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Let N, be the number of real zeros of .7, a,. X, 2"=0
where X,’s are independent random variables identically
distributed belonging to the domain of attraction of normal
law; ao, @i, @,:-+a, are nonzero real numbers such that
(ko/t,)=o0(log n) where k,=max,<,<,|e,] and ¢,=miny,<, la,|.
Further we suppose that the coefficients have zero means
and P{X,-#0}>0. Then there exists a positive integer =,
such that

Plsup (N,/D,) <p3>1—p {log ((kny/t.,) log log n)/log ne}t=c/?

n>ng

for n>n, and 1>¢>0 where D,=(log n/log (k./t.) log log n)*-=2,

1. Let N, be the number of real roots of a random algebraic
equation

i‘, X2 =0,
r=0

where X,’s are independent, identically distributed random variables.
The problem of finding the lower bound of N, has been considered
by various authors. Considering the coefficients as normally distri-
buted or uniformly distributed in [—1, 1], assuming the values
+1 or —1 with equal probability Littlehood and Offord [8] have
shown that N, > plogn/loglogn except for a set of measure at
most g'/log n, n being sufficiently large. Evans [4] has studied the
strong version of Littlehood and Offord and has shown that in case
of Gaussian distributed coefficients N, is greater than ¢ log n/log log n
except for a set of measure at most g (log log n,/log n,) for n > n,.
The above result is strong in the following sense.

Theorem of Littlehood and Offord is of the form
P{(N,/D)) < pt} —1 as n— oo ,

where D, = log nfloglogn. But the theorem of Evans is of the
form

P{sup (N,/D,) < p} ——1 as ny— oo .
n>ng

Considering the coefficients of >\, a, X, 2" = 0 as symmetric stable
variables Samal and Mishra [13] have shown that
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P{(N,/D7 >1-— ¢ ifl<a<?2
(N/D5) < 14 {log rjtlog miog m™ - = %S

and

>1—”'1°g§f;/’;z)l°g” if a=2,

Where ku = MaAXp<r<q |a'r|’ tn = minoérén ]a’r[ and -Dn* = (IOg ,n’/log ((kn/
t,) log »)). Samal and Mishra [13] have studied the strong version
of the above theorem and have shown that P{sup,.,, (N,/D)) < p}

>1-— s where ¢ > 1.
{log (log n/log (k,/t,,) log ny)}**

Mishra and Nayak [9] have proved that

P(N/D?) < 1} > 1 — &
{log ((k./¢,) log n)}(log n)'~*
for every positive ¢ < 1, when the coefficients belong to the domain
of attraction of the normal law.
Object of this paper is to show that

Plsup, ., (N./D,) < t}

>1— {log ((Fny/ ;) log log m)) *

log n, )

for 0 < ¢ < 1, when the coefficients belong to the domain of attrac-
tion of the normal law. Therefore it is a strong result of Mishra
and Nayak.

Throughout this paper we shall denote g’s for positive constants
which may assume different values in different occurences and V()
for the variance of a random variable.

2. In the sequel we shall need the following definition, and
theorem due to Karamata, (ef. Ibragimov and Linnik [6] p. 894),
for the proof of our main result.

DEFINITION. A funection H: R, — R, is called a slowly varying
function if

. H(x)
2.1 lim=—=L =1 (v >0).
2.1) lim - =1, (7> 0
We have a few characterization of the slowly varying functions

due to Karamata.
By writting H(1/t) = h(t), we may define a slowly varying func-
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tion h: R, — R, with the property that

. h(vx) _
2.2) lel.’%l @) 1, > 0.

With this the Karamata theorem, (c¢f. Ibragimov and Linnik
[6], p. 394), may be stated as follows.

THEOREM 1. A slowly varying function h with the property
(2.2) which is integrable on any finite interval may be represented
w the form

h(z) = ¢(@) exp (—S igld@ ,

where
lime(x) =¢#0, liméx)=0and a >0.
20 z—0

We establish the following formulae which will be mecessary for the
proof of the main theorem.

Let a sequence of independent and identically distributed random
variables {X,} with mean zero belong to the domain of attraction
of the normal law. Then their common characteristic function ¢(¢)
is given by (ef. Ibragimov and Linnik [6], p. 91),

2.3) log §(t) = —’;Huu—lxl + 1),

where H(t) is a slowly varying function as ¢ — « and is given by
the formula

2.4) Hz) = ——S:uqup(x) — Sﬁ wdGw) ,
where Z(x) =1 — G(x) + G(x) and G(x) is the common distribution
funetion.
Also
t -1
(2.5) 5@~ exp {~La(EI] .

If we put H(1/t) = L(t), then L(#) is slowly varying as ¢ — 0. Then
(2.8) and (2.5) will take the forms

log 4(t) = —§L<1t|><1 + o(1))

and
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|68)| ~ exp {~LL(1tD}

respectively. Since L(|t|) is positive we can write the characteristic

function ¢ as

- _r
2.6) #(t) = exp {~Lnv)|
where h(t) = L([t)(1 + o(1)) with the property
@.7) h(t) = Re h(t)1 + o(1)) ,
as

Reh(®) = L(|t]) (1 + o(1)) .
Now h(t) is slowly varying as ¢t — 0, since for v > 0,

lim PO@) _ i LO1EDA + o) _
=0 h(t) =0 LIt + o(1))

Consider the function 7,(t) determined by

h(t) = [Re h) if V(X,) = o,
o® if V(X,) =0 < .

Clearly &,(t) is slowly varying in a neighborhood of the origin.

By (2.7),

(2.8) h@) = h,(t) A + o(1)), in both cases as t—— 0.

Since expectation is zero, by virtue of (2.4), we have

lim Hz) = Sluﬂda(u) =0,

x—00

Therefore when variance is infinite, lim,_ . H(x) = o,
lim, , L(t) = «. Thus we have for infinite variance,

(2.9) lim f,(t) = oo .

THEOREM 2. Let

f@) = SaXa

so that

be a polynomial of degree m, where X,’s are independent and iden-
tically distributed random wvariables which belong to the domain of
attraction of the mormal law, have zero means and P{X, # 0} > 0.

Let a,, a,, a, - - - a, be nonzero real number such that (k,/t,)=

o (log )
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where k, = max,,<, |a,.| and t, = min,,.,|a,]. Then there exists a
positive n, such that the number of real roots of f{x) = 0 is at least
¢{log nflog ((k,/t,) log log n)}'* outside a set of measure at most
p'{log ((k,/t,) log log n,)/log n}*~9" for n > m, and 1 >¢ > 0.

3. Proof of the Theorem 2. Take constants A and D such
that

(3.1) 0<D<1 and A>1.

Let

3.2) Ma = m log log n .

Let

(3.8) M, = [d*(log log n)*(k,/t,)*(' 2 + 1)*(Ae/D)] + 1,

where b is a positive constant greater than one whose choice will be
made later and [x] denotes the greatest integer not exceeding .
It follows from (3.3) that

(3.4) p(iﬁ_ log log n>2 <M, <p (7:_ log log n> .

n n

We define
(3.5) p(x) = gloeste
Let k& be the integer determined by
(3.6) ¢8k + M = n < ¢(8k + 11)MF+*.
The first inequality of (3.5) gives

log 68k + T7) + 8k + T)log M, =< log n ,
or
Bk +Tlog M, <logn,
which by help of (3.4) yields

k< ;52 log n )
log (-t—"— log log n )

n

Again the right hand side inequality of (3.4) gives
log n < log (8% + 11) + (8k + 11) log M,

= (log (8% + 11) + 8k -+ 11) log (8k + 11) + (8% + 11) log M,
< 2(8k + 11) + 8k + 11)log M, < pk*log M, ,
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whence by (3.4), we have

log n e k
#(’( log (k,/t, log log ) ) <k

Therefore

log n 12 log n
3.7 ) k L .
S < log (k,/t, log log n) > <hss log (k,/t, log log n)

Since (k,/t,) = olog n) by hypothesis, it follows from (3.7), that
k— o as n— oo,

We have f(x,) = U, + R, at the points

(3.8) 2, = (1 - jl)M:m )1/2

for m = [k/2] + 1, [k/2] + 2 --- k, where
U, =3 a.X,2,

and

R, = (ZZ. + g)arX,wIn ,

the index » ranging from ¢(dm — )M+ 1 to ¢@dm + )M ™" in
>, from 0 to ¢(dm — DM in >, and from ¢(dm + )M ™ + 1
to n in 3. (We shall use the notations >}, 3, and > to carry
the above meaning throughout this paper.)

We have also

(3-9) f(me) = U2m + R2m7 f(x2m+1) = U2m+1 + R2m+1 .

By (8.7), we have 2k + 1 < n for large n. Also the maximum
index in U,,,, for m =k is 48k + T)M*", which by (38.6) is con-
sistent with (3.9).

We define normalizing constants V,, starting from the relation

(3.10) 1/ Va) 2 arawhi(@,2nb/ V)

where ¢ is a small positive number whose final choice will be dealt
with later. Such normalizing constants V,, always exist when 4 is
sufficiently small. (Cf. Ibragimov and Maslova [7], p. 232.)

Now if V(X,) = o, we have

Vi = 2 aixnh(a,x.0/ V,) > >, alwy
1 1

(by (2.9), since 4 is small),
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¢ Um+1) wA™
>t 3 Lo

gtam—1) ™11 q

> ti{gdm + DM — p4m — DML -

1 }¢(4m+1)M‘;m
¢(4m + 1) M
> t2(4m + V)M™(D]Ae) .

Or
(3.11) M < (Ae/D ¢(dm + 1))"*(Valt,) .
Again if V(X,) = 0® < o, then
Vo =0 ; QLo
> o¢(4m + L)Mi"(D]Ae) .
Or
(3.12) M:™ < (Ae/D ¢(dm + 1)) V,[ot,) .

The following lemmas are necessary for the proof of the
theorem.

LEMMmA 1.

13} a. X an| < MW
2
except for a set of measure at most pNL < for € > 0, where
(8.13) W = 2l el hy(a,xn0/ W,) .
2

Proof. The characteristic function of 1/W,) > a,. X, is given
by

sa) = exp (—Lh,(0))

where

(3.14) ha®) = (U Wa) 3. azehia,and/ W) .

We have by Theorem 1 for |t]| < 4,

L(|a,xnt/ W, DA + o(1))
L(la,2n8/ W, D@ + o(1))

_ c(laant/ WA + o(1)) el Eu)
= a0l W, DA £ o) ¥ {Smrmfnﬂwmw ” d“} ’

where lim,_,c(x) = ¢ # 0, lim, ,&(x) = 0. Again since lim,_,&(u)=0,

hi(a, @t W) (hy(@ 2nf] W)™ =




516 M. N. MISHRA, N. N. NAYAK AND 8. PATTANAYAK

there exists a positive ¢ such that for |[{| <6 < ' and & > 0,
lé(u)| < e. Thus we have

hy(a,ant W) < }% | " b0/ W) .

Now
Re hn(t) = (1/Wa) 2. it hy(a,nt/ W)
= 1O Wa) 3 abarh(a, a0/ Wa) = [8/0]7
(by (8.13)) .

But by @.7), h,{#) = Reh,@)A + o)) as t—0. Therefore for
[t] < &' and ¢ > 0, we have

|hn(8) < ]t .

Thus in a neighborhood of zero,
t 2-e
(3.15) 9a(t) — 1 = | exp{—Lru®)} 1| < pfer.

By Gnedenko and Kolmogorov [5],
2/ 2
P|Sa. X > MWt <2 — |07 sutidt]
2/ 2 2/ 2m
< 0w 16.0 — 1@t = x| leat oy @.15)
=

Hence the result.
Adopting the above procedure we can also prove the following
lemma.

LEMMA 2.

12 0, X, 20| < Mo

except for a set of measure at most p/\,* where
Zy, = 3, azanh(a,20.0/Z,) .
2
Now we proceed to estimate R,. By virtue of Lemma 1 and
Lemma 2, we have
[Bp| < MW, + Z)

for sufficiently large value of m.



STRONG RESULT FOR REAL ZEROS OF RANDOM POLYNOMIALS 517
Now if V(X,) = «, we have
(3.16) [ Ry | < Nk, d{(30 232)* + (35 22)"}
2 3

where

d = max {(h(a,2n0/ Wa))"* (@ 20/Z,))"} .

0sr=n

We have

¢(4m + 3) _ (4m)[xog(4m+3)]+4m+3(1 + 3/4m)[log(4m+3)]+4m+3
¢(4m + 1) - (4m)[log(4'm+1)]+4m+1(1 + 1/4m)[1og(4m+1)]+4m+1

> (4m)1og (4m+-3/4m-+1)+2 — 16m2(4m)10g (4m+3/4m+1) > m2 .

Therefore

(3.17) s(dm + 3) > m*s(dm + 1)

and similarly

(3.18) s(dm + 1) > m’¢(dm — 1) .

Now

(3.19) 22‘, 2n <14 ¢(dm — DHM™ < 26(dm — V)M
< @/mMg(dm + DM (by (3.18)),

and

(32 wm) < ( > Lo

m2g (4m1) wim+l

(since by (3.17), m*¢(dm + 1) < m*s(dm + 3)) ,

= ¢(dm + 1)M;f"‘{Mn1 -

1 } mag (4m+1) i1
¢(dm + 1)Mim
< ¢(dm + D)Mime ™" » < ¢(4m + 1) M™(m*M,)™* (since e*<a™),

(3.20) = 1/m»é(dm + 1)M;* .
Hence by (3.19) and (3.20) we have from (3.16),

IR,| < dx,,,f—‘/%i-ll{gs(zim LA M)

d(V'2 + 1)(Ae/D)"*(k,/t,) log log nV,,
< Mrtl2

(by (3.2) and (3.11)), <V, (by (3.3)).
Again if V(X,) = ¢® < «, then
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| Bl < Xa0{S 02 + (3007

< log log n(v'2 + 1)(D/Ae)""*(k,/t,) V,
M1!2

(by (3.2) and (3.12)),

< a0/ 2 + 1)(13,{/5,;) loglognV, (since d>1) < V..

Since k— = as n— oo, it follows that when % is sufficiently
large

|Bu| < Vi s

for m = [k/2] + 1, [k/2] + 2, ---, k, except for a set of measure at
most

(3.21) (ee/Nee)

Thus we have |R,,| < V,n and |R,,..| < Vons: for m = my,
m, + 1, ---, k, where m, = [k/2] + 1.

The measure of the exceptional set is at most
(3.22) (LN + (' Naas) < (NG9 -

Again we proceed to estimate
P* = P{ U2m > V2m, U2m+1 < - V2m+l} U {UZm < - V2my Z/va—H > V2m+1}

= P{ []m > V2m}P{ U2m+1 < — V2m+1}
+ P{ U2m < = V2m}P{ []2m+1 > V2m+1} .

Let G,(x) and g,(t) be the distribution function and the character-
istic function of (U,/V,) respectively. Then

0.(8) = exp {£ LS ataith(a,ent/ V) -
Let
(3.23) Fla) = S exp (—u¥/2)du .

It follows from (3.11) and (3.12) that V,,— o as m — o and
then (a,2,t/V,) — 0. Therefore when m — « we have by (2.8),

ka2t V,) = h(a,ant/V,) 1+ o(1))
and by Theorem 1, it can be shown that
hy(a,xnt/ V) = [|0/t]]°" hy(a,2n6/ V,) (1 + o(1))

and as such



STRONG RESULT FOR REAL ZEROS OF RANDOM POLYNOMIALS 519

— 1 2 27 r
0u(t) = exp { - = o3 a0/ V.

6 o{l)
_{‘ (1+o(1))(1+o(1))}

= oxp {ﬂzi_(l %\‘”” 1+ o(l))} (by (3.10)) .

Therefore as m — o, g,(t) — exp (—t*/2) uniformly in any bounded
interval of ¢-values. Hence

(3.24) sup |G.(x) — F(x)] = o(1) .

Then we have for ¢ > 0,

(3.25) |G.(—1) — F(-1| <e¢
and
(3.26) |Gomii(—1) — F(—=1)| <e.

By (3.25) and (3.26), we have
P{U,, < =V} > F(~1) —¢
and
PlU,piy < = Vipso} > F(—1) — €.
In the similar way using (3.24) we can show that
PU,>V,,} >1—-FQ1) —¢
and
P{U,piy > Vi) > 1 — F(Q1) — ¢

Therefore P* > 2(F(1) — e)(1 — FA) — ¢). Thus P* is greater than
a quantity which tends to 2F(—1)1 — FQ1)) as m — o« with .
This limit being positive we conclude that

(8.27) P* > § > 0 for all large m .
Now we define events E, and F, as follows:

Em = {U2m > Vzm, U2m+1 < - V2m+1} ’
Fm = {U2m < — V2m; U2m+1 > V2m+1} .

By (3.27), we have
PE,UF,}>06>0.

Let P{E,UF,} =4,, so that 4,, > 6 > 0.
Let y, be the random variable such that it takes value 1 on
E,UF, and 0 elsewhere. In otherwords,
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{V’l with probability 4,
Yy = |
Yn =10 with probability 1 — 3, .

The y,’s are thus independent random variables with E(y,) = 0 and
VY, = 0, — 0% < 1. We write

. [0 if [Rzmi < ng and lem-H[ < V2m+1
" |1 otherwise .

m

Moreover, we have f(x.,) = U,, + R, and  f(@onss) = Usnir + Bopse
Let «,, = ¥ — Ym?n. Now «, =1 only if ¢y, =1 and z, = 0, which
implies the occurrence of one of the events

( 1) Z72m > VQm’ IRZMI < Vzm ;
U2m+1 < = V2m+17 lR‘Zm-I—l] < V2m+1 ’
(11) U?.m < — VZmr ]R2m} < V2m ’

U2m+1 > V2m+11 IR2m+1[ < V2m+1 .

It is obvious that (i) implies f(@,,) >0 and f(#,,...) < 0, and (ii)
implies that f(x,,) <0 and f(xy..) > 0. Thus if «, =1, there is
a root of the polynomial in the interval (z,,, #;...). Hence the
number of roots in (@, ®x.,) must exceed Xy, .

We appeal to the strong law of large numbers in the following
form. The technique has been earlier used by Evans [4], Samal
and Mishra [12] and [13].

Let v, ¥, -+, be a sequence of independent random variables
identically distributed with V(y,) < 1 for all 4, then for each ¢ > 0,

(3.28) P{sup

2k

71; S @ — Bw)) | > of < Bletk,,

where B is a positive constant.
In the present case,

S (= B | £ | 2 W= B |+ | 3 va
(8.29) "™ . e . e
=| 8 0= B + | 2 o] (since pu = 1).

Since K(z,) =1-P{z, =1} < P{{R,| > V,} we have from (3.21),
(3.30) E(z,) < i .

Now we have

P{ S 2 = (b — m, + 1)81} < ph

M=
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Hence outside an exceptional set of measure at most
(U Nmg) »
(k—mg+1)2 kg

we have

sup  (1/(k — m, + 1)) Z 2w < &1 ;
(B—my+1) 2k m=1mg
and therefore,
sup @A/(k — m, + 1))

Ub—mg+1)k2kg

< sup (/(k — m, + 1))}m=2k1]no U — E(Yn)

T (k—motD kg

> (@ — Ey.)

m=mgqy

+ & .

Now by using strong law of large numbers,

i

Ao — mo + 1)) S (ot — Eyn)

M=y

P{ sup

(k—mg+ 1) kg

< B/(S — &)k, = #/ko .

By (8.1)
Nt = (m, log log m)*~ .

For large n, m,log log n > m,, and therefore
2 (pING) < 2 (gfmi™) .

Hence outside a set S,, where

(3.81) P(S,) < plk, + le > (fms™) ,
we have
k
(3.32) A/(k — m, + 1)) mg (an — Eya)| <e
Also
EY,) = 0, >0 .
Therefore,
N> 3 an> 30— (k—my+ De > (k— k2]

> p(log n/log ((k./t,) log log n))* (by (3.7)) ,

521

for all k such that ¥ — m, + 1 > k,, or in otherwords for all n > n,.

Now

P(Sy) < (#lhe)) + 1t _ > (mays

=& pof_1 1
“n T {kz“e <kg—e T1i Bt )}
< (ko) + 26 3 (LK)
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It can be easily shown that for 0 <e <1,

2 (k™) < 1/0 — 9k™) .

ET

Hence
P(S;,) < (¢lky) + A/ — e)ki™) < pfks™

(since by hypothesis 0 < e <1, k, > ki'™97),
< t'{log ((k,[t,,) log log n,)/log n})~* (by (8.7)) .

The authors are thankful to the referee for his valuable comments.
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