(τr) contains a subgroup Gx = PSL (2, 2) or p = 3.

Furthermore, in the latter two cases it is not difficult to con-
struct examples where G(π) contains a group G = PSL (2, w) with
G f l Γ ^ l . For instance, consider any translation plane of order
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qd with g, the order of the kernel, even and q — 1 divisible by 3.

LEMMA 3.2. The group G = PSL (2, w)f where w ^ 3, contains
a Klein four-group H in which the involutions are mutually con-
jugate.

Proof If w is odd then the group PSL (2, w) contains the group
A4 as a subgroup (Huppert [10; Hauptsatz II. 8.27]). The group A4

contains a Klein four-group H in which the involutions are mutually
conjugate (within A4). Assume w is even; then w = 2s with s ^ 2.
All the involutions of PSL (2, 2s) are conjugate (Dickson [3; p. 263]).
Choosing two nonidentity elements σ, τ in a Sylow 2-subgroup of
PSL (2, 2s) gives a Klein four-group JSΓ in which the involutions are
conjugate (within PSL (2, w)).

We have the following important result.

THEOREM 3.1. Let π be a finite translation plane of dimension
d over its kernel K — GF(q), where q = pk with k^l and p an odd
prime. If PSL (2, w), where w ^ 3, is a subgroup of the transla-
tion complement C(π), then 4 divides the dimension d of the plane π.

Proof. By Lemma 3.1 and Lemma 3.2 the linear translation
complement LC(π) contains a Klein four-group H in which the
involutions are mutually conjugate within LC{π). Thus the theorem
follows from Theorem 2.3.

The next theorem considers the case where the characteristic p
of the translation plane π is equal to 2.

THEOREM 3.2. Let π be a finite translation plane of dimension
d over its kernel K—GF{q), where q — 2k with k^l. If PSL (2, w),
where w is an odd prime power with w ^ 7, is a subgroup of the
translation complement C(π), then the following statements hold:

( i ) Not all the involutions of PSL (2, w) are perspectivities.
(ii) The dimension d of π is even.

Proof. First, observe that Lemma 3.1 says G = PSL(2, w) is
contained in the linear translation complement LC(π). Assume all
the involutions of G are perspectivities. Since G fixes the origin
# and since p = 2, the involutions must be affine elations. By the
Hering-Ostrom theorem (Hering [8]), these affine elations generate
SL (2, 2s) for some s ^ 1, a Suzuki group Sz(2r) with r odd, an ele-
mentary abelian group, or a group of the form EH with \E\ = 2
and |J5Γ| odd. But, on the other hand the involutions of G generate
G since G is simple (w > 3) and G is not one of the four types of
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groups mentioned in the Hering-Ostrom theorem. (Here we need
w > 5 since PSL (2, 5) = PSL (2, 4) - SL (2, 4).) Thus we have a
contradiction. This proves statement (i) and statement (ii) follows
from Lemma 2.14 of Kallaher and Ostrom [15].

REMARK 3.2. The restrictions on w in Theorem 3.2—namely,
that w be odd and at least 7—are necessary. First, if w = 5 or
2s s ^ 1 then PSL (2, w) = PSL (2, 2*) for some ί and these groups
occur in translation planes of odd dimension and even order. Ex-
amples include the desarguesian planes of even order. The group
PSL (2, 3) = A4 also occurs in translation planes of odd dimension
and even order; examples include semi-field planes of even order.

We can combine Lemma 3.1, Remark 3.1, Theorem 3.2 to give
the following information on the existence of translation planes
with a collineation group isomorphic to PSL (2, w) for some prime
power w.

THEOREM 3.3. Let π be a finite translation plane of dimension
d over its kernel K = GF(q), where q = pk with k ^ 1. If π has a
collineation group G — PSL (2, w) with w ^ 3, then one of the follow-
ing statements holds:

( i ) The prime p is odd and 4 divides the dimension d.
(ii) The prime p = 2, the prime power w is odd and at least

7, and 2 divides the dimension d.
(iii) The prime p = 2 and w = 3, 5, or 2s with s ^ 2.

REMARK 3.3. The group PSL (2, 2) = SL (2, 2) = S3 occurs as the
collineation group of many translation planes. For example, if (Q,
+ , •) is a nearfield with an element a of multiplicative order 3
(which happens if and only if 3|(|Q| — 1)|, then in the associated
translation plane π the involutory affine perspectivities

(x, y) > (y, x)

(x, y) • (ya~\ xa)

generate a subgroup of LC(π) which is isomorphic to S8.
We turn now to looking at the possibility of having PSL (2, w)

acting on a translation plane under added conditions. We start
with the following interesting result.

THEOREM 3.4. Let π be a finite translation plane of order pr,
where p is an odd prime. The translation complement of π con-
tains no subgroup G = PSL (2, ps) with s > 1/2 r.

Proof Note that the elements of the translation complement
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C(π) of π on linear transformations of π considered as a vector
space over GF(p). If r — 1 then π is desarguesian and its transla-
tion complement is ΓL(2, p) which does not contain a subgroup
isomorphic to PSL (2, ps) for any s. Hence we may assume r > 1.

Assume that G = PSL (2, ps) is contained in the translation com-
plement of π. If « = r then Theorem 4.2.15 of Dembowski [2]
implies π is desarguesian. By KoroUar 2 of Liineburg [17] the group
G cannot fix a line in the projective plane associated with π. But
this contradicts the fact that G fixes L,. Hence s Φ r.

Now, s > 1/2r ^ 1; thus, s ^ 2. We have |G| - |PSL(2, ps)i =
1/2 ps(p2s — 1). Since 2s ^ 4, the integer p2s — 1 has a prime p-primi-
tive divisor u. (See [15; §2b].) This means that u\(p2s — 1) but
MI (p* — 1) for all integers i with 1 <; i < 2s. In particular, we
must have u\(ps + 1). We claim:

(a) u \{pr + 1) and (b) u \ {pr - 1) .

Statement (b) follows from the fact that 2s > r. For statement (a),
note first that if s > r then u | (p2r — 1) by the definition of a p-
primitive divisor and hence u\{pr + 1). If s < r then ^ | (p r + 1)
would imply u divides (pr + 1) — (ps + 1) = ps(pr~s — 1) and hence u
would divide pr~s — 1. But r — s < r — 1/2 r = 1/2 r < s and we
have a contradiction to the choice of u as a ^-primitive divisor of
p2s — 1. This proves (a).

Finally, note that u \ {pr~l - 1) for all t with 0 ^ t < r. This
follows from the fact that 2s > r and from the definition of a p-
primitive divisor.

Let σ e G be a collineation of order u. Since ^ | (pr + 1), the
collineation σ fixes a point U on the line Zoo. Consider the compo-
nent I = ^ Ϊ 7 of 7Γ. On ί the collineation σ acts as a linear trans-
formation since I is a subspace of dimension r in TΓ considered as
a vector space over GF(p). Since u \{pr — 1) the collineation <7 fixes
at least one affine point of I other than the origin ^ . If σ did not
fix all the affine points of I, then its fixed points in I would form
a subspace of I having pι points for some t ^ 1. But then σ must
act as a fixed-point-free permutation on the remaining pr — pt =
pt(pr~t — 1) points on Z; this implies u\(pr~* — 1), a contradiction.
Thus σ fixes all the points of I and hence σ is an affine perspectivity.
Thus either u = p or ^|(^) r — 1); both possibilities are contradictions.
This proves the theorem.

COROLLARY 3.4.1. Let π be a finite translation plane of dimen-
sion d over its kernel K — GF(q), where q = ph with k^l. The
translation complement of π does not contain a subgroup G —
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PSL (2, g«) with t > 1/2 d.

Proof. This follows immediately from Theorem 3.4; for r — kd
and t>l/2d would imply kt > 1/2 kd = 1/2 r.

Consider the Lorimer-Rahilly and the Johnson-Walker translation
planes of order 16. In both planes the group G = PSL (2, 7) has
the following orbit structure on the line L: The group G fixes
pointwise a set Δ consisting of three points and is transitive on the
set Zoo — Δ consisting of 14 points. This leads to the following
definition.

DEFINITION 3.1. A special translation plane is a translation
plane of finite order qd, where q = pk is the order of the kernel
and d is the dimension, possessing a collineation group (?=PSL(2, w)
in the linear translation complement and having the following action
on Zoo, the line at infinity: The group G fixes pointwise a subset Δ
of Zoo with IΔI ^ 1 and is transitive on the set Zoo — Δ. The prime
power w is called a special invariant of the plane and the subset
Δ is called the associated special set.

We have the following immediate corollary to Theorem 3.1.

THEOREM 3.5. If π is a special translation plane of dimension
d over its kernel K = GF(q), where q = pk with k^l and p an
odd prime, and if a special invariant of π is odd, then 4 divides
the dimension d of π.

Two different viewpoints concerning the set Δ in Definition 3.1
may be taken. In the Lorimer-Rahilly and Johnson-Walker planes
we have

\Δ I = 3 = 2 + 1 = p + 1

This leads to two different, but reasonable, hypotheses that might
be added:

Hypothesis J: | Δ \ = p + 1

Hypothesis K: \Δ\ = —{w - 1) .
Li

We invest igate Hypothesis J and show t h a t w Φ ps if p is odd.

LEMMA 3.3. Let π be a special translation plane of dimension

d over its kernel K — GF(q), where q = pk with k ^ l and p is an
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odd prime, and assume a special invariant of π is the integer w —
p8 with s ^ 1. If the associated special set Δ satisfies \Δ\ = pι + 1
with t ^ 1, then t <* s and dk-t divides 2s.

Proof If | 4 | = p ' + l then | L - Δ\ = qd - p« = p'(pd*-« - 1).
Hence p'(pd*-' - 1) divides |PSL(2, ps)\ = 1/2p\p2s - 1). Then p*\p',
which implies t ^ s and p**-* — 1 divides p28 — 1 which implies dk — t
divides 2s.

THEOREM 3.6. Let π be a special translation plane of dimension
d over its kernel K = GF(q), where q — pk which k ^ 1 and p is a
prime, with special invariant w = ps and associated special set Δ.
If IAI = p* + 1 for some t ^ l then the characteristic p = 2.

Proof Assume p > 2. By Theorem 3.5 we have 4|r, where
r = (ZA. By Theorem 3.4 the integer s satisfies s ^ 1/2 r and Lemma
3.3 says t ^ s. Hence £ ̂  1/2 r. Also, Lemma 3.3 says r — t divides
2s. Assume t < 1/2 r, and let 2s = x(r — t). If x > 1, then r =
2sx~x + ί ^ s + ί < r , a contradiction. Thus, 2s = r — ί. Now, the
group G = PSL (2, ps) is transitive on the set l^ — Δ and hence, for
a point VeL- Δ the group GΓ has order |G|[p*(pr"* - I)]"1 = ps~f.
If α e G is an involution then it must be Baer since it fixes Δ point-
wise and G is simple. But a fixes no point of lM — Δ and hence its
fixed subplane has order p* < p8, contradicting the fact that a is
Baer. This contradiction shows that t = 1/2 r and r — 2s. Thus, π
is a plane of order p28 with a subgroup G = PSL (2, ps) in its linear
translation complement.

Let σ be a p-element in G. By Definition 3.1 the collineation
σ fixes the p s + 1 points in Δ. It follows that σ fixes point wise a
Baer subplane of π; that is, the collineation σ is a Baer p-element
in G. By Corollary 4.3 and Proposition 5.1 of Foulser [6] either
the Baer p-elements of G generate SL (2, ps) or p = 3 and s = 1.
Since SL (2, ps) Φ PSL (2, ps) for p odd, we must have p = 3 and
s = l. Thus r = 2, which contradicts the fact that 4 divides r.

REMARK 3.4. Not much else can be added to Theorem 3.6. The
Hall planes of order q2 with q = 2k have the collineation group G =
SL(2, q) = PSL (2, g) and special associated set Δ with \Δ\ — q + 1.
Since SL (2, g) contains smaller groups of the form SL (2, 2s) with
s\k, we can not prove t — s oτ w — q. We should also remark that
in the desarguesian plane of order qz, where q = 2k, the group G =
SL (2, #) = PSL (2, #) is a subgroup of the linear translation comple-
ment and G has two orbits on L, one of length q + 1 and a second
of length #3 — q.
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REMARK 3.5. If Hypothesis K is satisfied in a special translation
plane, then a simple counting argument shows that w and p are
relatively prime. In particular, if in the special translation plane
the special set Δ satisfies

\Δ\ =p + l = i - ( w - l ) ,
Δ

then w = 2p + 3 and an easy calculation shows w — 1 and p — 2.
The work of Johnson and Ostrom [14] shows that π is either the
Lorimer-Rahilly plane or the Johnson-Walker plane.

4* The group SL (3, w) as a collineation group* In this section
we consider translation planes having the group SL (3, w), where w
is a prime power, as a collineation group. The following result
shows that we may in essence restrict ourselves to the linear trans-
lation complement.

LEMMA 4.1. Let π be a finite translation plane of dimension d
over its kernel K = GF(q), where q — ph with k^l. If (? = SL(3, w)
is a subgroup of the translation complement C(ττ), then G is contain-
ed in the linear translation complement LC(π).

Proof Recall that C(π)/LC(π) is a subgroup of ΓL(2d, q)/GL(2d, q)
which is solvable. Thus G/G Π LC(π) == GLC(π)/LC(π) is a solvable
group and hence G Π LC(π) must be a nonsolvable normal subgroup
of G = SL(3, w). By Aufgabe 6 on p. 135 of Huppert [10] it follows
that G Π LCiπ) = G and hence G ^ LC(π).

REMARK 4.1. By an argument similar to one exhibited in
Remark 3.1 it can be shown that if a translation plane π has a
collineation group G = SL (3, w) then its translation complement C(π)
has SL (3, w) as a subgroup.

LEMMA 4.2. 27^ group G = SL (3, w) contains a Klein four-
group H in which the involutions are mutually conjugate.

Proof Assume first that w is odd. Let H be the group con-
sisting of the identity matrix and the following three involutory
matrices:

A =

1
0

0

0
- 1

0

0
0

- 1

B =
- 1

0

0

0
1

0

0
0

- 1
c = 0

0

0
- 1

0

0
0

1
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It's clear that H is a Klein four-group,
conjugate; for example, if

Also A, B9 C are mutually

0

1

β

1

0

0

0"

0

1

, E =
1

0

0

0

0

1

0
1

0_

then

E-'BE^C, = A

For w = 2 we have SL (3, 2) = PSL (2, 7) by Satz II.6.14 of
Huppert [10]. Lemma 3.2 gives the present lemma in this case.
If w = 2s with s ^ 2 then SL (3, 2s) contains a subgroup isomorphic
to SL (3, 2) and hence the lemma follows in this case also. This
proves the lemma.

We come now to our first important result of this section, one
which is very similar to Theorems 3.1 and 3.2.

THEOREM 4.1. Let π be a finite translation plane of dimension
d over its kernel K — GF(q), where q — ph with k^l. If (? = SL(3, w)
is a collineation group of π, then one of the following statements
holds:

( i ) The prime p is odd and 4 divides the dimension d.
(ii) The prime p = 2, the involutions in G are Baer9 and the

dimension d is even and at least 4.

Proof By Lemma 4.1 and Remark 4.1 we may assume G is a
subgroup of LC(π). If the prime p is odd then statement (i) holds
by Lemma 4.2 and Theorem 2.3.

Assume p = 2. If one or more involutions in G are perspectivi-
ties then they must be affine elations since G fixes the origin &.
Furthermore, the normal subgroup generated by these involutions
must be G since the center of G has odd order. (See Hilfssatz II.6.2
and Aufgabe 6 on p. 185 of Huppert [10].) The Hering-Ostrom
Theorem (Hering [8].) says that either G is solvable, G is a Suzuki
group S£2r), or G = SL (2, 28) for some s. But SL (3, w) is non-
solvable for all w; also SL (3, w) Φ Sz(2r) for any r, and SL (3, w) Φ
SL (2, 28) for any s. Hence we have a contradiction. It follows
that every involution of G is a Baer involution. By Lemma 2.14
of [15] the dimension d is even. If d = 2 then Theorem 3.27 of
Johnson and Ostrom [13] implies G — SL (2, 2s) for some s, a con-
tradiction. Thus d > 2. This proves the theorem.

DEFINITION 4.1. An LR translation plane is a finite translation
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π having a subgroup G of its linear translation complement LC(π)
with the following properties:

( i ) G = SL(3, w) for some prime power w.
(ii) On Zoo, the line at infinity of π, the group G leaves invari-

ant a set Δ of order w + 1 and is transitive on the set Z«> — Δ.
The group G — SL (3, w) is called an ZJ? collineation group and the
set Δ is called the associated LR set.

For the remainder of this section we wish to investigate LR
translation planes. Our results will support strongly the conjecture
that the only LR translation plane is the Lorimer-Rahilly plane of
order 16. To do this we need several lemmas.

LEMMA 4.3. Let π be a finite LR translation plane of dimen-
sion d over its kernel K = GF(q), where q = pk with k ^ 1. If G =
SL (3, w)f where w — pι with t a divisor of kf is an LR collineation
group of π with Δ the associated LR set, then w = q and d = 4.

Proof Choose the positive integer v such that tv = k; then
qd = wvd. L e t t i n g u = vd gives qd - wu. Now \l«, — Δ\ = (qd + 1) —

(w + 1) = wu — w = w ^ - 1 — 1). Since (? = SL (3, w) is transitive
on Zoo - zί, we have wiw^1 - 1) divides |SL(3, 4)| = w\w3-l)(w2-l).
Hence wu — 1 divides (w3 — l)(w2 — 1). Thus there exists an integer
5 ^ 1 such that

(w - 1 - 1)6 = (w5 - l)(w 2 - 1) = w5 - ws - w2 + 1 .

Assume t6 ^ 6. Then

w5 — 1 ^ w5 — w3 — w2 + 1

or

w\w + 1) = wz + w2 ^2 ,

a contradiction since w ^ 2. Thus u ^ 5. lί u = vd = 5 then d is
odd, contradicting the fact that d is even (Theorem 4.1). Hence
u = wZ ̂  4. Theorem 4.1 says cZ ̂  4. Hence d = 4, v = 1, and thus
t = k, or w = pk — q.

LEMMA 4.4. Let π be an LR translation plane of dimension d
over its kernel K — GF(q), where q = ph with k ^ 1, with the LR
collineation group G — SL(3, q) and associated LR set Δ. The group
G fixes the set Δ pointwise.

Proof If G does not fix Δ pointwise then | Δ \ ̂  q2 + q + 1 by
Mitchell [18] for q odd and Hartley [7] for q even. This a con-
tradiction since \Δ\ = q + 1.
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LEMMA 4.5. Let w be an odd prime power. The group G =
SL (3, w) has an involution A whose centralizer contains a subgroup
G, = SL (2, w).

Proof. Let A be the element of G given in the beginning of
the proof of Lemma 4.2. Let Gx be the subgroup of G consisting
of all matrices of the form

1

0

0

0

a

c

(Γ

b

where the submatrix

d

is an element of SL (2, w).
that Gx centralizes A.

Then it is clear that G, = SL (2, w) and

LEMMA 4.6. If π is an LR translation plane of dimension d
over its kernel K = GF(q), where q = pk with k Ξ> 1, wiίfe the LR
collineation group G = SL(3, #) αwd associated LR set Δ, then p = 2.

Proof. Assume p is odd. By Lemma 4.4 the group G fixes Δ
pointwise. Let τ be the involution of Lemma 4.5 and Gx = SL (2, g)
the subgroup of Lemma 4.5. The involution τ can not be an affine
perspectivity since τ fixes Δ pointwise. Furthermore, it can not be
an homology with axis L since \Z(G^)\ = g.c.d. (q — 1, 3). Thus τ
is a Baer involution. Let πQ be the Baer subplane of π fixed point-
wise by τ. By Lemma 2.2 the subplane π0 is a translation plane of
dimension at most 1/2 d = 2 over its kernel. The group Gx fixes τr0

since it centralizes τ; thus Gx induces a collineation group Gx on π0

and Gi = GJG0 where GQ consists of all elements of Gx fixing πQ

pointwise. Note that τ e Go and hence | Go \ ̂  2.
We claim that Gt = PSL (2, #). First assume that q > 3. Then

the only nontrivial normal subgroups of Gx = SL (2, q) are Gx and
^(GrJ which has order 2. Since Go must be solvable (Foulser [5;
Theorem 3]), we have Go = Z(Gλ) and thus Gx = GJZifiύ = PSL (2, <?).
Assume now that # = 3. Then Gx = SL (2, 3) has four normal sub-
groups: 1, Z(Gi), a quaternion group Q, and Gx. By Theorem 3 of
Foulser [5], if Ko is the kernel of π0 then Go is isomorphic to a
subgroup of one of the following groups: (a) the additive group
(KOf 4-) of Ko; (b) the multiplicative group (J5Γ*.) of the kernel iL>
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of a second Baer subplane; (c) the affine linear group Aff (1, KQ) con-
sisting of all mappings of the form x —• xa + 6, where a,beK0 with
a Φ 0. It follows that Go has a cyclic Sylow 2-subgroup. Thus
Go Φ Q and Go Φ Gx. Since τ e Go, it follows that Go = Z{GX) and
thus Gi = GJZiG,) = PSL (2, 3).

Thus 7Γ0 is a translation plane of dimension 1 or 2 over its
kernel having a subgroup G1 = PSL (2, g) in its linear translation
complement. By Theorem 3.1 the plane π0 must have dimension at
least 4 over its kernel, a contradiction. This contradiction shows
that p = 2.

THEOREM 4.2. Let π be a finite LR translation plane of dimen-
sion d over its kernel K = GF(q), where q = pk with k^l. If G —
SL (3, w), where w = p* with t a divisor of k, is an LR collineation
group of π with Δ the associated LR set, then the following state-
ments hold:

( i ) The dimension d — 4 and w — q.
(ii) The group G fixes the set Δ pointwise.

(iii) The prime p = 2.

Proof This follows directly from Lemmas 4.3, 4.4, and 4.6.

We come now to the result mentioned after Definition 4.1.

COROLLARY 4.2.1. Let π be a finite translation plane of dimen-
sion d over its kernel K = GF(q), where q = pk with k^l. If G =
SL (3, p) is a subgroup of the translation complement C(π) which
leaves invariant a set Δ ofp + 1 points on the line at infinity l^
and is transitive on l^ — Δ, then q = p — 2 and d = 4; furthermore,
π is either the Lorimer-Rahilly translation plane or the Johnson-
Walker translation plane.

Proof. By Lemma 4.1 the plane π is an LR translation plane
and G is an LR collineation group. By Theorem 4.2 we have q =
p — 2 and d — 4. It follows that the plane π is either the Lorimer-
Rahilly plane or the Johnson-Walker plane by the work of Johnson
and Ostrom [14].

REMARK 4.2. The results in this section do not completely
answer the question: "What translation planes possess a collineation
group G = SL (3, q), where q is the order of the kernel?" They do
narrow the investigation down to planes of even order.
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