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In this paper we obtain new estimates of ((1/2-+4t), the
value of the Riemann zeta-function on the critical line, and
4(R), the remainder in the Dirichlet divisor problem.

The estimates are

C(% -+ it) & t3/210% for any ¢ >0
and
A(R) « R%/1%*: for any ¢>0,

which improve previously known best results.

QOur results are obtained by van der Corput’s method to the
estimation of trigonometric sums of several variables. The method
can be applied to other problems which involve such trigonometric
sums. The article consists of three sections. Section 1 contains
lemmas, in §2 we prove the theorem, in §3 we obtain the con-
sequences of the theorem—the new estimates of {(1/2 + i) and 4(R).

The author expresses his gratitude to Professor E. G. Straus for
improving the original manuseript.

1. Notations.

4(R)—the remainder in the Dirichlet divisor problem.

C is any absolute constant, ¢ is any sufficiently small positive
constant. :

4,(f) = 4(f(x,, - -+, x,) is the principal minor of order [ of the
Hessian of f(x, ---, %.).

R(£.(9), f:(6))—the resultant of two polynomials £,(6) and f.(6).

0;n = 05(ay, -+, a,)—the jth elemetary symmetric function of
A, v, «,.

f@) € g(x) (or f(x) > g(»)) means that | f(x)| = cg(x) (or f(&) = cg(x))

for some c.
e(f(x)) = exp (2rif(x)) .
For a domain & ¢ R* and real numbers A,, A4,, 4, A,,
DA, Asy A, A) = D N{x,0) A S e, S A A, <, < A}
If f(x, x,) is a continuously differentiable function, then
D) = Wy W9 = Fu@ ), Y = o, 0, @, ) € DY

All functions are assumed to be sufficiently many times differenti-
able.
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108 G. KOLESNIK

All domains &, &, --- considered will be domains bounded by
O(1) algebraic curves of order O(1) so that every straight line inter-
sects &2 in O(1) line segments.

Wherever a variable occurs as a summation variable the reference
is to integer values of the variable.

LEMMA 1. Let f(x) be a real function such that
| fP@)| = Fr*>0 on [X,X], I=1.
Then
| etr@nds < @y

This lemma can be proved by induction similarly to Lemma 4.5,
p. 62, [2].

LEMMA 2. Letl < X = X, =2X and K = 3. Let f(x) be a real-
valued function, analyticin & = {z||z—x| < VeF,logx, X < v < X}
where ¢ is some sufficiently large constant and F;* = f'(x) € F;t
for xelX, X|]. Let |fPR)| <K F*({1=2,---,K) for z¢ 2, and let
x, be the solution of the equation f'(x,) = n. Then

S= 3 e(f@)

=z

~ (P @) e + f@) = na,) + 00/ FTog" X)

FUX) SR rX)

and

X

V'F,
The proof is similar to the proof of the Theorem 4.9, p. 65, [2]

with the use of Lemma 1 (see also Lemma 1 of [1]).

S <

+ min (F)* .
2zISK

LEMMA 3. Let a(x, x,) be real twice continuously differentiable
Sunction and let b(x,, x,) be a function on Z € R* such that a,, a.,, a,,,,
do not change sign and |a(x, 2,)| < A in 2. Then for some A, A,
B, B, and 2, = 2(A,, 4,, B, B,) we have

I > ax, 2)b(w, xz>1<<Al( S, by, x| -

(21,%9) €7 21,%9) €]

This lemma is a simple corollary of Lemma 1 in [3].

LEMMA 4. Let & be a domain, contained 1im the rectangle
{(x, z)| X, S 2, < 2X,, X, S 2, < 2X)}, and let f(x, x,) be three times
continuously differentiable functions such that:
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(1) forall integers a,, ; €[—c, c] the functions 3, ; ITi-, aq, 5, foiadt
do not change sign in =, where i = (4, «++, %), 7= (J1, -+, J.), and
the sum 1is over all possible distinct (4, 5) such that 4, + 5, <4 (I =
1, ---, 6);

(i1) | faisd| = cFlwiai, 1M, < f2 <¢/My, YM,Sf2f2—(fore)'Sc/My;

(iii)  f(x,, x,) satisfies the conditions of Lemma 2 as a function
of x, with M = M,

1Av)  9(y, @) = f@,(Ys, @), T2) — Ys2.(Yy, T) Satisfies the conditions
of Lemma 1 as a function of x, with M = M,/M,, where x,(y,, %) 18
the function satisfying f., @y, 2.), %) = ¥.. Let @, = @i(y,, ¥2), P2 =
P,(Ys, Yo) be the solution of the system

Jorl(Pry @) = Uiy [Py, P) = Ys
Then there exist some nmumbers A,, A,, A,, A, B, B,, B,, B, such that
Jor 2, =2'4, A, A, A), @ =2"(f), 2"=2@B,Bs,DB,DB,)
we have

S = I( > e(flay, )]

xl,x2) ez

VM, 3 elf(@, P) — %P — Y2y

(W19 € Fy
L XV Tof X, + VLo X, + )1; VLo X,
1

KM 3, 14 X,V M log* X, + V' M, log® X,
(z1,%9) € F

+ FV'M,log° X,/ X, .
Also, if

| f3(fe)® — 8fita fare,(fud)® + Bfutey(feyan)'far + fur(fae)'| 2 M,
then

S« M 3, 1+ XVMg®X, + (FIX, + 1)V M/M; .

(z1,%9) € &7
Proof. Taking the derivatives, we get

ox,(yy, @) _ 1 0%, (Y, %) _ _ Suiny
a% fx% ’ 3902 fxf !
gxz = fxz ’ g:uz = [fm%fx% - (fmlx2)2]/fm% ’
9:3 = [fes(fe2)’ — Bfutar ferar(fed)® + 8fuze,(fare)'far + Fd(foro V(o) .

Now we apply successively Lemmas 2 and 3:

S =X 3 e(f(w, @)

T2 %

5L(3 () eloty, ) + 00/ I Tog" X )|

2

VM| 3 elgly, %) + OX,V M Tog® X))

(¥1,%9) € 7
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where
% = %(aly a2, bl, b2) y
Z, = {(yl, *) |y, = fa:l(xly L), (%, T,) € @'} ’
because (f,2)~"* = ( Sa(@(yy, @), ,))" satisfies the conditions of Lemma

3 on function a(x, x,) with A = CM}"”.
Using (i) we can verify that the function

fm%(@n Ps) — (fxlmz(q)ly 7)2))2/]‘;%(?1, P,)
also satisfies the same conditions with A = Cv'M,/M,, and we can
apply again Lemma 2 first, then Lemma 3 to get

S <V |3 [z (958, 28y )09, (s, ) — Yoo, V)

+ 0(\/]%_ log® X, )][ + XV Mg’ X,

< I/M—ll/Mg/Ml I( >, ey, (Y ¥2) — Yi%a(Ys, y) |

Yir¥g) € Zy

+ VM, log" X, 3,1 + X,V ' M, log® X, ,

where
Z, = Z(¢,, Co,y dly d,) ,
D, ={, ¥) ¥ = gzz(yn %), (Y1, T,) € 2},

*x(¥:, ¥,) is the function satisfying g,, (v, #;) = y,. Here
9o, = [o(@:(Ys, To), T2)
and 2,(y,, ¥, satisfies the system
Joo =Yy  Sfo, =Y iLe.,
(Y, Yo) = Po(Ys, ) 5
also, x,(y,, %,(¥,, ¥.) satisfies the same system, i.e., 2,(¥, ¥.) = P.(¥;, ¥2);

2.1 =1+ (max f, (@, «,) — min f, (x, @,)) <1+ ; .

Putting this into the last inequality for S, we prove the lemma.

LEMMA 5. Let flx,, ---, ®,) be a real function, and let D be some
subdomain of the rectangular parallelepiped X, <x,<2X,; fi(y, <+,

By -+, b)) = Sl @/ot)(fla, + hit, -+, x, + ht)dt); q,, - - -, q. are positive
0
numbers such that
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D, ={x, h)h=+0,lh| <q,xeD,z+ heD},
b=y oy by m= (@, e, @) S=%Ee(f(x>)

=1 :
8. = Fg i, O )

Then
1 1
S —— Sl"—' 1.
< vV Q + \/ N;

The proof is similar to the proof of Lemma 5.10, p. 91, [2].

2. Theorem.
1. Notation for the theorem.

Pei(0) = Cris100° + Cip,1402:0040° + Cryn,110000 + Cp 11503
P:(0) = Pu(0) - Pu(0) — (Pu(0))°
Pol) = Po(0) - (Poa(6))° — 39P1(0)P11(0) - (Pee(6))*
+ 891(0) - (Pu(0))’Pn(0) — Pu(@) - (Pu(6)) ;
R(0,, 0, 05) = Bp,(0) , Pu(d) ;
4= A(fx, y) = fal@, ¥) - frl®, ¥) — (fo@, ¥));
D, (f(@, ¥) = —fl®, ¥) ;
2.,.(f(@, 1)) = fuu(®, ¥) ;
Do, o(flx, ¥)) = —fal®, ¥) ;

D, ;.(flx, ¥)) = <—fx,,(x, y)%(%@)_)
+ fals, y>i<w’-yﬁ>>ﬁ+w ;

Aﬁl‘l-?] -8

1.+1 1(f(90 Y)) = fzﬂ(w y\ a /(pz IA(Z{-‘SZ—-SJ)) )

_ ay( i a(f(x Y)) >f (w, y) L2+t

pit2i—s

P:45(0) (2=0,1, 2, 8) are the polynomials of 4, obtained respectively
from @, ,(f(x, ¥)), Dos(f(x, ¥)), P.(f(x, ¥)) and O, (f(x, y)) by the sub-
stitution of @,,(0) for f.wi(x, ¥); PA0) = P:(O)Ps(0) — (PL0))'; Ps(0) =
@4(0>'¢6(0) - (@5(0))2

Y (0) = Ck+3,102 + Ck+z,z+10'120 + Ck+1,z+20'22
“;’1'1(0) = ’1/"2,0(0)’\#0,2(0) - (“/f’l,l(o))z .

ro(8) is the polynomial obtained from @,,(f(x, y)) by substitution
of . 1(0) for flou(x, ¥).
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2. THEOREM. Let f(x,y) be a real function; |f(x,y)| = F;
Sery(@, ¥) = Cpi(f(®, y))/2*y' + 0QOF/X*YY), (x,y)eD; 6 K N D s
the domain of Lemma 4; X = Y; C,,, are numbers such that each of
the following systems of equations as functions of oy(a;, @, o),
0oy, O, @), Os(ay, o, ;) doesn’t have any solution:

(1) Pull) = pu(l) = 2D, - 92ell) _ g
(2) Pull) = Pull) = pu(l) = 22 — g
(3) Pull) = Pull) = pu(h) = 2241 — g
(4) pu(l) = 22l - T2 — o, 1) = 0
(5) poll) = 226D - 22ull) 1) =
(6)  Pull) = Pull) = pu(1) = 22D 92 _ (I2ull) )7 g
(1) pull) = pul) = 220D = g, q). T2D) _ (22l )7
(8)  pul) = pu() = 2oL — 1) T2l _ o 22l ) g
(9) P = 1) = 226D - 224D _ g
(10) Pull) = pu(1) = 2220 — TPul) _ g
() Pull) = pa(l) = 226 - TPall) _ g
(12) Pull) = Pull) = pul) = 2251 — o
(13) 01 R(Gss, Ossy ) = ai : (7‘133_121(013, . 033))
= a"; : (0%331(013, G 7)) = 0
1 pull) = put) = 220~ 0 R0, 0, 03) = 0
(15) Pull) = pu(l) = 226D — 2 (03, 0, 03) = 0

k 5 - . - - . . -
as) T2 —0 (=01, -, 65 =5, 4, 5, where (G, 5 3

18 any three element subset of {3, 4,5, 6} .
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13 7
OIell) _ 0Pd) _ g (=1, ..., 22

113

00" 067

(18) FalD) = () = ) _ g
00
(19) Fasl) = () = 28D — g
00
(20) ) = ) 4y = g
00

(21) poll) = 2 — 1) = 0
(22) ",:f’oz(l> = ’lf'f'u(l) = ’5[’20(1> =0

) _ 0yn(1) _ (D) 0*yri(1)
23 (1) = E = = 1 =0
(23) )= =5 96° 36°

| 09ny(1) 0°ry(1)
24 (1) = 22\ — L. = 2 =0
(24) Jro(1) 20 50
6
@) RG3D=0, (R0 00 00) 0
000: \ O3
(26) CosCuy 7 €33 ; C50Cas 7 C33Cu1 5 CsoCry 7 Cio C14Cs 7 Co3Css ;
CosCso 7 C14Cyy 5 CosCso 7 C23Cas 5 C32Co5 7 Co3Cyy -
Then
61/38
5 st ) < No§ A E
Proof. I. Let X < N*/® Applying Lemma 5 three times, we
obtain:
S« —L_ + ¥S,, where S, = —L_5 S e(fi(z, v, 1)
V'@ NQ & @wen, T
h:(hly "',he)#—_oy Ihzl <4q;;

D, = Dy(h)

={(@, Y@ + hit, + hity + hits, Y + hot, + bty + hety) €D, 0 = 8, < 1)

1 1 1 33
h:SSS———— 4 Bty + haty + hity,
filx, y, h) . oatlatzataf(x L+ ity + Ry

Y + hot, + by, + hty)dt,di,di, ;

¢,¢: = Q@ = min {F-VANO; FaN-SH 60 =Q; 00 =@Q;
/% = ¢,/8. = ¢les = X]Y ; XY =N; < V@Q/N.

Denoting 6 = y/x, we obtain:

i, y, b _ f&, Yhihshs F QT
ey a0 O< Xy N4) ’
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4 fo, vy = LEDOIS 5 ) (BT [&)
x'y®

*filw, W\ . 9 ( 4(filx, ¥))
< o > 8 <82f1(w, y)/[oy* >
_ <32f1(x, y)>2 « Of@, ) o, 0 < 4,(fi(=, ¥)) >
ox* 0x0Y ox \(0*fi(zx, ¥))/oy*
_ (f(z, Y)h;hshy)* F* /@
xsym P2 <0) + O< X'N7 \/ >
Let %-j(ﬁm) =0(k=123), 9,0, =0k = 1, 0, 6), P(0) = 0 (k=
1,2 -..,12), 9,(0,,) =0 (1 =38,4,5, k=1,2,---,30). For all 4,7,k
such that 1/12<6,;, =<2 and 1/256,, < 2 we d1v1de the domain D,
into O(N°¢) subdomains of the type H; < h;, < 2H,, (y/®)0;; = |0 — 0,5 |=
2(y/v)a; and (y/x)a, < |0 — 05 < 2(y/w)ay, where 1/@Q' S ;. <

Qi1 =6 and 1/Q* £, , < @441 < 6, and a subdomain, which con-
tains all the points of D, such that [§ — 6, | = 0,/Q" = ¢.:0:9:/h.h:h,Q".
The number of integer points in the last subdomain D, for each &
is O(No,/Q,) and (1/NQ") X4 Xy e, €(fi(x, ¥, b)) < log® N/Q*. We get
the same estimate if 6, > @Q*. We take one of the other subdomains,
D, such that 3., .., e(f(x, ¥)) is the largest, and consider all possible
cases:

(1) f Oy € 0,/Q and i, ag: € 6,/Q*. If the domain is non-
empty, then a,, =¢ or agu = ¢, otherwise @0, = (8/00)(Px(0, +
&(y/2))) = Pu(0, + &x(y/x)) = (3/36)(Pw(f, + e(y/x))) = 0, which contra-
dicts (1). So, @, K 6,/Q* or a, < 0,/Q* and

1 log? N
S, —N—QZ}L,(MZ e(filz, ¥, h) < o

(2) (@) Il €0,/Q ay = ¢ and ay = &

(b) Tl o € 8,/@, ay < &y Gy = €

In both cases it follows from (2) or (3) that a,, = &, Or @y, = &,
and S, < log® N/@Q".

(8) (a) IIian<Ko/@, ay =&, am = ¢

From (4) it follows that a,, = &, ., = ¢ and Qapr X Qg = 0,/Q%;
Qo = V6,/Q.  If a = max {a,, a,} then 600, = c, + O(), 0%y, =
¢, + 0(@), 6°0y = ¢, + O(e), Y/X L hy/h,, hifhy, ho/h; € Y/X and, from
@n, h, = chshy/h,) + 0(1/;(]4)7 hy = ey(hshs/hy) + O(I/EQQ; S; K
A/NQ) S Sy Qo € Qo (V a0 + 1/Q)(V @ + 1/Q) < log® N/Q*. If

;> a, then from Lemma 4 it follows:

S, < NQ7 <\/ %1+NlogN\/thh

F2Q7 logN W Xlog N+1 NFQ X\
+y o P " N e N () )
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<<€1?2 FQ7+ogN\/ A 10§N+Iolng4F;§:
e e

QsF 2 log N -
N log N .
< \/ + \/ 72 Q7 L Q" log
(b) F L K 0,/Q ay £ &y oy = &. Similarly to (a), it follows
from (5) and (8) that
S, € @*log N .

(4) T € 0.Q7% Qg = &, Ay = & (or II3., @ K 51/Q4: oy = &y
oy, = g). Here o, € @ (or ayy € @*%), and we can apply Lemma 4:

S« L5 JE —}—logN\/ A 4 log' N FQT [N

NQ™ vz N?® NY N® FoQr
log N 4/F*Q" 4995
+
NQ’ N? Z < h,hshs )
FQ . logt N , log N [F@

< log N
<\/ -Q +\/2Q7og +Y+N 7o
£ Q*log* N .

(5) (a) Ilioi0u € 0/QY =68, Qu =&, Il Qu > 0.Q7%

From (10) it follows that ay, = &,. If ay, = &, then S, € @*log® N.
If ay,=<e¢, then a,, < @6, and, from (1), am=¢; If a=
max {Q,y, A}, then, like in (8), he = c(bho/hy) + OV aqy), h, =

ehhofh, + 00 aq) and, if @y, < a,y, then from Lemma 4 it follows:

log N4/ N°
S, < v, 1
Cnt = Vg, -
— 1 1
<+ \/FzQy - % (Vs + Z)T> x (Vs + 5)
L Q*tlog N

if o, > oy, then

5 51 <oV By + QN + Q) < Qlog' N

() TIi @ € 0.Q7% aty = &0y Qoo = &y [T5-1 Qo > Q@7*0,.  Similarly
to (a), from (11), (1) and (26) it follows that S, € @*log N.

(6) 0y € 0,Q7%, Ay = &y Ay = &. From (2), (3) and (6) it
follows that @, = €, = & and a,;, = &; a € 16,/Q* If to denote

a = max {a,, tyy,, Ay}, then, like in (8), 1/Q" >, € a,, + 1/Q* and, if
max {®yy, 0y} € @, or if a, > a, or if @ € Q% then S, € @*log® N;
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if > a or @y > a, then from Lemma 4 with the use of (9) we
obtain:

s < JEC. 52 YN TNy \/F2Q’
h

N5 F2Q7a2
(1 N 4N 3% [N
<min Ve Ve V]
_ 1 ,[F?Q" -
<<Q“logN+Y12 o <@ log* N .

(7) (@) IIan € 0./Q% = &y @ = &. From (7) it follows
that a;, =&, a, € 1V6,/Q* and like in (8) we can show that S, <
Q~*log N.

(b) S0 K 0,/Q%, ap &, Oy = 6. Similarly to (a) with the
use of (8) we get the estimate.

(8) Hg=1 o, K 61/Q4: Qg = &, Oy = &. If Uy = &, then from
(9) it follows that a, =¢, a,< Q@ ¥%6Y and, like in (6), S, <
v+ VFRINQ™ < v,. Ifa,= ¢, a, > V@N,then [[¢, a,;, > QN
and, like in (6),

_ 1 |FQ° N°® )
S, tlog N K log N .
CQlog N+ 547 \/F2Q7 T, <9 les

If a); = ¢, ay;, K V'Q/N, then we apply Lemma 3:

% < 1\7@722(14 2Q’>

<<\/F2Q7 LYTT o« [T cqiogn.

(9) 8@ K Ikt oy K VNQF S, 6,Q7 < TIics s K V N'QF 2,
Tl oy > 6,Q7%  Like in (1), @, = & OF @y, = 6. Consider two cases:

(@) Oy = &, and @y, = ¢, For each point (x, y) e D, @@ =0
and @02(6 + aao) = 07 Where Q = Oy + Olgery lao[ =6. 0= R@zo(ﬁ):
@0 + af,) = aaajai(aa + bayo, + aad) + - - -] = a(aant + baya, +
aoda, i, (o, — al(a,, a,)) where a = a, + O(a), b = b, + O(a), b, =
bie:;), @y = a(e;;), a, =0 (see (26)). If g <K aai + baa, + adi £ 3,
then a, = c,a,+0(V"8) and from (18) it follows that |a,—ai(a,, a,)| €
Va/B. From @, () = .0 + ab,) = 0 it follows also that a, = ¢,0 +
00 B0), a, = cf + 00 B6) and a, = ¢,a, + 0V B6). So,

&SN < (VE + D)(min (VB VAT + ) < g+ VA

Applying Lemma 4, we obtain:
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S, £ 1 2( QT 1+ \/ NGiig: 10g4N 4 log N W)

NQT N? F*Q hihihiot Y N Yy
Q! N?® log N log N [FQ" 1 e
+ log N log N .
K7 T log «/ yab Q7 v T 7o T < Q@*log
(b) (=g, OF Ap=¢,. If &=min {0p; Ao}, & =max {Q, Api, &1},

€, = Max {Qyy,, Ay}, then, hke before,

(;1?7 pY ‘/%3(25 <(VE+ Q><min{ 5) < g +oel

From (14) and (15), it follows also that «, = ¢,0 + O(e,0), a, = ¢, +
O(e.0), a, = ¢,f0 + O(e,0) and

a3 <l gl g g e

Applying Lemma 4, like in (a) we have:

I 4/ Ngigigs 1

NQ" % Y FQRRh: Veg,
1

-] N —— =

< Q@ *log +\/ O Ves

£ Q*log N + YN (F*Q")-Q*° < Q*log N .

(10) L0y > VNQF? (or i Qo > V' N'QTF?), i, >
1/Q* and for some i, 7, k a,, < VNYJF®Q® or a,; < V' NJF*Q", or
L ay; < NYJF*Q°, or |h b, -+ he] € Q- V' NYJFQ".
Applying Lemma 4, we obtain:

S, K @ *log N +

-min {ef; &5/}

S 6 —1/2
S, < Q~log N + (N@)~ 3, FV @TN*- (1_11 a1j> 21<Q log N,

because 3,,1 < Nand 3, ,1 < V' NYFQ" if, say, a.; < V' NYFQ".
an D > VNQUEF? (or Il tte: > VNQJF?), T >
Nﬁ/Fles = 30’ 05 > 1/50; Q50 > ]/50’ ]h he] > Q71/5—0-
Applying Lemma 4, we obtain:

-1

5. € @ log N + (N@)* 5 a.g(hihs F-v TN | TT e, )
x| > elglyy, v))l

Y1 Ug€ Ty

where g(y,, ¥) = f(Py, P.) — P — YuP2y Ziy Pi, P, are defined as in
Lemma 4,

S, 1< (Fhihah(0.g) "N~ [T, > 1.

(ypugd e |

One can verify, that for k. + 1= 2
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@7) T = 0,,(£(9, P2 U, PI)H

2
where @,, and 4 are defined as in the notation for the theorem.
From (18) we get that either a,.,, = ¢, or ;. =¢6. We consider
three cases.

(@) |@;u] =¢e. Then az,, =¢, and I, as; > d'. Also, from
(17) we obtain that either a,;=¢, (and [[¥,as; > 0;) or a,,= ¢,
(and TIX,a. ;> 63). Applying three times Lemma 5 with » =1 to
the sum over ¥,, we obtain:

[S:P=1 > e(g(y, ¥)I°

Wy ez

(28) o & 9
QS V(S DTS S SIS, o, v2)]

where @, = [6:], g.(¥s, %) = H S 9, U + Uity + Lty + Lt)dtdtdt,,
0

and the last sum is over y,, vy, such that (y, ¥.) e =, (¥, ¥. + h, +
h, + h;) € &2,. Using (27), we get that either

0°9:(Ys, ¥s)
oyt

6 -7
> 0Ll <ZII=1 ali) - (9,9595/h;hshs) - NPy F~*Q~*

or

°9,.(Ys, ¥)
0Y>

> 0ililsls- <f[ a1i>— (9.959s/ i shy)t -y N F Q.
Also, from JI%, a5 ; > 0i' we obtain

ld(gl(yl, yz))[ >> 531l§l§l§<g a1j>~ '(q1Q3q5/h1h3h5)8'NMyGF_sQ#zs ’
trivially,
| 4(g:(ws, v | < BUE- (T ) Ny F =@

Applying Lemma 4, we get

ISP (S e+ e S W (1T a) NYF-Q]

Ypr¥g l1>l9x1g

+ (3 Ve 3 {FVaTN-x-

Yo ¥z Il

)3

x [ ottde: (I )+ (@@uau/idih) - yNF=Q [ log* N
6 -5

+ [l1l2l3'<ll au‘) '(q1Q3Q5/h1h3h5)3'F—3Ny2'(QT/Ns)_aIZ + ]-:I

x [ avtte: (T c) - (@auau/idahf - Ny F =@ [ log* N}
L Q2 1’log* N

Y1) Y2
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and
S, € Q@ *log* N .

(b) a5 =¢. Then a,, = ¢, and [I%; a,,; > 65*. Also, from (17)

we get that either a,,=¢, (and TIZ,a@,;> 03 or a,,=¢ (and
.05 > 05). Applying three times Lemma 5 with n = 1 (twice to
the sum over ¥, and once to the sum over y,) we obtain the inequality

1(¢11

similar to (28) with g,(y,, ¥.) = S g S 9, + Ly, Ys + Lty + Lt dbdt.dt,.
Arguing similarly to (a) we carol ghgw that S, € Q@~*log® N.
(€) Qo = & O = &. Using (17), we get that for some ;7 €3, 6]
;s = &, and similar reasonings as in (a) (if 7 = 4 or 5 = 6) or in (b)
(if 7 =38 or 5 =5) will show that
S, €« Q@ *log* N .

II. If N¥ <Y < N*°, then we apply Lemma 5 one time with
n =1 and two times with n = 2

e §_L L (5 5.5 wum+x).

1 [hz\ =1 w,ye Dy

Where Q" = ¢, = 1/(]3(]4, ¢./X = q,]Y, ¢/X =4q/Y; @<L N2 5 L
V@QN, Q is as in I,

D, = D,(h) = {x, Y; (w + hoty + ity + hoty, ¥ + hot, + hit)e D, 0 = ¢, = 1} .

Fl& + hoty + hity + hats, Y + hoty + hyty)dtdt,dt,

>) is the sum over k; such that >}_,|k,] >0, h; =0. It will be
seen later that 3} can be estimated like the sum

S, =(NQ)'S, 3 elfiw, v, b)
and the estimate is smaller.

k+1
Q_g_k‘”ag%@ = Rty fobioyi(®, 4) -+ (oihte 4 hohts) furseyi1(, )
-+ h2h4f,,/c+1yz+2(x, 9]

®, Yh.hh, <
— i(——a?c—g—_/zy—l_‘_;——’lkk,z(ﬁ) + O( Xk+1YlN\/ )

Let ry,1(0r.1,:) = 0, ¥4(6:) =0, @3(6,;) =0. For 1/8<6,,,=3,1/3<6,;<3
and each h we divide the domain D, on O(N°¢) subdomains of the
type a,,;<0— ﬁk,ZSZakh k,1=0,1,2; 1=1,2), 0, =0—6,, =20, (k=
1,2;4=1,2 ---,8) and subdomam where |6 —0,,| €0,/Q" = (9.9;/h.h;)Q~*
or |0 — 0, <K 52/Q“ The sum over & and (x, ¥) from the last sub-
domain is € @*In* N. If 6, > Q% then we get the same estimate.
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We take one of the remaining subdomains, D, such that
[Diees, (fi(x, ¥))| is the largest, and like in I, we consider all
possible cases:

(1) Qs € 0,Q7* and @y = & (0F Qyy = & and Ay p, K 0,Q7%).
From (18)-(19) it follows that a,,=¢ (or @y =¢) and S, =
(I/NQ) 34 Sy e, (fil2, ¥)) < log® N/Q*.

(2) s, € 0°Q™* (O (e, £ 6,Q7%) and a,, < ¢,. With the
use of (20)-(21) we get S, € @~*log® N.

(3) Ayl € 0,Q7* (0T Ay, € 0,Q7), @y = & and g = &, (or
0y = €,). From Lemma 4 we obtain:

S1<<<£2Q);+ g§+~+_— \/

(4) Tl au €07 =6 (Or am =&). From (20)-(21) it
follows that a,, = ¢, and S, € Q@*log® N.

(5) 8,/Q* € Ayulyy, K NXQ*/F and 6,Q7* € oty & NXQ'F . If
a = max {Qy, Am}, then a, =&, 0, =c0 + O(ab), 0y = c;,0 + O(ab)

(because of (29) and (15)), a, = ¢;a, + OV« 8),

7 —4 7
N4X>log N<LQ*log" N.

o7 3 (k)™ € (/T + @) <V a (g™

and from Lemma 4 it follows that

Sl<<<a3’2§g; -+ ?gg +-—+ Q4>log N<KLQ*log" N.

(6) 0,Q* < Ilici s K @72, g = &, Ay = &. From (23) it fol-
lows that ay, = &, a, € @Y% and, applying Lemma 4, we obtain:

Fst/s NX Q » »
Sl<<<N2X+ o+ +Q>logN<<Q log' N .

( 7 ) Hz =1 Uy > Q_I/Z’ (2 292 2978 > NXQ4F~1, Qo1 Ao > NNQ4F—1. Using
Lemma 4, we obtain

S < @ log' N + (V@)= 3 (IT e )- (ko)™ (0.0
(29) " -
X FQX-N-] |3 elatws, w1
where g(¥y, ¥.) = f(Ps, Po) — NP1 — Y:Pay Pi = Pi(Ys, Yo)y P2 = Po(Ys, Ys)
are defined as in Lemma 4, 3, , 1< (ITis; ai;)- (hohihy)*(9,95) 7% X
FQX N~ e, l and 3, 1 < FQ XN If T, ay € 85Q°°,
then, using (24), we get ay =&, ay € 0,Q7"°, Dapes, 1 K NOQ™
and, estimating S, =13}, ,,e(g(y, ¥.))| trivially, we obtain: S, €
Q*log* N.
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We obtain a similar result if 6, € @ If T, a,; > 03@%° and
0. > @~°, then we apply van der Corput’s theorem (see, for example,
Lemma 5.13, page 93, [2]): if M;' < f¥(x) £ AM;*, then

|3 e(f@)] < (b — @MIHAN + (b — af M

(which can be obtained by applying Lemma 5 twice with the appro-
priate choice of ¢, and after that Lemma 2). We obtain:

| 5_1 e(9(y,, ¥:)) | = Z IZ e(9(Ys, ¥5))|
<< 14}/14]”4 1/14 Z 1 + M41/14 Z <Z 1)3/4

Y2 Yy b2

<< A1/14M 1/14 Z 1 + Ml/ll}(z 1)1/4( Z 1)3/4

Y1 4o Ypr¥e
where
AM = sup [ TOU B | < (] ) (Qugufhibh) - y(FQ)N*
IR 0Ys i=1
and
M = in [P0 s (11 ) (T ) @aau/hud) "y
Yi:Y2 i=1 i=1

2

Putting the estimates into (29), we obtain S, € Q~*log® N.
III. If Y € N%/*, we apply Lemma 5 three times with » = 1:

1 8/ 1
1/Q‘+~

0—1 Q2—1 Q4—

S <

hi=1 hg=1 hy=1

where

fl@ + hit, + haty + hoty, y)dt,dt,dt, .

Sz, y) = ‘ SIS o ot,0t,0t,

Applying Lemma 4, we obtain:

1 FQ7
S, .
<g B X

we can choose @ such that
. F 4/11 B 8 NT
S1 << [(W) + N s + ’\//-—F—M"] 1n7N .
This completes the proof of the theorem:

N31/38 F .
Sl L < 7 + W) In" N .

3. Consequences of the theorem.

COROLLARY 1. A(R) € R®/+e,
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Proof. Like in [1], from the theorem it follows:

1+ 2 42/19 85/38 \ 1/8
R ¢ V ( V + R / > << R(35/108)+e
R81/38 V60/19

R
AR = Y
( )<< V + V3/2 R
if V — R73/108.
COROLLARY 2. ((1/2 + at)  gi¥o/no+e,
Proof. Like in [1];
1 . it
g+ it) < gl B, o+ 1
where X, < 2X=<1t. If X <t then
1 ) T
it I/X 4+ X4 14/ ° g 1195/216) +e ;
C( 3 + it) K X"‘ X <
if X » ¢®*%* then with the use of theorem we get that
1 . ¢ X 4/ X5 ~
— + it <——_<————_ + V= + VX
C< ' > < VX \Vq \/qt

2
4/ X° fi g/ £-01/38 tgt 4ot lq~ 68/19)
tg® ' X* X X

and if we choose q = ¢%,

C(i _+_ 'Lt> << t(35/216)+5 .
2
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